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Introduction

John Maynard Smith (1974)
2 Players:
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The 2-player case

In 1976 Bishop and Cannings showed that the classical 2-player
War of Attrition admits a unique ESS, namely:

1
dt —ZIJ/V
pldt) = e

(having a very long tail!?)

Recall: the mixed strategy [ is an ESS (Evolutionary Stable Strategy)

if and only if either
* T p) > T (p, )

for any other mixed strategy 77 or, if "=" for some 7T, then

* J(p,w) > T (7, 7)




N-player generalizati
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The Dynamic N-player model

N available prizes:  {Vi}res

1st round
(i) Each of the N players choose a waiting ti

(ii) The player having the least time receives
the prize V1, pays the waiting time cost and
leaves the game.

(iii) The remaining players pay the same time
cost and proceeds to the next round.

nd round —p —3» (N-1)th round




The Static N-player model

N available prizes: {Vitie

One-Shot game

(i) Each of the N players choose a waiting time.

(ii) The prizes are handed out according to the order of

the chosen waiting times, i.e. the player with the least
waiting time receives V1 and so forth.

(iii) All players pay their individual waiting time.

How to play in theSe models?



Evolutionary Stable Strategy (ESS)
A mixed strategy ,u* is an N-player ESS if either

(1) jN(:U*‘IU*a 7:u*) > jN(Ml:UJ*a nu*)
or, if “=" in (i) for some ,a then
(1) jN(:u*|:u*7 na) > jN(ﬂLu*a ,/_L

Note: An E55 is also a NasSh-equilibr]
but the opposite is false!
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ESS in the N-player War of Attrition?

The dynamic model always has a unique ESS!

T) = L exp { — !
Play: wén = r—ymm = p{ (N—k)(VkH—vk)}d

in round (k +1).

The static model ... ... has a ... ... ESS?
EX: N . . .
(i) If {Vi}i= linj. increasing there is a unique ESS.
(i) If Vi=1V2=4,V3=0 there is a candidate ESS,
but it is not! (it is a Nash-equilibrium)
(iii) If Vi=1V>2=2,V3=1 there is not even a Nash-
equilibrium.




Consider the limit when

The Dynamic Model:
The "game evolution” can be seen as a C.T.
N—-1
B 1 e N-—k+1
H= ; N (Tt Tt T e ((N— ) (Vi — m)
0’ OO0
X(1). 1N (N-2)/N  (N-1)/N

and after some calculations one finds that

= E[X(t)] = Z—: : Z Hz+1Hk 1 2% et
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useful lemma: Let {\:}!, be a sequence of

sitive and distinct real numbers. Then, if
(t) = Aie "X (0,00, it holds that

fl*fz*...*fn(t) :Z Hk 1 )\l) G_Alt

I—1 k lk;zél()‘k

Consider £ (E[X(t)]) and pass to the limit!




heorem” 1: lim E[X(t)]

"Theorem" 2: in the limit the dynamic model

is (in a sense) static, and the
limiting strategy is d/dt(V ") (t)dt

Dynamic Model A Static Model

\> "Limi‘t. Model" /
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Consider

(N-1)

1 player play (quit at t=x)

Then 9~ (%) is a Nash-equilibrium (and ESS candidate) iff.
the expected payoff of playing 9. is constant w.r.t x.

dGn -Gy~ .=
= T (N—l)Zf:BZCT(N:%GTN(l—GN)N_z_T = 2(Gn)
G (0) = 0,

where Gn(t) is the c.d.f of gn ().
Note: Gy(t) <>  E[X(t)]



. Let V() be an increasing C
1] such that V(0) =0 and define {

. :=V(k/N)_ Then, if G is the unique
ution to the ode-problem, it holds that

V-hit), 0<t< V(1)
N(t)_>{1, t> V(1)

niformly as NV — o0,

L tullion: The dynamic and the static
pdels “coincides” in the limit!



of proof:

1— N1 1
€Ir) = J__ A ¢ T e ? r
(N = 1) 350 (Vi = Vi) (V) 2r (L =) N=2r 0 V(@)

niformly in x.

hus, if yn(z) solves the N-player eq. and y(IE) = V_I(CE
e get the pointwise estimate:

lyn(z) — y(@)| < exwe™™,  z € [0, V(1))

twise convergence —>  Uniform convergence

o0 . .
/N }N—2 is a sequence of monotone function



A measure valued mapping A : P — Mi(A) (mixed action profile)
keeping track of what strategies the players use (A(p)(A4) = 1),

J:R x P — [~00,00) - payoff function (A € R)

A GAME s a triple

& =(P.AJ)

In this frame work we can define what an ESS should be!



Assume a Continuum of Players playing the War of Attrition...

ayoff function is then given by:

gap = [~ ([ a@n) o] seya

where V(CB) is an increasing C-function on [0,1]. (prize function)
A calculation shows that the limit strategy ¢(t) := d/dt(V~'(t))

is an ESS in the continuum limit of the static war of attrition if V($)
is a CONVEX function. Moreover, for a CONCAVE prize function, the limi
strategy ¢ () does worse than any other strategy.

IS THIS REFLECTED IN THE FINITE N-PLAYER GAME"?
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sufficient condition for the N-player candidate
ategy G n(t) to be an ESS is to have strict positivi
the function

N-2
i =2G%2+%{Z@ ) G?vu—cw‘?‘"}

r
r=0

ositive if N large enough and prize sequence is con

eorem: if the prize sequence {Vi}iey C Ry is conv
en Gn (%) is an ESS (unique) for ALL N > 2



he Concave (ase

e sufficient condition cannot

EA: pick a strategy and prove that gn(t) does not
Ifill the (N-player) ESS conditions against this strategy.

“let 0o play against a population of g~ (?)-players.
AY = Tn(gnlgn™ 2, 80) — In(Golgmt™ 2, 60) < 0,
en 9~ (t) is not an ESS.

ard to investigate A?{} for a general prize sequence, but
we consider the case Vi := (k/N)® so that the sequence

s concave if 0 < a <1 then A% is negative for N large
nough!
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