Some Precursor Inequalities

Kolmogorov Inequality (Loéve, 1955, Sec. 16.2.A) If the in-
dependent random variables &, for k£ > 1 are integrable, then

1 n
P(max| z (& — EE)| > t) < t_%zl Var (&)
used in 3-series Theorem. Next: restriction used with truncation

Kolmogorov (upper) Exponential Bounds (Loéve Sec. 18.1.A):
if &, are indep with all |§; | < c:

& /2 exp(—% (1 — ec/2)) if ec <1
P /S Var(g, < >
<k§1 k, /[ Z are )} ) { exp(—e/(4c)) if ec>1

Used with lower bounds in proving Law of Iterated Logarithm.
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Martingales and Sub-Martingales
A few main sources for martingales and submartingales:

(1) Martingale: X; = Zgzl £s, with E(& | X1,...,X3—1) = O
(or > 0, for submartingale)

(2) Martingale: Xe = EXY|Z1,...,2¢), €9, Y =dQ/dP

(3) Submartingale: Xy = A; + ¢, with A; 7~ meas. with
respect to X1,...,X;_1, and E(e | Fi*{) = 0 Doob Decomp.

(4) Submartingale: X; = ¢(Y;), Y; a martingale, g convex.
Conditional Jensen Inea.: E{g(Y:) |FY 1} > g(E{Yi|F¥})



Max-Inequality Generalization to (Sub-)Martingales

Doob 1953 Inequality: For submartingale X; with FE|X:| < oo,
then P(supo<icr Xt >1) < BE(XF) < E|X7|

General Reference: A. DasGupta (2008) Asymptotic Theory
of Statistics and Probability (Springer, free pdf from library)

includes Burkholder L, norm | X¢|lp  (upper and lower)
inequalities in terms of [[{Xf_; (Xs — X5_1)2} 2l

Other maximal inequalities available (Chow 1960; Binbaum-Marshall
1961; Lenglart 1977; Slud 1986) in discrete and continuous time

to bound X;- h,y above, for X; submartingale and hy € Fio
non-negative nonincreasing.



Submartingale Inequality & Chernoff Method

So far, we did not restrict distributions or mgf’'s of increments.

if X, is a martingale with sub-exponential (vs, as) increments
¢&s = Xs — X1 given F2 4, then inductively for || < 1/as and
| < 1/ox = 1/ maxg<y, as, by repeated conditioning

2 2 U n
B Foop) < X032 = B( ][ o) < o X i/2
s=1

implies via the Doob maximal inequality:
MQ = 2
P( max (Xs— Xpg) >t) < ex inf (— — ut
(Jpax, (Xs = Xo) > 1) < exp| inf (%3 of — ut)

Thus gives maximal-inequality version of Azuma-Hoeffding,
with Qg — O, Og — C, for |€5| S C.



Wainwright Cor. 2.21 on ‘Bounded Differences’

Say x = (x1,...,zn) € R™?, and z’ is a k-neighbor if it differs only
in the k'th coordinate. Say f : R"™ — R has Bounded Differences
(BDP) if |f(x) — f(2")| < Ly, for all such z, 2/, k.

Corollary 1 If f has BDP and X = (X1,...,Xy) has indep. com-
ponents, then

P(If(X) = Ef(X)| > ) < exp( =22/ Y Ly)
k=1

Idea: consider martingale differences &, = E(f(X)|X1,...,X) —
E(f(X)|Xq,...,Xr_1), bounded between —L, L;.



BDP Corollary, continued
Main step:

szx
by BDP, similarly with sup, < L;.

Note: ‘maximal’ version would bound the tail probability for



