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1. Hermite functions Raising

Let € > O,

po(z) =7 Y4%exp(-L£2?),  z€R,

and a—\/—(az—l—vx) al \/—(x—vx).

The eigenfunctions of 3(aal + afa) = 3(—e2A, + 22) are

]H

Ph+1 = JogTd Phks k€ N.



1. Hermite functions Orthogonal polynomials

where (h;) is defined by the 3-term recurrence

hk—l—l — \/Agajhk — Qkhk_l

or the Rodriguez formula

hip(z) = exp(22?)(—Ve)F exp(—1a?).



2. Wigner functions Wigner '32

Let € >0 and ¢ : R? — C. Define

W) (@, &) = (2r) ™ [ oo + Fn)e(a — Jy)et/ody

for (z,&) € R?4. Then,

[ W@, 0ds = le@)P, [ W) &)dz = [F (P,



2. Wigner functions nonnegative

Hudson '74, Soto/Claverie '83:

Wi () >0 <«  ¢(z) =exp(—az(z-Cz+2b-z+7)),

for b€ €%, v € C, and C € X with

sy={Cec™|c=c" Re() >0}



2. Wigner functions Hermite—Laguerre connection

Groenewold '46:

WE(p) (2, €) = Ly (2]2]?) exp(—|2|?/¢)

(=1)*
UXS
with z =« + & for x,£ € R and

_e_:c k (,—x, .k
Lk(x)—nlvx<e ac)

the kth Laguerre polynomial.



3. Hagedorn wavepackets Raising '98

eo(x) = | |
(me) M4 det(Q) 2 exp(L(z —q) - PQ Yz —q) + ip- (z — q))

Let

Al = —L(P*(z - q) — Q"(~icVa — ).

The eigenfunctions of 5(A- AT+ AT. A) are

A;L-gok, k e Nd.

_ 1
Pk+e; — VL



3. Hagedorn wavepackets symplectic

Q, P € c¥*d satisfy

ol'p—-pPl'g=no, Q*P — P*Q = 2ild.

That is,
e (Re(@) Im(@))

Re(P) Im(P)
satisfies FL'JF = J with

(0 -—Id
J_<Id o)‘



3. Hagedorn wavepackets Siegel half-space

—: For all symplectic pairs P,Q € c%*d ¢ = pPQ-lex,.

<: For all C' € > ; there exists a symplectic pair P,Q & Ccad%d with

c=prQ L



3. Hagedorn wavepackets Orthogonal polynomials

— 1

where (pg) is defined by the 3-term recurrence

(pk+ej)3 ) \f@ Lz — ¢)pr, —2Q~ Q( iPk— ej)d )

or the new Rodriguez formula

pe(x) = o ()| "2(—vEeQ* V) po(x)|?.



3. Hagedorn real symmetric Q)

If Q = QT ¢ R¥4, then

d
@) = [T by (L@ 1@ —0);),  wer,
=1

J

see Hagedorn '85.

Intriguing thought:
Given C = PQ~1. Why not choose Q real symmetric?



3. Hagedorn wavepackets Dynamics

(=5 Dot V)t /e iSy/

Spk[Q(LpO)QOaPO] ~ € Spk[QtaprtaPt]

as € — 0, where

Dt, pt = —VV(q),

P, = —D?V(q)Qy,

gt
Q¢

|
s

see Hagedorn '81, '85, '98, ...



3. Hagedorn wavepackets Laguerre connection

L./Troppmann '13:

(—1)lkl

W) (@, 8) = =5,

H Ly, (2]2j%) exp(—|z[*/¢)

with z = —i(PT(z — ¢) — QT (¢ — p)) for z,& € RY.

Note that



4. A proof Sum rule

1. Deduce a raising operator BT for pg.

2. Compute

oY =3 (%) (2e ) B en,

v<k
for (myf)(z) = f(z +y) for y € C.

3. Deduce

pe(z+y) = ) (k) (%Q_ly) pu(z).

v<k v



4. A proof Laguerre conncection

4. Use the sum rule for

[ B + y1)pale + y2)lpo(2)|de =

d -
2%kt T Ly (—2Q@1y1);(Q 1w2);)

Jj=1

5. Compute

WE(e) (@,€) = re) ™ [ or(e + Sn)er(e — Sy)e /oy




5. A Corollary metaplectic

For 2 = —i(P1(z —q) — QT (¢ —p)),

(—1)lkl

(o) H Ly, (212j]%) exp(~|2|? /)

WE (pla, p, Q, P])

= W°(Typ Rr ¢[0,0,1d,ild])

with
Tgp = exp( (p-z—gq- (—%evx))

and Rr the metaplectic representation of F.



5. A Corollary

There exists ¢ € C,

c| =1 with

vrla, p, Q, P] = cTy,p R ¢4[0, 0,1d,4Id].



5. A Corollary Squeezing

Let W =WT ¢ céxd, |W| < Id.

For W = U|W|, B = Uartanh|W|, set

DB=eXp< (o' Ba' —a- B*a)>.

We have Dgp = Rp, if

Q = (Id+WwW)(Id — w*w) /2,
P = i(ld—WwW)(Id — w*w) /2



5. A Corollary Identification

> Semiclassical wavepackets ('85, '98)

> Hagedorn wavepackets ('08)

> Generalized squeezed states ('92)

> Generalized coherent states ('97)



Thank you.



