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Outline

Main Goal:Systematic Derivation of PDE Models for Traffic Flow

e Microscopic Rules for the Motion of Cars or Pedestrians

e Microscopic CA model for Traffic Flow

e Assumptions for deriving the Coarse-Grained PDE

e Lighthill-Whitham-Richards PDE model

e Equation for the Variance

e Look-Ahead Potential

e One-Dimensional Stochastic Model CA for Pedestrian Traffic

e EXxplicit Rules for the Interaction of Pedestrians Moving ipgosite
Directions



Microscopic Stochastic Lattice Model of Car Traffic

ASEP Dynamics: Spitzer, Derrida, Derrida et al., etc.
L-H Potential: Sopasakis and Katsoulakis, 2006

Approach: One Dimensiona{0, 1} Lattice Configuratiorr(¢), k: cell
index. (ASEP: cars moving to the right)

ATATA'
® o o

One Step: k — k + 1 during time-intervalAt

Spin Exchange:

o1(t) = 1, oppr () = 0] = [0 (t + At) = 0, opp1 (t + At) = 1]

Two cars cannot occupy the same cell



Microscopic Stochastic Lattice Model

Transition Probability:For cells|oy, o 11]

PT{[Uk — O, Ok+1 — 1](t—|— At) ’ [Uk = 1, Ok+1 — O](t)} ~ COAt

wherec, is the characteristic velocity

Rewrite Transition Probability:

Pr{Transition oy (t) = opy1(t + At)} = ok (1 — op11)coAt



Goal: Understand Ensemble Simulations

In particularTraffic Density: E o(t)

Equation for the Time-Evolution of the Density (¢) = E o (t):
Only two events are importaat— k£ + 1 andk — 1 — k

d

The equation is exact, but not closed

Closure Assumption:Approximate Independence

Elokok+1] = Elok]Elok41]

Mesoscopic Modelpx (t) = E ok (t)

pr = copr—1(1 — pr) — copr(l — pr+1)



Comparing Microscopic and Mesoscopic Simulatio@ar Density
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Testing the Independence Assumption

Time=5

0.8r

0.6

04r

0.21

Time=50

15

0.8r

0.6

04r

0.21

0 L L
0 0.5 1

Blue: Car Density

15

10.5

1-0.5

10.5

Gl’een:E[UkO'k+1] — E[O‘k]E[O'k+1]

0.8t

0.6

045

0.27

08¢

0.6

0.4y

0.27

Time=20

0.5

Time=80

A bt

0.5

1 15 2

10.5

1-0.5

10.5

-0.5



Comparing Microscopic and Mesoscopic Simulatio@ar Density
Mesoscopic Model with Diffusion
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Variance in Stochastic Simulatio(idauck, Sun, I.T.)

Consider: vx(t) = Eoi(t)

Equations for the Mean and Variance:

pr = copr—1(1 — pr) — copr(1 — pr+1)
Vi = copr—1(1 — pr) — copr(l — pr+1)

Then:

v = pr + Ck
Vary = pr, — pi + Ck

Derivation Involves:

ag = B8]~ 1)

wheref = f(o) is any test function on the whole lattice.
To derive equation fop,: f = o
To derive equation fovy: f = o7



Variance in Stochastic Simulations
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Look-Ahead Potential (Sopasakis & Katsoulakis 06)

Transition Probability: & — k+1

Pr{Transition o (t) — op1(t + At)} ~ 04 (1 — opr1)coe PI* At

1 k+14+M
Jh =7 > o)
[=k+2
Takes into account presence/absence of carsinicellg, ... .k +1+ M
Mesoscopic Model
M
pr = copr—1(1— px) H[1+pkz—|—z /M—l)}_
1=1

M
copr(l — prt1 H [1 + prigr (e M — 1)}
1=1



Comparing Microscopic and Mesoscopic Simulations with LE&r Density
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Testing the Independence Assumption with Look-Ahead Riatlen
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Modified Mesoscopic Model:

Pk = CoPk—1

(1= pr) [1 + preg1 (e PP — 1)] -

d
copr(l — prt1) {1 + prya(e”PPhre — 1)}
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Microscopic Stochastic Lattice Model of Pedestrian Traffic

Major Difference: Bi-directional model

/\ /\
UUU

Approach: One Dimensiona{0, 1} Lattice Configuration for

o7 (t) — pedestrians moving to the right

o, (t) — pedestrians moving to the left

If no pedestrians in the opposite directi&quivalent to car traffic models

One Step: k — k + 1 during time-intervalAt

[Ulj(t)aaquuﬁt)] =[1,0] — [ v (t+ Ab), 0k+1< + At)] = [0, 1]

Two pedestrians moving in the same directa@amnot occupy the same cell




Microscopic Stochastic Lattice Model

Transition Probability:For cells[o}, ;. ;]

07 0] = (0,01 Pr{[0,1](t + At) | [1,0](t)} ~ coAt
wherec Is the characteristic velocity

Pedestrians Moving in the Opposite Direction are Present:

o1 0] = [1,0 1 Pr{(0,1)(t+ At) | [1,0](t)} ~ c1 At
o opa] = [0,1]: Pr{[0,1](t+ A#) | [1,0](t)} ~ et

o1 o) = 1,15 Pr{(0,1](t+ At) | [1,0](t)} ~ csAt

where

Co > C1 = Cy > Cj3



Goal

Understand the Density of the Pedestrian Traffieo (¢) andE o, (¢)

Equations for the Time-Evolution of the Denslfy; (¢): Only two events
are important — k+ 1andk — 1 — k

d N _
%EU: = E|coo,_(1—0 )1 —0,_)A—0;))-
COU;(l_U:+1)(1_01;)(1_0k_+1)‘|‘
ciof (1 —of)op (1 —0) —ciopf (1 - Ul:rl)gk_(l — 1)+

20y (1= o ) (1 =0y )oy, —caopi (1 — ‘71;:1)(1 — 04 )01+

030;_1(1 — U:)Ug_lU; — 0301—;(1 — Ulj+1)gk_gk_+1]

The equations are exact, but not closed



Closure Assumptions

Approximate Independence:

Eloy_y05 05,10 | = Eloy_]E[oy [E[o,_|E[o,]

Mesoscopic Modelyp (t) = E o (t)

%p; = copp (L= p)(L—pp_ )1 —pp) -
Copg(l — :0_15+1)(1 —pp ) (1 — piﬂ) +
c1pp (L= pi)p (L= pp) —cipy (L= pi)pp (1= piy) +
capp_1 (1= pf ) (1= py_1)py — c2py (1= pZ—H)(l — Pp )Ppgr T
capp_1 (L= P )Pe_1Pr — capp (1= 0 1) Pk Prsy



Numerical Comparison of Microscopic and Mesoscopic Models
Weak Slowdown:a = 1.5

co =08m/s, ¢ =cy=co/a, c3=co/(2a)
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Numerical Comparison of Microscopic and Mesoscopic Models

Weak Slowdown:a = 1.5

co = 0.8m/s,
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Numerical Comparison of Microscopic and Mesoscopic Models

Intermediate Slowdowno = 2

co = 0.8m/s,
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Numerical Comparison of Microscopic and Mesoscopic Models

Intermediate Slowdowno = 2

co =08m/s, ¢ =cy=co/a, c3=co/(2a)
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Numerical Comparison of Microscopic and Mesoscopic Models
Strong Slowdown:.ac = 3

co =08m/s, ¢ =cy=co/a, c3=co/(2a)

Pedestrian Density
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Numerical Comparison of Microscopic and Mesoscopic Models
Strong Slowdown:.ac = 3

co =08m/s, ¢ =cy=co/a, c3=co/(2a)
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Variance in Microscopic and Mesoscopic Models
Weak Slowdown:a = 1.5

co =08m/s, ¢ =cy=co/a, c3=co/(2a)
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Conclusions

e EXplicit Microscopic Interaction Rules Determine the Fumcal Form of
the corresponding PDE model

e Framework for Systematic Derivation of PDE Models
e Look-Ahead information can also be included in the model
e Important to Understand Regime of Validity

e Variance of Stochastic Simulations can be Easily Inferrethfthe
Density



