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measuring “pixel intensity units”: 0 (dark)7→ 255 (bright)
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• Inverse problems (ill-posed) – from an observed f 7→ U:
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• Wavelet shrinkage (DeVore-Lucier): f =

uλ
︷ ︸︸ ︷∑

|f̂jk|≥1/λ

f̂jkψjk+vλ
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{

‖u‖BV + 2λ‖vλ − v‖2
L2
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• A better 2-scale representation: f = uλ + vλ ≈ uλ + u2λ + v2λ

• This process can be continued...

v2λ = u4λ + v4λ, u4λ := arg inf
u+v=v2λ

{

‖u‖BV + 4λ‖v2λ − v‖2
L2

}

,

...

v2jλ = u2j+1λ + v2j+1λ, scale = 2j+1λ, ...
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• u2jλ 7→ uj:

vj = uj+1 + vj+1, uj+1 := arginf
u

{

‖u‖BV + 2jλ‖vj − u‖2
L2

}

• After N hierarchical steps:

f = u0 + v0 =

= u0 + u1 + v1 =

= . . . . . . =

= u0 + u1 + · · · + uN + vN

• Set λj = 2jλ0, λ0 ≥
1

2‖f‖∗
: vj = −

1

2λj
div

(

∇uj

|∇uj|

)

:

uj+1−
1

2λj+1
divx

(

∇uj+1

|∇uj+1|

)

= −
1

2λj
divx

(

∇uj

|∇uj|

)
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uj+1 −
1

2λj+1
divx

(

∇uj+1

|∇uj+1|

)

=







− 1
2λj

divx

(
∇uj
|∇uj |

)

, j = 1,2...

f, j = 0



Multiscale representation using MS edge detectors
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• Integro-Differential Equation (IDE):

∫ t

s=0
u(s)ds− f =

1

λ(t)
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(
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|∇xu(t)|

)

,
∂u

∂n|∂Ω
= 0
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The IDE images, U(t) :=
∫ t

0
u(·, s) ds at t = 1,4,6,10;

Scaling function: λ(t) := 0.002× 2t
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• Filtered diffusion — restricted diffusion near edges:

∫ t

0
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g(|Gσ ?∇u(x, t)|)
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• Tangential smoothing — utt = ∆u− unn = |∇u|divx

(

∇u
|∇u|

)

:
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s=0
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∇u(x, t)

|∇u(x, t)|

)
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t = 1 t = 4 t = 6 t = 10
MRI images, U(t) =

∫ t

0
u(·, s) ds at t = 1,4,6,10. Top: unfiltered. Bottom: filtered

f at t = 0 t = 1 t = 4 t = 7
Restoring a noisy image. Top: vanilla IDE. Bottom: IDE with tangential smoothing
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Deblurring Lena using IDE with Gσ, σ = 1
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