Thursday Practice 5 Solutions
MATH 241 (Spring 2023)

03/09/2023
Problem 1.
(a) In the yz-plane, we have the parabola
z=4— y2
z
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Since x can be any value, we have the the following graph by streching along the x-axis.
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(b) If we slice the cone opening around the positive y-axis by zz-plane, we get a circle as a section.
Therefore, the right-hand side should be x? + 2. Since it starts at the origin, the equation is

y =z + 22

fory > 0.




(¢) We have c = 2 — y?> = 2 = y% + c. Then
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c=—2

/ Cc = O
c=2
x

Problem 2.
(a)
We first find the unit vector in the direction of 13 — 1. The norm |3 — j|| = /2, so we use

u=( %ﬁ —%). Next, we compute

2
Vf(l',y) = (fz(xay)7fy($,y)) = (j:’ _?Zjl)
Hence Vf(2, 1) = (-4, -12).
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(b) We need to find 4% given that

P
v _ d =-3, V=10, R=15

a0 at

Using chain rule, we get
AP _OPAV OPAR _2VdV _V*dR
dt OV dt = OR dt

‘R dt R?dt
Then
20 102 dR 8 4dR
=0 () .=
3 15( ) 152 dt 3 9dt
Then one has
g—gq ddR _, AdR__dR 3
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Problem 3.
(a) We use the function f(z,y) = /22 — y. Then
2x T 1
f.’lf €r,Yy)= = and f xr,Yy)=—
( ) 2\/$2—y \/xQ—y y( ) 2 .I‘Q—’y

We find the equation of the tangent plane at

(3,5) which is
z = f(3,5) + f2(3,5)(x — 3) + £,(3,5)(y — 5)
3 1

= 2‘*‘5(95—3)—1@—5)

Hence v2.992 —4.97 ~ 2+ 2 - (—0.01) — 1(-0.03) =2 — 25 + ;3= = 17

(b) Define F(x,y,z) = 4> — 22 — x. We have

Fo(z,y,2)=-1,  Fy(z,y,2) =3y>, F.(z,y,2)=-2z



Then the plane tangent to the surace at (—1, 2, 3) is given by

0 = F(-1,2,3)(z+ 1)+ F,(-1,2,3)(y — 2) + F.(~1,2,3)(z — 3)
= —(z+1)+12(y—2) - 6(z - 3)

Problem 4.

(a)
fo(m,y) =22y —2¢  and  fy(z,y) = 2" —4dy
Then f,(z,y) =22y —2c =0=2y—2=0=xz(y— 1) =0. Thenz =0ory = 1.

(@) z=0.Then f,(z,y) =2 —4y=0= —4y = 0= 0.
(b) y=1.Then f,(v,y) =2? -4y =0=2? =4 =z = £2.
Hence the only critical points are (0,0), (2,1), and (-2, 1).

(b)
fzz(xvy) =2y —2, fmy(xvy) = 2, fyz(xvy) = 2, fyy(xay) =—4
Then D(xz,y) = —4(2y — 2) — 422,

D(x,y) | faa(z,y)
(0,0) 8>0 —2 < 0 | relative maximum
(2,1) | -16<0 0 saddle point
(-2,1) | =16 <0 0 saddle point

Problem 5. Let g(z,y) = 2% + y?. Then we solve

dr = N2z 2x = \x
=
2y = A2y y: =y

(a) Let z = 0. Then by the constraint 22 + 2 = 4, y = +2.
(b) Letx # 0, then Then 2z = Az == A =2. Theny? =2y = 3> — 2y =0=y(y —2) = 0. Soy = 0 or
y = 2. If y = 2 = 2 = 0 by the constraint, so y = 0. We can conclude that = +2 and y = 0.

FE2,00=8,  F0.2)=%,  f0,-2)=-%

Therefore, maximum is 8 and minimum is —%.



