R. Balan Homework #10 Solutions MATH 464

I
1. First note that
(z* = 1) - 6(x) = —6(x)

Hence —d(x) is one particular solution. Thus the general solution we seek must satisfy:
(@' = 1) (f(2) + () =0
Since 2* — 1 = (22 + 1)(x + 1)(x — 1) we obtain, first that
(z =1z + 1)(f(z) +6(x)) =0

And then
fl@)+6(x)=c10(x —1)+ c20(z+1)

Hence the general solution is:
fl@)=—d0(x)+c1o(x — 1)+ c20(z+ 1)
2. One particular solution is § since (z* + 1) - §(x) = §(z). Thus f must satisfy:
(' +1) - (f(z) = d(x)) =0

Since z* + 1 does not have real roots, the only solution (multiply both sides by H—ﬁ) is given by

f(x) =6(z) =0
Hence:
f(x) = 6(x)
is the unique solution.
1I.
3. First note: f(z) = 2™ . §(x) = §(x). Thus
fls)=d(s)=1
4. Note f(x) = sin?(nz) = 17#(2”) =1 le?miv _ 1e=2mir Thus

—

6. Recall p_1(s) = —imsign(s) and sign(s) = p_1(s). Thus

f(s) = sign(s —2) =~ Zp_1(s ~ 2

7. Note f(z)=1-5 -1 =1p1(z—2) — Ip_1(z + 2). Thus

1 s s T gmis - i s
f(S) _ 16_47”6]?71(5) _ 7647”3]7,1(5) _ _%e 47”38@971(8) 4 %e‘lmsszgn(s) _

= —gsz'n(élws)sign(S) = —gsin(47r|s|)

111
8. Fourier transform the equation and obtain

((2mis)* —1)-F(s) =1
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Thus

Fo(s) = (%)4%

is a particular solution of this algebraic equation. Since (2m)*s* — 1 = (47252 + 1)(27s — 1)(27s + 1) the
general solution is given by

1 1 1
+c16(s — =) + c26(s + —)

Fs)= —
() = Tomtst —1 o o

Next we need to Fourier invert this distribution. First:

111 11 11 11 11
16745t —1 247252 —1 24n2s2+1 42ws—1 427xs+1  24w2s24+1
1 ( 1 ) 1 (5 + 1 ) 1 2
=—p q(s——)——p_1(s+—)— ——-—
snl 1 T o) TPt T o) T AT a2
Thus its Fourier transform inverse is
1. 1 . 1 1
folz) = ge”msign(:r) - gefmﬂisign(x) - Zefl‘r‘ = —gszn(|x|) - Zefl‘”‘
Then the general solution becomes
1 . ,
flz) = —%sm(|x|) - Ze*m + 1" + cpe™

9. Fourier transform the equation and obtain
((2mis)* +1)- F(s) =1

" ((167*s* +1)- F(s) =1

The unique solution is
3

1 o
)= i 11~ 3w
where zj, = ¢!@k+tD7/4 are the 4 roots of —1, and a4, are obtained from:
o=l oy = e e = R
Explicitely: . - . - . - . -
F(s) = _12#;70—% 4 271'521— 21 B 1277522— 29 4 271'523— z3

Finally we need to Fourier invert this function. Note for a real and b > 0,

F — — _jotaz brp N i(afib)zh _
(5) = ey — (o) = (=) = —ie e h()
1 . .
F_ = - _ jolax ,—bx _ joi(atib)x
275 — (a 1) — f_(z) =" e " h(x) = ie h(z)

where h(x) is the Heaviside step function (see equations (22) in Chapter 3). Note imag(zo) = imag(z1) >
0 and imag(z2) = imag(zs) < 0. Thus

F(z) = = eiomin(z) — Leimmip(a) - 2oz _iyh(—z) — 2 et (—i)h(—2)

4 4 4 4
To simplify this expression, note zo = —zy and z3 = —z1, hence
V2 V2 V2 _ V2
flz) = Z%eflzm\ H%efiz?,m _ Z‘%g%’(*@ﬂ’?)lw\ H%eﬂ‘(?ﬂ'%m _
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Note that f(z) is a real valued continuous function. To test

1 2
_Q‘w‘sin(gm)sign(x)

Df(:v):—ie
D*f(x) = “f e (sm(?lﬂ)—cos(‘fﬂ))

1 2
7§‘zlcos(g|x|)sign(x)

D3f(x) = 3¢
2 2 2
D*f(a) = f%f?'w‘ [m(fxn +sm<§|x\> +8(x)
V.
10.
First we solve the equation
(D? = 1)g(x) = 6()
Fourier transform to obtain
((27mis)? — 1)G(s) =1
or
(47%s% + 1)G(s) = —1
The unique solution is
1
Gls) = CArs? 41
whose inverse Fourier transform is 1
g9(z) = —567@'

Then the solution of (D? — 1)f = sin(z) is f = g * sin:
e Wsin(y)dy

f(z) = —;/C: e Wsin(z — y)dy = —%sin(m) /0;6 Wlcos(y )dy+§cos( )[m

The two integrals are:
/ e Wlsin(y)dy =0

because the integrand is odd, and
/ e Weos(y)dy = 2/ e Yeos(y)dy = 21
—o00 0

where, integrating by parts,

I= / e Yeos(y)dy =1 — / e Ysin(y)dy =1— (0 +/ e Yeos(y)dy) =1—1
0 0 0

Hence I =1/2 and
/ e Weos(y)dy =1

Assembling the result we get:
f(x) = —=sin(a)



