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Mathematical aspects of collective dynamics...

@ A basic paradigm for collective dynamics — environmental averaging

@ Examples of mathematical models for collective dynamics
@ Krause-Hegselmann model for opinion dynamics
@ Vicsek model for flocking; phase transition
@ Cucker-Smale model for flocking — near and far from equilibrium
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. A basic paradigm for collective dynamics — environmental averaging

@ Examples of mathematical models for collective dynamics
@ Krause-Hegselmann model for opinion dynamics
@ Vicsek model for flocking; phase transition
@ Cucker-Smale model for flocking — near and far from equilibrium



A basic paradigm in collective dynamics

e A general class of N >> 1 agents identified w/ “traits” {p;(t)}" ;:

e Environmental Averaging: pi(t+At) = Za,-jpj(t) Zaif =1
] j
. 1 Pi(t+AL) —pi(t)
Alignment w/frequency o ~ z; Y gau P:
JEi

e Nonlinear influence function ¢:  a; = LQS(p,-,pJ-) >0 ’

deg;

o o o
deg; : Z‘b(p” J) — the degree of influence on agent;

@ Observations: considerably different models in different contexts

@ Despite the variety — similar fundamental features in collective dynamics; notably ...
@ A large number of agents, N > 1 ~» emergence of large scale coherent structures:

swarms, colonies, parties, clusters, consensus, flocks, ...
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Examples of collective dynamics

e Examples of “living agents”— averaging of orientations, velocities,...
® flocks of birds; schools of fish, colonies of ants, locust, bacteria, ...

e Examples of “thinking agents” (social dynamics) —
averaging of opinions and other traits, ...
® Human crowd; traffic jam; “opinion dynamics”, neural networks

1
e Examples of “non-living agents” — averaging of “positions”
® Robots — the rendezvous problem, UAVs, peridynamics, nematic fluids,...
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Outline

@ Examples of mathematical models for collective dynamics
@ Krause-Hegselmann model for opinion dynamics
@ Vicsek model for flocking; phase transition
@ Cucker-Smale model for flocking — near and far from equilibrium
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Example#1: Krause model® for opinion dynamics

e State space — vectors of "opinions” {p;(t)}N; ~ {xi(t)}N;

e Krause-Hegselmann model (1997) — interaction through local averaging:
1
x;(t + At) = N Soxi(t),  Nj=#{xj % — x| <R}
‘X,‘*Xj|<R
e "Environmental averaging”:  x;(t 4+ At) Z ax;(t) Z 2 =1
J

e Act on difference of opinions: (X —xj])

aj = deg; o(r) = Ljo,r)(r)

® degi =) d(Ixi—xk|) ~ Ni
k

— the degree of influence on agent;

e A local model: agent; influenced by N; “nearest” (?) neighbors

'U. Krause (1997,2000), R. Hegselmann & U.Krause: Opinion dynamics and
bounded confidence models, analysis and simulation (2002,2004)
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Environmental averaging:  x;(t + At) =} a;x;(t)

e Alignment — models environmental averaging (3_; a; = 1):

X; = X o a
(H—AAtZ (1) %xi(t) = o 3 agxi(0)-ptERpeney « ~ &
J

1
ajj(x(t)) = deg-(ﬁ(‘xi —Xj|), deg; = degree of influence on agent;
1

e Local models involve nearby neighbors: deg; := Z¢(|x,- —xj|) ~ N;
involve ‘neighboring’ agents in finite Supp{¢®}? J
e Global models involve all agents: deg; = Z¢(|x,- —Xxj|) ~ N

All agents interact within a possibly infinite Supp{qb}J
* wlog ¢ <1 —set ¢jj:=N=3_. ;¢ € [0, N] s.t. 3 a; = ﬁzjqb;j =1
~»_a; € [0,1] but may be “far from equilibrium™: {a;} ¢ U[0, 1]

2Compared with usual Laplacian — N; = 4
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Large-time opinion dynamics: parties and consensus

e d =1 — 100 uniformly distributed opinions on [0, 10]

vy szvwwvwr
/
/

X

e d =2 — 100 opinion lead to the formation of K = 17 parties ...

e How to measure difference of opinions — |x; — x;| in d > 27
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Example #2: Sensor-based networks

e State vector — vectors of “positions™ {p;(t)}V; ~ {xi(t)},

d

3000 = gog, 200k 1) (50) (6 = = G Vuk(6)

e Gradient descent  K(x) = %Z k(|xa —xgl), k(r):= /Orsqb(s)ds

a,B
|x X; Zk |xl

‘ —o([xi — x;[)(x; — x;)

S R) = 3k, VK (0) = — = 3 (k1 degiki) < 0

i i
e Robotic agents — the “rendezvous problem”: x;(t) — x;(t) 2%, 07
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Example #3: Vicsek model> — alignment of orientations
e Fix a speed s. Averaging of orientations {p;(t)}; ~ {w;(t)}V, € s¢-1

1
s> ajwj(t) + noise|

e 2D additive Noise= unlform in angle in [—7, 7]

¢(’Xl xj|)

S
® A= i) = > D% — xj)w;(£)*
gi €g; .
Jilxi—xj|<R

i(t+At) = Zau wj(t) + noise) x

e A second-order model aj(x(t)): x;i(t + At) = x;(t) + At - vi(t)
Vicsek model and alignment—Degond & Motsch (2008)

wi(t + At) — wi(t)dw; = At P; (, ’8’ wi(t )> alP; <| "> dt + AtP]r

e Projection

p; = prtlnt; (W)= T-wwi (W) =0 ~ w;(t}+ At) e $41
3T Viesek A Czirék F Ren-lacoh | Cohen O Shochet (PRI 1QQR\ 3bh — it m
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Vicsek model: vi(t) = g2 >~ ¢(|x; — x;|)w;(t) + noise[_.

4b

e Phase transition#? in order parameter ¢ := SLN’ Ziv,-‘:

From global alignment to disorder: 720~ @~ [v®°| 7> 1~ =0

e Transitions observed*c in meso-scopic scales of 10s—100s

e Act local think global 494€4f (near critical point):

* Exploration of resources; defense mechanism; improved decision process
** Vicsek & Zaferis, Collective motion (2012); *’Chaté et. al. (2004,2008)
“cCavagna et. al., The starflag project (2008) **Bialek et. al. (2013);
“¢E. O Wilson (ants) Sociobiology (1975) 1. Couzin (locust, fish)
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Example#£4:Cucker-Smale model®>—alignment of velocities
e State space of velocities {v;(t)}", € R¢

V,'(l' T At)

At_ ()iv,(t —Oz(ZaUvJ(t —v;(t >_azau vi(t)-

e A second-order model:

1
i t)) = . - , .
ajj(x(t)) deg, (IXi(t A >

e Global vs. local models, depending on deg;:

* Global models: interaction involve all agents deg; ~~ N

1
Example of Cucker-Smale:  ¢(r) = 15 728 B>0

* Local models: involve nearby neighbors deg; ~~ N;

"Environmental averaging”:  [Supp{¢}]| < [x(t)] := max |x; —xJ-|
® More on C-S dynamics: Carrillo, Fornasier, S.-Y. Ha, lliner, Karper JIG Liu,.

- ~ ~ -
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Limitations C-S model: state space is not homogeneous
e Global C-S: deg; = N — a total of N agents in group cluster G

St = 53 65 (w(0) (1)

JjEG
e What can go wrong? say G = G; U Gp:

~ AN
N~
arge distance -
- laree dist ‘_‘:_‘-Y
~
~~
* S ~

group Gy

e C-Salignment: Ny =#G1, Mo =#Go, Go={j: |x; —x;j| > R}:

d «
= | 2 e i)+ 3 65 () —ui(0)

1G<M 1N,

o If N > Ny, then the far-away flock G, causes Gj to stop

Eitan Tadmor Collective Dynamics 14



Example #5: Far from equilibrium

e (with S. Motsch)®:

aj(x()) = dlg¢ b5 1= o(xi(t) — xi(1)))

vi(t + At) —vi(t) d
il deg, Z¢U(

At dt
-~ A
e i
" i large distance ‘_:‘.‘;
e
Yo W -

group Gy

. d «
* degi(i € G1) = Mo ~  —vi(t) = > i (vj(t) — vi(t))
® 3;; is not symmetric
5Motsch & ET, A new model for self-organized dynamics and flockmg behavior(2011)
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Rules of engagement for self-propelled collective dynamics

e Craig Reynolds (1987)7

e Three zone (AAAs) models:
* Avoidance (Repulsion)

* Attraction (Cohesion) e&g
* Alignment: a; > 0

... 1998 Academy Scientific and Technical Award in recognition of “pioneering

contributions ... development of 3D computer animation for motion picture production.”

"Flocks, herds and schools: A distributed behavioral model (1987);
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Example #6: Collective synchronization

e Kuramoto model® {p;} ~~ phases {#;} or frequencies {w; = 6;}

d Sin(ej —9,’)
59,()— i+—= ZSII’]H H)WQ,‘F Zauﬁ 9 ,afj:ﬂ

%Hi(t) = Qi+arsin(yp—0;) ~ Qi—arsin(8;), re™ = N Zeief, (Q)=0

o || < ar: steady states; more oscillators recruited into synchronized
clusters as o > « increases
e |Q2j| < ar: no synchronization is possible for a < a,

e As a second-order model:

d
Averaging of frequencies8b aw,’(t) = % Zaij(wj' — w,-), ajj = COS(HJ' — 0,')

8Kuramoto, Lecture Notes Phys. (1975, 1984)...Acebron et. al. RevModPhys (2005)
8Ha et. al (2010 -)
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Focus on two important limits

Lecture #2. Large time behavior — what happens when t — co?
e Alignment self-organizes into K clusters,
and in particular, into a flock, consensus, ... (K =1)

e A distinction between global and local models:

® Global models with unconditional consensus;

® Local models — clusters, connectivity and heterophilious dynamics!

Lecture #3. Large number of "agents” — what happens when N > 17

e Social hydrodynamics (opinions, flocking, ...)

e Critical thresholds in social hydrodynamics

'Motsch & ET., SIAM Review 2014
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Outline

@ : — oo: alignment and self-organization — consensus, flocking, ...
@ Global models — unconditional consensus/flocking
@ Local models — clusters, connectivity and heterophilious dynamics
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From local interactions to emerging consensus?

e How group pressure in small scales
may lead to a consensus on larger scales
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Large-time opinion dynamics: parties and consensus

xi(t+ At) — xi(t) _ 5. — Oxi(t) =%;()])
Y A ars@x0) | = geg o)

e a > 0 is a scaling factor s.t. ¢(-) <1
e Clustering — formation of K “parties”:

e d =1 — 100 uniformly distributed opinions on [0, 10]

/

vvvwwww@vf

~

e K =1 — When does “consensus” emerge: x;(t) — x> as t — c0?
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Large-time social dynamics: flocking

Vi(t—FAAti—V (ZQUVJ _vilt ) |

o) =m0, T )

23(x(1)) = qor

i

e Again — « > 0 is a scaling factor s.t. ¢(-) S'1
e Clustering — formation of K “flocks”:
e K =1 — When does a “flock” emerge:

{ V,'(t) — v

;
mn—mm<om}“t%”'
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Emergence as t — oo

pi(t + At) — pi(t) :
At = a<Za,-jpj — p,-), a1 (rescale At) Ais

JF#i
stochastic: Y a; =1
Njonlinear Alignment
p(t+At) = (1 At)p(t)+ At Ap(t) \ A= A(p(t))
e Seek contractive diameter [...] such that [Ap] < (1 —7)][p]
if [Ap] < (1 —=n)[p], n=1n(t)>0
then [p(t+ At)] < (1— At)[p(t)] + At[Ap(t)] < (1 —nAt)[p(t)]:

Contraction

/ n(s)ds =00~ jt [p(t)] < —n(t)[p(8)] <O ... pi(t) > p(t)

ebut?y a; =1or A1 =1 ~ contract states “separated” from p>°
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Contractivity for stochastic A’s (Dobrushin '56,...MT 2014

Fix any i and j; set 7, := min{ajx, ajx} so that aj —nx >0, ajx — nx = 0.
Then, for arbitrary w € RY and 1 = min; >, min{aj, ajx }

((Ap)i — (Ap)j, w Za,k Pl W) — > ajk(Pr, W
k
= Z aik — M) Pk, W) — Z(ajk = 1) (Pk> W)

k k
A is raw stochastic < Zk:(a,-k - nk)mfx<pk,w> - zk:(ajk - nk)mkin(pk,w>

- (1- i
Mk = k(i J)- Zﬁk <ma>< Pk, W) — mk|n<pk,w>>

= (1- — 1—- — *
7= m'nan iJ)- 1) max(px — pe,w) < (1-1) n}(f}ﬂpk pel[wl
Choose [Ap] := maxx¢ |(Ap)k — (Ap)¢| = [(Ap)i — (Ap);|; then

[Ap] = |(Ap); — (Ap);| = sup ((Ap); — (Ap);. w) < (1—n)max [p]
w0 W K.
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Global models: aji(x) = deg —(|xi —x;|) =n >0

o loo-diameter — [p] := max|p; —p;| ~ [Ap] <(1—n)[p], pL1
I7.I

1 — n is the coefficient of ergodicity®> n =1, := m.i,n Z min(ajk, ajk)

e Opinion dynamics: N = m|nz min(ajk, ajk) = deg, r<[x0] n ¢(r)
o If {xo} C Supp{¢} then:

d

()] < —al(®)] - XO] <e™[xa), n= min o(r) >0

r<[xo]

e Global connectivity ~~ unconditional consensus: x(t) — x> € Conv{xg}
Symmetric case (deg; = N): =N Zx, (t=0)

Non-symmetric case (deg; = >, dik) Q. #1: characterize x>

e Q. #2: Conditional consensus — dependence on initial configuration
® Ipsen & Selee (2011): 1 —n, = % max; >, |ax — ai|; Krause (2014): scrambling

Eitan Tadmor
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Finite time collision — the rendezvous problem
e Assume the influence function ¢(-) is decreasing ...

o If {x(0)} C Supp{¢} then:

GIxO] <~ KOO =K (XD, k() = [ so(s)ds

e Osgood condition:*

Lodr
< oo ~» Finite-time collision — |x(t.)| = 0;
L w0 x(te)

... the role for repulsion forces

todr 4b
= 00" ~~ Global regularit — Ix(t)] >0
/0 o) gularity [x(1)]

Example. o¢(r) ~ r#, B<1 ~» unconditional rendezvous*c

*Bertozzi,Carrillo,Laurent (2009): symmetric R(t) < k’(R(t)), R := max |x;(t) — x|
* ' (r)r 2 —¢(r); **Unconditional rendezvous with bearing-only ¢(r) = 1/r

Eitan Tadmor
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1
Global models: aji(x) = rgb(\x,- —xj[)=>n>0

€g;

Flocking dynamics I with a decreasing influence function ¢:

Diameter [x(t)] may grow % [x(t)] < [v(t)] — but remains bounded:

(x(1)]
%[v(t)] < ol O] £ = [o(0]+ | ols)ds decreases’
[x(2)] 00 Doo
/ ¢(s)ds < [vo] If [vo]</ ¢(s)ds then 3Dy : [vo] = o(s)ds
[xo] J[xo] [xo]

e Unconditional flocking: [x(t)} <Dy ~ [v(t)] < e—a¢(Dm)t[v0]
/ ¢(s)ds = oo — global communication implies unconditional flocking

o0

1
Example. ¢(r) B < 5 ™ flocking velocity v(t) — v

_ 1
1428
e Q. #1. What is v* in the non-symmetric case?

5S. Y. Ha & J.-G. Liu (2009); non-symmetric case in Motsch & ET (2014)
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From (s to {, contractivity ... $tp; =Y. a;p; — pi

[Ap]

° max o] =1 — 1) — set the /5 diameter [p]® := Z lpi — pj|2

. A1 =1; If p L 1 then (i) [p]?> = 2N|p|? and (ii) Ap L 1 (A is symmetric)
A A
[Ap] — mox [Ae] _ Al _  |(Ap.p)|

~ max X
[p] [Pl pl1 [p[ el [p?
e Set the graph Laplacian® L :=1— A (note the positivity)
aj = dqzij is symmetriazble with eigenvalues 0 < puy < ... 2 < g =1
&i
La =1 — A w/corresponding real eigenvalues 1 > A\, > ... \a > A1 =0

A A L

max < p,2p> =1—min <1 4 p,2p>> =1—min < Ap;p> =1—X(La)

L1 |p| pl1 | pLl1 |p|

o Sp=(A—1Ip=—Lap contractivity: [p] < —np], n = A2(La)

e (p-contarctivity (“shortcut”): %[p]2 = —2(Lap,p) < —2Xo(La)[p]?
6Laplacian Lo = D — & and its normalized Lo =1 — D7 ®
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Geometric aspects of spectral graph theory

e A graph G = (V,E);
vertex set V = {p;} C RN and edge set E = {e;} C RN x RN

The gradient V4 : V — E Vs(p ),-J- = \/bi(pi — pj)

The divergence divy : E— V (divy(e)); = Z \/QZTU (ej —eji)
with the usual duality (Vp,u) = (p,divu) ... and the Laplacian:
By = —*d'V¢> oVg: Vi V Ay(p)i = Y ¢i(pi — p)

d -1 J
e Alignment process: —p(t) = ——FAu(p(t)) = —Lap(t

5P = Gagor 2P0 ©
e Laplacians’: LA =1-D710, Lo =D—®, Lyyn=1—-D 26D

d
P = —Lap ~ 5 dt|p|2 —(Lap, p) but lacks fo-coercivity (Lap,p) Z |p|?

e [P Sobolev inequalities’, Poincare inequality”?

"Merris (1994) Laplacian matrices on graphs; Chung (1997) Spectral graph theory,...
"*Demmel (2009) Lecture notes, Luxborg (2007)... ,"*Badr & Russ (2009, 2012)
"dCoulhon & Koskela (2004)
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revisiting the coercivity of graph Laplacians

e Symmetric Self-alignment (deg; = N):

d 1d, , 1., 1
4p=Lavwp Pl =—55IVel ——QNZU:%IPI—pJ

dt 2N T 24t
e And the corresponding non-symmetric case 2dt]p|2 (Lap,p):
(Lop, P) Zdeg,\p,\2 Z% P/, pj) Z%!p, pil> = [Pl ?
e Symmetry® — Z pi(t) = Z pi(0
2th Z pi — pj|* = %delm —pil> <) _Ipi—pj]?
ij ij

1
e Coercivity with n = N mUm dij; ... 1= X2(Lo)

8Raw stochastic and column stochastic matrices
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Fiedler number and spectral graph theory

e \>(Lo) > 0 — Fiedler number® dictates algebraic connectivity of {¢;}>0

e A (weighted) graph G = (V, E): vertex set of positions: V = {p;}
and edge set of connectors: E = {¢;i}, ¢jj = o(|pi — pj)
e Connectivity of graph Go(p, ®(p)): Vpi, p; Ja (shortest) path I'; s.t.
kmelp (Z)/%ké“ >p>0, Ij={i=k<k<...<k =j} |ength(r,'j) = rj
€l

rj

Sulpi—pil> < 1 > wlPn — P> Pi— P =D (ke — Pk
;

kg er,—,- =0

< Z ¢ke+1~,ke|pke+1 - Pkg|2 < ml,;c,’x(rlj) N2Z¢aﬁ|pa - pﬂ|2

kzel',»j B
L IS baslPa — P2
s No(Le) = min q>P;P> _in 220 ﬁqﬁlﬁ\p pol®
PLL [Pl pL1 sn [P]? max;;(r;) N
e Algebraic connectivity®®: \y(Lo) > ﬁ’ > %7 d(G):= mU%IX(r;j)éN

°M. Fiedler, Algebraic connectivity of graphs (1973); ®*Mohar (1991) A\»(Le) > 2%

N2
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On the geometric aspects of Fiedler eigenpair

e The multiplicity of A;(Ly) =0 ~~ the number of connected components

X = g lo(x), o(r) =1y vs.  pi(A)=1-X(La)

Evolution in time of the opinions x;

[
TYXTIYEEY

Opinions x;
eigenvalues |\

o o

5 8 3
D/
[

75
time (t)

ol)= |—D~ 1 similar to Lsym = /—D*%CDD*% congruent to Ly = D—®
e Fiedler (1973): A2(La) increases as A becomes “more” connected:
If (V,E) isasub-graph of (V,F D E) then Xx(Lg) < Xo(LF)

e Spectral bisection® (1975): The Fiedler vector va(Lsym) induces
connected decomposition V =V_U V., Vi ={i : £vs(i) >0}
1Pothen,Simon,Liou (1990); Newmann (2003): The structure ... of complex networks

Eitan Tadmor
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Propagation of connectivity

e Consensus/flocking: time-dependence on the underlying graph Ga(p(¢))

e Loss of connectivity (in local models):

emergence clusters (K=5) vs. consensus (K=1)

T‘FV VPP PPV !r
\ /
[
|

1. Determine the number of “parties’ K11
2. In particular — when K = 1 (consensus/flocking) depending on ...
e Propagation of connectivity: Aa(Lap(0))) > 0 ~ A2(Lagp(r))) > 07

oo
e “Intensity” of connectivity — {AV(p(t))}; = M (t) : / wu(t)dt = 0o
1 Alignment yields finite # of parties, Jabin & Motsch (2014), Motsch & ET (2014)
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How “rules of engagement” influence the emergence of consensus?

e 100 uniformly distributed opinions: ¢(r) = al{r<%} + bl{%<r<1}

b

a=b=1: ¢(r) = Lig. 1 (a,b) = (0.1,1)

LI:L‘
T i

10| 1

Opinions x;

o
o 5 EC) 5 20 25 30 35

@ with b/a = 10

Opinions x;
Opinions x.

me (1) time ()

e Homophilious dynamics: align with those that think alike (a > b) vs.

e Heterophilious dynamics: "bonding with the different” (a < b)
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Mathematical aspects of collective dynamics...

@ A basic paradigm for collective dynamics — environmental averaging

@ Examples of mathematical models for collective dynamics
o Krause-Hegselmann model for opinion dynamics
@ Vicsek model for flocking; phase transition
@ Cucker-Smale model for flocking — near and far from equilibrium
@ Questions that arise in different fields

© t — oo: alignment and self-organization — consensus, flocking, ...

@ Global models — unconditional consensus/flocking

@ Local models — clusters, connectivity and heterophilious dynamics

@ A new paradigm — tendency to move ahead; emergence of leaders
© N — oo: from agent-based models to social hydrodynamics

@ Liouville equation

@ Kinetic description

@ From kinetic to hydrodynamic description of flocking

@ Hydrodynamic alignment — smooth solutions must flock

@ Critical thresholds in flocking hydrodynamics
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Outline

@ Examples of mathematical models for collective dynamics
o Krause-Hegselmann model for opinion dynamics
@ Vicsek model for flocking; phase transition
@ Cucker-Smale model for flocking — near and far from equilibrium
@ Questions that arise in different fields
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Outline

© t — oo: alignment and self-organization — consensus, flocking, ...
@ Global models — unconditional consensus/flocking
@ Local models — clusters, connectivity and heterophilious dynamics
@ A new paradigm — tendency to move ahead; emergence of leaders
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Outline

© N — oo: from agent-based models to social hydrodynamics
Liouville equation

Kinetic description

From kinetic to hydrodynamic description of flocking
Hydrodynamic alignment — smooth solutions must flock
Critical thresholds in flocking hydrodynamics
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Multi-scale phenomena - different models at different scales

Macroscopic models: p,u
o~ — pt + Vx - (pu) =0

<~ 4
" 4

”” u+u-Vyu+ VP =0
V-

1+ Humanscale: € —0, (t =et,x =ex)

Kinetic models: f(t,x,v)

1 N — oo (including meso-scale phenomena)

. Agent-based models: {x;,vi}1<i<ny

X, = V;
‘.’i = F,‘, F,'HF(X,',V;)(X,V)
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Empirical distribution

e Phase space: {(x;,v;)} ¢ RN x RN i=1,2,...,N, N>1
Agent based models — in terms of Empirical distribution

N
dx; dv;(t 1
dt = \I,'7 df- ) = F[f‘N](X”V,)7 fN(t7X7V) = NZéXJ(t) ®6vj(t)

—.
Il
—

e F(fN) dictated by interaction kernel — a(x,y) = Hx—yl)
F(f)(x,v) :_//l / a(x,y)(v’—v)f(t,x’,v’)dx’dv"f:f,\,
X",V

- AV = e j 2 byl
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The passage to limit: N = %ZJ Oxi(t) ® Ovyt) — F

e Agents are indistinguishable: fN(xU(l),va(l), ce s Xg(N) Vo (N))

e Liouville equation for empirical function fN:  x; = v;, v; = F(x;,v;) ~

T(£(x.v) (0 v)

N a N N
ath+Zv,~vx,-f”+nZdeg X 6% = v — vy | =0

i=1 =1 Jj=1

e Marginal distribution: we "probe” it by any of its pairs — take (x1,v1) :

FN(x1,v1) 3:/fN(X17V17x—aV—)dX—dV—a (x—,v—):=(x2,v2, ..., XN, VN)

/ T(fN(x, v))dx_dv_ = vy - Vxlf’v(xl, vi)
RA(N—1)

1 N
J v = o [570 (6 sy — ) -av-
j=2
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The passage to a limit - formalities cont'd

e But agents are indistinguishable (xj,vj) > (x2,v2):

/I(f’V)dx_dv_ = Ndeg, o /Z:V\,1 (|x; — x1])(v; —vl)fN>dx dv_

N—-—1 1
N degl

o

/Vvl . (¢(|x2 —x1|)(v2 — vl)gN> dxadvs
where gN(Xl,VQ,XQ,Vz) = / fN(x, v)dxsdvs ... dxydvy
R2d(N—2)
e Propagation of chaos'1%: N — f(x;,v1), gN — f(x1,v1)f(x2,v2)

. 1 f satisfies the Vlasov equation: fo+v-Vif + V- (F(F)f) =0

e From deterministic to a statistical description’®
f(t,x,v) — probability of finding agents in dxdv at time ¢t

'Bogoliubov—Born—-Green—Kirkwood-Yvon (BBGKY) hierarchy
2Convergence of expectation (Sznitman)

°F. Golse Lecture notes; Gallagher, Saint-Raymond & Texier
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The passage to the limit? N — oo h

1 >/
° fN = N Z 5x—xj(t) ® 6V—Vj(t) - f(t7 X, V) ﬁfﬂ)
J

Liouville — Vlasov eq. for probability distribution f(t,x, v)
fr +v-Vif +a(x)Vy - Q(f,f) = 0TALf J

e Q(f,f) assembles binary interactions: alignment, repulsion, noise, ...
X— _
Q(f,f) = - M(w —v)f(t,x,v)f(t,y,w)dydw = (Vimean — V)f

a bxf _ _ oxf
o Align w/mean  Vmean := V(p:f’ £ = /Wg(w)de a(x) = deg(t,x)

=1 Cucker-Smale ~ a(x)=¢«f
deg(t, x)

= ¢+ Motsch-ET ~ a(x)=1
?Ha & ET (2008); Canizo, Carrillo, Rosado (2009)
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Emergence of Dirac masses in velocity space

e Kinetic description: f; +v-Vyxf +aV,-Q(f,f)=0

o Flocking® (K =1) f ~ p(t,x)d(v — u(t,x))

Shifted position x — ut Velocity v —u
density .......... 1
e Recover Y P } = / [ ] f(t,x,v)dv
momentum ... pu v

Requires closure in terms of P; := /(v,- —u;)(vj —uj)f(t,x,v)dv

*Ha & ET (2008); Carrillo-Fornasier-Rosado-Toscani (2009), Motsch-ET (2014):

Unconditional flocking: sup |x —y| < oco; sup |[v—v'| =50
supp f(t) supp f(t)
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Flocking hydrodynamics

mass : pt+ Vx-(pu) =0
momentum : (pu): + Vi - (pu@u+P) =R, R=R(u)
energy : (PE)t + Vx - (pEu+ Pu+gq) =S, S=S5(u,u)

e non-local action R(u) = a/

[ 2x.y) (w(t.y) — u(t.0)o(e. )o(t )y

stress tensor P = (pjj) 1 pj = /Rd(v,- —u;)(vj —uj)f(t,x,v)dv
e Derivation of P — empirical; closure of moments:
e Closure — in terms of local Maxwellian: P = P(f) — P(My)
e Mono-phase CS*: M, ,y(v) = p(t,x)8(v — u(t,x)) ~» P;=0

1 _Ivu?
e Other closures..*?: My, ,1(v) = p(t, X)We 2~ Pj=gl

1 1
Brownian effect: f; +v-Vxf + V- Q(f,f) = =Vy-((v—u)f)+ =V,f
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Flocking hydrodynamics. Alignment with non-local means®

t+vx-( u)=20

4b
Mono-phase model P =0 { e+ (u- v )u = o(x) (u(t,x) — u(t,x))

e Tendency to align w/mean Umean(t, X) /¢(|X —y))w

Cucker-Smale: a(x) = ¢(|-|) x p;  RHS = ¢ x (pu) — ug * p;

Motsch-ET:  «a(x) =1, RHS = M _
¢ xp
u — PXxyl _ (u(x),u(y))
e Projected mean Umean (t,X) := T Xxy = TR

|

o §(Ix]) > @42 <

e Singular influence: fractional Laplacian®? ¢(|x|) ~ |x| 7472

. > <%0 (pu)¢ + div(pu @ u) = Cdiv(pVu)

e Non-local means: smooth ¢ € C! — local vs. global
°Ha & ET(2008) Carrillo et. al.(2012); ®’Caffarelli-Vasseur, Kiselev-Nazarov,
Constantin-Vicol, ... 3*Mellet, Vasseur, C. Yu
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Agent-base model vs. hydrodynamic description

Vicsek model: agent-base model vs. hydrodynamic description

Particles at t = 0.00 Density and velocity at t = 0.00
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Classical solutions must flock (with C. Tan)

pt +Vx-(pu) = 0 subject to compactly supported po
ol
a0 Ve = a()@—w). u(ex) = [ atxy)(uley)oley)dy
y
Theorem®. Set diameter [u(t)] :=  sup  |u(t,x) — u(t,y)|

J x,y€Supp p(t)
lfueCl ~ a[u(t)] < —amin n(x,x") [u(t)]:

n(x,x") is coefficient of ergodicity := / min {a(x,y),a(x’,y)} dy
Supp p(t)

10x) > 0([x(B)]) ~ < [u(8)] < ~ao((x(OD[u(t)], T [x(0)] < [u(2)
Then — Unconditional flocking®?: / O;b(s)ds = oo implies

(i) [Supp(p)](t,-) < Soo < o0; (i) [u(t)]|5upp(p) LN
Proof — Lagrangian...

e Does u(t,-) € C1? “expects’ conditional regularity + critical thresholds
®ET & C. Tan, Proc. Roy. Soc. A (2014); ®*S.-Y. Ha & J.G. Liu, CMS (2009)
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Critical threshold - 1D alignment

e 1D alignment  pt + (pu)x =0
Ur + uuy = /¢(|x =y (u(t,y) — u(t,x))p(t, y)dy
o= (0r + udy)p = —pd, {} :=0:+ 0« and d:= uy
d' +d* = —(¢*p) —d(¢*p)
o Differentiate along the particle path: set {-} := 9; + 05 and d := uy
p=—pdp = —pd

— (Do ph

d'+d% =g x (pu)x — u(d* p)x — ux(9 % p) = —(; + udx)p * p — d(¢ * p)

e Riccati balanced by alignment: (d + ¢ * p) = —d(d + ¢ x p)

e Sub-critical data’” — Global smooth solution iff u{(x) + ¢ * po(x) = 0
Y -P. Choi, J. Carrillo, ET, C. Tan (2015)
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Alignment and Poisson forcing

ug + Uty = /cf)(x =y (u(t,y) = u(t, x)p(t, y)dy — ki, —thoc = p

pt + (PU)x =0
e Critical threshold:

Global smooth solution if ug(x) > —¢ * po(x) + o4 (x)
Finite time breakdown if Ix s.t. up(x) > —¢ * po(x) — v/2Kpo(x)
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Systems: spectral dynamics®

e urtu-Veu=V,V[u Vyu,p..], pt+ Vi (pu) =0

e Key issue: control of the matrix D := (gi‘(j’) , b j=1,2...,d

satisfies a Riccati equation

2
Di4u-ViD+D* =3V, 07V = i
Oxi0x; ij=1,....d

e  Spectral dynamics: A(D) an eigenvalue w/eigenpair (¢,r) =1

ON +u-V\+ 22 = (4;,0°Vr) i=1,2,...,d

— Difficult interaction of eigenstructure—forcing --- (£,02V r )

8Liu & ET, Spectral dynamics of the velocity gradient field in restricted flows (2002)
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Critical thresholds in 2D Eulerian dynamics

) 1
e 2D rotation u; +u-Vyu = Zu'
«

Global smooth solution iff 2awg +0z27}8 <1, n:=X (g)‘g) -1 (g)‘;’)
e Rotation prevents finite-time breakdown...shallow water equations®
e Restricted dynamics:  R;Rj(*) — % ()4
Di+u-VyD+D? = 02A; Mtrace(D?) = R;Rj(trace(D?)) ~ %trace(Dz)Hd
e Euler-Poisson: Dy +u-VxD + D? = k020 (p) = kRiR;(p) ~ %p]ld
The solution of 2D REP remains smooth for all time iff...

Dependence on divergence d := A1 + A2 and the spectral gap 7 := Ay — \;

| do(x) > 0, if po(x) =0
o(x) <0 and { do(x) arbitrary, if po(x) >0
OR

po(x) > 0,70(x) >0 and dy(x) > g(po(x),m0(x))

Vx € R?

e Critical surface: g(p,n) := sgn(n* — Qﬁp)\/nz — 2kp+2kp In (37%)
°B. Cheng & ET (2008); °°H. Liu, ET, D. Wei (2010)
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Critical thresholds in 2D flocking hydrodynamics

e What about the 2D case? Critical threshold in 2D self-alignment

pt+Vx-(pu) = 0 subject to compactly supported po
ur + (u-Viu = «ax)(u(t,x) —u(t,x))

e Ricatti for D := {0u;} is studied in terms of its spectral dynamics'® ...

{0ju;}(t,-) remain bounded (and hence flock) if
(i) the initial divergence divxu(0) is not too negative;
(i) the spectral gap 7 := X2(D) — A1(D) is not too large:

Critical threshold : divgug > oy (10) ~~ qu(t,x)‘supp(p) < 00

e Flocking hydrodynamics with tendency ...

e Why the spectral gap?

ET & C. Tan, Critical thresholds in flocking hydrodynamics... (2014)
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