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Introduction and background knowledge

The numerical simulation of many chemical, physical, and
biochemical phenomena requires the direct simulation of dynamical
processes within large systems involving quantum mechanical
effects.
@ However, if the entire system is treated quantum mechanically...
e curse of dimensionality
o relatively short time scale, small model
@ Full classical approximation.
e losing quantum mechanical information
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Introduction and background knowledge

The numerical simulation of many chemical, physical, and
biochemical phenomena requires the direct simulation of dynamical
processes within large systems involving quantum mechanical
effects.
@ However, if the entire system is treated quantum mechanically...
e curse of dimensionality
o relatively short time scale, small model
@ Full classical approximation.
e losing quantum mechanical information
© Separating degrees of freedom:

o slow-time scale (large spatial scale): effectively classical (e.g.,
nuclei);
o fast-time scale: quantum mechanical (e.g., electrons).
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Introduction and background knowledge

The studies on the separation of the whole system into a classical
part and a quantum mechanical part often lead to what is called
time-dependent self-consistent field equations (TDSCF).
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Introduction and background knowledge

The studies on the separation of the whole system into a classical
part and a quantum mechanical part often lead to what is called
time-dependent self-consistent field equations (TDSCF).

One typically assumes that the total wave function of the system
V(t, X), with X = (x, y), can be approximated by

W(X, t) = (x,t) < p(y,t) x phase,

where x and y denote the degrees of freedom within a certain
subsystem, only.

Then, one can derive a self-consistently coupled system for ¢) and ¢
and approximate it, at least partially, by the associated classical
dynamics.
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Introduction and background knowledge

In the following, we take x € RY, y € R”, with d, n € N. The total
Hamiltonian of the system acting on L2(R9+") is assumed to be of the

form
(52 2

H=-2A,— A, + V(x.y), (1)

2 2
where V(x, y) € R is the real-valued potential.
@ In (1), the Hamiltonian is in a dimensionless form;

@ two (small) parameters ¢, > 0 remain, the dimensionless
Planck’s constants.
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Introduction and background knowledge

The TDSCF system at hand is then the following system of
self-consistently coupled Schrédinger equations

; 52 £ £ € €
50007 = (= B (67 V5 ) 074 iy = w0

2
2 )
0™ = (—sz + (7, h‘sws’%) 0%, eile = enly),
where we denote by
52
h(s:_EAX"’_ V(X7y)7 (3)

the electronic Hamiltonian.

Z. Zhou On the classical limit of a time-dependent self-consistent field system: analysis



Introduction and background knowledge

Coupling potentials

The coupling terms are explicitly given by

(™%, Ve z = /R VX, y)le™(y, O dy =: T=°(x, 1),

y

and after formally integrating by parts

52
W) = [ GITU I DV ) (D = A (. ),
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Introduction and background knowledge

Coupling potentials

The coupling terms are explicitly given by

(™%, Ve z = /R VX, y)le™(y, O dy =: T=°(x, 1),

y

and after formally integrating by parts
52
08 W= = [ V000 07V = 3, 0 o = A4,
R{

Both T=9 and A= are
@ time-dependent,
@ real-valued potentials,

@ computed self-consistently via the dynamics of ¢=% and =,
respectively.
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Introduction and background knowledge

Mass conservation

The total masses of the system,
M=0(8) = [0 (LD + 1™ (o DI = my () +mz(h).  (4)

where m:°, m5*° denote the masses of the respective subsystem.
We can prove that,

m°(t) = m:°(0), my°(t) = my°(0), VteR.
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Introduction and background knowledge

Mass conservation

The total masses of the system,

M=0(t) = [0 (L )% + o=, 1)][Z = my° (1) + me° (1), (4)
X y

where m:°, m5*° denote the masses of the respective subsystem.
We can prove that,

m°(t) = m:°(0), my°(t) = my°(0), VteR.

We shall, from now on assume that the initial data is normalized such
that m:°(0) = m3°(0) = 1.
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Introduction and background knowledge

Energy conservation

The total energy of the system can be written as
£,0 62 £,0 2 52 £,0 2
E=O(t) == FVu=? (. )% + SV (DI
[ Vel bl . oy,

We can prove that,

E=°(t) = E=°(0), VteR.
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Introduction and background knowledge

Energy conservation

The total energy of the system can be written as
£,0 62 £,0 2 52 £,0 2
E=O(t) == FVu=? (. )% + SV (DI
[ Vel bl . oy,

We can prove that,

E=°(t) = E=°(0), VteR.

@ The energies defined for the respective subsystems are in
general not conserved,
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Introduction and background knowledge

Energy conservation

The total energy of the system can be written as
£,0 62 £,0 2 52 £,0 2
E=O(t) == FVu=? (. )% + SV (DI
[ Vel bl . oy,

We can prove that,

E=°(t) = E=°(0), VteR.

@ The energies defined for the respective subsystems are in
general not conserved, but, fortunately, they are bounded
uniformly in time;

@ Intuitively, O(¢) and O(9) oscillations, respectively.
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Introduction and background knowledge

@ We can also prove, with fixed £ and 4, the global existence of the
solutions to the TDSCF system.

@ However, as ¢ — 0 and § — 0, the highly oscillatory wave
functions ¢=% and ¢ do not converge in a strong sense...
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Introduction and background knowledge

@ We can also prove, with fixed £ and 4, the global existence of the
solutions to the TDSCF system.

@ However, as ¢ — 0 and § — 0, the highly oscillatory wave
functions ¢=% and ¢ do not converge in a strong sense...

@ The wave function themselves are not physical, but there are
more interesting things

@ the physical observables (e.g., p = |¢|? );
@ the dynamics (connection to classical mechanics, and to the
Ehrenfest method).

Z. Zhou On the classical limit of a time-dependent self-consistent field system: analysis



Introduction and background knowledge

The semi-classical analysis: the Wigner transform

Previously, people have studied the classical limits of the TDSCF
system by the classical WKB approximation, but we believe the
Wigner transform is superior in many aspects:

@ the classical limit has global existence;

@ the convergence of the Wigner transform implies the
convergence of physical observables.

@ it helps to design a better numerical scheme.
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Classical limits: mixed quantum-classical limit and full classical limit

The Wigner transform

Denote by {f*}o<.<1 a family of functions ¢ € L?(RY), depending
continuously on a small parameter ¢ > 0. The associated e-scaled
Wigner transform is then given by:

we[F](x, &) == (er)d /R N (x - %z) e (x + gz) e?¢dz.  (6)
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Classical limits: mixed quantum-classical limit and full classical limit

The Wigner transform

Denote by {f*}o<.<1 a family of functions ¢ € L?(RY), depending
continuously on a small parameter ¢ > 0. The associated e-scaled
Wigner transform is then given by:

1 €

WFI.6) = /R N (x - 2z) e (x + gz) e?¢dz.  (6)

FOP = [ wieode emTovre) = [ ew(xede
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Classical limits: mixed quantum-classical limit and full classical limit

The Wigner transform

Denote by {f*}o<.<1 a family of functions ¢ € L?(RY), depending
continuously on a small parameter ¢ > 0. The associated e-scaled
Wigner transform is then given by:

we[FE] (x, €) == (2;) / fe (xfg )F(ng) e?¢dz.  (6)

FOP = [ wieode emTovre) = [ ew(xede

For the expectation value of any Weyl-quantized operator Op°(a),
corresponding to a classical symbol a(x, ¢) € S(RY x Rg), one finds

(f*,0p*(a)f°) 3 = // YW= [ ] (dx, d),
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Classical limits: mixed quantum-classical limit and full classical limit

The Wigner measure

Under certain conditions,

W] =Y o in 8'(RY x RY) weak”.
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Classical limits: mixed quantum-classical limit and full classical limit

The Wigner measure

Under certain conditions,

W] =Y o in 8'(RY x RY) weak”.

i (.0p*(@)F ) = [ abxptade). )

e—04
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Classical limits: mixed quantum-classical limit and full classical limit

The Wigner measure

Under certain conditions,

6*)0+

wo[f] == i in S'(RY x RY) weak™.

im (°,0p" () = [ _ alx. phutab. o), ™
e—04 R2d
If ¢ € Cy(Ry; L2(RY)) solves
62
e f* = —EAF + V), o = fa(x),
then the Wigner measures . solves

Ot + & -V — Vi V(X) - Ve =0, =0 = pin(X, §), (8)

in the sense of distributions D'(R§ x RY x Ry).
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Classical limits: mixed quantum-classical limit and full classical limit

Recall, the TDSCF equations

H £ 62 £ £ €

i807)™° = (—QAX+<</: 7, Vg %) V0L e = vh(),
9)

H £ 62 £ € £

iedyp™? = (—2Ay + (=0, Wy "5>L§) P el = ),

@ Mixed quantum-classical limit: ¢ — 0, with ¢ fixed.
@ Full classical limit: £ — 04,6 — 0.
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Classical limits: mixed quantum-classical limit and full classical limit

Mixed quantum-classical limit

Under certain assumptions, for any T > 0, it holds
W0 = g in 1[0, T); LA(RM)),

WE[L)OE’(S] 5_>_0>+ M(S in LOO([O, T],S/(R; X RZ)) weak*7
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Classical limits: mixed quantum-classical limit and full classical limit

Mixed quantum-classical limit

Under certain assumptions, for any T > 0, it holds
=0 Rt in L2([0, T]; LE(R™)),
W™ = 10 in L°([0, TL; S'(R) x R7)) weak™,

where /% and 1 solve the mixed quantum-classical system

2
000" = (=G A T 0) 07 o = v,

(10)
O’ +n-Vyp’ + F(y,8) - Vyu® =0, pf_g = pin(y,n)-
Here um is obtalned as the weak* limit of w#[5 ] and To(x, t) =
ff]RZﬂ (dya d777 ) F5(y7 fRd vy X y)|’1)[}6( )|2 dX
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Classical limits: mixed quantum-classical limit and full classical limit

Connection to Ehrenfest method

In particular, if uo(y,n) = d(¥ — Yo, 7 — n0), i.e. a delta distribution
centered at (yo,70) € R?", this yields p(y,n,t) = 6(y — y(t),n — n(t)),

for all times t € R.
The mixed quantum-classical system becomes (Ehrenfest model)

2
000" = (= B VO6Y(D) ) 07 Wieo = )

y(t) = —/Rd Yy VX, y(O))W (X, )P dX,  Yjt—o = Yo. Vjt=o = 1o,
(11)
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Classical limits: mixed quantum-classical limit and full classical limit

Full classical limit

From the mixed quntum-classical limit: the Wigner transform
WO 25w in L°([0, T]: S'(RY x RY)) weak”,
and the Wigner measure

w0 2% in Lo([0, T MR x RD)) weak™.
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Classical limits: mixed quantum-classical limit and full classical limit

Full classical limit

From the mixed quntum-classical limit: the Wigner transform
WO 25w in L°([0, T]: S'(RY x RY)) weak”,
and the Wigner measure

0928 1 in L°([0, T]; MF(RD x RI)) weak™.

From TDSCF equation, § = ¢, the associated limiting Wigner
measures yu, v € M™, such that

wle ] = o in LRy S'(RY x RY)) weak®,

and
W] =5 v in Lo(Ry S'(RY x RY)) weak™.
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Classical limits: mixed quantum-classical limit and full classical limit

v e C(R; MT(RY x RY)) and 1 € C(Ry; MT(R] x R7))) solve the
following coupled system of Vlasov-type equations

{8tV+£'vXV—VxT(X, t)ngZOa V|t:0:Vin(X7§)7 (12)

Ot +n-Vypu —VeNy, t) - Vyu =0,  pj—o = pin(y,n),

where

0t = [[ | Vixputay.an..

Ay, t) = /de V(x,y)v(dx,d¢, t).
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Classical limits: mixed quantum-classical limit and full classical limit

Note that system (12) admits a special solution of the form

v(x,& 1) = 6(x = x(1),§ = &(1)),  ply,m, t) = 6(y — y(t),n—n(t)),

where x(t), y(t), £(t), n(t) solve the following Hamiltonian system:

x(t) = £(1), x(0) = Xo,
E(t) = =V V(x(1), ¥(1)), &(0) = &,
y(t) = n(t), ¥(0) = o,

(
n(t) = =V, V(x(1),y(1), n(0) = no.
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Classical limits: mixed quantum-classical limit and full classical limit

Summary

WELX), PE(Ly)

50
Wotx), Kotyn) > V(LXE) Htyn)

Figure: The diagram of semi-classical limits: the iterated limit and the
classical limit.
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Numerical methods: the SSP2 and the SVSP2 methods

In our numerical context, we will consider the semi-classically scaled
TDSCF equations (9) where in one spatial dimension and subject to
periodic boundary conditions, i.e.

, 52
i60)°° = <_2AX + =0 (x, t)) Y, a<x<b, 1/)“ 0 = Ya(X),

s 62
1661‘@615 = (_sz + Ag’g(y7 t)) 90615 , a<y< b7 90“ 0 — Spm(y)
(13)
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Numerical methods: the SSP2 and the SVSP2 methods

In our numerical context, we will consider the semi-classically scaled
TDSCF equations (9) where in one spatial dimension and subject to
periodic boundary conditions, i.e.

, 52
i60)°° = (—ZAX + =0 (x, t)) Y, a<x<b, 1/)“ 0 = Ya(X),

2
0™ = (—EZAy + Ay, l‘)) . a<y<b, ¢l =¢n)
(13)
The numerical method SSP2
@ work forall e and §, evenife < 1 0ord <« 1,
@ second order time in time, spectral accuracy in space,

@ can still capture correct physical observables with O(1) time
steps,

@ it can be naturally extended to the multi-dimensional case.
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Numerical methods: the SSP2 and the SVSP2 methods

Semi-classical Schrédinger equation (¢ < 1): oscillations both in
space and time O(e).

Previously, (2002 Bao, Jin and Markowich) if f* € Cy(Ry; L?(R?))
solves

2
iedyfe = f%Aff + V), fig = fa(x),

then by the time-splitting spectral method (TSSP),
@ wave function:  Ax ~ O(e) and At = O(e);
@ physical observables: Ax = O(e) and At = O(1).
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Numerical methods: the SSP2 and the SVSP2 methods

The construction of our numerical method for (13) is based on the
following operator splitting technique. For every time step
t € [t", t"+1], we solve the kinetic step

i €,0 62 €,0
8070 = ~ 5 A=,

A (14)
. € s
ie0p™® = — =N, p*°;
2
and the potential step
i50pp™° = T (x, )=, (15)
i€a[g0€’6 — /\5,50,7 t)gag’ﬁ;

possibly for some fractional time steps in a specific order. (e.g.,
Strang splitting.)
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Numerical methods: the SSP2 and the SVSP2 methods

The Kinetic step

Let U be the numerical approximation of the wave functions at x = x;
and t = t,. Then, the kinetic step can be solved exactly in Fourier
space via:

4 N2
U= 3 e @iz nginty—a)
I=—N/2

where U/ are the Fourier coefficients of Uy, defined by

N—1
VIS : 2rl N N
n _ n 7’#/(X'7a) — / = —— s, =
: /:oU/e S Mo hoa 27 2
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Numerical methods: the SSP2 and the SVSP2 methods

On the other hand, for the potential step (15) with t; < t < t, we
formally find

. t>
VO b) =exp | —~ [ T(x,s)ds| ¢ (x,. 1), (16)
1) 4

i [k
0= (y, k) = exp (—5 / A=y, s) d8> e (v, th), (17)

t

where 0 < b — t{ < At.

If we approximate the the time integrals by a quadrature rule:
@ The discrete mass is conserved.
@ It will allow large time steps to capture physical observables.
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Numerical methods: the SSP2 and the SVSP2 methods

On the other hand, for the potential step (15) with t; < t < t, we
formally find

. t>
VO b) =exp | —~ [ T(x,s)ds| ¢ (x,. 1), (16)
1) 4

i [k
0= (y, k) = exp (—5 / A=y, s) d8> e (v, th), (17)

t

where 0 < b — t{ < At.

If we approximate the the time integrals by a quadrature rule:
@ The discrete mass is conserved.
@ It will allow large time steps to capture physical observables.
@ [/t may result in an implicit scheme.
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Numerical methods: the SSP2 and the SVSP2 methods

In the full dynamics, the coupling potentials 7<% and As-® are time
dependent.
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Numerical methods: the SSP2 and the SVSP2 methods

In the full dynamics, the coupling potentials 7<% and As-® are time
dependent.

However, within the potential step,

O’ = /lg (e, (VA2 = A°V) o°) . = 0.
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Numerical methods: the SSP2 and the SVSP2 methods

In the full dynamics, the coupling potentials 7<% and As-® are time
dependent.

However, within the potential step,

8tT6’5 — Ilg<<p5,5’ (VAE,6 _ As,é V) S05,§>L2 =0.

Y

1 . it
O = 5 (070, VT2 (i6V,) 077) ot 5 (070, A THY50) 1, = O(1).
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Numerical methods: the SSP2 and the SVSP2 methods

In the full dynamics, the coupling potentials 7<% and As-® are time
dependent.

However, within the potential step,

O’ = /lg (070, (VAT = N0V) 7)o = 0.

1 . it
O = 5 (070, VT2 (i6V,) 077) ot 5 (070, A THY50) 1, = O(1).

We observe similar results in cubic nonlinear Schrédinger equations.
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Numerical methods: the SSP2 and the SVSP2 methods

it — )
5

This is an exact solution formula for ¢°% at t = t,.

5 (x, 1) = exp ( To0(x, n)) S0h). (18)
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Numerical methods: the SSP2 and the SVSP2 methods

it — )
5

This is an exact solution formula for ¢°% at t = t,.

5 (x, 1) = exp ( To0(x, n)) S0h). (18)

I(NO(y, b)) + A0 (y, ) (t — ¢ A
wf"‘(y,tzweXp(—( . ) zg(y ) 2))<p’5(y,t1)-

(19)
This approximation introduces a phase error of order O(At?/¢).
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Numerical methods: the SSP2 and the SVSP2 methods

This numerical scheme has the following features:
@ discrete mass conserved.
© second order in time, spectral accuracy in space.
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Numerical methods: the SSP2 and the SVSP2 methods

This numerical scheme has the following features:
@ discrete mass conserved.
© second order in time, spectral accuracy in space.

We name this method method the Strang splitting spectral method
(SSP2).

@ In the semi-classical regime, wave function: Ax = O(4, ¢),
At = 0(4,¢).
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Numerical methods: the SSP2 and the SVSP2 methods

Assume § = e < 1, A°(y, 1), 1 < t < L is known. Consider,
iedip® = N(y, e®, H <t<b,
where its Wigner transform We = we[¢°] satisfies

OWE — VA5 (y, 1) -V, W* + O(e) = 0.
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Numerical methods: the SSP2 and the SVSP2 methods

Assume 6 =& < 1, A°(y, 1), i < t < t is known. Consider,
iedip® = N(y, e®, H <t<b,
where its Wigner transform We = we[¢°] satisfies
OWe — VN (y,t)- V,W*+ O(e) = 0.
The potential step for ¢° can be viewed as the exact solution to
iedips = G°(y)p=, t <t<t,

where ]
G (y) = (N0, t)) + A(y. &2)).

Z. Zhou On the classical limit of a time-dependent self-consistent field system: analysis



Numerical methods: the SSP2 and the SVSP2 methods

If one denotes the Wigner transform of ©=(y, t) by we(y,n, t), then,
O — V, G - V,We + O(e) = 0. (20)

By the method of characteristics, the discrepancy between W< and
Wwe att =t is clearly

We — W = O (At?) + O(eAtl).
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Numerical methods: the SSP2 and the SVSP2 methods

If one denotes the Wigner transform of ©=(y, t) by we(y,n, t), then,
O — V, G - V,We + O(e) = 0. (20)

By the method of characteristics, the discrepancy between W< and
Wwe att =t is clearly

We — W = O (At?) + O(eAtl).

@ Thus, for fixed At, and as ¢ — 0., this one-step error in
computing the physical observables is dominated by O(A#),
which is comparable to the operator splitting error.

@ we consequently can take e-independent time steps for

accurately computing semi-classical behavior of physical
observables: Ax = O(e), At = O(1).
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Numerical methods: the SSP2 and the SVSP2 methods

Consider a (semi-classical) Schrodinger equation coupled with
Hamilton’s equations for a classical point particle, i.e

2
i00p)° = <52AX + V(x,y(t))> Y, a<x<b,
(21)

YO =0, 0=~ [ Y,V xy(0) 10 D dx
with initial conditions

?/Jﬁ:o =Ya(X), Y=o = Yo, 7jt=0 = Mo,

and subject to periodic boundary conditions.
In a very similar fashion, we can design the SVSP2 method.
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Numerical tests

Numerical tests

The SSP2 method:
@ spectral accuracy in space: Ax = O(9), Ay = O(e).
@ second order convergence in time.

@ it allows large time steps to calculate correct physical
observables.

Error tests:
@ wave function: test /2 norm.
@ physical observables (e.g., [+/?): test /' norm.
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Numerical tests

Spatial convergence test |

£10°
&
10° 10°
107 107
0 0%
107 4 3 2 1 o 107 4 -3 -2 = o
10 10 10 10 10 10 10 10 10 10
Ax Ay

Figure: Reference solution: Ax = Ay = 2% and At = 2. Upper picture:

3086

H 0.4 _ 27 27 2w 2w 2w 2 27
fix Ay = 5255 and At = g, take Ax = Toas4 B702> 4096 > 2045 7024 512> 256"
Zr,2r 27 2 2 Lower Picture: fix Ax = 52 and At = & take

Ay — _2m 2w 2w 27 2r 2w 2w 2w 27 27 2w 2w

16384 8192 4096° 2048 1024 512’ 256’ 128’ 64’ 32’ 16’ 8 *
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Numerical tests

Spatial convergence test

v
10° o | O wPR
4 o 9
107 * *lef
10"
5 .6
w0
10°
107
102 o
& s % M
-
10 1 0 1
10 10 10

dx/e

32 16 8 4
respectively. The reference solutlon is computed with the same At, but

27e
Ax = ZF.

Figure: Fix e = 53 and At = %3 Take Ax = 272, 2rc 27 272 27¢ gng 27¢
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Numerical tests

Time convergence test |
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Figure: Reference solution' Ax = 25, Ay = 25- and At = 2. SSP2: fix

Ax = 27 take At = 04 2r 2x 27 27 27 27 2%

512> Ay = 16348’ 1024’ 512> 256° 128’ 64’ 32’ 16’ 8
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Numerical tests

Time convergence test
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Figure: Fix e = 145 and Ax = 2% Take At = %3, &7, %2, &, 2% and 5,

. 1024 16" ' 27 64> 128 256 512 1024
respectively. The reference solution is computed with the same Ax, but
_ 04
At = 8192 "
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Numerical tests

Large time step test |

6 =1, various e.
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Figure: Fix At = 0.05. For e = 1/64, 1/128,1/256, 1/512, 1/1024, 1/2048
and 1/4096, Ax = 2we/16, respectively. The reference solution is computed
with the same Ax, but At =¢/10.
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Numerical tests

Large time step test
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Figure: Fix A t=0.005. For € = 55, =15, 1533+ 2048 a095° DX = 5> Ee;pectlvely.
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The reference solution is computed with the same Ax, but At =
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Numerical tests

Similar tests have been done by SVSP2 methods for the Ehrenfest
model.
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Numerical tests

Similar tests have been done by SVSP2 methods for the Ehrenfest
model.

Thanks for your attention.
Please feel free to ask questions!
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