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e QCR? d=2,3: bounded open Lipschitz domain,
@ T: length of the time interval of interest, and

@ 0:=Qx(0,T): the associated space-time domain.

Consider the following system of nonlinear PDEs:

p(us+diviu@u))—divT =p f in Q,
divu =0 in Q,
u(-,0) =wuo(+) inQ,

and the boundary condition

u=0 on dQ x (0,T).
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We assume that the Cauchy stress T is decomposed as
T=—-pl+S,+S,,
where

@ p: 0O — R is the pressure;

© S, :Q— R is the viscous part of the deviatoric stress;

S, and D(u) := 1(Vu+ (Vu)T) are assumed to be related via
a maximal monotone graph described by the implicit relation:

G(S,.D(u)) =0,

()

. Rdxd dxd dxd ; ;
where G : R{7F < REGH — RETE is a continuous mapping.

eS,:0— Rfyfnd is the elastic part of the deviatoric stress.
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ie. 2v(D(w)P) (T + 1Sy —T.))D(w) = (ISy] —T.), Sy, T > 0.



Examples of S,(=17) vs. D(u)(=Y)

Rheological Models
Newtonian Model Power Law Model
Shear Shear
stress stress
T T
Shear rate y Shear rate y
Bingham Plastic Madel Herschel-Bulkley Madel
Shear Shear
stress stress
T T
Shear rate y Shear rate y



We identify the implicit relation (2) with a graph 4 C REx¢ x RExd e,

G(S,D)=0 < (D,S) € 4.

We assume that, for some r € (1,), 4 is a maximal monotone r-graph:
(A1) A includes the origin; i.e., (0,0) € 4;
(A2) A4 is a monotone graph; i.e.,

(S] —Sz) . (D1 — Dz) >0 for all (Dl,Sl), (D2,Sz) € 4,
(A3) A4 is a maximal monotone graph; i.e., for any (D,S) € Rf;nd X Rfyfnd,
if §—S)-(D—D) >0 forall (D,S) € 4, then (D,S) € 4;

(A4) A4 is an r-graph; i.e., there exist positive constants Cj, C, such that

S-D>Ci(ID|"+1S|”) — G, forall (D,S) € 4.
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Definition of S,: kinetic theory of polymers

Arbitrary point
fixed in space

Let D; CR?, i=1,...,K, be bounded open balls centred at 0.
Consider the Maxwellian M(q) := M (q1)---Mx(qk), with g; € D;, where
e Uizlail)

1 eri(%‘PiF)dpi’

i

Mi(q;) =

i=1,....K.
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S, is defined by the Kramers expression:

o(x,1) —kBTZ/M Y(x,q,1) ®q:dq,

where ¢ = (q{,...,qf)T € Dy x -+ x Dg =: D and
yi=y/M

is the normalized probability density function, that is the solution of a
Fokker—Planck equation.
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Fokker—Planck equation

The function ¥ = /M satisfies the Fokker—Planck equation:
(M), + div (M) + divg (M (Vu)q) = AM) +divg AMVg) (3)

in Ox (0,T), with O:=Q x D, subject to the boundary conditions:

MVy-n=0 on dQ x D x (0,T),
(MY(Vu)g; — Ai(MVqVy)) -n; =0 on Q x dD; x (0,T),
forall i=1,...,K, and the initial condition

\Tf(X,q,O) :{I}O('xaq) in O.

A e RERE: Rouse matrix (symmetric, positive definite).

12 / 31
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Assumptions on the data

For the Maxwellian M we assume that

M e Co(D)NC2 (D), and M >0onD.

loc

For the initial velocity uy we assume that
2
ug € Lj giy(Q)-
For Wo :=Wo/M we assume, with O:=Q x D, that
Yo >0 ae. in O, ology € Ly, (0),

and that the initial marginal probability density function

| M@)ol 0)dg € ().
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Theorem

Ford € {2,3} let D; CR?, i=1,...,K, be bounded open balls centred at

the origin in R¢, let Q C R? be a bounded open Lipschitz domain and

suppose f € L' (0,T; WO_(;IVY/(Q)), r € (1,0). Assume that 4, given by G,

is a maximal monotone r-graph satisfying (A1) — (A4), the Maxwellian
M : D — R satisfies (4), and (w0, Wo) satisfy (5)—7).

Then, there exist (u,S,,S., W) such that
uc Lm(oﬂ T;L(z),div ('Q)d) er(Ov T;WOIJ('Q)d) N WlJ* (07 T;WOlei;/r* ('Q))a
S, €L (0,T;L" (Q)%*9), S, € L*(0,T;L*(Q)?),
Ve L*(Q; Ly, (D)) NL*(0,T;W,;' (0)), ¥ >0 ae inO0x(0,T),
My W 0,7;Ww11(0),  Wlogy e L7(0,T;Ly,(0)),

where
rt = min{r’,Z,(l—i—%)r} and 7= L,




Theorem (Continued...)

Moreover, (1) is satisfied in the following sense:

/ut, dt—i—/ (u@u,Vw) + (Sy, Vw))dr
_/ (Se, V) + (fow))dr  forallw € L*(0,T; Wi (Q),

where

(Sy(x,1),D(u(x,t))) € 4 fora.e. (x,t) € Q,

and S, is given by the Kramers expression

K
Se(x,1) :kBTZ/DMti\TJ(x,q,t)(X)qidq fora.e. (x,t) € Q.
i=1
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Theorem (Continued...)
In addition, the Fokker-Planck eqn (3) is satisfied in the following sense:

[ (019).0) ~ (4uT,V0)o ~ (5(Vu)a,Vat)o]

T
+ [ [0V V0)0+ (M AVq9, Vq0)] di = 0
forall g € L(0,T;W'=(0)),

and the initial data are attained strongly in L*(Q)? x L},(0), i.e.,

lim [|u(:,1) —uo() I3+ [IW (1) = $o(-)lly (o) = 0.

t—04
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Theorem (Continued...)
Further, fort € (0,T) the following energy inequality holds in a weak sense:

d S L ~ -
5 (o f iog® avaa-+ 31ulg) + .0 + 4k (M9 79\ 5 )

+ 4k (MAV,,f,V,,ﬁ;) < (f,u),  withk:=kgT.
o
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Proof

STEP 1. Truncate Y in the Kramers expression and in the drag term in the
FP equation by replacing Wy with 7;(), preserving the energy inequality.
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STEP 1. Truncate ¥ in the Kramers expression and in the drag term in the
FP equation by replacing Wy with 7;(), preserving the energy inequality.

STEP 2. We form a Galerkin approximation of the velocity and the
probability density function, resulting in a system of ODEs in t.

STEP 3. The sequence of Galerkin approximations satisfies an energy
inequality, uniformly in the number of Galerkin basis functions and the
truncation parameter /.

STEP 4. We extract weakly (and weak*) convergent subsequences, and
pass to the limits in the Galerkin approximations.

STEP 5. We require strongly convergent sequences for passage to limit in
£ in the various nonlinear terms. This is the most difficult step to realize.
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weak convergence —» strong convergence
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Weak convergence — Strong convergence
d —~ ~ — —
(1 f M9 08 araa a1 ) + (51w 44k (7,93 )
dr 0 0
+ 4k (MAV VLV mw) <(ful),  with k:=ksT.
q q o
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weak convergence —» strong convergence
d N N PN —
— (k/ M log§' dxdq + %||uf||%> +(S€,D(u£))+4k (MV ylvy /! )
dr o 0

+4k<MAVq,/\T;€,vq,/W> < (f,u'),  with k:=kgT.
o

@ Velocity:

strong convergence immediate by Aubin—Lions—Simon compactness theorem.

@ Probability density function: (much more difficult)

Vitali's convergence theorem (a.e. convergence + L' equi-integrability);
Weak lower semicontinuity of convex functions (Feireisl & Novotny);
Murat—Tartar Div—Curl lemma;

Uniform interior estimates on Q x D x (0,T), obtained by function
space interpolation from the energy inequality.

vV vy VvYyy
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STEP 6. Identification of S,: the sequence of truncated Kramers
expressions S’ converges to S, strongly in L(0,T;L4(Q)%*4), g € [1,2).
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lim [Je(-,7) = o ()12 + [1W(-,7) = Wo() I3, (0) = 0.

t—04

STEP 8. Identification of S,: by a parabolic Acerbi—Fusco type
Lipschitz-truncation of Diening, RuZitka & Wolf (2010) and STEP 6:

l}im/!SZ S$*(D(w)))-D(u’ —u)|" dxdr =0 Vo€ (0,1).
—yo0

S* is a measurable selection such that for any D we have (§*(D),D) € 4.
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Thus, for a subsequence,
(SL—S*(D(w)))-D(u’ —u) = 0 almost everywhere in Q.
Moreover, using the energy inequality, we see that

/\s” S*(D(u)))-D(u’ — u)| dxdr <C.

We apply Chacon’s Biting Lemma to find a nondecreasing countable
sequence of measurable sets Q) C - C O C Qg1 C --+ C Q such that

lim |Q\ Qx| — 0
k—roo
and such that for any k there is a subsequence such that

(S€ —S*(D(u))) - D(uz —u) converges weakly in L' (Qy).

22 /31



By Vitali's theorem we then deduce that
(SL—S*(D(w)))-D(u’ —u) = 0 strongly in L' (Qy).
The weak convergence of (S!) to S, and (D(u')) to D(u) implies that
lim (S}, D(u'))g, = (S1,D(u))g,-
The assumption that A4 is a maximal monotone r-graph then implies that
(Sy,D(u))ea ae. inQ k=1,2,....
Finally, by a diagonal procedure and limg_,« |Q\ Qx| — O we deduce that

(Sy,D(u)) e a a.e. in Q=Qx(0,7).
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@ The extension of these results to implicitly constituted kinetic models
with variable density, density-dependent viscosity and drag is open.

Special case:
For Navier—Stokes—Fokker—Planck systems with variable density and
density-dependent dynamic viscosity and drag the existence of global
weak solutions was shown in

» Barrett & Siili (Journal of Differential Equations, 2012).

@ The numerical analysis of implicitly constituted kinetic models of
polymers is open.

Special cases:
» Barrett & Sili (M2AN, 2012)
» Diening, Kreuzer & Siili (SIAM J. Numer. Anal., 2013)
» Kreuzer & Siili (In preparation, 2014).
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2D/4D: Flow around a cylinder

e Standard benchmark problem: flow around a cylinder
@ Assume Stokes flow, parabolic inflow BCs on uy, no-slip
on stationary walls and cylinder

@ Steady state solution (computed on 8 processors):

12N Ge



2D /4D: Flow around a cylinder: extra stress tensor




2D /4D: Flow around a cylinder: probability density fn.

(a) (b)

Figure : Configuration space cross-sections of Y for x in (r,0)-coordinates:
(a) wake of cylinder, and (b) between cylinder and wall.
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2D /4D: Flow around a cylinder: probability density fn.
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3D/6D: Flow past a ball in a channel

@ Pressure-drop-driven flow past a ball in hexahedral channel.

e P,/P; mixed FEM for (Navier—)Stokes equation on a mesh with
3045 tetrahedral elements and 51989 Gaussian quadrature points.

o Fokker—Planck equation solved using heterogenous ADI method in 6D
domain Q x D. 51989 3D solves per time step in q = (¢1,492,93) € D
and 1800 3D solves per time-step in x = (x,y,z) € Q.

e Computed using 120 processors; 45s/time step; 10 time steps;

At =0.05; A=0.5.
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3D/6D: Flow past a ball in a channel: elastic part of the Cauchy stress
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