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I The norm of the velocity is constant

I The trajectory is smooth, the fish seems to turn
constantly
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Two key elements in the statistical analysis of the
curvature :

I Strong correlation between two time steps

I Gaussian form of the stationary state
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Model PTW

The model proposed is the following :

d~x

dt
= c~τ(θ)

dθ

dt
= cκ

dκ = −aκ dt + b dBt

where c is the speed, a the inverse of a relaxation time, b
the intensity of “excursion”.

We call this model “Persistent Turning Walker” (PTW).

⇒ Numerical simulation

8/28



From individual to
macroscopic models in
animal displacements

Introduction

Motivation

Work plan

Example : ant displacement

A new model for fish
behavior

Experiments for fish

Model PTW

Macroscopic model of PTW

Vicsek model

Introduction

Kinetic equation

Macroscopic equation

Numeric

Model PTW

The model proposed is the following :

d~x

dt
= c~τ(θ)

dθ

dt
= cκ

dκ = −aκ dt + b dBt

where c is the speed, a the inverse of a relaxation time, b
the intensity of “excursion”.

We call this model “Persistent Turning Walker” (PTW).

⇒ Numerical simulation

8/28



From individual to
macroscopic models in
animal displacements

Introduction

Motivation

Work plan

Example : ant displacement

A new model for fish
behavior

Experiments for fish

Model PTW

Macroscopic model of PTW

Vicsek model

Introduction

Kinetic equation

Macroscopic equation

Numeric

Model PTW

The model proposed is the following :

d~x

dt
= c~τ(θ)

dθ

dt
= cκ

dκ = −aκ dt + b dBt

where c is the speed, a the inverse of a relaxation time, b
the intensity of “excursion”.

We call this model “Persistent Turning Walker” (PTW).

⇒ Numerical simulation

8/28



From individual to
macroscopic models in
animal displacements

Introduction

Motivation

Work plan

Example : ant displacement

A new model for fish
behavior

Experiments for fish

Model PTW

Macroscopic model of PTW

Vicsek model

Introduction

Kinetic equation

Macroscopic equation

Numeric

Model PTW

The model proposed is the following :

d~x

dt
= c~τ(θ)

dθ

dt
= cκ

dκ = −aκ dt + b dBt

where c is the speed, a the inverse of a relaxation time, b
the intensity of “excursion”.

We call this model “Persistent Turning Walker” (PTW).

⇒ Numerical simulation

8/28



From individual to
macroscopic models in
animal displacements

Introduction

Motivation

Work plan

Example : ant displacement

A new model for fish
behavior

Experiments for fish

Model PTW

Macroscopic model of PTW

Vicsek model

Introduction

Kinetic equation

Macroscopic equation

Numeric

Model PTW

The model proposed is the following :

d~x

dt
= c~τ(θ)

dθ

dt
= cκ

dκ = −aκ dt + b dBt

where c is the speed, a the inverse of a relaxation time, b
the intensity of “excursion”.

We call this model “Persistent Turning Walker” (PTW).

⇒ Numerical simulation

8/28



From individual to
macroscopic models in
animal displacements

Introduction

Motivation

Work plan

Example : ant displacement

A new model for fish
behavior

Experiments for fish

Model PTW

Macroscopic model of PTW

Vicsek model

Introduction

Kinetic equation

Macroscopic equation

Numeric

Model PTW

The model proposed is the following :

d~x

dt
= c~τ(θ)

dθ

dt
= cκ

dκ = −aκ dt + b dBt

where c is the speed, a the inverse of a relaxation time, b
the intensity of “excursion”.

We call this model “Persistent Turning Walker” (PTW).

⇒ Numerical simulation

8/28



From individual to
macroscopic models in
animal displacements

Introduction

Motivation

Work plan

Example : ant displacement

A new model for fish
behavior

Experiments for fish

Model PTW

Macroscopic model of PTW

Vicsek model

Introduction

Kinetic equation

Macroscopic equation

Numeric

Simple computations

The individual model (PTW) in scaled variables :

d~x

dt
= ~τ(θ)

dθ

dt
= κ

dκ = −κ dt +
√

2α dBt

I κ(t) = e−tκ0 +
√

2αe−t

∫ t

0
es dBs .

I θ(t) = θ0 + κ0 − κ(t) +
√
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Hyp. : ~x0 = (0, 0), θ0 ∼ U ]− π, π], κ0 ∼ N (0, α2),
θ0, κ0 and Bt independent.

Thm. Under above hypothesis, we have :

E{~x(t)} = (0, 0) , ∀ t ≥ 0,

Var{~x(t)} = 2

∫ t

s=0
(t − s) exp

(
−α2

(
−1 + s + e−s

))
ds.

In particular :

Var{~x(t)} t→+∞∼ 2D t,

with :

D =

∫ ∞
0

exp
(
−α2(−1 + s + e−s)

)
ds.
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Numerical illustration

We use Monte-Carlo method to estimate the mean square
displacement :
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Summary :

I Explicit expression for the mean square displacement.

I Linear growth of the mean square displacement
which indicates diffusive behavior.

To derive rigorously a diffusive equation from the PTW
model, we can :

I fully characterize the process x(t) using the
expression

x(t) = x0 +

∫ t

0
~τ(θ(s)) ds

I or
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Kinetic method

We start from our PTW model :

d~x

dt
= ~τ(θ)

dθ

dt
= κ

dκ = −κ dt +
√

2α dBt

The density distribution of particles f (t, x , θ, κ) satisfies
(Fokker-Planck equation) :

∂t f + ~τ · ∇~x f = Lf .

with
Lf = −κ∂θf + ∂κ(κf ) + α2∂κ2f
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Large scale

We introduce the diffusive rescaling :

t ′ = ε2t ; x ′ = εx .

With these new variables, we define f ε such that

f ε(t ′, x ′, ..) =
1

ε2
f (

t ′

ε2
,
x ′

ε
, ..)

which satisfies :

ε∂t f
ε + ~τ · ∇~x f ε =

1

ε
Lf ε. (1)

Question : What is the limit for f ε when ε→ 0 ?
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We consider an Hilbert expansion of f ε :

f ε = f 0 + εf 1 + o(ε).

I ε−1 : Lf 0 = 0

⇒ f 0 = M(κ)
2π

where M Gaussian with zero mean and variance α2.

I ε0 : ~τ · ∇x f
0 = Lf 1.

We introduce an auxiliary function ~χ satisfying :

− L~χ =
M(κ)

2π
~τ . (2)

Then : f 1 = −~χ · ∇~xρ0 + cM(κ).
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Integrating equation (1) in (θ, κ)

∫
θ,κ

(

ε∂t f
ε + ~τ · ∇~x f ε =

1

ε
Lf ε

) dθdκ

we have the equation of mass conservation :

∂tρ
ε +∇~x · Jε = 0,

where

ρε(t,~x) =

∫
θ,κ

f ε dκ dθ, Jε(t,~x) =

∫
θ,κ

f ε

ε
~τ(θ) dκdθ.
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Inserting the Hilbert expansion in the expression of the
flux Jε :

Jε(t,~x) =
1

ε

∫
θ,κ

f ε~τ(θ) dκdθ

=

∫
θ,κ

f 1 ~τ(θ) dκdθ + O(ε),

we have at the limit ε→ 0 :

J0(t,~x) = −
(∫

θ,κ
~τ ⊗ ~χ dθ dκ

)
∇~xρ0.
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Diffusive equation

Thm. The distribution f ε solution of (1) satisfies :

f ε
ε→0
⇀ ρ0 M(κ)

2π
,

with :

∂tρ
0 +∇~x · J0 = 0,

J0 = −D∇~xρ0,

where D =
∫
θ,κ ~τ ⊗ ~χ dθ dκ and ~χ solution of (2).
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Value of D

~χ could be seen as the limit of the parabolic equation :

∂t~χt = L~χt + ~τ(θ)
M(κ)

2π
, ~χ(t = 0) = 0.

Therefore :

D =

= · · ·

=
D
2

Id,

where Id denotes the 2x2 identity tensor and

D =

∫ ∞
0

exp
(
−α2(−1 + s + e−s)

)
ds.
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Fish in interaction

Classical model with 3 zones

: attraction

: alignment

: repulsive
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Vicsek model (’95)

Discrete dynamic :

xn+1
k = xn

k +∆t ωn
k

ωn+1
k = ω̄n

k

+ ε

(3)

with ω̄n
k =

P
|xj−xk |<R ωn

j˛̨̨P
|xj−xk |<R ωn

j

˛̨̨ ,

ε noise.

Continuous dynamic :

dxk
dt = ωk

dωk = (Id− ωk ⊗ ωk)( ν ω̄k dt +
√

2ddBt)
(4)

Remark. (eq. 4) + “ν∆t = 1” ⇒ (eq. 3)
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Kinetic equation

The density of particles f (t, x , ω) satisfies (formally) :

∂t f + ω · ∇x f +∇ω · (F f ) = d∆ωf , (5)

with :

F = (Id− ω ⊗ ω) νΩ(x) , Ω(x) =
J(x , t)

|J(x , t)|

J(x , t) =

∫
|y−x |<R, ω∗∈S1

ω∗ f (y , ω∗, t) dy dω∗

We define :

Q(f ) = −∇ω · (Ff ) + d∆ωf .
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Collision operator

I The operator Q can be rewritten :

Q(f ) = ∇ω ·
(

MΩ(ω)∇ω
(

f

MΩ(ω)

))
,

with : MΩ(ω) = C exp
(
ω·Ω
T

)
and T = d/ν.

I Collision invariants : ψ(ω)∫
ω

Q(f )ψ dω = 0 ⇒

{

ψ1(ω) = 1

ψ2(ω) = hΩ(ω)

with h solution of an elliptic equation.
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Large scale

In order to derive a macroscopic equation, we introduce
the scaling :

t ′ = εt ; x ′ = εx .

In these variables, f ε satisfies :

ε(∂t f
ε + ω · ∇x f

ε) = Q(f ε).

I In the limit ε→ 0, we first have :

f ε
ε→0
⇀ f 0 = ρ(t, x)MΩ(t,x)

I Then we integrate the kinetic equation against the
collisional invariant :∫

ω
[∂t f

ε + ω · ∇~x f ε =
1

ε
Q(f ε) ]ψ dω
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Macroscopic equation

Thm. The distribution f ε solution of (5) satisfies :

f ε
ε→0
⇀ ρMΩ(t,x),

with :

∂tρ +∇x · (c1ρΩ) = 0
∂t(ρΩ)+∇x · (c2ρΩ⊗ Ω) + λ (Id− Ω⊗ Ω)∇xρ = 0,

where c1, c2 and λ depend on T = d/ν.

Remarks.

I the system obtained is hyperbolic...

I ...but non-conservative

I ρ and Ω have different convection speeds (c1 6= c2).
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Stationary distribution

Locally in space, the velocity of particle is distributed
according to :

MΩ(ω) = C exp

(
ω · Ω
T

)

with
ω = (cos θ, sin θ)
Ω = (cos θ̄, sin θ̄)

Illustration :
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Hyperbolic equation : ρ, Ω

In one direction, the system is written :

∂tρ+ c1∂x (ρ cos θ) = 0

∂tθ + c2 cos θ ∂xθ − λ
sin θ

ρ
∂xρ = 0.

Illustration.
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Fig.: Solution of a Riemann problem with : the density ρ, the
direction of the velocity θ, the temperature T .
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Thank you for your attention.
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