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Survival Models with ‘Frailties’

Variables: T; Survival times, Discrete Covariates Z;
C; Censoring Times, cond surv fen R, (c) given (T3, C;)

DATA: iid triples (min(7;, C;), I[T; < Ci], Z;)
Observable processes:

N; (t) — ][Zizz, T;<min(Cj,t)] > }/ZZ (t) = [[min<Tia C;)>t]

TRANSF. MODEL: Sy;(t|z) = exp(—G(e”* A))

G known , pBeR™ |, A cumulative-hazard fen

PROBLEM: efficient estimation of /.

Special Cases: (1) Cox 1972: G(z)==x
(2) Frailty: unobserved random intercept By = &;, G =x
— G(z) = —log/ooo e *dF(s)

(3) Clayton-Cuzick 1986: G(z) = ; log(1 + bx)

2



Finite-dimensional Case

X, i=1,....n @d ~ f(x,0,)\),
BeR™, AcR? unknown , with true values (8y, \o)

logLik(B,\) = ; log £(X;, 3, \)

Profile Likelihood = logLik(3, \3)  with
restricted MLE 5\5 = argmax), logLik(3,\)

Min Kullback-Leibler Modified Profile Approach
(Severini and Wong 1992)

K(ﬁ) )‘) = Eﬂo,)\()(logf(Xlaﬁa A))
- /{logf(a:,ﬂ,)\)} f(xaﬁm)\O) dx
Define: Ag = argmaxy K(5,))

Then: Ag estimates curve Ajg

Candidate Estimator

B = argmaxg logLik(3, \g)



Key mathematical features of this approach are

e the convenience of restricting attention to nuisance
parameters such as hazards or density functions which
satisfy smoothness restrictions;

e the replacement of operator-inversion within (blocks
of ) the generalized information operator by differen-
tiation of the restricted Kullback-Leibler minimizer;
and

e diminished need for high-order consistency of estima-
tion, when consistent estimators of Kullback-Leibler
minimizers and their derivatives with respect to
structural parameters are available.

NB: Kullback-Leibler Functional = —K((3, \)



Sketch of (Finite-dimensional) Theory

Fix By, Ao and fo(z) = f(=z, Bo, Mo).

Information Matriz: ZI(B,\) = ( AE,)\ B\ )
B\ Csa

L (VSlog f(m, BN Vi log f(z BN
- (V§ﬁlogf<x,ﬂ,m Vgélogf@,ﬁ,k)) folw)d

Ag = argmaxy K(5,A) satisfies: V, K(B,A3) = 0

Differentiate implicitly (total deriv) wrt [ to find:
—V}5 [VAK(B,X3))] = B+ CVjAg = 0

This implies Vids = —C™'B and

(8, A\g) is a least-favorable nuisance-parameterization

and usual Information about 3 for this model is

Iy = Agyng — (V5 A5) Capng (Vi A3)




Theory, continued

Information Ineq says: Mg, = Ao, V@K(ﬁo,)\o) —
0

Now assume 5\5, V%’Q 5\5 consistent for Ag , V%z g
unif on nbhd of j3y .

Can check successively:
(A) (V5)®* logLik (0, A3) neg-def unif on 3y nbhd
(B) n " logLik(By, A\g,) —— 0

C A unique loc sol'n of VL logLik(83, Ng) = 0,
3 g
consistent for [y .

(D) n 'ValogLik(3,A5) = n~'ValogLik(By, M) +
op( 5 — Bo) [because —C~'B = V3Ag]

(E) n~'VslogLik(3,A5) = n~"VlogLik (S, Ao) —
IS - (B—B) + op(B— )

(F) Va8 = B) = U9 J (Vs logLik(Bo, o) +
V' logLik(Bo, o) V 5As,)

(G) va(B - f) = N(O, (I97)
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oo-dim Examples & Applications
(I). Mean estimation in the location model

Xi~ Xo(z = Bo), Bo=E(Xy)

Mo € LY(dz) compactly supported 0-mean density.

(Easy example, X efficient. Owen 1988, Qin & Lawless
1994 studied in connection with empirical likelihood.)

For G # B, Ag(x) = Mlx+06)/(1 — ax)

with a solving [z Ag(x)dx = 0

Define 5\5 first at 3y using density estimator

Mola) = o 8 6= X+ KR\ O

1=1

\ 5‘50<5U+6) / ws‘ﬁo($+ﬁ)d

)\B(x): 1 —ax 1 —ax =10

(IT). Cox model. For q.(t) = pz(2)R.(t) eXp(—GzlﬁO/\o(t));

. q.(x) e Xo()
>, P q.(z)

/\g(t) = /Ot )\5(8) ds =



Example (II), cont’d.

First let Ao be consistent density estimate of \g(x) =
Aj(z) (eg by smoothing and differentiating the Kaplan-
Meier cumulative-hazard estimator on dataina z =0
data-stratum.) Then estimate elsewhere by

~

Aslt) = X2 e” MY (t) Ay (t) / Y e PY.(t)

NB. In this example, any [ estimator pro-
duced in this way collapses to the usual Cox
Max Partial Likelihood Estimator !

(II1). Transformation/Frailty Models

In the general G transformation model case, must as-
sume for some finite time 7y with A%(taug) < oo that
all data are censored at 7.

In this model, Slud and Vonta (2002) characterize the
IC-optimizing hazard intensity Ag in its integrated form
L = Ag = Jj Ag(x) dzx, through the second order ODE
system:



Example (IIT), cont’d.

dL B >, €M . (s) G/ (e” Ay (s)
d—/\o(S> 5. e?Pq.(s)G(eFPL(s)) + Q(s)

dQ 5, (5 G
n® = T axls) Gl

dL

(70 G (e Po(s5)) — (77 G (77 L(s)) an )

subject to the initial /terminal conditions
LO) =0 , Q) =0

Slud and Vonta (2002) show that these ODE’s have
unique solutions, smooth with respect to (¢ and dif-
ferentiable in ¢, which (with Ag = L’) maximize the

functional J (8, A\g) as desired.

Consistent preliminary estimators 5\5 can be devel-
oped by substitute for By, A in those equations (smoothed
wrt t) consistent preliminary estimators.

~

PUNCHLINE: the new estimator § = argmaxg ZogLik(ﬁ,ng)
is efficient !
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