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Theoretical and empirical properties of model assisted
decision-based regression estimators

Jun Shao, Eric Slud, Yang Cheng, Sheng Wang, and Carma Hogue'

Abstract

In 2009, two major surveys in the Governments Division of the U.S. Census Bureau were redesigned to reduce
sample size, save resources, and improve the precision of the estimates (Cheng, Corcoran, Barth and Hogue
2009). The new design divides each of the traditional state by government-type strata with sufficiently many
units into two sub-strata according to each governmental unit's total payroll, in order to sample less from the
sub-stratum with small size units. The model-assisted approach is adopted in estimating population totals.
Regression estimators using auxiliary variables are obtained either within each created sub-stratum or within
the original stratum by collapsing two sub-strata. A decision-based method was proposed in Cheng, Slud and
Hogue (2010), applying a hypothesis test to decide which regression estimator is used within each original
stratum. Consistency and asymptotic normality of these model-assisted estimators are established here, under a
design-based or model-assisted asymptotic framework. Our asymptotic results also suggest two types of
consistent variance estimators, one obtained by substituting unknown quantities in the asymptotic variances and
the other by applying the bootstrap. The performance of all the estimators of totals and of their variance
estimators are examined in some empirical studies. The U.S. Annual Survey of Public Employment and Payroll
(ASPEP) is used to motivate and illustrate our study.

Key Words:  Asymptotic normality; Bootstrap; Decision-based estimator; Probability proportional to size; Stratification;
Variance estimation.

1 Introduction

The U.S. Annual Survey of Public Employment and Payroll (ASPEP) provides current estimates for
full- and part-time state and local government employment and payroll classified by government functions
(such as: elementary and secondary education, higher education, police protection, fire protection,
financial administration, judicial and legadc.). This survey covers state and local government units
(89,526 according to the 2007 Census of Governments), which include counties, cities, townships, units
called “special districts”, and school districts. ASPEP is the only source of public employment data by
government function and job category, providing data on numbers of full- and part-time employees and
payroll, as well as on hours worked by part-time employees. Data collection usually begins in March and
continues for about seven months, with the pay period containing March 12 as reference period.

Let U denote the finite population oN units stratified intoH strata,U,,...,U,,, where U,
containsN, units andN, +--- + N, = N. The traditional sampling design for the ASPEP is a stratified
probability proportional to size (PPS) design, where the strata are constructed using state and the
government types, which are county, subcounty (city or town), special district, or school district. The size

of each unit is the total payroll, and sampling across strata is independent. In 2009, a modified sampling
design was developed, which cuts some stthfainto two sub-stratal),, andU,, with N, and N,,

units, respectively, wher&,; contains smaller-size units (Chesgal. 2009). The idea was to save
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resources and reduce respondent burden by selecting a samplé fromith smaller sample size under
the modified than under the traditional design. Bgt be a PPS sample of sizr—,;j from Uy j =1,2,

n, +n,, = n,. Note thatn,, may still be larger than,, becauseN,, is usually much larger thaN, ,.

For uniti O U, let y, be a key survey variable.g., the full-time employment, full-time payroll, part-
time employment, part-time payroll, part-time hours)be an auxiliary variable, say the same variable as
y, from the most recent census, andZete the covariate used as the size variable in PPS sampling. The
covariate valuesx, and z, are observed for ail 0 U, whereasy, is observed only for each sampled
unit i.

The Horvitz-Thompson estimator of the unknown totaf Zim Yy, is

ZZZ Y/ TG (1.1)

j |DSh

where T, is the first-order inclusion probability of unitin S, a known function ofz’s. To utilize the

auxiliary variablex; and increase the accuracy of estimatiory pthe model-assisted approach (Sarndal,
Swensson and Wretman 1992) is adopted. Applying regression withinSadbads to the regression

estimator ofY as

regz - ZZ|: hl hJ +th[ hj - N j]:|' (12)

Wherexhj = ZiDUhj Xithj = sthj yi/T[i ’ Xh] = ZIDSh X /T[| 1 Nh] = st :I/T[| 1 and

- Ziushj (x = Xy /Ny) v /T

Bhi ~ A \2 '
ZiDShj (x = Ry /N,) /0

Alternatively, combining the two sub-stratd, and S,, results in the following regression estimator.

(A referee correctly points out th,’ﬁegvl in (1.3) is not the pooled estimator one would use if regression

lines in stratumh were combined but the two sub-strata were not; howevies tlie natural estimator
when not only regression lines but also sub-strata are combined.)

. N.Y. - N, X
Yiega = Z{ ,\] : +Bh(xh - ,il “H (1.3)

h h

where YA = ijAhjv )Zh = zj)zhj, Nh = szhj' and

B B ijmshj (Xi - Xh/Nh)yi/ni
h ZJZiDShj (Xi B Xh/l\]h)z/ni |

, are model-assisted estimators, they are consistent with respect to repeated

Since bothY, , and Y,

reg, reg,

sampling, whether or not the regression model holds. If the least-squares regression lines in two sub-strata
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may be more efficient thaw On the other hand, if the regression lines are

U,’'s are the samey, reg,2-

reg,1
different, \?reg,z may be more efficient thaﬁegvl.

A decision-based method was proposed in Cretialy (2010), which applies hypothesis testing to
decide whether we combirfg, and S,,. Within stratumh, the slopes of the regression linedlp, and
U,, are tested for equality. Let

O = 2 e

iDShJ-

If [ty >t 4» Wheret,_, is thel - 1/2 quantile of the t-distribution witlv degrees of freedom,
then we reject the hypothesis of common slope anquJse(and set{, =1). Here T is a nominal

significance level set by default to 0.05, although we will consider other choiaesnothe simulations
section. The test-statistic definition involviny, — 4 degrees of freedom is a slightly artificial choice

designed to make the moderate-sample rejection probabilities closer to nominal, but the large-sample
asymptotic distribution theory justifying this test is given in part (c) of Theorem |1, IE tl—r/2,nh—4’

then we accept the hypothesis of common slope, combine sub-Sratand S,,, and usef,
(settingl,, = Q Tests are performed independently across sthatal,...,H. The decision-based
estimator ofY is then

Vaee = 2.0 o {NIE;Y“' +By, [th - NEIX“JH +>@- Zh)[NI\fIY“ +B, (Xh - NIEIXhﬂ' (1.4)
h j hj hj h h h
Since two regression lines with a common slope can have different intercepts, one might test a further
hypothesis regarding intercepts to decide whether to combine the two sub-strata. However, population
points (x,,y,) falling on two parallel but not identical substratum regression lines would be
discontinuous around the cut-off point between the two sub-ditgtaand U, ,, which seems to occur

only rarely in practical situations. In ASPEP, for example, Chetiafy (2010) investigated the slopes and
intercepts for sub-strata in 2002 and 2007 Census data sets, noting that the hypothesis of a common
intercept could never be rejected when the hypothesis of a common slope could not be rejected. Thus, the
decision-based estimator in (1.4) depends only on hypothesis testing for equality of sub-stratum regression
slopes.

The two-stage estimators studied here are particular instances of procedures previously termed
estimators following preliminary testing. There is a large literature on such procedures in surveys,
including a bibliography by Bancroft and Han (1977), a book by Saleh (2006), and a treatment by Fuller
(2009, Section 6.7). An idea from Saleh (2006) is to estimate coefficients by a convex combination of the
estimated coefficients from the separate strata with proportions depending on a test statistic. Such
smoothed estimators might be more efficient than our decision-based procedures. If the stratum-specific
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84 Shao et al.: Theoretical and empirical properties of model assisted decision-based regression estimators

intercepts and slopes were regarded as random, then a model-based empirical-Bayes approach to survey
estimation might also be tried.

The decision-based estimators (1.4) are novel because they are model-assisted design-consistent in the
survey-sampling context, making explicit use of the known substratum population sizes. In a somewhat
similar spirit, Rao and Ramachandran (1974) previously made an exact comparison of the separate and
combined ratio estimators under a ratio model similar to the regression model of this paper.

The purpose of this paper is to show some asymptotic and empirical properties of the estinvators of
described above and their variance estimators. Consistency and asymptotic norn’@gy G?feg,z, and

Y,.. are established in Section 2, in terms of either design-based or model-assisted asymptotic theory.
Although the first-order asymptotics favﬁ?regvz, YAreg,l may be better when some substratum sample sizes

n,, are moderate, a second-order asymptotic effect. The virtue of the decision-based egfimaton

adapting to be close to the better\?pg‘g,1 and Y As the discussion in paragraph (lll) of Section 4.4

reg,2"
indicates, simulations show that the benefit of this adaptivity is to reduce MSE up to a few percent under
reasonable parameter settings, and by larger amounts in stranger settings.

Variance estimation for the decision-based estimator is treated in Section 3. While the asymptotic
theory in Section 2 suggests that consistent variance estimators are obtained by substituting for unknown
guantities in the asymptotic variance formulas, we also study bootstrap variance estimators suggested in
Cheng et al. (2010), which are generally found to have better finite sample performance than the
substitution estimators. Empirical results are presented in Section 4, with Section 4.4 providing
interpretations and concluding remarks. All technical proofs are given in the Appendix.

2 Consistency and asymptotic normality

To consider asymptotics, we view the populatibh as one of a sequence of populations
{U™ m=1,2,.}, where the number of units o ™ increases to infinity am — o. This paper treats
only the case of strata in which a large sammlés drawn; that is, we assume that for each strdiuthe
sample sizen, depends onm and increases to infinity as - o, but we omit the indexm for
simplicity. All limiting processes are consideredras— . Following authors such as Isaki and Fuller
(1982) and Deville and Sarndal (1992), we term tragper population asymptotic framework. Under the
design-based framework considered in Section 2.1, the attribute vectors in the underlying populations
need not be viewed as random vectors. However, under the model-assisted framework considered in
Section 2.2, regression models are assumed for attribute vectors.

Since each estimator is a sum of independent estimators constructed within each stratum, for simplicity
we present asymptotic results for the caséHof 1. The results and conclusions immediately apply to
the case of a fixedd and can also be extended to the situation whéréncreases to infinity. (It is
typical for large-scale surveys to have many strata, although the number of ASPEP government-by-type
strata that were split into substrata was somewhat less than 100.) Since we only ¢onsidewe omit

the index h for stratum in this sectioreg., n, =n;,n, =n, N, = N;, and N, = N. Also, for
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j =1,2,the estimator:fsj ande are defined by the displayed formulas following equations (1.2) and

(1.3), with subscriph suppressed, together with

Ly XJ/NV a; =?J/Ni _Gip‘xw 65 = NIlZﬂfl(Xi _ij)z

iDSj
8%y =N 2 (% - ij)z(yi -a; - iji)z/("miz)'
iDSj

Furthermore, for simplicity we consider asymptotics only under with-replacement sampling. The results
can be applied to the case of without replacement sampling if the sampling fradtois negligible.

2.1 Design-based asymptotic framework
First, we establish the asymptotic normality\?p(;‘gvl and \?,egvz under repeated sampling, that is, when
y; and x; are fixed fori 00U, andS; is a random PPS sample.
Theorem 1 Suppose thaS, and S, are independent PPS samples with replacement fiprand U ,,
respectively, where unit J U ; has probabilityp, = Zi/Zmu.Zi > 0 of being selected, and sampling
]

weight T* = ]/(njpij) for j = 1,2, and that the following four conditions hold, as the population

sequence indexn goes toco.

(C1) There exist constangs; and w,; such that/n/n]. - ¢, andN; /N - w,.
(C2) For j =1,2,there exist constants,;, |, andB; such that

Yi =Y NG = 0y Ny =y Xy = XN :_g‘ X /Nj = Hy
j i

iou .
exist, as do the limitqN j‘lzimj (xi - uxj)z N cij > 0, and in addition,
(\/TJ/NJ)ZXi (yi _Yj/Nj _Bj(xi _XJ/NJ)) - 0asnN - o

|DUJ-

(C3) The limitsD,, = zimj p;b,b] /N? - D, exist, where foi OU,,

.
by =[¥py — Ny /py — Xy /py - Y]
.

v' denotes the vector transpose, amd is positive definite. The limit 0%, =

Xe, j
lim Nj‘zzimj (x - uxj)z(yi -a; - [3].xi)2/pij also exists, oo, = p, — B,

(C4) The elements of\ | = zmuj p”.c:”.c”T/N;1 form a bounded sequence, where fdd U,

G = [(]/pij - Ni)z'(xi/pii - XJ)Z’(yi/p” _Yj)zT'
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86 Shao et al.: Theoretical and empirical properties of model assisted decision-based regression estimators

Then, asm- o, the following conclusions hold.

(@ For =120, - Hgh, - W,;B - B;86 - a; and 6% - . 0%, where
- denotes convergence in probability.
(b) The combined-stratum estimatﬁr has the exact expression
2 jay A2 e 5 9 - - ~ e ~ ¢
@:ZmBJ AN+ (R, = X)) (Y, - V) NNL/(N,+ N 2.1)

and the in-probability limit

2
_ Z,-:lBjoijwj + (M — M) (p-yz - Uyl) W,

2
ijloij(’oj + (sz - le)z w,w,

B

© n (ﬁJ - Bj) -4 N (O'O-ie,j/o-i,j)’ where -, denotes convergence in distribution, and
2

2
e, j

6 -~ O
P

xe,j "

(d) Fork =1,2,
V(Y = Y)/N = N(0,07) (2.2)

2 _ 2 7
whereoy = > agD,a, and

ay; = w,0;[~(u, _B“x)’_B-le oAy =00, [~ (ky - BJHXJ-),—B;JT :

My = W,y + WM, By = 0, + Wit ,, andD; is given in condition (C3).

The conditions (C1)-(C4) of Theorem 1 provide a general formulation of the superpopulation
framework for large-sample design-based statistical inference, within which the survey regression
coefficients estimate well-defined frame-population descriptive parameters. The results in parts (a)-(b)
show that the in-probability limit§,,a; of Bj , &, have the standard interpretation as superpopulation

least-squares slopes and intercepts. (These slope and intercept parameters also keep their usual model-
based interpretations under the model (2.7) introduced in Section 2.2.) The asymptotic distribution theory

for Bj in conclusion (c) allows us to deduce the large-sample behavid, of from that provided in
(d) for Y

regk

Under the further conditions

B, =B,a, =a,, (2.3)

it is clear from Theorem 1(b) thap, = B, ando? = o? in (2.2), so thaV,,,, andY,, , andV,,, are all
asymptotically the same up to remainders of smaller order than, as we now show. Also, if
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B, #B,, thenY Y

P(Ya = Yiey) — 1, and thereforey,,. has the same asymptotic distribution¥ag, ,, which is more

continues to beo, (N/~/n), and the test of equality of slopes rejects,

reg,2 ~ Tdec

efficient than\?regvl according to the result in Section 2.2.

Theorem 2 Assume the same hypotheses (C1)-(C4) as in Theorem 1.
(&8 When (2.3) holds, then as - o«

2
A o)

VB, -B) -4 N(0.07),  of =3 S (2.4)
71 070
and the estimators\?reg,l,\?,egyz, and Y, are all asymptotically normally distributed and

equivalent in the sense that

nr,- n
W[(Yreg,l - Yreg,z)z + (

) - Landvn(Y,

dec

=<

reg.2 YAdec)2:| P 0. (25)

(b) WhenB, # B, P(Yy = Y -Y)/N ~ N(0,0%).

reg,

A more refined study of the asymptotic behavior of the estima?g@ can be undertaken in the spirit

of Saleh (2006), as with contiguous or Pitman alternatives for non-survey statistical models, by assuming
that Vn(B, -B,) - r for a constantr. Under this assumption, it can be shown that

Yreg: = Yieg2 = 05 (N/¥/0) and, therefore, the three centered and scaled estimatol¥,,. - Y),
VN (Y. -Y), and ¥n(Y,,, - Y) all have the same asymptotic normal distribution with mean 0.

Furthermore,
P(YAdec = YAreg,Z) - CD(_ZTIZ + r/od) + cD(_ZTIZ - r/od) ’ (26)

where g3 is given in (2.4), andz,, and ® are respectively the standard normal percentage point and
distribution function. ThusP (Y, = Y
equalsT whenf;, = 3, (i.e, whenr = 0).

Z) has a limit different from 1. In particular, the limit in (2.6)

reg

2.2 Model-assisted asymptotic setting

We elaborate in this section the behavior of estima’ﬁbg&,\? under the assumed probabilistic

dec

model that the triples(x;,y;,z) in the finite population,i OU, are independent and identically

distributed (iid), where the size-variableg > 0 are used in defining PPS with-replacement draw
probabilities p; = zi/zmu_ z, , and wherex; and y,; follow the model
J

y, =a;, +B,x +¢,i0U,, (2.7)

with a; and3; as unknown intercept and slope parameters for the regression within st¥atuirhe

errorsg;,i OU ;, are assumed to be iid with mean 0 and finite varirmg:eand to be independent of
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(X,z), and the variables; for i OU, are assumed to have finite variance. Also, to enable PPS
sampling, we assume thmax”]Ui n,p; <1 with probability approaching 1 for large, i.e., for large
n;,N;.

In this section, asymptotic properties of estimato?gg,k,\? are considered with respect to the

dec
regression model and repeated sampling. By Theorem 1, the model-assisted esﬁg@,gmnsl \?,egvz are

still consistent and asymptotically normal for triplé€s,, y,,z ) iid within strata, since the conditions
(C1)-(C4) are satisfied under moment assumptionszqfl/ z even if model (2.7) is incorrect. However,

the estimators?reg « are efficient when model (2.7) is correct.

Theorem 3 Assume model (2.7) along with (C1), witk(x') < 0, E(g) <, E(z) < 0, and
E((1+ x')/z%) < . Then all conclusions in Theorem 1 and Theorem 2 still hold. In particular, when
B, # B, cf, the asymptotic variance af n (\? - Y)/N , is larger thanog, the asymptotic variance

reg,1
of V(Y. - Y)/N. Furthermore,

V(Yo =Y)/N =4 N(0,(1- W0} + 103), (2.8)

where Tt is the limit of P (Yo, = Y,oq.) -

Note thatTt in (2.8) is equal to 1 whefd, # 3, and equal ta whenf, = [3,.

According to Theorem 3, under model (2.7), all three estimators defined in (1.2)-(1.4) have the same

asymptotic efficiency whem, = a, and3, = 3, (condition (2.3)). Furthermoré?,reg,l is asymptotically

worse thar,, , whenp, # B,. Thus, why would we not always u¥g, ,?

The assertions in Theorem 3 are first-order asymptotic results. A more refined, second-order
asymptotic result under the conditions in Theorem 3 and condition (2.3) when the, saresall equal is

that, up to a term of order;* + n)?,

Y o? Y o? nn, (X, - X,)*
mse —%9 | - =& < | msg 9| — =& |{1 - 2 2 (X, = X5) : (2.9)
N n N n nb,

where mse is the mean squared error conditionad'spX; = N;*>"  x,, and
j

2

2 n,n, (X B Xz)

D, =22 (x _Xi)z +
iUJ-

j=1i0

Result (2.9) indicates that, when weights are equal Bpné 3, and a, = a,, the finite sample

performance o, may be better than that fﬁeg,z for moderaten, and n,. See the simulation results

reg,1
in Section 4. The proof of (2.9) is a special case of a more general result in Slud (2012) and, thus, is
omitted.
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In applications, we do not know whethBy = B,. Hence, the decision-based estima¥gy, is an
adaptive procedure to select a good estimator. In view of (2.8), the performante @ close to
(slightly worse than) that o‘fA'reg,2 whenf, # f3,, and is close to (slightly worse than) that\bjgvl when
o, = a, andP; = B,. This is also supported by the simulation results in Section 4.

3 Variance estimation

It is common practice to report a variance estimate or standard error for each survey estimate. Variance
estimation is also crucial for statistical inference when setting a confidence interval for an unknown
parameter of interest.

The asymptotic results in Section 2 suggest a variance estimatlﬁregfprby substituting into (2.2)

estimators for unknown quantities i:. Since the total variance is a sum bf within-stratum
variances, without loss of generality we consider one strgtdine 1). For j = 1,2, let

Y A A o
nj _imzsj(nj—JJj)Nj’ bij_[]/pii_Nj’Xi/pij_inyi/pij_Yj], IDSj,
N-nl/z ~ n N_nl/z R .

& = W[_(VJ - BJX])'_BJ.’]_JT ’ ) = N]nl/z I:_(y - BY)’_BJ]T ,

i

That is, 67 is consistent foro;. The results in Theorems 2 and 3 also show &fatis a consistent
variance estimator for the decision-based estimafgr, because we have eithes? = g2 or

P(Yaeo = Viegd) — 1.

These substitution variance estimators, however, may not perform well when oneanti n, is
moderate (see Section 4). An alternative method is the bootstrap as suggested ke &h2@10). Let
6 be the estimator under consideration. Its bootstrap variance estimator can be obtained as follows.

1. Draw a bootstrap samp@* as a simple random sample of sizewith replacement fron§,,
where S| and S, are independently obtained. If there &reself-representing units i, as

discussed in Section 4.1 below, then with-replacement samples ofrsize&; are drawn,
j=1,2.
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90 Shao et al.: Theoretical and empirical properties of model assisted decision-based regression estimators

2. The survey weights and observed data from the original data set are used to form a bootstrap
data setS, O S,. From this dataset, calculate the bootstrap an@logf 6.

3. Independently repeat the previous stBpmes to obtaird™,...,8 8. The sample variance of
8, ...,8® is the bootstrap variance estimator ébr

Under the conditions in Theorems 1-2, the bootstrap variance estimatcf‘r,gg,floi'w?,eg'2 andY,, are

consistent estimators. The proof for the bootstrap is similar to the proofs of the theorems and is omitted.

4 Simulation results for H = 1

Large sample theory as presented above is not adequate to tell whether the asymptotic results

adequately describe the behavior of the estimaf’ggg, YAreg,Z andY,.. and their variance estimators in

moderate samples, or wheth\%,[;g,1 and Y, ever provide useful Mean-Squared-Error improvements in

dec

moderate sized samples. We present some simulation results to study these questions, as well as the small-
sample issues arising in applying these methods in the context of the ASPEP survey.

In the simulations, values in the frame population are either generated under some model or are
taken from the 2002 and 2007 Government censuses with 2007 ASPEP sample weights. The first set of
simulations (reported in Tables 4.1-4.6) summarizes average behavior over many model-generated frame
populations. In the second set of artificial-data simulations, summarized in Table 4.8, the frame population
remains fixed throughout the simulation. All frame populations consist of a single stfatum1)

broken into two substratgj = 1,2) according as a size variable falls below or above a specific quantile,

usually the 0.8 quantile. Sampling from the frame populations is done PPS with-replacement in all
simulations in this section.

4.1 Small sample considerations

Before proceeding to describe the simulations, we discuss some special features of PPS with-
replacement (PPSWR) sampling which, when done in settings with small samples and unbalanced size
variables, requires special computational handling. Numerically erratic results can arise when the small
drawn samples are used stratumwise and then bootstrapped to estimate variances.

The weights ' = ]/(njpij) in PPSWR are all greater than 1 only when the single-draw
probabilities p; = Zi/Zi'Du z, are all belowl/n; . To avoid anomalous small-sample results, and to
j

maintain the relevance of PPSWR designs in imitating PPS without-replacement designs, any units
i OU,; with n;p; =1 are madeself-representing (SR),i.e,, are sampled with certainty but only once,

and if there arek; such units, then the probabilitiésij 210U, np; < ]} are renormalized to draw a
size n, -k, PPSWR sample. If any of the remaining renormalized probabilities drgn; -k, ),

then their units also become self-representing and a new renormalization is done. This is repeated as often
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as necessary. Thus, small samples with very unequal size-variable distributions may not be compatible
with PPSWR sampling, a condition arising in some of the real-data ASPEP cases considered below.
Although a different choice could have been made, we conform with ASPEP practice in including all
SR units in the fitting of the survey-weighted regression estimaﬁ;rsand B. However, with this
choice, PPSWR sampling followed by bootstrap resampling of small samples can lead to extremely erratic
behavior, which must be recognized in summarizing the behavior of bootstrap variance estimators. The
problem is that when a small numbar of non-self-representing items are sampled PPSWR, in addition
to a set of SR items, and then bootstrapped, the probability can be surprisingly large that there is only one
unique non-SR item in the bootstrap sample, leading to very high bootstrap variability. This phenomenon
was observed in the simulations reported below, with large-size substratum containing 20 or fewer
elements and very skewed size-variables, either in the cases with lognormal or ASRERBbles.

4.2 Artificial model-generated data

All of the artificial frame populations were generated wWNh=2,000 iid triples(x;, y;,z ) satisfying
(2.7), for U, consisting of theN, =1,600 for which x; fell below their empirical 80'th percentile
c= (X(1,60(,) + x(lyfm)/z, andU, consisting of the other 400 indices. In most cagesyere generated

as N(30+ x;,10Q variates conditioned to be positive (which required occasional re-simulation in the
lognormalx;, models below) and were conditionally independentypfgiven x,. (However, in some
cases, unweighted samples were drawn by takjnglentically equal.) PPS with-replacement stratified
samples of size¢n,,n,) = (100,50 ( 100,20 or (50,20 were drawn in successive simulation runs,
with size-variablesz;, from the same frame.

The models generatinx;, y,) are indexed as follows. In those with prefix1, the predictorsx;
are Gammg, 0.1) distributed, with 0.8 quantile 55.2, while in the moda, the x; variables are
Lognormal(1,6.25), with 0.8 quantile 22.3. TNE1 populations, and thd12 models with suffixE, have
conditional variance 100 fory, given X, while the M2 models without suffixE have conditional
variance 20x, . Conditional mean< (y,| x,) are all linear, equal t@€0 + 1.5¢, in models indexedd0
and to 20+ x, + 0.5(x; =) I, within the substratunl; in models H1. The intercepts of the

regression models are so chosen that whether or not the slopes are the same, the lines intersect at
(see the discussion in Section 1). Table 4.1 exhibits the average and standard deviation for the totals
generated from the frame-population attrib{gel™ " under the various models. The variatesas well

as the total& are much longer-tailed under the Lognormal models.

Table 4.1
Means and standard deviations for totals Y under simulation models.
Gamma Lognormal
Model M1.H0 MI1.H1 M2.H0 M2.HOE M2.H1 M2.H1E
E(Y) 160,000 123,177 225,603 225,603 173,485 173,485
SD(Y) 1,414.2 653.5 94,380 94,368 62,362 62,344

Statistics Canada, Catalogue No. 12-001-X



92 Shao et al.: Theoretical and empirical properties of model assisted decision-based regression estimators

Simulated population models

M1.HO: X, ~ Gammg 4,0.1 (shape parameter 4, scale 10),

y; ~ N(20+ 1.5 ,100 (variance 100), alli O U.
M1.H1: X, ~ Gamma 4,0l y, ~ N (20+ X, + 0.5(x, - ¢) I[xizc]’loo) ,all i
M2HO:  log(x)~ N(1,6.25 y, ~ N(20+ 1.5 ,29) , all
M2HOE: log(x )~ N(1,6.2§ y, ~ N( 20+ 1.5 ,100 , all
M2.H1: log(x,) ~ N(1,6.29 y, ~ N ( 20+ x, + 0.5x - c) I[XiEC],ZOXi), alli.
M2 HIE:

log(x) ~ N(1,6.25 y, ~ N ( 20+ x, + 0.5x, - c) |[XiZC],1oo) ,alli.

The simulation and bootstrap results in Tables 4.2-4.5 were generated by the following design and
reporting scheme. For each population type, 60 distinct frame populations were generated, and 50
independent sampling experiments were conducted with each of those. In those cases where results of
weighted and unweighted sampling were compared, these samples were drawn independently from the
same set of 60 frame populations. Thus there were 3,000 independent replications for Monte Carlo
averaging of statistical results, done for each of three different stratified sample sizes, and 400 bootstrap

iterations were performed for each such generated sample.

Table 4.2
Empirical and estimated SD’s and CI coverage, from model M1 simulations.
M1.HO M1.H1
Sizes Stat \?,Cg'l \?,Cg'z YAdec \?ng’l YA,cg'2 \
100,50 SDyc 1,785.5 1,794.3 1,788.0 1,817.6 1,773.5 1,774.4
SDs 1,757.1 1,751.5 1,755.6 1,794.6 1,735.2 1,735.8
§E)B 1,752.4 1,762.0 1,758.4 1,788.1 1,742.9 1,747.0
CP, 94.47 94.37 94.50 93.93 93.73 93.77
CPR, 94.60 94.53 94.67 93.93 94.03 94.07
100,20 SDyc 1,930.0 1,944.8 1,934.0 2,008.4 1,944.4 1,960.4
SDs 1,888.3 1,876.6 1,884.1 1,944.4 1,861.0 1,866.5
SDs 1,878.8 1,901.4 1,895.8 1,936.1 1,885.6 1,897.9
CP, 94.20 93.83 94.13 93.53 93.20 93.07
CPR, 93.80 94.00 93.97 93.60 93.83 93.97
50,20 SDyc 2,583.5 2,610.7 2,593.5 2,591.3 2,522.8 2,5354
ébs 2,509.2 2,490.8 2,505.1 2,562.2 2,465.0 2,474.5
SDs 2,498.5 2,538.0 2,522.9 2,550.3 2,508.5 2,525.6
CPR, 93.70 93.13 93.57 93.97 93.63 93.43
CR, 93.63 93.73 93.87 93.83 93.77 94.10
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Table 4.3
Empirical and estimated SD’s and CI coverage, from model M2 simulations.
M2.H0 M2.H1
Sizes Stat Vregql Y:eg,z YA,jec \freggl \freg,z YAdec
100,50 SDyc 3,400.1 3,4754 3,406.8 3,481.9 3,483.8 3,482.2
SDs 3,420.6 3,400.0 3,417.0 3,537.8 3,405.0 3,463.7
SDs 3,590.0 3,715.2 3,623.4 3,852.0 3,921.9 3,898.4
CPg 95.10 93.43 94.83 95.03 93.40 94.13
CPR, 95.67 95.77 95.77 95.63 95.77 95.70
100,20 SDyc 5,655.2 6,184.0 5,698.6 5,853.0 6,181.1 5,955.6
SDs 5,644.9 5,575.7 5,640.9 5,798.3 5,587.3 5,697.3
SDs 5,565.1 6,687.3 5,857.8 5,907.8 6,838.0 6,466.6
CPs 93.83 88.47 93.40 92.77 88.30 90.70
CP, 92.33 93.67 93.37 92.63 94.33 94.17
50,20 SDyc 5,773.2 6,319.2 5,833.9 5,934.2 6,230.6 6,009.8
él\Ds 5,800.2 5,677.2 5,785.8 6,012.6 5,755.4 5,919.2
SDs 5,728.5 6,825.2 6,086.0 6,102.2 6,978.1 6,522.1
CPy 94.60 88.67 93.97 94.07 89.37 92.27
CPh, 93.40 94.23 94.27 93.47 95.03 94.80
Table 4.4

SD’s for Y, vs. Y

dec ?

and coverage for Bootstrap Percentile Confidence Intervals for Y, , for T = 0.05 vs.
0.20, for models M1 and M2, HO and H1.

Y,» T = 0.05 Yor Yy T = 0.20
Model Samples SD ¢ CP,, SD SD ¢ CPg,
M1.H0 100,50 1,788.0 94.23 2,774.0 1,745.5 94.60
100,20 1,934.0 93.50 3,032.6 1,915.9 94.10
50,20 2,593.5 93.17 3,000.7 2,500.1 94.43
M1.H1 100,50 1,774.4 93.70 2,387.3 1,737.3 94.43
100,20 1,960.4 93.27 2,678.9 1,948.0 93.23
50,20 2,535.4 93.90 3,035.0 2,509.8 94.23
M2.HO 100,50 3,406.8 95.20 4,160.0 3,398.8 94.83
100,20 5,698.6 91.13 6,720.2 5,705.7 92.57
50,20 5,833.9 92.60 7,080.0 5,979.8 92.17
M2.H1 100,50 3,482.2 95.13 4,393.6 3,423.9 94.03
100,20 5,955.6 92.07 7,413.1 5,917.3 92.40
50,20 6,009.8 92.33 7,840.4 6,105.6 92.17
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Comparisons of SD estimates and CI coverage for HO and H1 for three lognormal settings, weighted (W)
and unweighted (U) within M2, and weighted (E) within M2.E. CI % coverages are given for both the

Bootstrap SD and Percentile Intervals.

Model Size Stat SD SDs SDs CP, CP, CP,,
HO.W 100,50 Vs 3,400.1 3,420.6 3,590.0 95.10 95.67 94.93
Voo 3,475.4 3,400.0 37152 93.43 95.17 95.33
Voo 3,406.8 3,417.0 3,623.4 94.83 95.77 95.20
HO.U V oos 5,481.6 3,674.8 5,571.9 81.43 93.50 92.07
Vs 5782.8 3,646.6 6,076.3 80.13 93.67 91.90
Vsee 55255 3,669.0 5726.8 81.07 93.83 92.20
HO.E Vo 1,888.8 1,930.1 1,904.7 94.73 9453 94.23
V. oos 1,888.6 1,911.1 1,893.2 94.43 94.30 94.20
V... 1,892.9 1,926.5 1,905.0 94.67 9457 94.20
HO.W 50,20 V.o 5,773.2 5,800.2 5,728.5 94.60 93.40 92.00
V... 6,319.2 5,677.2 6,825.2 88.67 94.23 92.60
V sec 5,833.9 5785.8 6,086.0 93.97 94.27 92.60
HO.U Vo 10,000.3 5,136.5 9,905.6 71.10 90.73 89.80
V. oos 11,192.8 50850  12,806.8 68.70 92.90 89.37
Voo 10,134.1 51207 11,2459 70.73 92.37 90.27
HO.E V.o 2,811.4 2,831.6 2,769.5 94.13 94.00 93.93
V... 2,811.9 27538 27411 93.47 93.77 93.30
Voo 2,817.4 2,821.8 2,777.0 93.83 93.90 93.77
HLW 100,50 Vo 3,481.9 3,537.8 3,852.0 95.03 95.63 95.27
V... 3,483.8 3,405.0 3,921.9 93.40 95.77 95.10
V... 3,482.2 34637 3,898.4 94.13 95.70 95.13
HL.U Vo 5,631.4 37748 5,614.6 80.90 92.33 91.07
V oos 5,838.3 3,699.6 6,010.5 79.13 92.73 91.37
Voo 5,727.0 373238 5,870.5 80.40 92.93 91.63
HLE Vo 2,005.5 2,094.2 2,019.1 95.60 94.97 94.60
V... 1,909.9 1,908.2 1,892.5 94.83 94.77 94.17
V... 1,931.9 1,9417 1,934.6 94.97 95.20 94.83
HILW 50,20 Vo 5,934.2 6,012.6 6,102.2 94.07 93.47 91.97
V oos 6,230.6 5,755.4 6,978.1 89.37 95.03 92.23
Voo 6,009.8 5,919.2 6,522.1 92.27 94.80 92.33
HLU V.o 9,315.8 5350.9 10,0400 74.17 93.10 90.57
V...l 10,583.8 52296  12476.8 71.23 9457 90.87
V... 9,989.6 52954 114795 7253 9433 91.47
HLE Vo 3,096.1 3,137.7 2,795.6 94.63 93.43 93.37
V oos 2,880.6 2,766.8 27457 93.10 93.40 93.47
\/ 2,977.3 2,929.2 2,882.0 93.77 93.77 93.77
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We calculated the following quantities for each combination of model, weighting, and sample size: the
percentage biases (ﬁeg,l, \?reg,z, Y,.. (with T =0.05 in all tables except Table 4.4, and-0.05 or 0.20

in Table 4.4) as estimators of; the Monte Carlo standard deviations (SBD,,., of these three

estimators; the estimated SD'’s of the estimators, respectively using the substBmidnand bootstrap
(SDs) SD estimators described in Section 3; the coverage probal@Ry, of the nominal 95%

confidence intervals foy ;Y + 1.960D§D, whereY is one of the three estimatorsf andu = S or

B; and the bootstrap percentile confidence intervals (and their coverage percé&Rggesbtained from

the empirical 0.025 and 0.975 quantiles of the (400) bootstrapped values of each of the three egtimators
of Y. In addition, we calculated empirical biases of the Horvitz-Thompson estirgtes (1.1) and

their empirical standard deviatior&D,; . (Of these calculated quantities, only the biases are not shown,
since all of the biases were well below 0.5% except in the mdd®eH1.U, and even there the largest

magnitude of bias was about 1%.) Two further statistics, computed and displayed in Table 4.6 for each of
the estimatory’ of Y, are the standard errors across randomly generated frame populations of the Monte

Carlo and Bootstrap within-population estimated SD’s of estimators

Table 4.6
Cross-population Standard errors of Empirical and Bootstrap SD’s estimated for the estimators Yﬂreg,1 ,YAreg‘2 ,
and Y, , for selected models and weighting.

Yreg,l Yreg,2 dec
Model Sizes SD SDs SD SDs ) SDs
M1.H0 100,50 198 35 196 35 197 35
50,20 210 52 208 51 210 51
M1.H1 100,50 204 39 183 40 184 41
50,20 319 57 298 62 302 62
M2.H0 100,50 404 345 450 383 405 351
50,20 825 518 1,075 916 889 631
M2.H0.E 100,50 187 49 185 45 184 47
50,20 294 85 293 71 298 82
M2.H1 100,50 409 409 410 421 408 414
50,20 767 624 946 929 841 730
M2.H1E 100,50 208 59 196 46 204 50
50,20 258 141 261 82 239 102
M2.H1.U 100,50 1,676 1,351 1,773 1,539 1,726 1,467
50,20 2,397 2,543 3,425 3,454 3,102 3,159

4.3 Real government-census data

Our simulations based on repeated sampling from real-data frames rely on a national state-wise dataset
assembled by Yang Cheng. For the ASPEP survey of governments for sample year 2007, which was also a
census year, the ASPEP frame is the same as the 2007 Census of Governments file. Our dataset consists of
the 2002 and 2007 ASPEP variable values (full- and part-time employees, payroll and hours) derived from
the censuses in those years, plus the 2007 sample weights and in-sample indicators for ASPEP. Weights
equal to 1 imply that governmental units were self-representing (SR), in the sense that they were chosen
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for inclusion with certainty in ASPEP. The size-variallefor PPS sampling within ASPEP is the sum of

full- and part-time payroll from the most recent census, so we restrict attention to the 53,402 governmental
units in the file for which this variable was positive. Table 4.7 gives the subcounty and special-district
governmental types (the only ones that are subdivided into Small and Large unit substrata) in nine selected
states, giving also the SR counts and numbers sampled in 2007. As mentioned in subsection 4.1, the final
SR count for PPS with-replacement sampling can exceed the number of units initially chosen for certain
inclusion, and the larger numbers, corresponding to the sample size actually drawn in 2007, are shown in
the SR columns of Table 4.7. Inspection of this Table shows that several of the state by type combinations
either have no population in a substratum or have too few non-SR units to be useful in simulating repeated
samples. We take 15 as a rule-of-thumb minimum for the number of non-SR units, and suggest that
substratum pairs with fewer non-SR units in the large-unit stratum should be collapsed without recourse to
the decision-based strategy studied in this paper.

Table 4.7

Census population, ASPEP sample sizes and SR counts of Subcounty and Special-District governmental units
by substratum in 2007, for 9 selected states.

Subcounty Special District
Small Large Large

Pop Samp Pop Samp SR Samp Pop Samp SR
AL 378 15 55 45 26 0 400 102 64
CA 0 0 475 104 86 39 107 107 107
CO 0 0 265 34 18 16 65 55 33
FL 317 16 81 54 36 0 330 48 24
GA 461 17 49 36 20 0 293 70 32
MO 980 25 101 101 101 799 27 106 66 42
NY 1,475 25 69 69 69 606 16 33 23 4
PA 2,40¢ 55 123 81 31 921 21 37 37 37
Wi 1,702 36 129 71 44 281 16 61 40 20

For nine government-by-type combinations with 15 or more non-SR units and at least 17 non-sampled
non-SR large-substratum units (except for AL, CO, and GA for which there were respectively 9, 10, and
11 non-sampled non-SR units), Table 4.8 displays results for the decision-based estimators and variance
estimates in substratum pairs. In each of the state-type combinations, 3,000 stratified PPSWR samples of
the indicated sizes were drawn from the ASPEP and government census frame described abrve, with
and y, respectively the full-time payroll amount for the governmental unit as recorded in the 2002 and
2007 governmental censuses, andthe total (full-time plus part-time) payroll in 2002. Within each

simulated sample, the estimato?ég,l,\?reglz\?de‘ were calculated, and the empirical variances estimated.
The variance ofY, . was also estimated by the substitution formula and bootstrap methods as in the

artificial-data simulations. (But note that, as described above, the bootstrap samples were drawn only from
the non-SR units in each substratum sample.) The results are shown in Table 4.8. The relative efficiencies
between the combined and separate stratified regression estimators can be gleaned from the corresponding

ratio of SD’s given in column 5 of the table. The remaining SD’s shown are the empirical, substitution,
and bootstrap SD estimatorsf,..
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Table 4.8
Summary of repeated-sampling simulations from ASPEP 2007 frame. Total full-time pay (Y) given in
multiple of $100 million, and estimated SD’s of Y . given in columns 6-8 in units of $1 million. SD, /SD, in
column 5 is ratio of empirical SD of Y, , over that of Y

reg reg,2 *

State Stratum Y Size SD, /SD, SD SDs SDs
AL SubCty 1.2 25,46 2.14 4.90 3.67 5.71
CA SpcDst 4.3 30,90 0.98 29.4 21.2 26.8
CcO SpcDst 0.6 25,55 1.14 3.77 2.58 3.00
FL SubCty 4.3 25,54 1.16 11.9 9.4 12.2
GA SubCty 15 25,38 1.15 4.38 3.26 4.88
MO SpcDst 0.6 40,70 2.13 2.99 2.20 2.99
NY SubCty 23.6 35,52 1.53 13.6 12.0 14.1
PA SubCty 3.0 40,70 1.12 7.28 5.79 7.60
Wi SubCty 1.4 40,70 2.06 5.00 4.45 5.17

4.4 Discussion of simulation results

The following is a summary and interpretation of the results in the Tables, as well as of other results
not shown.

() Many of the artificial-data simulations serve to confirm the large-sample theoretical results of the
Theorems. It has already been mentioned that in Tables 4.2 and 4.3 the biases for aHdhtiegators
(\?,eg,l,\?regyz\?de) are generally small. Within Table 4.2, referring to models with predictors and weights
related to the Gamma distribution in modalel, the substitution and bootstrap variance estimators for
eachY - estimator are quite accurate and close to one another, and the confidence intervals all have close
to nominal coverage. Under boM1.HO and M1.H1, there is a tendency with smallar, sample size
for the SDs and SDs estimators to be slight underestimates of the actual or empirical SD'SDhut
seems to track SD more closely tréis for YAreg,Z andY

dec*

(I) The lognormalx; values in modelsM2 are much more dispersed and skewed than the values in
M1, but the simulation results still support the asymptotic theory wier 50, although not when

n, = 20. The substitution-estimator based confidence intervalsyfan terms of\?reg'2

probability far too small when the substitution variance estimator is used. In Table 4.3, for each type of
Y - estimator there is a pronounced tendency for the substitution variance estimator to underestimate the
true (empirical) variance, and for the bootstrap estimator to overestimate.

have coverage

Table 4.5 clarifies that the extreme behavior of variance estimators under mizledecurs partly
because the predictors arygl are dispersed and skewed, and partly because the size-variable used in PPS
weighting shares these properties. The cases with sWffix this Table are the same as in Table 4.3. The
cases with suffix€ have (X, z) the same as in Table 4.3, but the conditional variances @fven x;
have the constant value of 100; and with this change, the erratic behavior of SD estimators disappears.
However, when the conditiona}; variances are as in the basic mod& but the PPSWR sampling is
doneunweighted,i.e., with all z, replaced by 1, the empirical and bootstrap SD estimators track each

other and are very large, while the substitution variance estimator is too low by dramatic fatt@rsoof
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3/4. This weird phenomenon applies equally to all theestimators. (However, an unweighted-
sampling variant in modeVM1 does not materially change the results from those shown in Table 4.2.)

(I11) One objective of the simulations was to learn whether there can ever be any Mean-squared Error
(MSE) benefit in using\?,eg,1 rather thanY, without which there would be little motivation for

reg,2? dec*
Indeed, the large-sample Theorems say that the main large-sample variance term is always optimal for
YAreg,Z (whether because it is the same as\?frgil under the null hypothesis or because it is strictly better

under model (2.7) with distinct slopes). However, we indicated following Theorem 3, in the bound (2.9),
that YAreg,l can have smaller second-order MSE tl’?ﬁe@,z' and theH0 columns of Tables 4.2 and 4.3 do

show a small but consistent SD advantage\?fg&rl versus \?reg,z,

an advantage which is more pronounced
in M2. This advantage disappears under the fixed alternaveH1 but interestingly, not under

M2 .H1. The slight but real conditional MSE advantage \?%1 when the substratum slopes are very

close to equality is discussed further by Slud (2012).

The estimatorsY,.;,,Y ¢ » Y

compare their MSE behavior in the simulated populations with that of the simpler Horvitz-Thompson
estimatorY,,, in (1.1). All of these estimators are nearly unbiased, so that MSE’s are essentially the same
as variances, and a comparison of the third and fifth columns of Table 4.4 shows gt tregiances
are considerably larger than thoseYgf_. The difference is least pronounced with the larger sample sizes,
but even there is 30-55%. The advantage’of is still very pronounced in modeM2, where model
variances and distributional skewness are larger, but less so than inMihdel

(IV) The definition of Y

other than Table 4.4 was taken to be 0.05. As the large-sample theory suggests, the properties of the
decision-based estimator fall between thosé?,%fl and Y and larger values of makeY,, more

eg2 Y de CONSidered here are of regression type, and it may be of interest to

contains the arbitrary nominal significance lewel which in all tables

dec

reg,2? dec

often equal toY

g AS can be seen from comparison of columns 6 and 7 of Table 4.4, the theice

0.20 seems in the simulated models to lead to very slightly smaller Sf’[;gcaﬁnder modelM1, but in

model M2 the SD is if anything larger at the smaller sample sizes. The conclusion is weak because the
differences are quite small compared to the differences between SD’s from one frame population to
another. Our preference is to let smaltedictate the frequent pooling of substrata except when there are
pronounced differences in estimated slope between the substrata. This finding that larger significance
levels T do not improve performance of, differs from the finding of Saleh (2006) that larger
significance levels are highly beneficial in other preliminary-testing contexts.

(V) Table 4.6 gives information about the variability across frame populations of SD estimators for the
Y estimators. The bootstrap variance estimators appear less susceptible to variation across frame
populations, because the bootstrap averaging stabilizes them. The key finding in this table seems to be that
the variability across frame populations is moderate except in the unweiltedetting, where it is
remarkably large. This seems to account for the extreme inflation of variances M2der seen in
Table 4.5.

(VD) In many bootstrap applications with approximately normally distributed statistics, failure of
coverage of normal-theory-based confidence intervals due to nonnormality of the bootstrapped statistic
can be mitigated by using the bootstrap percentile (BP) intervals (Shao and Tu 1995, Section 4.1). In the
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present simulations, Table 4.4 (columns 4 and 6) gives the coverage percentages of BP intefyals for

in settings where Tables 4.2 and 4.3 give the coverages of normal-theory Cl's based on the bootstrap-
estimated SD. For whatever reason, the tables show that the normal-theory co@&kadends
systematically to be slightly below nominal and yet slightly larger than the BP interval cov@fage

Thus, our simulations indicate the preference in this setting for the simpler iﬁf’@ercvall.% OSDs .

(V1) It remains to draw lessons from the simulations with real government-census data in Section 4.3.
The first necessary comment is that the spread and skewness of the full-time payroll prediatatshe

total-payroll size-variablez, are very large, much more like the lognormal modd than the gamma
modelsM1. Table 4.8 indicates (in column 5) a consistent MSE advantagéegqrover\? 1 exceptin

reg
the CA Special-district case, although the difference is small in the CO Special-district and the FL, GA
and PA Subcounty cases. It is notable in almost all of these examples that the bootstrap SD estimator for

Y, IS more accurate than the substitution-formula estimator, despite the rather small numbers of sampled

and unsampled non-SR units and (in several cases, as shown in Table 4.7) relatively large numbers of SR
units. The substitution SD estimates are consistently too small while the bootstrap estimates are usually
slightly high {.e., generally SDs < SD < /S\D;). The relative error o6De Versus SD is no more than

about 5% in these examples, except in the cases (AL, CO, GA) where there are particularly few non-
sampled non-SR units in the large-unit substratum.

The large-unit substrata in ASPEP usually have small total frame population and often have relatively
large numbers of SR units. While we have seen in these simulations that this does not quite invalidate
inferences drawn witY \?,egj or Y, these statistics have distributions rather different from those of

reg,1’ dec?
large-sample theory, and perhaps future substratum splits should allow slightly larger large-unit substrata
for well-behaved statistical inferences.

More broadly, the simulation results indicate that the decision-based estimator with interval estimator
defined from bootstrap variances is well-behaved and can be recommended except in extremely dispersed
and skewed populations or in populations with large-unit sample sizes less than 20-25.
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Appendix

Proof of Theorem 1. Under PPS samplingy, = n,p; for uniti JU,, and on each with-replacement

draw, the sampled index, OU,,t =1,..,n;, has P(i, =i) = p, foreachi OU,. By calculating

j
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the means and variances (under repeated sampling)Nof X;,Y,, N*Y"  xy,/m and
]
NJ.‘l s x?/m, , we find the variances to be of ordlaj'1 by means of the limits in (C2)-(C3) and the
]
bounds in (C4). The assertions in part (a) follow directly.
For assertion (b), we have by definition 6f that

Z;stj (6 = By + By = (Xo+ XQ) /(N + N))y /g

ﬁ: 2 - - ~ ~ V2
ijlzmsj (% = By + By = (Xy+ %) /(N + N)) /"i

from which the equality (2.1) in (b) follows immediately by substituting the limits in part (a) along with
the limits N, /N - w;.

Let =, be the block diagonal matrix with two diagonal bIocEDq;;l and Dy, and for j =1,2,let

Q“:Nﬂé(m ]’Q“_Nﬁé(pu ]
= m B ) e T e e

Since S, and S, are independen{Q,,}:_, is independent ofQ,,};_, . Note that, here and throughout
this proof, sums over J S; used to defin@A(j , \?J., Q,, and variance estimators should be understood as

(A1)

sumswith multiplicity in view of the with-replacement PPS sampling framework. Condition (C4) makes
Liapounov’s Central Limit Theorem applicable to show that

zr_\ll/z[Qn'erQsva 129 52 Q 3JT = N (O! | 6) , Q4j - (O Oxej) (A.2)

where | ; is the 6 x 6 identity matrix, ando?, ; is given in the statement of (d). The limits defining the

xe, j

asymptotic variances in (A.2) exist according to (C3).

Proof of (c). It is straightforward to check from the definition that

B, - B _ 1 Z[ X~ Py JyI—O(,—B,X,
dj—dj N x, i0s 6§j_(xi_p-xj)p-xj T

Since it was established in (a) tha; - o and N, /N, - _1, it follows that the limiting

%

distribution of /n, (B, -~ B,) is the same as that of
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v, (Njcij)_l% (x —hg) (v —o; =Bx)/m

which is clearly the same as that ch2Q4J in (A.1). The first assertion of (c) follows immediately from

(A.2). The consistency oﬂrxeJ follows by noting by (a) that

6%, - N; 22( ) (y,—a, -B,x)" - _0. (A.3)

IDS T[ p|J P

The second term on the left-hand side of (A.3) has PPS with-replacement sampling variance calculated to
be bounded by/n; according to (C4), and by (C3) has expectation convergimgigg .

Proof of (d). From (1.2) and (a)yY Y)/N - _ 0, which can also be seen from the representation

N,Y, . N, X,
— ~ =Y, B, | X; - —=
N | N, N,

\/FNI\AI I:(_Vl + lel)Qll_ B1Q atQ 31}

reg,2 -

+\/71NN2|:(_Y2 +[A32X ) Bzgzz :I

= dr;rlﬁl + d:zﬁ 21
where the second equality follows from the notational definitionsQgf along with 1 = n,p;,
Y, = ZIDS y /T, X, = ZIDS x, /T, and the third from

JnN? A oA T - =
] Y +Bij!_Bj7l:| v :[Qu’Qzl’Qa]]T’ Q, :[Qzl’szyQaJT

d- = —=— _7-

D

By (A.2), Q, = 0,(1) andQ, = O, (1) . By condition (C2),d; = a;, + 0, (1). Therefore, by (A.2),
condition (C3) and the delta method,

\/_n(YAreg,Z - Y)/N = a'-;lé l+ aTZQ 2+ 0p (1) —d N (0’0-2) !
where the asymptotic variancg = z;a;j D,a,; is consistently estimated by

ZZ ( v =B = (Y, 'ﬁJXJ)/Nj)Z’

i=1is, T[

which agrees with formula (9) of Chesgal. (2010). The proof that/n (Y., = Y)/N -, N(0,0?) is

similar.
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Proof of Theorem 2. By Theorem 1 conclusion (c),

\/_n(Bz - él - Bz + Bl) —d N (Ovzoie,j/(q)?oij)) (A-4)

The conclusion (2.4) in (a) of this Theorem follows immediately.
In the proof of Theorem 1, we showed that

JT](YAreg,Z - Y)/N = a';—1(21 + a-lz—p 2 + op (1) ' (AS)

where the constant vectoas;, (and p,,u,) were defined in Theorem 1 (d). Similarly,
V(Y- Y)/N =ajQ, +a;Q,+0, (D). (A.6)

When (2.3) holds; = B (by Theorem 1 (b)) and1, — By, = Z;wj (M, = Biy) = Ky, = By,

so that a; =a, for j=1,2. It follows immediately from (A.5)-(A.6) that
Jn (Y
distribution, which was shown to be normal in Theorem 1 (d). Finally, the definitio?gepimplies that
P(Yaee = Vyeg1 OF Y og) = 1 and (A.5)-(A.6) imply

dec

a1~ Yeegd/N ~ 0, and therefore that the estimatods,,, have the same asymptotic

reg,1

V(Y. - Y)/N =a,Q, +a}Q,+0,(1), (A.7)

dec

which completes the proof of (2.5) in (a).

Proof of (b). If B, # B,, then (A.4) implies thatP (Vg = Y,.,) — 1 i.e, that the t-test for equality of
Bj rejects with certainty in the limit. Then (A.7) continues to hold, and the asymptotic distributfgn of

is still as same as that ¥f,, ,.

Proof of Theorem 3. In this Theorem, the hypotheses (C2)-(C4) are replaced by the assumptions that the
iid triples (y;, x;, ) satisfy moment conditions and the model (2.7). The assertions in (C2)-(C4) are then

results holding with probability tending to 1 with largeN which are established with the aid of the
(strong) law of large numbers.

Beyond the conclusions of Theorems 1-2, it remains to showﬁlgba; has a smaller asymptotic

variance thary __ ,. Let 9 = (8,,9,) and

reg,l1

F, (®) = [_81'_82']]Dj [_81,_32,]]T .

According to the definition ot? and g2 in (2.2), it suffices to show thef, (8) has its minimum value
at 9 = (0(j ,Bj). We now prove this forj = 1. The proof for j = 2 is similar. Letm,. be the(i,i")

element ofD,. Since D, is symmetric and positive definite under condition (d8), = m,;, and there
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exists a uniqued” = (87,8}) such thatF, (8”) = min, F, (9) and oF, (8)/89 s> = 0. This implies

that 8" is the solution to the following two equations:

rn_’l.l.sl + ml279 2 = ml3 ml? 1+ m 2? 2= m 2 (A8)

Therefore, it suffices to show that = (a,,B,). Since D, is positive definite, the equation system (A.8)
has a unique solution. By the definition bf,

m,a, + mlﬁl = lim Z(l - Nlj P, 0, + Z(l - Nlj(Xi - Xl] pilBl:|

. i
N N |55 \ Py i, \ P Pis

= fim Z[ ! —Nlj(al— Na,p, + B X —Blpilxj)}

= =
Ny Ny = Pi,

and

e e
m =5 - - - = i
? N N |00, \ Pis ' Pis A

1 1
lim ( - N, |(a, +Bx +¢& - Na,p, - B,p X 1):|
|DU1

2
Ny - N K

n!ilrpwl\llf_i%hil = N, (0, = Na.p, +Bx —Bp X 1)]

where the last equality follows from the assumption thats independent ok, and z; and has mean 0
and a finite variance, and each of the sequerged/z , and X, /z is iid with finite expectation.
Therefore,m,a, + m 3, = m,, Similarly one proves tham,a, + m,3, = m,, Therefore,(a,,B,)

is the unique solution to equation system (Ai&), F, (8) achieves its minimum value & = (a,,B,) .
Hence,o? < o?. This finishes the proof of Theorem 3.
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