R. Balan Homework #6 Solutions MATH 464

1. Note the function f is the convolution between the box function IT and the unit Gaussian function
v, that is:
1, Jul<

fla) = /oo H(u)y(x —u)du , I(u) = { 0, |ul>
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Thus the Fourier transform is the product of the Fourier transforms of II and ~, respectively:
F(s) = Sinc(s)e_’r‘s|2 = sinc(s)y(s)

2. Note
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The Fourier transforms of fy; and f; are:

2.2

Fo(s) = /me ™

respectively
2.2
Fi(s) = —misFy(s) = —ismy/me™ ™ *.

Let go = fo * fo and g1 = fo * f1. Then their Fourier transforms are:
Gols) = Fy(s)? = me 27"

Gl(s) = FO(S)Fl (8) — _7287'('2672‘“—252

Next we need to compute the inverse Fourier transforms. Again apply the dilation and the derivative
rules, and get:

3.
(Preferred Solution)
Let F' denote the Fourier transform of f. Define g : R — C, g(u) = f(z — u). The Fourier transform
of gis G: R — C given by -
G(s) = e ™57 ()

Then the Parseval identity (which requires [*_|f(z)[*dz < co) implies:
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Thus f (or F) must satisfy the following equation:
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Note [~ |sinc(z)|?dr < oo as required by Parseval.
o .
(Second Solution)
Note the integral equation is equivalent to the convolution equation:

f=r«f

Apply Fourier transform on both sides. We get:

A non-zero solution to this equation is:
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Then the function f is the sinc function:

f(z) = sinc(s)

(Why the first solution is the preferred solution: The function f is not absolutely integrable. It is
not obvious that the Fourier transform of the convolution is the product of the corresponding Fourier
transforms. Instead the Parseval/Plancherel identities are suited to square-integrable functions.)

4. Apply Fourier transform to both sides of this equation. We obtain:

1
—2misF F(s)= ———
misF (s) + F(s) 14 2mis
Thus: 1
F(s)= ————
() 1+ 4m2s2
Recall the Fourier transform of g : R — R, g(x) = e~ 1?l, is given by G(s) = m. Thus f is given by
1
flz) = iefm

which is continuous (but not differentiable!).
Note: if you don’t recall the Fourier transform of e~!* you can obtain the inverse Fourier transform
as follows:

1 1 1 1 1 1 1
— = - — SE(-s)+ -E
[Fam7s? 21— 2mis T algams 2l TRl
where E(s) = {57 The inverse Fourier transform of E is the truncated decaying exponential (the

right hand side of the initial equation). The inverse Fourier transform of E(—s) is the reflected truncated
decaying exponential. Putting these two functions together we get again f(x) = %e*m.



