Viscosity Solutions of Nonlinear Hyperbolic Systems

Alberto Bressan

S.I.S.S.A., Trieste 34014, Italy.

bressan@sissa.it

Abstract: Since the classical work of Glimm [4], weak solutions of the Cauchy problem for a hyperbolic systems of conservation laws

u_t + f(u)_x = 0 , (1)

u(0, x) = ū(x) , (2)

have been obtained by a compactness argument. In one space dimension, the total variation of small BV solutions can indeed be controlled by means of an interaction potential. Wave-interaction functionals also play a key role in [3], estimating the L^1 distance between any two weak solutions. This provides the well-posedness of the Cauchy problem within a space of BV functions.

A further development of these ideas was recently achieved in [1], where new Lyapunov functionals were constructed, which control the total amount of oscillations in viscous approximations to hyperbolic systems. The results apply more generally to vanishing viscosity approximations of nonlinear strictly hyperbolic systems, not necessarily in conservation form:

u_t + A(u)u_x = ε u_{xx} . (3)

As the viscosity coefficient ε → 0+, the solutions of the viscous system (3) converge to a unique limit, continuously depending on the initial data (2). In the conservative case A = Df, this limit provides a weak solution to the system of conservation laws (1). Under the additional assumption of genuine nonlinearity or linear degeneracy of each characteristic field, this solution coincides with the one obtained by Glimm.

The talk will review the main ideas involved in the construction of these new interaction functionals and the uniform control of oscillations in viscous approximations. The possibility of uniform BV bounds and stability estimates for other types of approximations will be also briefly discussed.

References

[1] S. Bianchini and A. Bressan, Vanishing viscosity solutions of nonlinear hyperbolic systems, Preprint S.I.S.S.A., Trieste 2001.

[2] A. Bressan, Hyperbolic Systems of Conservation Laws. The One Dimensional Cauchy Problem, Oxford University Press, 2000.

[3] A. Bressan, T. P. Liu and T. Yang, L^1 stability estimates for n × n conservation laws, Arch.

Rational Mech. Anal. 149 (1999), 1-22.

[4] J. Glimm, Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl. Math. 18 (1965), 697-715.