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Set up of the problem

Jin-Xin hyperbolic relaxation system:
Oru® + 0xv¢ = 0,
OV + a0 Ut = )\e(x)(f(ue) - ve),
with a two-scale relaxation rate (0 < € < 1):

1, x <0,
/\ﬁ(X):{ 1 x>0.

e
Domain decomposition method:
e overlap vis non-overlap
e data transmission and derivatives matching
hamiltonian system vs dissipation system
steady calculations vs dynamical calculations

Motivation:
e Analysis of Asymptotic Preserving schemes,
o Kinetic-fluid domain coupling, localized kinetic upscaling
e Related to Milne problem in kinetic theory.



Set up of the problem

Assume a sub-characteristic condition:
|f'(u)| < a,

with compactly supported initial data up(x) € L>(R) N BV(R).
For simplest, assume f(0) = 0 and vp(x) = f(up(x)).
We assume either

0< C < f'(u), forallueR,

or
f'(u) < -Gy <0, forallueR.

Under this assumption, no shock wave can stick to the interface.



A decoupled zero € limit system

When f'(u(t,07)) <0,

Oru+ Oxf(u) =0, x>0, t>0,
u(0,x) = uo(x),

and set v(t,x) = f(u(t,x)).

Otu+ Oxv =0, x <0, t>0,
Orv + a0 u = f(u) — v,

v(t,07) = v(t,0%)

u(0, x) = uo(x), v(0, x) = wo(x).



When f'(u(t,0%)) > 0,

Oru + Oxv = 0, x <0, t>0,
Orv + 220 u = f(u) — v,

v(t,07) = f(u(t,07)),

u(0, x) = up(x), v(0, x) = w(x),

u(t,07) = u(t,07),
u(0, x) = up(x),
and set v(t, x) = f(u(t, x)).

{ Oru+ Oxf(u)=0, x>0, t>0,

We will only analyze these two cases.



Coupled system for general flux f (characteristic)

([ O;u+0xv=0, x<0, t>0
8tv+a(9 u="f(u)—v,
v(t,07) = f(u(t,07)),

u(0, x) = uo(x), v(0,x) = vo(x)

Oru+ Oxf(u) =0, x>0, t>0

v(t.x) = Fu(t,x)),
u(t,0%) 2 u(t,07),
u(0,x) = up(x)

Bardos-Lerous-Nédélec condition: for all k between u(t,07) and
u(t,0).
sgn(u(t,07) — u(t,07)) (F(u(t,01)) — f(k)) <0,
If £/ >0, then BLN reduced to u(t,07) = u(t,07)
If f/ <0, then BLN is always hold.

Hence, when f’ £ 0, this system is reduced to the previous
decoupled system.



Connection profile for general flux f (characteristic)

The connection profile is given by

azjyuu,y) = fU(t,y)) = v(t,07), y >0, U(t,0) = u(t,07)

and it is possible to connected to a middle value u(t,0™) with
f(u(t,0m)) = f(u(t,07)) and there is a stationary shock at the
end of profile connecting u(t,0™) and u(t,0").

Example:

1 for x <6

for x >0 020

e-limit coupled system.



Vasseur's result on coupled kinetic and Burgers' eq
Perthame-Tadmor kinetic model with a two-scale relaxation rate

O € + EDFC = Ac(x) (MF — £°)

u = /R fdg, Mf = M(U,é) = 1{0S§§U} — I{USESO}
compatibility condition
0 < Sign(§) f(§) <1

For 0 < ut < L, fy € L®(R,[-L, L])
Initial data case I:

M(ut,¢), for x < 0,
OO v N ST

Initial data case Il:

Supp fo € [-L,u™ —n], forx <0,
fo = M(—ut,¢), for x >0, £ € [-L, L]



The coupled zero € limit system

f(tv 0—75) = F(t7 0+7€)7 f < 0
f(O,X,g) = fb(X,f)

{gayFMF F,y>0, geR

{ Oif +E0F =MFf —f, x<0, E€R

F(8,04,8) =£(t,0,¢), £

Ju €F(t,y.€) d€ = Fu(t,04)?, y >0
8tu+%8xu2:0, x>0, t>0
v(t,x) = f(u(t, x)),

u(t,0%) = /2 [ e (£,0-,6) o,
u(0, x) = uo(x)

Vasseur's Results: Well-posedness and stability of the limit system;
Convergence to the limit system for the two class of initial data.




Existence and stability for the ¢ system

For any € > 0 and T > 0, there is a unique weak solution (u€, v°)
in L1((0, T), L}(R)) and satisfies the following a priori estimates:

(1) Nu(t,) o)< €, vt ) I < Ci
(i) TV(v(t,)) < C
(iii) TV{X<0}(UE(ta )) < C(l + T)a

-
oo (e(e) < € (141 ):
() [lu = F ) o, my 2y < €1 Ve
for all time T > 0 while

(v)/ (1, X) — (b1, X)|dx < Clto— 11, 0< t1 <t < T
R

/ [ve(ta, x) — v(t1, x)|dx < Clta — t1].
R



Outline of the proof

e Smoothing the data up 5(x) = ps * up(x), Ae,5(x) = ps * Ae(X).
We skip subscripts €, d below for clearlity in expression.

e Use the characteristic variables,
re(t,x) = a u(t,x) £ v(t, x),

one has L!-contraction:

/ll M(|r+—F+|—|—\r,—F,|)dX
x| <

< / (1(r)o = (7)ol +1(r=)o = (7-)o| ) (x)dx.
[x|<M+at

for any two classical solutions (u°, v©%) and (a9, 7<),
vanishing outside the cone |J,5q[—(M + at), (M + at)].



Outline of the proof

e Uniform L1 estimate for the time derivative sy = ad;u + d;v

05— — adxs— = —Ae5(X)R(s-,54+),
O¢Sy + adxsy = A s(X)R(s-, 54+),

with n
S_ St _ Sy —S—
5 5 (8)

The sub-characteristic condition implies

Ris_.s) = /()

O0s_R(s—,5+) >0, 05, R(s-,s+) <0

/ (]s+(t,x)] + |s_(t,x)|)dx
[x|<M

< /|X|<M+at (155-(0, %)| + [s_ (0, x)[) dx



Outline of the proof

e BV estimate of v° immediately follows from Oyv = —d;wu.

e Entropy dissipation estimate. For Chen-Levermore-Liu entropy
pair &, W,

Ow®(u,v) > C,9(0,0) =0,0,P(u, f(v)) =0,Vu € R,
Bed(u, v) + 0V (u, v) = Acs(x)0, (v, v)(f(u) - v).

0t P(u, v)+0V(u, v) = =X 5(x)0n ®(u, Gl)f/(02)2|f_1(v)—u\2

for some 61 in between v and f(u) and 67 in between u and
FH(v)



Strong convergence in L*((0, T) x R)

For any T > 0, (u¢, v¢) converges to (u,v) in L1((0, T) x R).

e (u,v) is a weak solution in (0, T) x R}).

e u is an entropy solution in (0, T) x R}) and v = f(u) a.e.

e ur+ v, =0inD'((0, T) x R).
(u,v) € BV((0, T) x R). For a.e. t >0, there exist left and
right traces u(t,07), u(t,0"), and v(t,07) = v(t,07).

L1 contraction:

1 _ 1 _
Sl = P8 Mgy + 5210 =7 Mg
(= B)(E N iager) < oo — o lixge,

and the estimates reduced from e-system.



Matched asymptotic analysis
o Blow-up: y =%, (U, V0)(t,y) = (u“®, v¥O)(t, ey),
20U = ed 5(ey)(FU) — V) — €9, V0,

e Forany L >0, TV (Z/{e"s(t, )) <CL
o Let § — 0, then let € — 0, (UO(t,-), V°(t,-)) converges to
U(t,-),V(t,-)) in LL (R,) for any given t > 0 and satisfy

loc
0V =0, 220U =1r0(F(U)—V), inD'(-L,L)

e U(t,-), V(t,-) Lipschitz; admit U(t, +o0), V(t,+00);
V(t,y) =V(t,+o0) = V(t,—x), y € R;
U(t,y) =U(t, —o0), y <0; F(U(t,+00)) = V(t, —00);

a2dyU(t,y) = f(U(t,y)) — V(t,+0), y >0,

If U(t,-) is not locally constant for y > 0, then it is strictly
monotone for y > 0 and ' (U(t, +0)) < 0.



Matched asymptotic analysis

e Fora.e. t >0,V and v perfectly match
V(t,y) = v(t,07) = v(t,07), forall y € R.
U and u are linked according to
U(t,y) = u(t,07), y<O0.
Defining Ry (t,y) = ald(t,y) = V(t,y), then
S (IRi(8y) = 1= IR ()~ (1))
> sgn(u(t,07) — k)(f(u(t,07)) — f(k)), y >0,

forany £ € R s.t. k = (£ + h(£))/2a verifies |k| < [[uo]| Lo (w)-



Matched asymptotic analysis

e For a.e. t > 0, the following Kruzkov inequalities hold

sgn(U(t, +00) — k) (f(Z/l(t, +00))— f(k))
> sgn(u(t,0") — k)(F(u(t,07))—f(k)),

for all k € |[U(t,+0),u(t,07)]. In particular, we have:
fU(t,+00)) = f(u(t,07)) = v(t,07).

hence
U(t,+00) = u(t,0T).



Theorem:

1. There exists a unique solution (u€, v¢) to the original
two-scale problem.

2. There exists a unique solution (u,v) € L> N BV(R' x R) for
the zero-€ limit system and satisfying L-contraction,

1
o5 lIr () = ri(t, )HLlR)+ Irh (e, ) = () lages

2
+ [lut (e, ) — P (t,0) HLl(R;)SH ug — U 11 (R,)»
for any two solutions (u!, v!) and (u?, v?). Here
ri = (au" £ v')(t,x), i =1,2.

3. Forany T >0, (u¢, v¢) converges strongly to (u, v) in
L((0,T) x R).



Numerical example 1

Let f(u®) = (e™“" — 1), with initial condition u“(x,0) = sin(7x).
In this case, f'(u) < 0, so there will be an interface layer at the
interface x = 0.
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Figure: T =0.5,

Ax =0.04, At =0.02.
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Figure: T =0.5, Ax = 0.01, At = 0.005.



1, if —1<x<0.2;

w0 =911 ifoo<x<1.

T=0 T=02 T=04
2 2
15 15 15
1 1
s s
s 0 0
05 a5
El El
15 -5 15
2 E 2
1 05 0 05 1 1 05 0 05 1 1 5 0 05 1
x X x
=07 T=10 =12
2 2 2
+ Aaniytical U
15 15 15 it
‘_“ 1 1 © underrelax U
0 e 0 . 0 .
a5 § 05 i a5
1 | 4 [F— ) |
15 -5 15
2 E 2
1 05 0 05 1 El 05 [ 05 1 gl s 0 05 1

Figure: A shock from the right region passing through the interface.



-1, if —1<x<0.2
1, if0.2<x<1.
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Figure: Rarefaction wave



Numerical example 2

€

Now we consider the case f'(u) > 0. Let f(u¢) = z(e"
initial condition u¢(x,0) = sin(rx)3.
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Figure: T = 0.6, Ax = 0.04, At =0.02.
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-1, if -1 <x<-0.2;

w60 =91" i 02<x<1.
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Figure: A contact discontinuity passing through the interface.
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