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eThe Hartree equation with bounded interaction potential has been
derived from the N-body linear Schrédinger equation in the large N,
small coupling constant limit (Spohn 80, Bardos-FG-Mauser 2000,
Rodnianski-Schlein 09); extension to singular interaction potentials
(including Coulomb) by Erdds-Yau 2001, Pickl 2009. The conver-
gence rate obtained in these works is not uniform as i — 0. ..

e...and yet the Vlasov equation with C1'! interaction potential has
been derived from the N-body problem of classical mechanics in
the same limit (Neunzert-Wick 1973, Braun-Hepp 1977, Dobrushin
1979)

Problem: to find a uniform in A convergence rate for the quan-
tum mean-field limit (Graffi-Martinez-Pulvirenti M3AS03, Pezzotti-
Pulvirenti AnnHP09, G-Mouhot-Paul CMP2016)
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’THE QUANTUM N-BODY PROBLEM
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Hartree equation

= a nonlinear, nonlocal Schrédinger equation on the 1-particle space
$ = L[?(RY) for the “typical” particle interacting with a large number
of other identical particles

Mean-field interaction potential and Hamiltonian:

Vp(t)(X) = /Rd V(X - y)p(tv)/>)/)d)/a Hp(t) = _%h2A + Vp(t)

eThe 1-body wave function 1) =1)(t, x) satisfies Hartree's equation

e = Hygyie s Pl =¥"
Density formulation the 1-body density operator p = p(t) satisfies
’hatp(t) = [Hp(t)v p(t)] ) p‘t:O = pin
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N-Body Schrédinger

Notation for a N-tuple of positions is Xy := (x1,...,xy) € (RN

eThe N-body wave function Wy = Wy(t,xi,...,xy) € C satisfies
the N-body Schrédinger equation

N
. 1
ROy = HyVyn, Hy:= Z—%thxjﬁ-N Z V(Xj_Xk)
=1 1<j<k<N

Action of the symmetric group: for each permutation o0 € Sy

UsVn(Xn):=Vn(o-Xy)  where o- Xy 1= (X;-1(1), - - - Xo-1(n))
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N-Body Heisenberg

eThe N-body density operator py(t) := |Wn(t,-))(Wn(t, )| satisfies
the N-body Heisenberg equation

ihatPN = [HNapN] ) PN‘tZO = pan
Density operators: set §) := [?>(R?) and $iy = H®V ~ [?((RY)N)
D($n) :=={p € L(Hn) s.t. p=p" > 0and tr(p) =1}

Indistinguishable particles < symmetric density operators

D(Hn) :={p € D(Hn) st. p= UypU; foreach o € Sy}

ePropagation of symmetry by the N-body Heisenberg equation:
pin e D (Hn) = pn(t) € D (Hy) for all t >0
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THE BBGKY HIERARCHY FORMALISM‘
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k-particle marginal of a density operator: for py € D*($)p), and
for 1 < k < N, define pk, € D3($y) by the identity

tre, (p',‘VA) =trg, (Pn(A® lg,_,)) for each A € L($)

e The integral kernel of ok, is defined in terms of the integral kernel
of pn by the formula

P (X, Yi) = / PN(Xis Zn—k, Yies ZN—k)dZn—k
(RI)N—k
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BBGKY hierarchy

Pbm: to find an equation for p',‘v knowing that pp is a solution to
the Heisenberg equation, where k =1,..., N

il =[R20, pf]

k
N—k k1] 1 k
+ T : |:\/j,k+17pN :| +N Z [vm,n)pN]
j=1 1<m<n<k
interaction with the N — k other particles recollision
Notation:
k
Vimn := multiplication by V(xm —x,),  AK:=> Ay
j=1
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The Hartree hierarchy

= p(t) is a solution to the Hartree equation, the sequence
( ) p(t)®* satisfies the infinite hierarchy of equations

k

ihdepic = [— 30205, o] + > [Vt praa]
R

j:1 :[Vp(t)(xj)vpk(t)]

Setting En k(t) := pr(t) — p,(t), one finds that

K
1hOtEn x = [—%ﬁ2Ak, En ] + Z [V)k+1, EN,k+1]k
j=1
k & 1
NZ[ jk+17pN] Yy > Wanm
j=1 1<m<n<k
O(k?/N) O(k2/N)
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A nonuniform convergence rate in trace norm

Thm | Assume that V € L°(R?) is even and real-valued. Assume
that the initial data for the N-body Heisenberg equation is factorized

ol o = (")

where p' is the initial data for the Hartree equation. Then

) o L 2Lriewe/n
trllon(t) = p(6)™71) < 2% rsemern

forall t >0, all k> 1 and all N > max (No(k),exp (21+16Wt/hk)),
where

No(k) == inf{N > e*st. n> N = 2""/2(k + $in n)? < 2n}

and
W = || V[ 1o (re)
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| THE OPTIMAL TRANSPORT FORMALISM |

Francois Golse Mean-Field and Classical Limit



Monge-Kantorovich-(Vasershtein-Rubinshtein) distances

Let 1, v be two Borel probability measures on RY.

Coupling of y,v: a Borel measure 7 > 0 on RY x R? such that

//Rded m(dxdy) /¢ dX)+Ad¢(y)V(dy)

for all ¢, € Cp(RY).
Set of couplings of p, v denoted M(u,v)

Monge-Kantorovich distance (exponent p > 1):

1/p
distpk p(p, V) = inf // |x — y|Pm(dxdy)
me€M(p,v) J JRIxRY
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Quantum couplings and pseudo-distance

eDensity operators on a Hilbert space $):

pED®) & p=p">0, tr(p)=1

eCouplings between two density operators p1, p2 € D(9):

tres((A® 1)p) = try(Ap1)

peEDHRHN)s.t. { trams (1 © A)p) = tre(Ap2)

for all A € L($); the set of all such p will be denoted Q(p1, p2)
eFor p1, p» € D(L%(RY)), define

1/2
d
MK3 (p1,p2)= _inf )tr (Z((Xj - )’j)z—hz(axj- - 6},1.)2)p)

p€Q(p1,p2 =
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The quantum estimate

Thm Il [FG - C. Mouhot - T. Paul, CMP2016]
Let the potential V be even, real-valued and s.t. VV € Lip(RY).

Let pr(t) be the solution of Hartree's equation with initial data p!",
and let py ;(t) be the solution of Heisenberg's equation with initial
data py ;, € D*(H)w).
Then, for each t >0

MK3 (pn(t), pi (1)) *MKh(( meEN, o p)?ett

with
L:=3+4Lip(VV)?
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Dynamics of quantum couplings

Let RI" € Q((p™)®N, pin) and let t — Ry(t) be the solution of

ih0:Ry = [Hy) @ I + 1@ Hy, Rul,  Ru|,_, = RN
Then Ry(t) € Q((p(t))®N, pn(t)) for each t > 0. Define

N
1 * *
Dn(t) = tr N;(Qj Q + Py Pj)Rn(t)
J:
with
Qi=xi—yj, Pj=%Vy-V,), P;:="divg—div,)

J
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ldeas from the proof

Need to control the operator

[Hpy @ I+ 1@ Hn, Q7 Q1 + PiPi]

in terms of

N
z (QQ + PP
and

N
tr NZ "= Xk) Pr() = O(1/N)

Both steps use the Lipschitz continuity of VV
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PROPERTIES OF MK/
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Wigner and Husimi transforms

eWigner transform at scale % of an operator p € D(L%(RY)):

Walel(x,€) = oy /Rd e "V p(x + 3hy,x — 3hy)dy

eHusimi transform at scale h:

Wilpl(x, &) = e"®</*Wy[p] > 0

One has
/Rd y Wh[p](x,g)dxdg =tr(p) =1
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Toplitz quantization

eCoherent state with g, p € RY:
lg + ip, h) = (Wﬁ)_d/‘le—\X—q\z/Zheip-x/h

eWith the identification z = g + ip € C¢

OPT(u) = W /cd |z, W)z, B|lp(dz), OPT(1) =1

eFundamental properties:

p= 0= OP7() 20, t(OPT () = g [ n(e)

elmportant formulas:

WB[OPT(,U)] = (27r1ﬁ)d eﬁAq’PMM ) WE[OPT(M)] = (273ﬁ)d eﬁAq’p/zﬂ
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Comparing MK} with distyk 2

Thm 1l [FG - C. Mouhot - T. Paul, CMP2016]
(a) MK} is not a distance: for all p1, pa € D(L?(RY)), one has

MK (p1, p2)? > max(2dH, distmk o( Wa[p1], Walp2])? — 2dh)

(b) Let p; be the Toplitz operators at scale 7 with symbol (27Th)duj,
with pj € 732(Cd) for j = 1,2; then

MKZ (p1, p2)? < distmi 2(p1, p2)? + 2dh

Notation: P(RY) = set of Borel probability measures on RY, and

Po(RY) = {M € P(RY) st. /Rd x| () < oo}
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Consequence of Thm [+l

Corollary
Let the potential V' be even, real-valued and s.t. VV € W1°(R).
Let pn(t) be the solution of the Hartree equation with initial data
p, assumed to be a Toplitz density operator. Let py;(t) be the
solution of the N-body Heisenberg equation with initial data (p™)®N,
Then . .

distvr 2(Waloh 5 (£)], Walpn(t)])?

Lt 1

8 et —
<2 Le g —IVV|Poe ——=
< 2dh(et +1) + 4 [VV|3 S

eConvergence rate as N — oo that is uniform as i — 0...
e... but this estimate says nothing for 7 fixed
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THE INTERPOLATION ARGUMENT ‘
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Interpolating between distyk > and the trace norm

Lemma:

(1) Let u,v € P(RY) and M(u,v) be the set of couplings of y,v.
Define

disty(p,v) = inf // min(1, |x — y|)m(dxdy)
RIxRd

reN(uy)

Then
disty (p, v) < min(||p — v[|7v, distmk 2(#, )

(2) Let p1, p2 € D(9H); then

|Whlor] = Walpal| | < tr(lo1 = pal)
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The h-uniform convergence rate

Thm IV

Let the potential V € CY1(R?) be even and real-valued.

Let pp(t) be the solution of the Hartree equation with Toplitz initial
data p;’ € D($), and let pyx(t) be the solution of Heisenberg's
equation with initial data (pi")®N.

Then, for each t* > 0, one has

. . . #* 1+€Lt*
sup disty(Wa[on(t)], Walpk 1(£)])? < 64dW In 2(|)
0<t<t* ’ nin N
where

W = ||V|| (oo (re) and L:=3+4Lip(VV)?
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eUse the BBGKY estimate (Theorem I) for 2 > O(1/InIn N)

eUse the optimal transport estimate (Theorem II+I1l) otherwise
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Conclusion

eUniform in /i convergence rate for the mean-field limit of the N-body
quantum problem with factorized initial data

eFormulated in terms of the Dobrushin weak convergence distance
on Husimi transforms of the Hartree solution and of the 1st marginal
of the N-body density operator

eDecay of order O(1/V/InIn N) most likely non optimal, due to the
finite time (Cauchy-Kowalevski) limitation in the stability of the
BBGKY hierarchy

Other approaches avoiding BBGKY hierarchies?
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