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Riccati equation

Riccati equation

{ d'(t)=d?(t), te0,?)
d(0) = do.

e Integration gives

d
Jacopo Riccati (1676-1754) d(t)= 1 (;d , for t€[0,7)
— tdo
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The graph of d(t)

{ d'(t)=d?(t), te[0,?)
d(0) = dp.

o d(t)= 1%, for t€[0,7)
e If dy > 0, then

— d(0)=+1

o d(t) = as t — 1/dy
o If dy <0, then

d(t) continuous for t € [0,00)

Critical Threshold

) >

0
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Global regularity questions in PDEs

Real World:
Physics, Biology,
Finance,...

PDE
model

Local existence
of solution

e
.
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Global
Existence?

Finite-time
Blow up?

e Physical fluids : velocity can't actually go to infinity — Finite time blow-up

scenario does not occur.

e PDE models for physical fluids(e.g. Euler Equation, Navier-Stokes Equations,

Euler-Poisson Equations: d := V-1, where i = velocity field ):

If an answer to the global regularity problem is negative — For certain choice
of initial data, finite time blow-up may occur — the equations will at some
point be an inaccurate model for a physical fluid.
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The problems we are considering

We are concerned with the threshold phenomenon in multi-dimensional
Euler-Poission equations.

Multi-D Euler-Poisson equations
p:+V-(pu)=0, xcR", t cRT,
us+(u-Vy)u=kVA~lp,

where u(t,x) =velocity and p(t,x) =density. Here k is a physical constant
which parameterizes the repulsive k > 0 or attractive k < 0 forcing.

This hyperbolic system with non-local forcing describes the dynamic behavior
of many important physical flows, including plasma with collision, cosmological
waves, charge transport, and the collapse of stars due to self gravitation.
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@ We are concerned with the questions of the persistence of the C1 solution
regularity for the conservation laws and Euler-Poisson equations.

@ The natural question is whether there is a critical threshold for the initial
| —
why?

data such that the persistence of the C! solution regularity depends only
on crossing such a critical threshold.

Critical Threshold

finite time break down

global smoothness

Threshold configuration for initial data

@ This concept of critical threshold and associated methodology is

originated and developed in a series of paper by Engelberg, Liu, and
Tadmor.
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The natural question...
N— —
why?
Let us temporarily ignore the role of incompressibility and the pressure in the
NS equations:

Navier-Stokes equations, heuristic view

dru+(u-V)u=vAu—Yp

@ One can view this equation as a contest between (u-Vy)u and vAu.
@ If (u-Vy)u>>vAu,

We expect the solution to the NS equations to behave like dru = (u-Vy)u
— expect finite time blow-up(Burgers equation)

@ If (u-Vy)u<<vAu,

We expect the solution to the NS equations to behave like
dru =~ vAu — expect global smooth solution(heat equation)
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Problem description

We are concerned with the threshold phenomenon in two dimensional
Euler-Poission equations.

Multi-D Euler-Poisson equations

pt+V-(pu)=0, xeR" teRT,
us+ (u-Vy)u=kVA~lp,

where u(t,x) =velocity and p(t,x) =density. Here k is a physical constant
which parameterizes the repulsive k > 0 or attractive k < 0 forcing.

We consider a gradient flow M(t,x) := Vu governed by Euler-Poisson
equations, subject to initial data

(M>p)(07 ) = (M07P0)-

Yongki Lee  Univ. of California, Riverside Blow-up conditions for 2D MEP equations



pt+V-(pu) =0, xeR" tcRT,
u+ (u-Vy)u= kVA_lp,

Expanding the second equation(in 2D):

i+ ( 19 29
e ox dy

) = kaiA—lp, i=1,2.
Xi

Here,

k%A‘lp(t,)}’) = k-pv/2 i.G(j/')p(t,)?—j/’)d?, G : Poisson kernel in 2D
1

1
= k- t, d
pR22ﬂy+2P(xy)y
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Dynamics of u (cont'd)

Thefore, re-writing the second equation gives

us+(u-Vy)u=kVA~lp

D 1 Vi
ol =kopv o222 Y2 1y2 S 5p(t,X—y)dy
The role of kVA~1p when k > O(repuslive case)
Relatively low Relatively high ] )
deiiciiy density Relatively high
density
i ®
Relatively low
density
%ul <0 %uz <0
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Ultimate Goal

Multi-D Euler-Poisson equations

p:+V-(pu)=0, xcR", tcRT,
us+(u-Vy)u=kVA~lp,

where u(t,x) =velocity and p(t,x) =density. Here k is a physical constant
which parameterizes the repulsive k > 0 or attractive k < 0 forcing.

@ We are concerned with the questions of global regularity vs finite-time
breakdown of Eulerian flows.

Q: whether the smooth solution develops singularity in finite time?
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Main obstacle

Multi-D Euler-Poisson equations

p:+V-(pu)=0, xcR", tcRT,
us+(u-Vy)u=kVA~lp.

Let M :=Vu and apply V to the second equation,
= M+ u-VM+M? = kVo VA~ p].

= M+ M? = kR]p],

where " :=di+u-V and R={R;} = {8X,.XJ.A*1}.

Difficulty: There is no clear idea on how strong kR[p] is compare to M?. More
precisely, it is the global forcing, R[p], which presents the main obstacle to
studying the CT phenomenon of the multi-dimensional Euler-Poisson setting.
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Highly cited works
Multi-D Euler-Poisson equations

p:+V-(pu)=0, xcR", tcRT,
us+ (u-Vy)u=kVA~lp.

@ 1 dimension: Critical Threshold [Liu-Tadmor 2002]
@ Blow-up of a spherically symmetric solution[B. Perthame 1990]
@ Construction of a global smooth solution

3D irrotational solution [Y. Guo 1998]: Let n(x),v(x) € C(R3).
Suppose V x u=0. Then there exists & > 0 such that for 0 < € < g,
there exist unique smooth solutions (p(t,x),u®(t,x)) to the
Euler-Poisson equations for 0 < t < oo with initial data (en(x),ev(x)).

@ Analogous theorem in 2D is open.

2D radial symmetric solution [J. Jang 2014]
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My works in Restricted type Euler-Poisson Equations

(the original) Euler-Poisson equations

pt+V-(pu)=0, xeR" teRT,
M’ + M? = kR[p].

Restricted EP(Local) Weakly Restricted EP Modified EP(Global)

M/+M2:%pln><n MI+M2:%pI”><”+R3g M,+M2:kRv[p]

e RY[p] :=modified

e 2D Riesz transform where
Critical Threshold o Rs,g :=off-diagonal the singularity at the
Liu-Tadmor 2002 elements matrix of kR[p]  origin is removed

enD e 2D Blow-up, e 2D Blow-up,

Gloabl Existence, Lee 2017 Lee 2016

Blow-up

Lee-Liu 2013
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pt+V-(pu) =0, xeR", teR™,
M’ + M? = kR[p).

¥

1
17 +2co 52+kp

M’+ M2 — %PI2)<2 M'_;,_M2 = %Pl2x2+Rgg MI+M2 — kRV[p]

ed=V.-u, 0:=Vxu
o All restricted type EPs and the original EP share the same d dynamics
equation. However, the evolutions of 1 and & are differ by models.
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Derivation of the d dynamics equation

Expanding M’ + M? = kR[p], we obtain

Euler-Poisson system

{ M1 Mo },Jr{ M2, + Myp My dM ]: { Riilp] Riz(p]
Mo My dMo; M2 Moy + M3, Raalp]  Ra2[p]
p' +ptrM = 0.

We let

d:=trM =V -u(divergence)

© :=V xu= My — Myp(vorticity)
N =M1 — M2

& 1= M2+ Mo
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Derivation of the d dynamics equation(cont'd)

Taking the trace, one obtain

d' = —(M% + M3,) — 2M1a M1 + k(Ru1[p] + Ra2[p])
M+M M — M Moy — M12)2  (Myo+ Moy)?
{ 11+ M) +( 11— Map)? }+( 21— Mi2)® (M2 + Moy) +kp
2 2 2
1 1 1
_1lp 2 2. 4
—5d°=3n +2a) 5 +kp

(Riccati type Ordinary Differentia/ Equation).
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d-dynamics equation

d-dynamics equation of Euler-Poisson system

1 1 1 1
dl = —§d2—§n2+§a)2—§‘g’2+kp.

One can view the dynamics of d as the result of a
contest between negative and positive terms
in the d-dynamics equation. For example, one might think bigger

|o|(correspond to the size of vorticity) prevents the finite time blow-up as
opposed to the bigger 1, & help the finite time blow-up.

Yongki Lee  Univ. of California, Riverside Blow-up conditions for 2D MEP equations



Introduction Euler-Poisson equations
000000 000000000000000

d-dynamics equation(cont'd)

d-dynamics equation of Euler-Poisson system
1 o

1, 1
d'=—Sd*—n’+ 20— 2&% +kp.

From the matrix equaion we obtain

n'+nd = k(Ru[p] - Rz2[p]), (1a)
o'+ od = k(Ra1[p] - Riz[p]) = 0, (1b)
&'+ Ed = k(Rualp] + Rot[p]), (1c)
p +pd=0. (1d)
From (1b) and (1d), we derive
® _p
W Po

This allows us to rewrite the system,

1, 1 1/ap\2 , 1
"'2*5"2*5”2%(%) P38 Hkp,

!

p'=—pd
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Chae-Tadmor('08): Finite time blow-up; with no vorticity,
attractive forcing

d and p-dynamics equations of Euler-Poisson system

1, 1 2 1
d'=—Zd*—on’+5 (%) p?—5&% +kp,

p'=—pd

@ Chae-Tadmor(2008) : Assuming vanishing initial vorticity(i.e., wg = 0),
and dropping —n?2, —£2 terms, the equation is reduced to simple
Ricatti-type inequality

1
d' < f§d2+kp.

Using this argument, Chae and Tadmor proved the finite time blow-up for
solutions of k < 0 case in arbitrary space dimension.
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The restricted Euler-Poission system(REP)

Motivation in REP:
us+(u-V)u=kVA~lp

= 0tM+u-VM+M? =kVaVA~L[p].
= M + M? = kR[p]
There is no clear idea on how strong kR[p] is compare to M?. What we know is

tr(kR[p]) = kp.

REP is obtained from the full EP by restricting attention to the local isotropic
trace %p - ly» of the global coupling term kR[p].

The 2D restricted Euler-Poisson system(REP)[Liu-Tadmor (2002)]

k 1 0
/ n_ "o
M+M_2p<0 1>,

p'+ptrM = 0.
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The restricted Euler-Poission system(REP) (cont'd)

The 2D restricted Euler-Poisson system(REP)[Liu-Tadmor (2002)]

k 1 0
/ 2__ Mo
M+M72p<0 1),

p' +ptrM = 0.

d-dynamics equation of 2D restricted Euler-Poisson system(REP)

d2 2

i=L

Liu-Tadmor(2003) studied the dynamics of (p,d) parametrized by 3, and it
was shown that in the repulsive case, the restricted two-dimensional REP
system admits two-sided critical threshold.

For arbitrary n > 3 dimensional REP system, Lee-Liu(2014) identified both
upper-thresholds for finite time blow-up of solutions and sub-thresholds for
global existence of solutions.
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The weakly restricted Euler-Poission system(WREP)

The 2D weakly restricted Euler-Poisson system(\WREP)[Lee ('17)]

' kp/2  kRi2[p]
M+M2:< kR21[p] kll?2/2 )7

p'+ptrM = 0.

Comparison between WREP and REP

WREP blow-up REP global-existence Their union
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The modified Euler-Poisson equations(MEP)

(the original)Euler-Poisson system

2M+< M3, + Myo Moy dMy» ) _ ( Ri1[p] Riz2(p] )
Dt dMp; M2 Moy + M3, Roi[p]  Ra2lp] )’
p' +ptrM = 0.

@ Here,

Rlpli=veova il = 7 2p(0) |

. 92 o P(R) B
(RAPDE) = pv. [, 55 6=y dy+ 70 [ zizaz

where G(X) = % log |X| is the Green's function for the Poisson equation
in two-dimensions.
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The modified Euler-Poisson equations(cont’d)

Modified Euler-Poisson system(MEP), Lee, '16

2M+< MZ; + Mia Mo dMi2 ):k< RY[p]  Ry,[p] )
Dt dMn Moo+ M3, RAIP]  REIp)
p'+ptrM = 0.
@ Here,
92 p(x) / .
G dy i id 3
RIOD = [ o iy COPE D7+ [ zizidz

truncated transform

where G(X) = 27: log|X| is the Green's function for the Poisson equation
in two-dimensions.
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The modified Riesz transform in the MEP system is intended to take into
account the global forcing in the full Euler-Poisson equations, as opposed to
the REP systems in [Liu-Tadmor] are localized Euler-Poisson equations.

Euler-Poisson Modified Euler-Poisson
M’ + M? = kR[p], M’ + M? = kR"[p],
p’'+ptrM = 0. p'+ptrM = 0.

o (RilpD)(X) :==pv fgo -+ o (R7IPD(X) = fra\gov)

v—0 v
(Rjlp]) +— (Rjlp])
e Rii[p] + Ra2[p] =p e Rlilpl+RL[pl=p

e Lack of an accurate description for ~® We will later estimate R;/[p] using
the propagation of R[p] the L1 norm of p
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Statement of main theorems

Modified Euler-Poisson system(MEP)

2M+< M3, + Myo Moy dMs; ) _ k( RY[P]  RY[P] )
Dt dMoy M2 Moy + M3, Rylp]  Rylel )7
p'+ptrM =0.

Theorem 1(Lee, '16) : Blow-up for 2D MEP with attractive forcing (k < 0)

Consider the 2D attractive MEP system with k < 0. Suppose that
p(0,-) € LY(R?), dp < 0 and pg > 0. If there exist a constant y such that

lon| _, VMt

Po Po

)

and
F(1,do, @0, p0, M0 S0, [1P(0, )l 11(r2)) = O,
then d(t) and p(t) must blow-up at some finite time.
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Statement of main theorems(cont'd)

Theorem 2(Lee, 16") : Blow-up for 2D MEP with repulsive forcing (k > 0)

Suppose that p(0,-) € L1(R?), dy < 0 and pg > 0. If there exist a constant u

such that
2k V18 + &5
—<u< TR
0 0

and
F (1, do, @0, P0, M0 S0, [1P(0, )| 1(r2)) = O,
then d(t) and p(t) must blow-up at some finite time.

Here,

v

F(u,d,0,p,10,8,[p(0,)]| 11 (r2)) := N

(Vn*+&%—pu)

_ m+2arctan(d//u?p? — 0?2k
H2P2 — w2 —2kp

(0, )1 (r2)
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Remarks on Theorems

@ The critical threshold in 1D Euler-Poisson equations depends only on the
relative size of the initial velocity gradient and initial density. In contrast
to the one-dimensional Euler-Poisson equations, the threshold conditions
in 2D MEP equations depend on several initial quantities: density pg,
divergence dy, vorticity @y, gaps Mo, & and even total mass

(0, )l 2 (r2)
@ One can easily check that how F depends on those initial configurations:
JIF JdF JdF JF JF JdF

<0, <0, — >0, ———— >0, =— >0, and — > 0.
ad =7 (@) " dp T alp(0. ) [mey 9 9€

For example, F is increasing in p, ||p(0,-)|[;1(r2) and —d. This is
interpreted as if there is a point X € R? with highly accumulated mass
with low divergence, then there may be a finite time blow-up of the
density.
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Sketch of the proofs



d-dynamics equation: d’' = 1d2——n + ( ) p2—%§2+kp:>

GG L i) (R L e

® Here, f(t) := k(Ry;[p] = Ry, [p]), &(t) := k(Ris[p] = R3y[p])-
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Sketch of the proofs

d-dynamics equation: d' = —3d?~in?+3 (@)2p27%<§2 +kp =

_ 1o L[ (@ (mo f(n) \? (& [fe(r) \*] .
7= 2{ (Po) +<P0+~/0 p(7) ‘”) +(po+.o p(r)”) ]p e

® Here, £(t):= k(RY[p] - RL[P1). &(t) := k(RYlp] - RY [p]).

@ For t >0, it holds

't £(1) [kllp(0, ) rmey [t 1
/ d‘c| < —-/0

02 7p(1:) dr.

o p(7)

e ff
(—/ 7.,—/ 7) Located at (0,0) when t=0
op Jop
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Sketch of the proofs

e L) L) L5

greater than u? for short initial period of time

@ For any u € (0, p—l()\/ng +£2], there exists T >0 such that

1 1 2
A I T @)
p'=—dp

for all t € [0, T]. Furthermore, the lower bound T* >0 of T is obtained

from
(no)2+<50>2_u:ﬁ|k||p(o,-)|L1(Rz) / !

—F darT.
o) o v o p(2)

@ Find initial data such that d — — at some time before T*.

Yongki Lee  Univ. of California, Riverside Blow-up conditions for 2D MEP equations



Thank you for your attention!
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