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Image processing: two-scale decompositions
e Observed images: Q C R?

(grayscale) f:Q+— Ry, (colored) f = (f1, f2, f3) : Q2+ Ri
measuring “pixel intensity units”: 0 (dark)— 255 (bright)
e Underlying image U w— f: f=TU+n
T : X — Y is a blurring operator; n represents additive noise
e Image restoration: de-blurring; de-noising; ...

e Inverse problems (ill-posed) — from an observed f — U:
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Two-scale representation —
variational decompositions of noisy images

o f=uwtorn:  [uyond i=arginf {Jullx + Aol }
utv=f
— u), extracts large scale features: edges, ... — U (observed)
— v, Includes features of scale< A... — 1 (noise)
e [ikhonov regularization; K-functionals,...
e Examples of “u + v” decompositions in image processing:
® X =BV, Y =12
— Rudin-Osher-Fatemi (ROF): arginf {||u||BV ; ||v||%2 < 02}
utv=f

— Chambolle-Lions: [uy,vy] = arginf {||U||BV + A”””%?}
utov=f

® Chan-Esedoglu: X =BV, Y =1L1
® Mumford-Shah (Ambrosio-Tortorelli) : X = SBV, Y = L?
® Osher-Vese: X =BV, Y = BV™* ...

® Garnett, T. Le & Vese: ar_lgin?{lluHBV + >\||v||%p}
UT-v=
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Two-scale representations — PDE-based decompositions

Vy -— f—U)\
e ROF model: aranf{HuHBV—|—>\||f—u||%2}, u

e Minimizer u depends on BV *-size of f: ||f||x = sup (s ) ;
070 |||l By
1 . Vuy |\
e Euler-Lagrange: UA_Q—)\dIVx <|vu>\|> =/ A= 1/ fl+)
uy =0, A < 1/(2| f])
e Steepest-descent: {U(-,0) =0} +— wu, : Ile U(-,t):
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Two-scale representations — PDE-based decompositions

V) -— f— (V3N |
¢ ROF model: argdnf{||u||BV + A f — UI|%2},

e Minimizer u depends on BV *-size of f: ||f||x = sup (s ) ;
070 |||l By
1 VU)\ L
e Euler-Lagrange: >‘_2—)\d * <|vu>\|> =/ A= 1/ fl+)
uy = 0, A < 1/(2| f]+)
e Steepest-descent: {U(:,0) =0} +— u) := Ile U(-,t):
o
oU VU oU
—=f-U —d — — =0
or 1 7UT Ve <|VU|> on |69

e Perona-Malik: Nordstrom, Catté, P.L. Lions, J. M. Morel,

oU . 1
— = F—U+divg(g(IGx = VUDVU),  g(s) = 5
U
e Wavelet shrinkage (DeVore-Lucier): f = > f}k%i;-FUA

[Fiel>1/X
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Multiscale representation — (T .-Nezzar-Vese)
o F=urtun: wyi=arginf {Jlullpy +2)I1f - vlZ2}

o ) UN: essential features
vy . hoise, texture,

e Distinction is scale dependent — ‘texture’ at a \-scale consists
of significant features when viewed under a refined 2)\-scale

vA =upy +vay,  uoy = arg inf {|lul gy 4+ 2\[lvy — v|22}
U+v="2)

e A better 2-scale representation: f = u) + vy = u) + U + Vo)

e [ his process can be continued...

: : 2
vox = uax+vaxn,  ugx =arg inf {|lullgy + 4X||vax —v]|72},
UTV=v7)

Uojy = Uogjt+ly T Ugjtiy, scale =2711) ..
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Hierarchical decompositions — (T .-Nezzar-Vese)

_ : ' 2
vj = wjp1+ o1, wjpr = arginf {|ull gy + 2\l — ul 72}

e After N hierarchical steps:

~~
|

ug + vg =
ug + uq1 +v1 =
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Multiscale representation using MS edge detectors
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Mumford-Shah: Ambrosio-Tortorelli [SBV, L?](f,X) :=infy, ;0 | ugo=s} {---}

( ) ~ 0, in regions of smoothness
WL Y)I ™= 1. near edges



Multiscale representation of colored images
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Multiscale representation of colored images
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Evolution in inverse scale space — (T .-Athavale)
e Intensity is quantized: let m be the “intensity quanta’:

e ROF (BV, L?)-decomposition:

A

: 0
f=rurton  uy=arginf{ulpy +20f - rul2

T

e Telescoping sum: Y ur— f = Kdlvx :
N

e Integro-Differential Equation (IDE):

¢ 1 Vzu(t) ou .
/s:O u(s)ds — f = @dlvx <|Vg;u(t)|> : — =0




Numerical results of IDE

Vzu(t) )
|Vzu(t)]

t
o IDE: L:to u(s)ds — f = ﬁdiVx (

t
— inverse scale: u(tg) — U(t) ::/ u(s)ds (observed)

s=tp

1
e Perona-Malik: uy = ——divy
A(t)
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Vzu(t) )
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Numerical results of IDE

. g u s)as — J = - v va(t)
IDE: /Szto (s)ds — f = (1) ) (Iqu(tN)
— inverse scale: wu(tg) — U(t) := /t t u(s)ds (observed)
S=1Q
e Perona-Malik: u; = %d v (;ZS;I)

— forward scale: 4(0)=f+— u(cc) =0 (diffused)

. Ay

t=4

t
The IDE images, U(t) = /O w(-,s)ds at t = 1,4.6,10;

Scaling function: A(t) := 0.002 x 2¢
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o . 1 _ Vzu(0) \ I ., _
Att=0 -U(O)T—f+2>\(o)lea; <|Vg;u(0)|> : AM0) < 171 (0)=0

. . 1 _ Veu(r) \ I () =
Att=71:ulr)T=f+ 2)\(7_)dlv,;,; <|qu(7_)|> A7) < 71 (r) =0



Parameters: where to start? how to scale?

#1. Where to start /t t uw(s)ds — f = ﬁdivx (;xZEg')?
S=10 T

. 1 L N u p—
) MO <Gy w0 =0

. . 1 _ Veu(r) \ I () =
Att=71:ulr)T=f+ 2)\(7_)dlvz,; <|qu(7_)|> A7) < 71 (r) =0

At t =0:u(0)r = f+ 1 divx<va(O)

2X(0) V2u(0)]

1
21 £ 1l

... Start at tg = jo7 with scale A(tg) = Aj, large enough: A(tg) >



Parameters: where to start? how to scale?

#1. Where to start /t t uw(s)ds — f = ﬁdivx (;xZEg')?
S=10 T

o B 1 _ Vzu(0) \ I _
Att=0:u(0)T=f+ 2)\(O)dlvx <|Vg;u(0)|> . A(0) < 2071l u(0) =0

L B 1 _ Veu(r) \ I _
At t—T.u(T)T—f—I—Q)\(T)dIVx <|qu(7')|> A7) < ST 71 — u(7) =0
... Start at tg = jo7 with scale A(tg) = Aj, large enough: A(tg) > 2||j?||

#2. What is the role of the scaling function A\(¢)7



Parameters: where to start? how to scale?

#1. Where to start /t t uw(s)ds — f = ﬁdivx (;xZEg')?
S=10 T

): MO0) < ——— 5 4(0) = 0

At t =0:u(0)r = f+ 1 divx<va(O)

2X(0) [Vzu(0)] 2|\ f1l«
1 _ Vzu(T) 1
Att=71:ulr)r=f+ div ( ): A1) < — u(7) =0
2A(T) " \|Vau(r)] 2[| £+
1
... Start at tg = jo7 with scale A(tg) = Aj, large enough: A(tg) > S 7]
*

#2. What is the role of the scaling function A\(¢)7
t
o)
[Vu(t)l]

IDE:  U(®) — f = ——divs ( Vguli) )

BV*

A(%) [ Vau(t)]



Parameters: where to start? how to scale?

'
#1. Where to start / t uw(s)ds — f = ﬁdivx (;xZEg')?
S=10 T

At t=0:u(0)r = f—+ ——div, ( Vau(0) ) Y0)

22(0) "\ [V4u(0)] —ul0) =0

<
2 £ 1l

. . 1 _ Vaeu(r) \ I () =
Att=71:ulr)r=f+ 2)\(7_)dlvz,; <|qu(7')|> M) < T (r)=0

... Start at tg = jo7 with scale A(tg) = Aj, large enough: A(tg) > 2|1 1]
*k

#2. What is the role of the scaling function A\(¢)7

) 1
BV *
IDE: U(t) — f = ——div
B =1=3® x<|vxu<t>|
1 dictates the size of texture: [|U(-,t) — f|] L
o . ) - = NN
NG BYZ 7 oa@)
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Extended IDE model for image restoration

e Filtered diffusion — restricted diffusion near edges:

t
/Ou(ac,s) ds = f(z)+

g(|Ga*VU($at)|)divx ( Vu(x,t) > - Ou 0

oA (D) Vu(z, 1)) oml -
subject to ug(z) = u(-,0) such that

( Vug > o > 9(|Go * Vug|)
[Vug| /) 2] 1]

1 .
up = f 4+ =—g(|Go * Vuo|)diva
20



Extended IDE model for image restoration

e Filtered diffusion — restricted diffusion near edges:

0,

/Otu(a:,s) e f(ac)—l—qua *Vu(ac,t)DdiVx ( Vu(x,t) > ; ou

oA (D) Vu(z, 1)) oml -

subject to ug(z) = u(-,0) such that

1 [ Vug 9(|Go * Vug|)
ug = f + =—9(|Go *x Vug|)div ( >, Ag > :
220" "IVl 2|1 £l
e Tangential smoothing —  wutt = Au — unn = |Vul|divg (|g—5|):
t 1 : Vu(x,t)
,8)ds — = ——|V )| - div
L:Ou(w s)ds — f(x) /\(t)l u(z,t)| x(lvu(a:,tﬂ)
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t=1 t=4 t=206 t =10
MRI images, U(t) = fg u(-,s)ds at t = 1,4,6,10. Top: unfiltered. Bottom: filtered

fatt:O t=1 t=4 t=17
Restoring a noisy image. Top: vanilla IDE. Bottom: IDE with tangential smoothing
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N
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IDE model for deblurring

e T : BV — L?(Q) is a blurring operator: f=TU +n

)\.
e Iterative refinement: wu,.:= ar inf { u I w2 }
y=gre _inf { lelsy + 2 vl
e Hierarchical decomposition:
f=1Tuy, Fvyy... = TTupg+7Tur; + ... TTuy F V)

t
e IDE restoration: U(t) ::/ u(x, s)ds

s=tp

T*TU(x,t) =T f(z)+

9(|Gs *u(ac,t)DdiVx ( Vu(x,t) > - Ou

2A(t) Vu(z,t)] a_n\m -

=0



IDE model for deblurring

e T : BV — L%(Q) is a blurring operator: f=TU +n

)\.
o Iterative refinement: u,_ ::vaArg _;924_@{ |ul| gy + ?J IIUII%Q}
17

e Hierarchical decomposition:
J=1Tuy, Fvyg... = TTuprg +7Tup, + ... 7TTuy F vy

t
e IDE restoration: U(t) ::/ u(x, s)ds

s=tp

T*TU(xz,t) =T*f(x)+ 0

9(1Go xu(@, )] . (Vu(fv,t)>. bu  _
"\ Vu(z, t)|) an|aQ

2X(t)

Deblurring Lena using IDE with G5,0 =1
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