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1. Hermite functions Raising

Let ε > 0,

ϕ0(x) = π−1/4 exp(− 1
2εx

2), x ∈ R,

and a = 1√
2ε

(x+∇x), a† = 1√
2ε

(x−∇x).

The eigenfunctions of 1
2(aa†+ a†a) = 1

2(−ε2∆x + x2) are

ϕk+1 = 1√
k+1

a†ϕk, k ∈ N.



1. Hermite functions Orthogonal polynomials

ϕk = 1√
2kk!

hkϕ0,

where (hk) is defined by the 3-term recurrence

hk+1 = 2√
ε
xhk − 2khk−1

or the Rodriguez formula

hk(x) = exp(1
εx

2)(−∇x)k exp(−1
εx

2).



2. Wigner functions Wigner ’32

Let ε > 0 and ϕ : Rd → C. Define

Wε(ϕ)(x, ξ) = (2πε)−d
∫
ϕ(x+ 1

2y)ϕ(x− 1
2y)eiy·ξ/εdy

for (x, ξ) ∈ R2d. Then,

∫
Wε(ϕ)(x, ξ)dξ = |ϕ(x)|2,

∫
Wε(ϕ)(x, ξ)dx = |Fε(ξ)|2.



2. Wigner functions nonnegative

Hudson ’74, Soto/Claverie ’83:

Wε(ϕ) ≥ 0 ⇐⇒ ϕ(x) = exp(− 1
2ε(x · Cx+ 2b · x+ γ)),

for b ∈ Cd, γ ∈ C, and C ∈ Σd with

Σd =
{
C ∈ Cd×d | C = CT , Re(C) > 0

}
.



2. Wigner functions Hermite–Laguerre connection

Groenewold ’46:

Wε(ϕk)(x, ξ) =
(−1)k

πε
Lk(2

ε |z|
2) exp(−|z|2/ε)

with z = x+ iξ for x, ξ ∈ R and

Lk(x) =
ex

n!
∇kx

(
e−xxk

)

the kth Laguerre polynomial.



3. Hagedorn wavepackets Raising ’98

ϕ0(x) =

(πε)−1/4 det(Q)−1/2 exp( i
2ε(x− q) · PQ

−1(x− q) + i
εp · (x− q))

Let

A† = i√
2ε

(P ∗(x− q)−Q∗(−iε∇x − p)).

The eigenfunctions of 1
2(A ·A†+A† ·A) are

ϕk+ej = 1√
kj+1

A
†
jϕk, k ∈ Nd.



3. Hagedorn wavepackets symplectic

Q,P ∈ Cd×d satisfy

QTP − PTQ = 0, Q∗P − P ∗Q = 2iId.

That is,

F =

(
Re(Q) Im(Q)
Re(P ) Im(P )

)

satisfies FTJF = J with

J =

(
0 −Id
Id 0

)
.



3. Hagedorn wavepackets Siegel half-space

⇒: For all symplectic pairs P,Q ∈ Cd×d, C = PQ−1 ∈ Σd.

⇐: For all C ∈ Σd there exists a symplectic pair P,Q ∈ Cd×d with

C = PQ−1.



3. Hagedorn wavepackets Orthogonal polynomials

ϕk = 1√
2|k|k!

pkϕ0,

where (pk) is defined by the 3-term recurrence(
pk+ej

)d
j=1

=
√

2
εQ
−1(x− q)pk − 2Q−1Q

(
kjpk−ej

)d
j=1

or the new Rodriguez formula

pk(x) = |ϕ0(x)|−2(−
√
εQ∗∇x)k|ϕ0(x)|2.



3. Hagedorn real symmetric Q

If Q = QT ∈ Rd×d, then

pk(x) =
d∏

j=1

hkj

(
1√
ε
(Q−1(x− q))j

)
, x ∈ Rd,

see Hagedorn ’85.

Intriguing thought:

Given C = PQ−1. Why not choose Q real symmetric?



3. Hagedorn wavepackets Dynamics

e−i(−
ε2
2 ∆x+V )t/εϕk[q0, p0, Q0, P0] ≈ eiSt/εϕk[qt, pt, Qt, Pt]

as ε→ 0, where

q̇t = pt, ṗt = −∇V (qt),

Q̇t = Pt, Ṗt = −D2V (qt)Qt,

see Hagedorn ’81, ’85, ’98, ...



3. Hagedorn wavepackets Laguerre connection

L./Troppmann ’13:

Wε(ϕk)(x, ξ) =
(−1)|k|

(πε)d

d∏
j=1

Lkj(
2
ε |zj|

2) exp(−|z|2/ε)

with z = −i(PT (x− q)−QT (ξ − p)) for x, ξ ∈ Rd.

Note that (
Re(z)
Im(z)

)
= F−1

(
x− q
ξ − p

)
.



4. A proof Sum rule

1. Deduce a raising operator B† for pk.

2. Compute

τy ◦ (B†)k =
∑
ν≤k

(k
ν

) (
2√
ε
Q−1y

)k−ν
(B†)ν ◦ τy

for (τyf)(x) = f(x+ y) for y ∈ Cd.

3. Deduce

pk(x+ y) =
∑
ν≤k

(k
ν

) (
2√
ε
Q−1y

)k−ν
pν(x).



4. A proof Laguerre conncection

4. Use the sum rule for∫
pk(x+ y1)pk(x+ y2)|ϕ0(x)|2dx =

2kk!
d∏

j=1

Lkj

(
−2
ε(Q−1y1)j(Q

−1y2)j
)
.

5. Compute

Wε(ϕk)(x, ξ) = (2πε)−d
∫
ϕk(x+ 1

2y)ϕk(x− 1
2y)eiy·ξ/εdy.



5. A Corollary metaplectic

For z = −i(PT (x− q)−QT (ξ − p)),

Wε(ϕk[q, p,Q, P ]) =
(−1)|k|

(πε)d

d∏
j=1

Lkj(
2
ε |zj|

2) exp(−|z|2/ε)

= Wε(Tq,pRF ϕ[0,0, Id, iId])

with

Tq,p = exp
(
i
ε(p · x− q · (−iε∇x)

)

and RF the metaplectic representation of F .



5. A Corollary

There exists c ∈ C, |c| = 1 with

ϕk[q, p,Q, P ] = c Tq,pRF ϕk[0,0, Id, iId].



5. A Corollary Squeezing

Let W = WT ∈ Cd×d, |W | ≤ Id.

For W = U |W |, B = Uartanh|W |, set

DB = exp
(

1
2(a† ·Ba† − a ·B∗a)

)
.

We have DB = RF , if

Q = (Id +W )(Id−W ∗W )−1/2,

P = i(Id−W )(Id−W ∗W )−1/2.



5. A Corollary Identification

B Semiclassical wavepackets (’85, ’98)

B Hagedorn wavepackets (’08)

B Generalized squeezed states (’92)

B Generalized coherent states (’97)



Thank you.


