
R. Balan Mid-Term Exam Solutions MATH 464

1. We need to find the inverse Fourier transform of the function F : R → R defined by F (s) =
1
2 (sinc(s/2))2. Using linearity and the property that the (inverse) Fourier transform of a product of
functions is the convolution of the (inverse) Fourier transforms of the individual functions, we obtain:

F−1{F}(x) =
1

2
F−1{sinc(s

2
)} ∗ F−1{sinc(s

2
)}

Now, using the dilation rule:

F−1{sinc(s
2

)}(x) = 2F−1{sinc}(2x) = 2Π(2x)

We obtain further:

f(x) = F−1{F}(x) = 2

∫ ∞
−∞

Π(2(x− u))Π(2u)du =

∫ ∞
−∞

Π(2x− t)Π(t)dt = Π ∗Π(2x)

The convolution of two box functions gives a “tent” function:

Λ(x) = Π ∗Π(x) =

 x+ 1 for − 1 < x <= 0
1− x 0 < x < 1

0 otherwise

Hence the result is:

f(x) = Λ(2x) =

 2x+ 1 for − 1
2 < x ≤ 0

1− 2x for0 < x < 1
2

0 otherwise

2. Note: ∑
k

ck−5 − ck+5

2i
e2πikx =

1

2i

∑
k

ck−5e
2πi(k−5+5)x − 1

2i

∑
k

ck+5e
2πi(k+5−5)x =

=
1

2i
(e10πix − e−10πix)

∑
n

cne
2πinx = sin(10πx)f(x)

The plot of f is the indicator function of the interval (0, 0.1). The plot of g is the first positive
oscillation of the sinusoid squeezed in the interval (0, 0.1) and then constant 0 on (0.9, 1).

3.
(a) The signal has a bandwidth of 30KHz. Hence the largest sampling period that allows perfect

recovery is Tmax = 1/(30, 000)s = 33.333µs.
(b) Use the formula we derived in class with Ω1 = −10, 000 and Ω2 = 20, 000 and we get

f(x) =

∞∑
n=−∞

f(nT1)e10000πi(x−nT1)sinc

(
x− nT1
T1

)
4. The Fourier transform of e−|x| is 2

1+4π2s2 . Apply the polynomial rule to obtain

F(xe−|x|)(s) =
i

2π

d

ds

[
2

1 + 4π2s2

]
= − 8πis

(1 + 4π2s2)2

5. Apply the Fourier transform to this equation and obtain:

(2πis+ a)F (s) = G(s)

where G(s) is the Fourier transform of the right hand side. This is given by

G(s) =

∫ 0

−∞
2aeaxe−2πisxdx = 2a

1

a− 2πis
(eax−2πisx)|0−∞ =

2a

a− 2πis

Thus

F (s) =
2a

(a+ 2πis)(a− 2πis)
=

2a

a2 + 4π2s2

Its inverse Fourier transform is:
f(x) = e−a|x|

which is the solution to this problem.


