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Langer's lemma

Theorem

Let p(z) =>.7_, cke™Z (0= A1 < Ay < --- < A\, = \) be an exponential
polynomial that not identically zero. Then the number of complex zeros of

p(z) in any open vertical strip xo < Re z < xo + A of width A does not
exceed (n —1) + 32,
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Proof

Without loss of generality, we can assume that the coefficients ¢; and ¢,
are different from zero and that there are no zeros of the exponential
polynomial p(z) at the boundary of the strip xg < Re z < xp + A.

We apply the argument principle for estimating the number of zeros p(z)
in the rectangle Q ={z:xo <Rez < xo+ A, |Im z| <y} when y — 0.

@ On the upper side of Q, p(z) = c1 + O(e™*?) and, thus, the
increment of the argument along it tends to 0 as y — oc.

o p(z) = c,e™?(1 + O(e=(A=2-1)¥))) on the lower side of Q. The
increment of the argument along it tends to AA as y — oo.
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@ The increment of the argument p(z) on any vertical segment
{z=x+1it:t € [a,p]} free from zeros of p, does not exceed
w(n—1).

Let ¢ := eiarg p(Xo—l—iO{)'
q(t) == 1Im Ep(xo + it) = S 7_; ake ™t (ax = Im Ece™0) - a real

exponential polynomial. g(a) = 0.

If g =0, then for t € [o, 8], p(x0 + it) lies on the ray {{y : y > 0}. So,
A[aﬁ]arg p(Xo + it) =0.
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Otherwise, real zeros of g(t) split the segment [«, 5] into at most n — 1
segments /;. Within each segment /;, p(xo + it) lie in one of the
half-planes defined by the straight line {{y : y € R} and thus

|Ajarg p(xo + it)] < m. So, |Apq garg p(xo + it)| < (n—1)m.

The increment of the argument on each side of Q is < 7(n —1).

Putting it together, the upper bound for the |Aargp| when traversing the
boundary Q goes to 27 (52 + (n—1)) as y — o0
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Theorem

Let p(t) = > 7_, cke™t, wherecy, € C, \y < --- < X\, ER, E is a
measurable subset of an interval I. Then

316u(l))”_1
n(E)

sup [p(8)]eer < ( sup|p(t)|

teE

With a linear change of variables, it is enough to show:

Theorem

Let p(t) = > 7_, cke™t, wherecy, € C, \1 < -+~ <X\, ER, E isa
measurable subset of the segment | = [—4,1]. Then

316 \ "'
sup |p(t < (—) sup |p(t
p(t)]ees (E) teE! (1)l
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Case1: N <n-—-1

Idea:
We want to remove a "bad set” of measure < u(E) close to the zeros of
p. Zeros are well separated by Langer's lemma.

WLOG, we can assume that 0 = A\ < - - < A, =A<n-—-1

Complex zeros of the z; exponential polynomials p(z) are well separated by
Langer’'s lemma.

# zeros in a vertical strip of width A <52 +n—1< (1+£)(n—1)

Number z; in non-decreasing order of |Re z;|. Then for all j € N

Jj=(n-1)

Re zj| >
Re zj| > m——

(Otherwise the zeros zi,. .., z; lie in a vertical strip of width
A < 2opl=2 (" 1) and by Langer's lemma, it has (1 + %) (n—1) < j zeros).
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The Hadamard factorization for p(z):

2(n—1)
p(z) = ce?* H (z — z) ' H (1 — z%) e?/7 % ce”Q(z)R(z)
Jj=1 j>2(n—1)

As j >2(n—1), [Re zj| > 7. R(z) is "well behaved” on the strip
S <Rez< 3.
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Estimating R(z)

As j >2(n—1), |Re z| > . Now we have for |Re z| < 3

1 1 1
S (3| Y pew
z z2-% 17jllz = 7|

j>2(n—1) ~H j>2(n—1)

'% log R(2)

<lz

1
j>2§:n_1) IRe zj|(|Re zj| — |Re z|)

1
<
SFl 2 Rezl(Res]-172)

j>2(n—1
> 1
<3S -
JZ:; IRe za(n—1)4j12
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<2 -
! Z IRe zy(p— 1)+_]’

1 2(n—1)|z| [ dt

<2 < —

< 2l¢| .E < /ﬂ 2
=

We have proved

d 2|z
il < 2%,
‘dz log R(z)‘ < (n—1)

2

_ 1/2
dz < 2(n—21)/

-1/2

di log R(z)

1/2
-/
1/2
n—1 .
= max_|R(z)| < exp ( ) min

ze[— 2,2
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Estimating e?

A_jwivjarg p=2wRe a+ A_j, jvjarg Q + A_jw iwjarg R J

o
’A[fiw,iw]arg P| < 7T(n — 1)

o
A[—iw,iw]arg Q| < 271'([7 — 1)
o
“ld . n—1 w n—1 5
|A-iw,iwjarg Rl < /w Elog R(:t)‘ dt < p /det: —-w

A[—iw,iau]arg(ceaz) = 2wRe a
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We conclude that

IRe a\<m|n<§w+ 5 )(n—l) \/E(n—l)

and so,
p(z) \/E R p(z)
w11 Q@) Sex"(( Hw)(” ”) by Q@)
3n—1 p(z)
= zE[—§,§ Q(Z)
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Estimating Q(z)

Let 0 < h < 1/8.

Let n; be the largest natural number for which there exists a circle D; of
radius -7 h containing at least n; zeros of the polynomial Q.

D; contains exactly n; zeros of @, otherwise it can be increased.

Let ny be the largest number for which there exists a circle D, of radius

n”_21h containing at least ny zeros @ from among those not included in D;

etc. until we cover all the zeros.
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Let us put D; = 2Dy (a circle with the same center, but twice the radius).

We get a sequence of numbers ny > --- > ns with
m+--+n=2(n-1)

and the corresponding circles Dy, ..., D} with a sum of radii of 4h.

Let z € [—3, 2]\ US_; D!. Let us renumber the zeros of @ in the order of
non-decreasing |z — zj|.

J
2= z| 2 — }

Otherwise, the circle D with center z and radius n%lh contains at least j
zeros of Q. Let us choose m € {1, ..., s} so that
n2>:-+2Nm>j>nNmi1 > > N,
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Because z ¢ U;_, D;, for [ < m,

20k hy —L

; >
dist(z, center(Dy)) > P LU n_1

D does not intersect with any of the disks Ds, ..., Dy, and has j zeros.

But then at step m + 1 we should have taken not Dp,y1, but D (or a circle
with an even larger number of zeros), a contradiction.
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Langer's lemma gives the inequality

j—(n—-1)
>
2= z| 2 m—— J
Otherwise the zeros zi, ..., z; would lie in a C|rc|e of radius less T1—"—=/ (" 1)
And those moreover, in a band of width A < 274 (" 1))

So, we have
for z € [-3, 3]\ Us_,

i~ (n—1

J
|z -2z 2 ——
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2(n—1)

Q(2)] - 23
max{|Q(t) : t € [-3, 31} ~ -y max{|t—z|:te -5 3]}
2(n—1)
H |z — zj|
o 1+lz—zl
n—1 ’Z—Z’ n—1 ’Z—Z ‘
_ - H n—1+j
j:11—|—|z—zj|1 14|z — zp—14j]
n-1  _j 4 n-l 7j
> n—1_ H n—l'
Jj=1 1+ nj—lhjzl 1+ nTijl
n-1  j 1 n-1  3j
> (8h)n—1 % H n—1.8 - H n—13'
j:11+751§j:11+n11
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But for any 6 > 0,

e

So,

‘Q( )| o y 9 9X4\3/Z —(n—1)
o[G0 e LTy~ @ (8 (8) =% )

>( 8h )n—l
T \32V4
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The measure of the exceptional set

(5310 UimaD) ) <81

If h < “E) then

[ 11
272
Combining estimates so far,

1N (Ui D) NE # ¢

sup [p(0)]cer < (M) sup p(t) < (5,

p(E)

teE
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