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Dipolar Bose-Einstein Condensate

Experimental setup
@ Molecules meet to form dipoles
@ Cool down dipoles to ultracold
@ Hold in a magnetic trap
@ Dipolar condensation

2005@Univ. Stuttgart, Germany with Chroimum (Cr52)
2011@ Stanford with Dysprosium (Dy164)
2012@ Innsbruck, Austria with Erbium (Er168)

Molecules meet: there are
temporary attractions and
repul sions between electrons

' and nuclei
J
Weak attractions
Non-polar molecules between temporary

move together dipoles
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Mathematical model

@ N-particle system: N-Hamiltonian system (dimensions 3/V)

@ Mean-field approximation: particles described by a single wave
function.

o Gross-Pitaevskii equation (GPE) for weakly interacting dilute
boson gas at zero temperature

0 =~ A9+ VO + B9, x € B3

@ 1) complex wave-function describing the condensates
@ V/(x) real trap potential

@ 3 > 0-defocusing (repulsive interaction); 8 < 0-focusing
(attractive interaction)
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Validity of GPE for BEC without dipole-dipole interaction

o from N-body theory for system of trapped particles to GPE
theory

o time-independent GPE (R.Seiringer, E.H. Lieb and J.
Yngvason PRA,2000)

e time-dependent GPE (H.T. Yau et al., Ann. Math, 2010;
Xuwen Chen, ARMA 2013)
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Mathematical Model for dipolar BEC

e Dipolar Gross-Pitaevskii equation (re-scaled): 1 := ¥(x, t),
x € R3

i0p) = [—%W + V(x) + Bl + A (Uaip * |¢|2)] W,

e Trapping potential: V(x) = %(ﬁxQ + 7§y2 + 7222)
@ Interaction constants: /3 (short range), A (long range)

@ Dipole-dipole interaction (DDI) kernel:

2
3 1- 3t 3 1-3cos?(6)

47 |x|3 C Arx |x|3 ’

Udip(x) = n fixed &|n| =1
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Mathematical Model

Dipolar kernel:

L= i _ 2 2 3
Uaio = 203 (1-3(x-n)*/[x]*), xeR (2.1)

e Highly singular near 0, Ugip(x) = O(#)

X

— 2
e Fourier transform: (Ugip)(§) = —1+ 3(|2'|§) , (eR?
No limit at £ =0
No limit as |£]| — oo

Omit the singularity at £ = 0, when simulating
Locking phenomena in computation
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Our formulation

o Identity!: r = [x|, O =N -V, On = On(On)

3 (1_3(n-x)2 1

Uan) = o (1= 2055 ) =000 - Omlg)  (22)

e Dipole-dipole interaction:

1
Udip * |¢|2 = _|71[}|2 — Omntp, = m & |7,ZJ|2, (2.3)

1
p = Iy & |¢|2 — —Ap = |¢|2 (2.4)

10'Dell et al., PRL 92 (2004), 250401, Parker et al., PRA 79 (2009), 013617
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Reformulation

e Gross-Pitaevskii-Poisson type equations:

0 = [;vz + V(%) + (8 = Nlvl* - 3A6,mso] v,

V2p(x, t) = —|9(x, t)|?, lim o(x,t) =0,

|x|—00

e Energy

1 - A 3\
E(v) = /]R 3 [EIVW + VI + BTW + 3|anw|2] dx
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Ground States

e Nonconvex minimization problem
E(¢g) = min E(9), S ={4[ldll2 =1, E(9) < o}
e Nonlinear Eigenvalue problem (Euler-Lagrange eq.)
1
6= [ <584 V) + (5= NIOE ~ 330 |
—Ap=lgf,  lim o(x)=0, [i¢l2=1

e Chemical potential p:
1 5 ) y .
o= R3 §|V¢| + V()9 + (B = A" + 33X Ve~ | dx

—£(0)+ [ || 25200+ Sionvel?| ax
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Ground state results

(Bao, Cai & Wang, JCP, 10’) Assume

V(x) >0, xecR3 and lim V(x) = co(confining potential)

[x| =00

e Results
o Existence of ground state ¢z € S if >0, 22 <A< 3

o Positive ground state is unique, ¢pg = e’90|qz$g ,
o Nonexistence of ground states, i.e. Iig1 igf E(¢) = —oc0
€

e /<0
o,BZOand)\<—§or/\>ﬂ
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Numerical method for ground state

e Gradient flow with discrete normalization (imaginary time):

0u6(x,1) = | 372 = V(<) = (5= N[0l O + 3 0m(x.1)| o, ),

V2QD(X, t) = —|¢(X, t)‘27 X € Qa t, <t < tn—i—l,
y by
¢(X, tn+1) = ¢(X, t:—}—l) = L_,H_l)a X € Q7 n= 07
||¢(? tn+1)’|2

¢(x’ t)|xeaﬂ = (P(X7 t)|xeaﬂ =0,t>0; ¢(xv 0) = ¢0(X)7With ||¢0”2 =1

o Full discretization
e Backward Euler sine pseudospectral (BESP) method
@ Avoid zero-mode in phase space by using DST
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e Evaluate Egip(¢) = %f]}@ (Udip *1|¢|2) |¢|?> dx via DST and FFT
2 2 2
for ¢ := B(x) = Trf3/4,yi/2,yi/4e—§(vx(x +y2)+z2 )' x € R3
o Case l: v, =0.25, v, =1
o Case lliyy =7,=1

o Case lll: =2, v, =1

Case | Case Il Case Il
DST DFT DST DFT DST DFT
2.756E-2 2.756E-2 | 3.555E-18 1.279E-4 | 0.1018 0.1020
1.629E-3 1.614E-3 | 9.154E-18 1.278E-4 | 9.788E-5 2.269E-4
1.243E-7 1.588E-5 | 7.454E-17 1.278E-4 | 6.406E-7 1.284E-4

Table: Errors, mesh size h =1,0.5,0.25 from top to bottom
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Figure 2: Isosurface plots of the ground state |¢,(x)| = 0.08 of a dipolar BEC with the
harmonic potential V(x) = § (+* + % + :%) and 3 = 207.16 for different values of 4: (a)

=05 b =0(c) $=0.25 () =05 (&) 3 =0T (D § =1.
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e The problem

Deb(x,8) = | =572+ V() + (8 = VI = 30w .

V2e(x,t) = =[(x, t)]%, lm o(x,t) =0, x€R? t>0

[x| =00

P(x,0) = ¢o(x), x€ R

e Mathematical question: Existence and uniqueness
e Existing results

@ Carles, Markowich & Sparber, Nonlinearity, 21 (2008)
@ Antonelli & Sparber, Physica D (2010)
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Well-posedness Results

e Energy space:

@ YpeX=
{ue H®3)|[lull%k = IVull3 + lull3 + [ga V(x)|u]? dx < o0}
o Results:

@ Local existence, 3T € (0, 00| such that problem has a unique
solution 1) € C((O T], X)

o If >0 and — < A < B, global existence, T = oo
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Dipolar GPE in reduced
dimensions
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Two dimensions case One dimension case

Dimension reduction

e Dimension reduction, i.e. 3D — 2D or 1D (Cai, Rosenkranz,
Bao, Lei, PRA, 10')

1
V(x) =5 (7 +y) +122°), x=(xy,2) R’

@ v =1,/v, < 1, Disk-shaped BEC, 3D to 2D
® v =1,/v,> 1, Cigar-shaped BEC, 3D to 1D
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Two dimensions case One dimension case

Quasi-2D dipolar GPE

e Assumption: V(x,y,z) = V,(x,y) + %322 (vy=7%/7: < 1,
vr = 1)

22

o Ansatz: ¢(-, t) ~ e_l"7¢(x,y, wy(2), wy(z) = We_h

@ Substitute the ansatz into dipolar GPE, multiplying both sides
by wy(z) and integrating over z
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Quasi-2D dipolar GPE

Two dimensions case One dimension case

@ Quasi-2D equation:

. 1 3\
/at¢ = _EA + Vr + 62D|¢’2 - 7(8nJ_nJ_ - ngA)SOM] ¢7
where op = %\/%\"2 x=(x,y)", nL = (ne,ny)7,

Ony =01V, Onn, =0On, (On,), A =D + 0y, and

e—52/2

ds
2\/_7r3/2 R +/|X|? + vs?

P?P(x, 1) = UiPx[gl?,  U3P(x) =

o As v — 01, 0?0 ~ (—A)"1/2|¢)2
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Two dimensions case One dimension case

Properties of U2P(x)

e r=|x|
U3P(r) ~ \/—3/2[ Inr+1In2,/y+ C], near r =0,
1
UP(r)~ =—, asr—

21r

'v£2

° U2D (len==2 2, wd&

near £ =0

== 1
UZP([¢)) ~ G

=== 2 1
UZD(Je]) ~ @ G sl
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Two dimensions case One dimension case

Cauchy problem for 2D dipolar GPE

197122 g 12

o L2 R2
Cb = |nf0¢f€H1(R2) I )

L4(R2)

(Bao, Ben Abdallah & Cai, SIMA, 12') Energy space

x={oc @) [ 1Plo00R ox < oo

o local well-posedness: 3 a unique solution
o(x,t) € C([0, T),X)
@ global well-posedness
o A>0andf—X>—V2rCy /7,
o A< 0and B+ 3(1+32n2 - 1|)A > —v21Cp /7.
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Two dimensions case One dimension case

Ground state of the 2D equation

3\
4

1 P
Exp(®) = /2 [§|v<1>|2 + V,(x)|®[ + Bop|®|* — ==|®|?p2D | dx
R

_ ﬁ—A+3n§A
where 52D = W

S02D — (anLnL . n2A) §02D, S02D _ U,%D o ’¢|2

z

e Ground state
min Exp(®P) subject to ||®||;2 = 1 and Exp(P) < oo.
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Two dimensions case One dimension case

continued

Theorem
Vi(x,y) = %(X2 + y?), then
(i) 3 a ground state &, € X if

@ A>0andB—A>—V2rCy/7;

o A< 0andfB+3(1+312n2 — 1A > —v21Cp /7.
(i) ®, = €/%|d,| (0 € R). the positive ground state || is unique
if :

@ A>0andf—X>0;

° A< 0andB+3(1+3]2n2 —1)A > 0.
(i) If B+ 3A(1 — 3n2) < —V/27wCy /7, there exists no ground
state of the equation
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Two dimensions case One dimension case

Numerical method for ground state

e Gradient flow with discrete normalization

at¢(xa t) = _5E25—D(;¢)’ th <t < thi1,
00 1)
s tn = 9 A — —n+17 Q7 Z 07
(%, tn1) == d(x, th, 1) oG )l X € n

¢(X, t)|x€69 = (p(x’ t)|x€8f2 = Oa t>0; ¢(X, 0) = d)o(x)aWith ||¢0”2 =1

e Full discretization
@ Backward Euler Fourier pseudospectral (BEFP) method
@ no singularity for zero mode

67752/2
/R e

‘]: ((8nLnl = ngA)U$D> (f)’ — 0, as |{] — 0.

1

™

025 ()| =

1
Siv £€R27
€]
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Two dimensions case One dimension case

Convergence of the 3D GPE to 2D GPE

Theorem

Suppose B = \/7Bo, A = \/Tho, =2 < Xo < fo and o > 0, let
Y7 € C([0,00); X3) and ¢ € C([0,00); X2) be the unique solutions
of the 3D and 2D equations, respectively, satisfying

P (t =0) = ¢(t = 0)w,(2),

then for any T > 0, there exists Cy > 0 such that

< Cr+/v,Vte |0, T].

y

[0 y,2,8) = e F(x,y, yw, (2)

[2(R3)
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Two dimensions case One dimension case

Comparison of the ground states

N
PR
«=
:
1 1 1 L Il
(=} 0 =] - ™ Qo o el - Il
5= 2 2 2 <2 9 = 9 s <
s 3 3 38 & 38 & S 3
(Z2/N Jo simun) | azaa (Ev/N Jo snun) |dza|
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Two dimensions case One dimension case

Comparison of the ground states

e Aspect ration: o, /0,

= \// ?[g(x)Pdx, a=xy
Rd

g

e’
® E4d — )\/B
(a)
1.0 = & T T T
L e i
0.9 *-. e
§ L
~ 0.8F .
=
s} L j
0.7 n !
L -" niTz’
0.6 I L 2 I I I I 1 L
00 0.2 04 06 0.8 1.000 0.1 02 03 04 0.5
pad /7 (rad)
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Two dimensions case One dimension case

Dipolar GPE in 1D

e Assumption: V(x,y,z) = 272 + M (y>1)
o Ansatz: (-, t) = e tP(z, t)wy(x, ),

wi(x,y) = 2V
@ 1D dipolar GPE:

1

. 22 2
’8t¢ = __822 + ? + 61D|¢’ -

2 8v2m

IX(1—3n2
where fp = 2227730 é,r 1)

B \/27,76722/2 00

1D _ /1D 2 1D
¥ (Za t) - U’y *|¢| ) U'y (Z) ﬁ |z|

AAGE 1),

zzP :| b,

e~ 75/2 ds, z e R.
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Two dimensions case One dimension case

Properties of Ul°(z)

U1D \/ |z| + 0(z%), znear 0

Nx/_IZI

V2 oo 27
Vrdo s ds

UID(€) ~ %(—% —2Inj¢ +In(2)), & near 0

— 2./2
UID(¢) ~ ﬁ—g

@ .- Euler-Mascheroni constant

as £ — .
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Two dimensions case One dimension case

Cauchy problem for 1D dipolar GPE

(Well-posedness) Energy space

x={o.€ HHR)| [ xPloGo)? o < oo

o global well-posed: 3 a unique solution ¢(x,t) € C ([0, T), X)

4
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Two dimensions case One dimension case

Energy for 1D dipolar GPE

30/A(1 —3n2)
16v27

9,02 22 1
Eio(®) = [ [+ 2 0P+ iolol*+ 9 ¢laz

1 _ 2.2
where S1p = fyw and

o(z) = 8ZZ(U%D & |¢|2)'

@ Ground state
min E;p(P) subject to ||®||,2 =1 and E1p(P) < 0.
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Two dimensions case One dimension case

Ground state for 1D dipolar GPE

Theorem

For any parameter 3, \ and ~y, there exists a ground state of the
1D equation and the positive ground state |®4| is unique under
one of the following conditions:

o A(1—3n2)>0and B — (1—3n2)\ > 0;
o A(1—3n2) <0 and B+ 5(1—3n2)>0.

Moreover, ®, = e'%|®,| for some constant 6y € R.
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Two dimensions case One dimension case

Numerical method for ground state

e Gradient flow with discrete normalization

8t¢(X, t) = _5E15—D<;¢)7 tn S t < tn-l—la
ool ity Pot) Q. n>0
oo tra) =900 o) = o e e <€ 720

¢(x; t)lxcan = P(x: t)lxean = 0, t = 0; 9(x, 0) = ¢o(x), with [|go|2 = 1

o Full discretization
@ Backward Euler Fourier pseudospectral (BEFP) method
@ no singularity for zero mode

—

azzugD(g)‘ 0, as ¢ = 0.
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Comparison of the ground states

[1p|? (units of N/a.)

[1p|? (units of N/a.)

0.1

0.0

Two dimensions case One dimension case

—10 0
z (units of a.)

10

—10 0 10
z (units of a.)

35/48



Multi-layered dipolar BEC



Layered structure

@ Layered structure in daily life

Disk Drive
- Assembly

Electronic Board
Disk Stack,

Spindle & Motor ¢ Electronics
n Flex

iz

N E — D §
) 2 Actuator

Pico Slider Head Gimbal
Assembly +

Wafer Integrated Lead
Suspension

@ Layered dipolar BEC
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Dipolar GPE

@ Dipolar BEC confined in a ‘transverse harmonic potential'+
‘longitude optical lattice’

o V(x,y,2) = 2(x®+y?) + % b sin?(1z), x = (X,2), X = (x,y)
@ Dipolar GPE in 3D:

O = {—%V2 + V) + (8= MY+ Ap| v

# = Onn (—4 r

" |w|2) 0= (s ) 5] =
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Quasi-2D regime

@ Vo > 1, optical lattice approximated by a train of harmonic
potentials

@ the wave function separates as (Rosenkranz, Cai & Bao,
preprint, 11")

Y(x, 1) = e 72N "y (R, t)wy(2)
L

= V0_1/47T_1/2

W[(Z) = W(Z — ZZ) = (1/7‘(‘72)1/467(272[)2/272

o the Gaussians wy(z) do not mutually overlap
/ we(z)wj(z)dz =0, (#]
R
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Quasi-2D equation

@ The 2D equation for ¢y = 1y(X, t) at ¢th site (Vjo

. 1 1
iOpthy = [—EVZ + Vio + Ve

e potential Vjp, Fourier transform Vi, (k), k = k(cos ¢, sin¢)

V() = 30> ([(nxcosip + ny sin 9)? — 2] Ul (K)
J

I
N|—=
Rl

N
~—

[8— AL — 3m2)] fel? + VfD] .

. . Tl s
+ 2in,(ny cos ¢ + ny sin go)Uédd(k)> 9] (k).

o 0y =L —j, 1(s) = exp(s?)erfc(s), erfc(s) = 1 — erf(s)

Ny k 5 T (22k+ 6y 2k — by
UJK k ~c 2’\{2 < J) + ( J>:| ’
even( ) 4 I:n \@'y 77 \/i’y

52.
o= Ee B (P (P )]
° 4 V2y V2y
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V,p decomposition

@ separate / = j (intralayer) and / # j (interlayer)

Vin (k) = 3B[(nx cos  + ny sin ©)* — n2]Usp (K)[tbe 2 (k)
+ 3\ Z[nx cosp + ny sinp — in,sign(Jy;)]?
J#t
x U (K P(k),

o Upp = 2098 and

0o ifyx1
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Single mode approximation

@ If we assume that the the BEC densities in each layer vary
little over the central sites, we can simplify the 2D model to a
equation for the central site wave function ¥y(X, t)

o
i0¢ho = [—%V2 + Vho + ﬁ [8 = A(1 —3nZ)] ol + VZD] Yo

Vop(K) = 35([(nx cos ¢ + ny sin )2 — 2] Uap (k)

+ Z[nx cos ¢ + ny sin ¢ — in,sign(do;)]? Ué%(k))
Jj#0

X [to[? (k).

42/48



Numerical methods for ground states

@ For both 3D and 2D models, using gradient flow with discrete
normalization

For 3D GPE, the wave function vanishes at the boundary,
backward Euler Sine pseudospectral

For 2D model, backward Euler Fourier pseudospectral
n = (sin?,0,cos¥) "
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Comparison-particle number difference
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Central site density difference
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Mean-radius vs site number
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Dipolar Gross-Pitaevskii equations in reduced dimensions (1D,
2D)

@ Ground state and Cauchy problem for the 1D and 2D
equations

Model for multi-layered dipolar Bose-Einstein condensate

Efficient numerical implementation and good agreement
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THANK YOU !
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