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The Boltzmann equation

O:F + v -V F = Q(F, F)
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The Boltzmann equation

O:F + v -V F = Q(F, F)

Q(F1, F)(v) = / b(v—u,w){F (V)R (u")—F1(v)Fa(u)}dw du

R3x 52
where vV =v—[(v—u) -wlw and v =u+[(v—u)- ww
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The Boltzmann equation

O:F + v -V F = Q(F, F)

Q(F1, F)(v) = / b(v—u,w){F (V)R (u")—F1(v)Fa(u)}dw du

R3x 52
where vV =v—[(v—u) -wlw and v =u+[(v—u)- ww

Here, we take |b(v — u,w)| <|v—ul? for —3 <~y <1
0 <~ < 1: hard potentials
(v = 0 for Maxwell molecules, v = 1 for hard spheres)
—3 < v < 0: soft potentials
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The Boltzmann equation

O:F + v -V F = Q(F, F)

Q(F1, F)(v) = / b(v—u,w){F (V)R (u")—F1(v)Fa(u)}dw du

R3x 52
where vV =v—[(v—u) -wlw and v =u+[(v—u)- ww

Here, we take |b(v — u,w)| <|v—ul? for —3 <~y <1
0 <~ < 1: hard potentials
(v = 0 for Maxwell molecules, v = 1 for hard spheres)
—3 < v < 0: soft potentials

Collision invariants {1, vy, |v|?}

O(F.F)dv = | O(F,F)vedv = / O(F, F)|v[dv = 0
R3 R3 R3
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Dimensionless Form and Scalings
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Dimensionless Form and Scalings

1
StOF* + v -V, F° = EQ(FE, F?); St=¢° Kn=¢?
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Dimensionless Form and Scalings

1
StatFE—{—V‘vXFa:EQ(FE,FE); St:ES’ angq
M
Fe=p+06°G%; Ma= ("), ReNK—j
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Dimensionless Form and Scalings

1

StOF* + v -V, F° = EQ(FE, F?); St=¢° Kn=¢?
M
Fe=p+6"G5 Ma=5(c"), Re~ K_r?

» g=1,m=0,s=0: Compressible Euler (F* — F)
» g=1,m>0,s =0 : Acoustic Waves (G* — G)
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Dimensionless Form and Scalings

1
StatFE—{—V‘vXFa:EQ(FE,FE); St:ES’ angq
M
Fe=p+06°G%; Ma= ("), ReNK—j

» g=1,m=0,s=0: Compressible Euler (F* — F)
» g=1,m>0,s =0 : Acoustic Waves (G* — G)
Longer time scale (G* — G)
» g=1,m=1,s =1 : Incompressible Navier-Stokes-Fourier
» g=1,m>1,s=1: Stokes-Fourier

» g>1,m=1s=1: Incompressible Euler-Fourier
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Two Modern Frameworks
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Two Modern Frameworks

» Start from DiPerna-Lions’ global renormalized solutions to
Boltzmann equations
Justify the convergence to global weak solutions of
incompressible Navier-Stokes, Stokes, and Euler flows and
compressible acoustic system
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Two Modern Frameworks

» Start from DiPerna-Lions’ global renormalized solutions to
Boltzmann equations
Justify the convergence to global weak solutions of
incompressible Navier-Stokes, Stokes, and Euler flows and
compressible acoustic system
(Bardos, Golse, Levermore, Lions, Masmoudi, Saint-Raymond)
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Two Modern Frameworks

» Start from DiPerna-Lions’ global renormalized solutions to
Boltzmann equations
Justify the convergence to global weak solutions of
incompressible Navier-Stokes, Stokes, and Euler flows and
compressible acoustic system
(Bardos, Golse, Levermore, Lions, Masmoudi, Saint-Raymond)
» Start from smooth solutions to fluid equations
Construct solutions to Boltzmann equations
via Hilbert or Chapman-Enskog expansions
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Two Modern Frameworks

» Start from DiPerna-Lions’ global renormalized solutions to
Boltzmann equations
Justify the convergence to global weak solutions of
incompressible Navier-Stokes, Stokes, and Euler flows and
compressible acoustic system
(Bardos, Golse, Levermore, Lions, Masmoudi, Saint-Raymond)

» Start from smooth solutions to fluid equations
Construct solutions to Boltzmann equations
via Hilbert or Chapman-Enskog expansions
(Caflisch, De Masi, Esposito, Lebowitz, Guo)
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Acoustic Limit

Acoustic scaling

| =

OtFF + v -V F° = ZQ(F%,F%), F®= Mo 456

N

HO = (27r1)3/2 eXP(—%), d—0ase—0 (0=cM)
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Acoustic Limit

Acoustic scaling

=

OtFF + v -V F* = ZQ(F%,F%), F*=u°+46G*

Nm

,LLOE( 1)3/2exp( |‘), d—0ase—0 (0=¢")

Formal Acoustic limit
e(G" +v-ViG®)+ LG® =69Q(G*, G%)
By lettinge —» 0, LG=0 = G = {U+v u+ (M _3> Q}MO
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Acoustic Limit

Acoustic scaling

| =

OcFF + v ViFe = =Q(F,F), F*=p®+4G*

Nom

4

Hoz(zwl)a/zexp(—T), d—0ase—0 (0=cM)

Formal Acoustic limit
e(G" +v-ViG®)+ LG® =69Q(G*, G%)

By lettinge —» 0, LG=0 = G = {U+v-u+ (MZT_3> Q}MO
G¢ formally satisfy the local conservation laws and thus o, u, 0
satisfy the acoustic system

0o +V-u=0, o(x,0) = 0%(x)
Oru+ V(o +0)=0, u(x,0) = u°(x)
30,0 + Veu=0, 6(x,0) = 6°(x)
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Rigorous Justification

In the framework of renormalized solutions
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Rigorous Justification

In the framework of renormalized solutions

» Golse-Levermore (CPAM, 02) : the convergence for m > %

» Jiang-Levermore-Masmoudi (08) : the case m = 3

» Due to the lack of local conservation laws and regularity of
renormalized solutions, the case m < % remains an open
question
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Rigorous Justification

In the framework of renormalized solutions

» Golse-Levermore (CPAM, 02) : the convergence for m > %

» Jiang-Levermore-Masmoudi (08) : the case m = 3

» Due to the lack of local conservation laws and regularity of
renormalized solutions, the case m < % remains an open
question

In the framework of classical solutions

» J-Jiang (08) : global-in-time uniform convergence for the case
m=1
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Rigorous Justification

In the framework of renormalized solutions

» Golse-Levermore (CPAM, 02) : the convergence for m > %

» Jiang-Levermore-Masmoudi (08) : the case m = 3

» Due to the lack of local conservation laws and regularity of
renormalized solutions, the case m < % remains an open
question

In the framework of classical solutions

» J-Jiang (08) : global-in-time uniform convergence for the case
m=1

The purpose of this work is to establish the acoustic limit in
optimal scaling (0 < m < 1) via a recent L2 — L™ setting.
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Theorem (Guo-J-Jiang) Let 7 > 0 be any given time and let
o(0,x) = 0°(x), u(0,x) = u°(x), 0(0,x) =6°(x) € H°, s >4

be any given initial data to the acoustic system. Then,
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Theorem (Guo-J-Jiang) Let 7 > 0 be any given time and let
o(0,x) = 0°(x), u(0,x) = u°(x), 0(0,x) =6°(x) € H°, s >4

be any given initial data to the acoustic system. Then,
there exist an g9 > 0 and a dg > 0 such that for each 0 < ¢ < g
and 0 < 6 < §p, there exists a constant C > 0 so that

€ € €
sup [|G°(t) = G(t)lloo + sup [G°(t) = G(t)]2 = C{5 + 6}
o<t<r

0<t<t

where 5 — 0 as € — 0, and C depends only on 7 and the initial
data o9, 40, 4°.
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Idea of Proof
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Idea of Proof

» The acoustic system is the linearization about the
homogeneous state [1,0, 1] of the compressible Euler system
Oep+ (u-V)p+pV-u=0
pOu + p(u-Vu+ pVT + TVp =0 (1)
KT+ WV)T+3TVu=0
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Idea of Proof

» The acoustic system is the linearization about the
homogeneous state [1,0, 1] of the compressible Euler system

Oep+ (u-V)p+pV-u=0
pOu + p(u-Vu+ pVT + TVp =0 (1)
KT+ WV)T+3TVu=0

Instead of estimating G° — G directly, make a detour in two steps
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Idea of Proof

» The acoustic system is the linearization about the
homogeneous state [1,0, 1] of the compressible Euler system

Oep+ (u-V)p+pV-u=0
pOu + p(u-Vu+ pVT + TVp =0 (1)
KT+ wV)T+2TVu=0
Instead of estimating G° — G directly, make a detour in two steps

» The first step is to show

Fe—pu’ = 0(e)
O (t,x v—1d (t,x)]2 :
for 1% = %exp {—%} local Maxwellians

defined from the solutions of (1) constructed from the
acoustic initial data p° = 14+60°, w0 =600, TO=1+660°
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Idea of Proof

» The acoustic system is the linearization about the
homogeneous state [1,0, 1] of the compressible Euler system

Op+ (u-V)p+pV-u=0
pOu + p(u-Vu+ pVT + TVp =0 (1)
KT+ wV)T+2TVu=0

Instead of estimating G° — G directly, make a detour in two steps

» The first step is to show
Fe—pu’ = 0(e)
5 —u 2 .

for 1% = %exp {—%} local Maxwellians
defined from the solutions of (1) constructed from the
acoustic initial data p° = 14+60°, w0 =600, TO=1+660°
before the time of possible shock formation, which is of the
order of % in the acoustic scaling longer than any fixed time T
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Idea of Proof

» The second step is to show
10 — 10 =6G + 0(6%)

within the time scale of %
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Idea of Proof

» The second step is to show
10 — 10 =6G + 0(6%)

within the time scale of %
Such an estimate confirms that the solution G of the acoustic

equation is the first order (linear) approximation of the Euler
equations
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Idea of Proof

» The second step is to show
10 — 10 =6G + 0(6%)

within the time scale of %
Such an estimate confirms that the solution G of the acoustic

equation is the first order (linear) approximation of the Euler
equations

The proof of Theorem :

Gi(t) - Gty = D=1 oy
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Idea of Proof

» The second step is to show
10 — 10 =6G + 0(6%)

within the time scale of %
Such an estimate confirms that the solution G of the acoustic

equation is the first order (linear) approximation of the Euler
equations

The proof of Theorem :

G=(t) — G(t) = F(t)é“o —G()

Rewrite %)_“O - G(t)= Fe(t)g“(s(t) + ”é(t)_”;_‘sc(t) Therefore,

sup [[G"(t) = G(t)]lo + sup [|G*(t) — G(2)]l2 < C{g + 4}

0<t<r o<t<r
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Refined Estimates of Acoustic and Euler solutions
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Refined Estimates of Acoustic and Euler solutions

Introduce difference variables (UZ, ug, 92) given by the second

order perturbation in d of Euler solutions

p° =140 +8%0%, w0 =du+ 8%, TO=1+480+ 520
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Refined Estimates of Acoustic and Euler solutions

Introduce difference variables (02, ug, 92) given by the second

order perturbation in d of Euler solutions
p° =140 +8%0%, w0 =du+ 8%, TO=1+480+ 520
Indeed, (ag , uf, , 950,) satisfy the linear system of equations
0:0y 4 (W - V) 4 p°V -t + 8[Vo - u§ + (V- u)al] = =V - (ou)
p20:ul + PP (W8 - V)G + p°VOS + T°Val + 6[(deu)aly + p°(uf) - V)u
+05Vo + adV] = —0dwu — p°(u- V)u — V(0b)

005 + (w0 - V)0 + 2TV - u§ + 5[VO - u + 2(V - u)63]
:fu~V07%6’V~u
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Refined Estimates of Acoustic and Euler solutions

Introduce difference variables (UZ, ug, 92) given by the second

order perturbation in d of Euler solutions
p° =140 +8%0%, w0 =du+ 8%, TO=1+480+ 520
Indeed, (ag , uf, , 950,) satisfy the linear system of equations
0:0y 4 (W - V) 4 p°V -t + 8[Vo - u§ + (V- u)al] = =V - (ou)
p20:ul + PP (W8 - V)G + p°VOS + T°Val + 6[(deu)aly + p°(uf) - V)u
+05Vo + adV] = —0dwu — p°(u- V)u — V(0b)
005 + (w0 - V)0 + 2TV - u§ + 5[VO - u + 2(V - u)63]
:fu~V07%6’V~u

The coefficients are smooth and have the uniform bounds up to
time 7. The above system can be symmetrized.
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Refined Estimates of Acoustic and Euler solutions

Standard energy method of linear symmetric hyperbolic system
(03, ug, 09 Ines < C (2)
and thus

1(p° =1 =00, u® —du, T° —1—30)| s < CH?

Juhi Jang Acoustic Limit for the Boltzmann equation in Optimal Scaling



Refined Estimates of Acoustic and Euler solutions

Standard energy method of linear symmetric hyperbolic system
(oG, ug, 69)l|ms < C (2)
and thus
1(p° =1 =00, u® —du, T° —1—30)| s < CH?
Consider 1° as a function of § and expand it around 6 = 0 to derive

#'(5.) o

po(t) = b + Go + >

The uniform boundedness of || (dx)]]2 + ||t (04)]|co follows from
the uniform estimate (2)
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Hilbert Expansion
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Hilbert Expansion

Following Caflisch, take the form F¢ = Zg:o e"Fp +e3F5
where Fg, ..., F5 solve the equations (Fo = u® = )

0 = 9Q(Fo, Fo)
{0t + v -V} Fo = Q(Fo, F1) + Q(F1, Fo)

{0c+v-Vi}Fs = Q(Fo, Fs) + Q(Fs, Fo) + > Q(Fi, F)

i+j=6
1<i<5,1<j<5
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Hilbert Expansion

Following Caflisch, take the form F¢ = Zg:o e"Fp +e3F5
where Fg, ..., F5 solve the equations (Fo = u® = )

0 = 9Q(Fo, Fo)
{0t + v -V} Fo = Q(Fo, F1) + Q(F1, Fo)

{0c+v-Vi}Fs = Q(Fo, Fs) + Q(Fs, Fo) + > Q(Fi, F)

i+j=6
1<i<5,1<j<5

Remainder equation for Fg

1
5
=e>Q(Fg, FR) + > e H{Q(Fi, FR) + Q(Fg, Fi)} + €A
i=1
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Compressible Euler Limit

Theorem Assume that the solution to the Euler equations
[p,u, T] is smooth and p(t, x) has a positive lower bound for
0 <t < 7. Furthermore, assume that the temperature T(t, x)

satisfies the condition Tpy < max  T(t,x) <2Tpy. Let
te[0,7],xeQ

Fe(0,x,v) = u(0,x, v) + Zi:l e"Fn(0, x, v) + 3F5(0, x, v) > 0.
Then
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Compressible Euler Limit

Theorem Assume that the solution to the Euler equations
[p,u, T] is smooth and p(t, x) has a positive lower bound for
0 <t < 7. Furthermore, assume that the temperature T(t, x)

satisfies the condition Tpy < max  T(t,x) <2Tpy. Let
te[0,7],xeQ

Fe(0,x,v) = u(0,x, v) + Zi:l e"Fn(0, x, v) + 3F5(0, x, v) > 0.
Then there is an g9 > 0 such that for 0 < € < g¢, and for any
8> @, there exists a constant C.(u, F1,..Fs) such that

up &3 vzﬁi(t) u Fr(t)
ooup 22| V) \//7Hoo+02t27 Vi |,

s ey FEO | [ Fa©)
SCT{E SRR \/ﬁ(O)HJ Vii(0) 2“}‘
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Compressible Euler Limit

Theorem Assume that the solution to the Euler equations
[p,u, T] is smooth and p(t, x) has a positive lower bound for
0 <t < 7. Furthermore, assume that the temperature T(t, x)

satisfies the condition Tpy < max  T(t,x) <2Tpy. Let
te[0,7],xeQ

Fe(0,x,v) = u(0,x, v) + Zi:l e"Fn(0, x, v) + 3F5(0, x, v) > 0.
Then there is an g9 > 0 such that for 0 < € < g¢, and for any
8> @, there exists a constant C.(u, F1,..Fs) such that

up &3 vzﬁi(t) u Fr(t)
ooup 22| V) \//7Hoo+02t27 Vi |,

s ey FEO | [ Fa©)
SCT{E SRR \/ﬁ(O)HJ Vii(0) 2“}‘

Remark F® = Zi:o e"F,+e3Fs = F*—p® = 0O(¢)
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Proof of Euler Limit

Introduce Fe Fe
=R and he ={1+|v]| }’8 Fr
VH VEM

9-2 2
where 3 > === and uy = Wexp{—%} so that

apm < p < cufy forsome 1/2<a<1
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Proof of Euler Limit

Introduce
Fe Fs
ff=-—R and he ={1+|v]| }’8 Fr
VH Vi
where 8 > 2= 2” and upy Wexp{—%} so that

apm < p < cufy forsome 1/2<a<1

L2 estimates for f€

{0t +v-Vilvi

Fe |+ 2T (5, £
Vi =

1
(9th+ V'fo5+ gﬁfa =

+; e~ 1{r(\//7 )+ I(f¢ f)}—|—52A

Difficulty is coming from the boxed term |v|3f¢
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Forany k >0and a=1/(3—7)

) -V,
<{t+V v}\//j’fa’fg>:/ +/
Vi vi>s  Jvi<s

< {IVxpll2 + IVattllz + 1V T2} < {1+ VPP 21 5 oo x (1F°2
F{IVxplloo + IVxttlloo + 1 Vx Tlloo} x {1+ VY4 F°1), < 5 113
< Cue?[|h°loo I l2
+ CI{L+ VPP Py < s |15+ CIHL + (VP41 =PI 1)< 5 |3
Cr3™

e

< Gee® || llsollF¥ 12 + CIFE)I3 +

I{r =PI

Due to the fact {1+ |v|?}3/2f5 < {1+ |v|?}7~3h° for
B >3/2+ (3 —7) and the fact upy < Cu
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Forany k >0and a=1/(3—7)

) -V,
<{t+V v}\//j’fa’fg>:/ +/
Vi vi>s  Jvi<s

< {IVaplla + [ Vatlla + IV Tll2} % {1+ P21 5 5 oo X (1]
+ {IVaplloo + I Vxttlloo + IV Tlloo} 5 [{L + VPP 4F1) < 5 |13
< Geg? (¥ |oo I 7512
+ CI{L+ VPP *PFLy < 5 3 + CIHL + VPP =PIy < 5 |3
C/<;3’

< Gee® || llsollF¥ 12 + CIFE)I3 + I{r =PI

Due to the fact {1+ |v|?}3/2f5 < {1+ |v|?}7~3h° for
B >3/2+ (3 —7) and the fact upy < Cu

Hf8||2+ H{l PY[IZ < C{VE(™2hlloo +1}(IF 15 +11F°]12)

Juhi Jang
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L°° estimates for h°

sup {¥2h°(5)lloc} < C{lI£*holloc + sup [[F<(s)ll2+ "%}
0<s<r 0<s<rt
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L°° estimates for h°

sup {e2(|h*(s)lloc} < C{lle¥*holloc + sup [[F*(s)]l2+"/%}
0<s<r 0<s<r
Following Caflisch, define

Lug = wlm{g(u, Vimg) + O(Vimg. 1)} = () + Kg

where v(1) = [psy g2 b(v — v, w)pu(v')dv'dw ~ (1 + |v])7
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L°° estimates for h°

sup {e2(|h*(s)lloc} < C{lle¥*holloc + sup [[F*(s)]l2+"/%}
0<s<r 0<s<r
Following Caflisch, define

Lug = wlm{g(u, Vimg) + O(Vimg. 1)} = () + Kg

where v(1) = [psy g2 b(v — v, w)pu(v')dv'dw ~ (1 + |v])7
To treat soft potentials, employ a cutoff trick of Guo and Strain
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L°° estimates for h°

sup {¥2h°(5)lloc} < C{lI£*holloc + sup [[F<(s)ll2+ "%}
0<s<r 0<s<rt

Following Caflisch, define

Lug = wlm{g(u, Vimg) + O(Vimg. 1)} = () + Kg

where v(1) = [psy g2 b(v — v, w)pu(v')dv'dw ~ (1 + |v])7

To treat soft potentials, employ a cutoff trick of Guo and Strain
Smooth cutoff function 0 < x,, < 1 such that for any m > 0,
Xm(s)=1fors <m and xm(s) =0 for s >2m. Split K = K™ + K€.

[K™g(v)] < Cm*w(u)llgllo
and K°g(v) = [gs (v, v')g(v')dv’ where the kernel / satisfies

exp{—c|v —v'|*}
v = VI + v+ V)

I(v,v') < Cn
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Letting Kwg = wK(£) where w(v) = {1+ |v[?}#

2 he h®
8th5+v-vxh5+MhE +1Kwh€= — \//TM’ \/W)
£ €

N w w
5
-1 W - hg\/ 122% hE\/ 122% : 2%
+;5 \/ﬁ{Q(FI W )+Q( W 7FI)}+€ A7
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Letting Kwg = wK(£) where w(v) = {1+ |v[?}#

2 he h®
8th5+v-vxh5+MhE +1Kwh€= — \//TM’ \/W)
£ €

N w w
5
-1 W - hg\/ 122% hE\/ 122% : 2%
+;5 \/ﬁ{Q(FI W )+Q( W 7FI)}+€ A7

By Duhamel’s principle
vt

h*(t, x,v) = exp{——}h*(0,x — vt, v)
g

_ /Otexp{l/(tg_s)} (iKM"]hE) (s,x —v(t—s),v)ds
_ /Otexp{_”(t —5)y (iK;hf) (s, x — v(t —s), v)ds

g
t v(t—s), [ w _ h/um h\/om
+/0 exp{ - }<\/WQ( /i T )) (s, — v(t — 5), v)ds
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_ /Otexp{y(tgs)} CKMThE) (s,x —v(t —s),v)ds

t
t_
<cm | op{= TN e up [ ()]l < Cr* sup (A (0)]oo
0 3 £ o<t<r o<t<r
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_ /Otexp{y(tgs)} (iKMThE) (s,x —v(t —s),v)ds

t
t_
< cmr [Copt-" g sup (10 < Cr sup (1K (0
0 3 £ o<t<r o<t<r

And since |FQ(h vEw B F)‘ < Cv(p)|Ih°]I%

/Otexp{_y(t_S)}<\/m ( h*/m h\/PTM)>( Ut ) v)ds

3 w

t v t—s
< CEZ/ exp{—i(”)( )}V(u)llhE(S)II?)odsé Ce® sup [[h°(s)1%
€ 0<s<t

0
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_ /Otexp{y(tgs)} (iKMThE) (s,x —v(t —s),v)ds

t
t_
< cmr [Copt-" g sup (10 < Cr sup (1K (0
0 3 £ o<t<r o<t<r

And since |FQ(h vEw B F)‘ < Cv(p)|Ih°]I%

/Otexp{_y(t_S)}<\/m ( h*/m h\/PTM)>( Ut ) v)ds

3 w

t v t—s
< CEZ/ exp{—i(”)( )}V(u)llhE(S)II?)odsé Ce® sup [[h°(s)1%
€ 0<s<t

0

Let /y (v, V') be the corresponding kernel associated with K.

_ /Ofexp{z/(tg—s)} (i_K‘fth) (s,x —v(t —s),v)ds

t J—
< 1/ exp{—y(ts)}/ [l (v, V)R (s, x — v(t — s),v')|dV'ds
e 0 3 R3

Juhi Jang Acoustic Limit for the Boltzmann equation in Optimal Scaling



Use the Duhamel expression again

1 V(t_s) AYR= / /
5/0 exp{—f}/m“w(v,v)h (s,x —v(t—s),v)|dv'ds

1/t t—
<1 op{- )y qup [ v viav
& 0 13 v R3

X exp{—y—s}ha(o,x —v(t—s)—V's,V')ds

f/ep{ }/uvv

X / exp{—%H{Kmhs}(sl,x —v(t—s)—V/(s—s1),V)|dVdsds

*/ exp{— )} |/W(v, V) (Vv

></0 exp{— M}/ﬁ(s X v(t— )= V(s — s1), V)| v/ v/ dsy ds

+ ...
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The estimate for double / term : Divide into

Casel: |v| >N

Case 2 : |v| < N |V/| > 2N or |V/| < 2N, |v'| > 3N

Case 3a: |v| < N, |V/| <2N,|v”| <3N, and s — 51 < ke
Case 3b: |[v| < N, |V/| <2N,|v"| <3N, and s — 51 > ke
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The estimate for double / term : Divide into

Casel: |v| >N

Case 2 : |v| < N |V/| > 2N or |V/| < 2N, |v'| > 3N

Case 3a: |v| < N, |V/| <2N,|v”| <3N, and s — 51 < ke
Case 3b: |[v| < N, |V/| <2N,|v"| <3N, and s — 51 > ke

To see how to get ||f€||2, in Case 3b, integrate over v’ to get

CN/ |h*(s1,x — (s — s )V, v'")|dV/
v |<2n

1/2
< Cpn {/ ].Q(X — (S — 51)V')‘h5(51,X — (S — 51)V/’ \///)|2dvl}
[v/|<2N

C 1/2
N 2
S Span |h®(s1,y,v")|“dy
K3/23/2 {‘/|,V—X1|§(5—51)3N

C’V{(S _ 51)3/2 + 1} £ 1|2 ak
= 13/223/2 /Q|h (s1,y,v")[*dy

Here we have made a change of variable y = x — (s — s1)v/, and

d 1
for s — sy > ke, [ 35| > ==
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Thus approximate version of Case 3b

t S—ER s VY(s—s
L L
0o JBJO

ha(sl,xl — (s — )V, v")|dsidv'dv" ds

Ch o =) _ v )s—s1)
27/2 / / e = {(s—=)?+1)

1/2
/ {/ |h8(517}/7 V”)|2dy} dV”dS]_dS
V”|<3N Q

_u(v)rs) _ v()s=s1)

1/2

/ / |F<(s1,y, v"")|Pdydv” ds; ds
[v!"|<3N JQ

L sup ||Fe(s
s s IFO:

IN

IN

IN
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Thus approximate version of Case 3b

t S—ER s VY(s—s
L L
0o JBJO

ha(sl,xl — (s — )V, v")|dsidv'dv" ds

Cnox _v(v)r s _ v()s=s1)
;V/z// e = {s—s)Y*+1}
€

1/2
/ {/ |h8(517}/7 V”)|2dy} dV”dS]_dS
V”|<3N Q

_u(v)rs) _ v()s=s1)

1/2

/ / |F<(s1,y, v"")|Pdydv” ds; ds
[v!"|<3N JQ

L sup ||Fe(s
s s IFO:

IN

IN

IN

In summary, one can obtain for any x > 0 and large N > 0,
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G
sup {e2[[h°(5)loc} < {Cm™** + Cy i + 7} sup {£2[[h%(5)]loc }
0<s<t 0<s<t

£ 4 Conl| €2 o]l + VEC sup {¥2]H5(5) o}
0<s<t

+Cmn,e sup [[F5(s)]l2
0<s<t
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G
sup {e2[[h°(5)loc} < {Cm™** + Cy i + 7} sup {£2[[h%(5)]loc }
0<s<t 0<s<t

£ 4 Conl| €2 o]l + VEC sup {¥2]H5(5) o}
0<s<t

+Cmn,e sup [[F5(s)]l2
0<s<t

For sufficiently small € > 0, first choosing m small, then N
sufficiently large, and finally letting x small so that
{Cm"™3 + Cy ks + %} < % one gets

sup {e¥2H°(s) ]} < C{e¥2holloc + sup [[F5(s)l|2+ <%}
< 0<s<r

SSST

and this completes the proof.
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