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Particle level :
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dd = bdB;
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with f(x, 6) density in
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Model PTW

The model proposed is the following :

dxX o
E = CT(G)
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Simple computations

The individual model (PTW) in scaled variables :

dik = —rdt+V2adB;
Solution :

t
> k(t) =e ko + \ane_t/ e® dBs.
0
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Hyp. : %o = (0,0), 6 ~ U] — 7, 7], ko ~ N(0,a?),
Ao, ko and B; independent.
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Hyp. : %o = (0,0), 6 ~ U] — 7, 7], ko ~ N(0,a?),
Ao, ko and B; independent.

Thm. Under above hypothesis, we have :

Var{%(t)} = 2

s=

E{X(t)} = (0,0), Vt>0,
(
0
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Summary :

» Explicit expression for the mean square displacement.

» Linear growth of the mean square displacement
which indicates diffusive behavior.
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Summary :

» Explicit expression for the mean square displacement.

» Linear growth of the mean square displacement
which indicates diffusive behavior.

To derive rigorously a diffusive equation from the PTW
model, we can :

» fully characterize the process x(t) using the
expression

() = x0 + /0 "0(s)) ds

» or work on f(t) the density distribution of the
process x(t)
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Kinetic method

We start from our PTW model :

dx
dt
dé
dt
dk = —rdt+V2adB;

= 70)

= K

The density distribution of particles f(t, x, 0, k) satisfies
(Fokker-Planck equation) :

Of + 7 - Vgf = LF.

with
Lf = —kOgf + Ox(kf) + 020, f
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Large scale

We introduce the diffusive rescaling :

=%t . X =ex.

With these new variables, we define ¢ such that

1 ¢ X
f(—=,—,..
LR

fe(t, X', .) = 2
which satisfies :

1
SO+ 7 Vif® = _LF*.
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Large scale

We introduce the diffusive rescaling :

' =2t . X =ex.

With these new variables, we define ¢ such that

1 _t X
fa(t/,X/, ) = ?f(?, ;’ )

which satisfies :

1
SO+ 7 Vif® = _LF*.

Question :
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What is the limit for f¢ whene — 07

(1)
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We consider an Hilbert expansion of 7€ :

e =f0+ef' +o(e).
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We consider an Hilbert expansion of 7€ :
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where M Gaussian with zero mean and variance a~.
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Integrating equation (1) in (0, k)

Eatf€ + 7_" . V;fe

9

lLfE
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Integrating equation (1) in (0, k)

0,k

1
(€0:f°+ T - Vif® = gLfE) dfdk
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Integrating equation (1) in (0, k)
1
/ (€0:f°+ T - Vif® = gLfE) dfdk
0,k

we have the equation of mass conservation :
8t,0€ + V; < JE= 07

where

£

0,k €

Ft3) = [ F dido, (%) = / = #(0) drdo.
0,k
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Inserting the Hilbert expansion in the expression of the
flux J :

Ftx) = L / F27(0) drdo
0,k

13
- / FL7(0) drdd + O(c),
0,k

we have at the limit e — 0 :

SL(t, %) = — (/ 7R xdo dn) V.
0,k
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Diffusive equation

Thm. The distribution 7¢ solution of (1) satisfies :

fe e=0 pO M(K/)

o’
with :

0:p° + Vg S =0,
S0 =—DVg°,

where D = [, 7 ® X df dx and Y solution of (2).
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X could be seen as the limit of the parabolic equation :

M(x)

OeXe = Lxe + 7(0) or

Therefore :
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Value of D

X could be seen as the limit of the parabolic equation :

M(x)

OeXe = Lxe + 7(0) or

Therefore :

D = lim / T® Xt d0dk
0,k

t——+o00
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Value of D

X could be seen as the limit of the parabolic equation :

M(x)
2w

OeXe = Lxe + 7(0) , X(t=0)=0.

Therefore :

D = lim / T® Xt d0dk
0,k

t——+o00

= —Id
2 )

where Id denotes the 2x2 identity tensor and

D= / exp (—a’(=1+s+e®)) ds.
0
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Fish in interaction
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Vicsek model (’95)

Discrete dynamic :
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Vicsek model (’95)
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Work plan
n+1 _ n n Example : ant displacement
X = x{+Atw]

(3) A new model for fish
behavior

—n
= wk + € Experiments for fish
Model PTW

n Macroscopic model of PTW
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Introduction
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at - Wk

dwy = (|d —wg ® wk)( vV dt + 2ddBt)

Remark. (eq. 4) + “vAt=1" = (eq. 3)

21/28



Kinetic equation

The density of particles f(t, x,w) satisfies (formally) :
with :

(ld —w®w)rQ(x) , Q(X):M

J(x,t) :/ w* f(y,w", t) dy dw*
ly—x|<R,w*eSt

F
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with :

(ld —w®w)rQ(x) , Q(X):m

J(x,t) :/ w* f(y,w", t) dy dw*
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Q(f) = =V, - (Ff) + dALf.
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Kinetic equation

The density of particles f(t, x,w) satisfies (formally) :
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with :
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[J(x, 1)]
J(x,t) :/ w* f(y,w", t) dy dw*
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We define :
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Collision operator

23/28

» The operator @ can be rewritten :

Q(f) =V, - | Ma(w)V, Vo (@)

with : Mo(w) = Cexp (%2) and T = d/v.
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Collision operator

» The operator @ can be rewritten :

Q) = Vo (Mal¥. (s ) )

with : Mo(w) = Cexp (%2) and T = d/v.

» Collision invariants : 9 (w)

/Q(f)zpdw_o o )=t
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Collision operator

» The operator @ can be rewritten :

Q) = Vo (Mal¥. (s ) )

with : Mo(w) = Cexp (%2) and T = d/v.

» Collision invariants : 9 (w)

[ atwas=o = { o) = ha)

with h solution of an elliptic equation.
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the Scaling : Introduction
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t’ =ct ) X/ = &X. Work plan
Example : ant displacement
In these variables, f¢ satisfies : A new model for fish

behavior
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Introduction

» In the limit € — 0, we first have : i G
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Large Scale From individual to

macroscopic models in
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In order to derive a macroscopic equation, we introduce

the Scaling : Introduction
Motivation
t’ =ct ) X/ = &X. Work plan
Example : ant displacement
In these variables, f¢ satisfies : A new model for fish

behavior
€ £ £ Experiments for fish
5(614: +w : va ) = Q(f ) Model PTW
Macroscopic model of PTW

Vicsek model

Introduction

» In the limit € — 0, we first have : i G

Macroscopic equation
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£ =0 F9 = p(t, x) Moy

» Then we integrate the kinetic equation against the
collisional invariant :

/ [0, + - Ve = 2 Q)] oo
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Macroscopic equation
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Thm. The distribution ¢ solution of (5) satisfies :
—0
F° 520 p Mo(e ).
with :

Otp +Vix-(ap) =0
0:(p) +Vx - (02p2® Q) + A (Id — Q& Q)V,p =0,

where ¢1, ¢ and \ depend on T = d/v.
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» the system obtained is hyperbolic...
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Thm. The distribution ¢ solution of (5) satisfies :
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Macroscopic equation

Thm. The distribution ¢ solution of (5) satisfies :

0 Mot %),
with :
Otp +Vix-(ap) =0
0t(p)+Vy - (202 @ Q)+ A(Ild — Q@ Q)Vxp =0,
where ¢1, ¢ and \ depend on T = d/v.
Remarks.
» the system obtained is hyperbolic...

» ...but non-conservative

> p and Q have different convection speeds (¢ # ¢).
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Stationary distribution

Locally in space, the velocity of particle is distributed

according to :

Mq(0) = Cexp

Hlustration :

cos(f — #)

t=6.00

density

Theoretic
Numeric ——
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Hyperbolic equation : p, Q

27/28

In one direction, the system is written :

Otp+ c10x (pcosf) = 0
sind

0t0 + cpcos 0 0,0 — A——0yxp = 0.
P
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Hyperbolic equation . p' Q From individual to

macroscopic models in
animal displacements

In one direction, the system is written :

Introduction
Otp+ c10x (pcosf) = 0 Mathaton
Work plan

ate + C2 cos 0 8X0 _ A 8Xp — O Example : ant displacement
P

A new model for fish

behavior
I "ust ration Experiments for fish
Model PTW.
3 Macroscopic model of PTW
25 Vicsek model
o0 Introduction
2
T g . .
o) Kinetic equation
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>
Iy 00.° Numeric
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Fig.: Solution of a Riemann problem with : the density p, the
direction of the velocity ¢, the temperature T.
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Thank you for your attention.
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