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Magnetic devices

@ Magnetic recording devices and computer storages
e Spinvalues’

SN

Magnetic random access
memory

@ Domain walls 2

Racetrack
memories

'Science@Berkeley Lab: The Current Spin on Spintronics
2http://www2.technologyreview.com/article/412189/tr10-racetrack-
memory/
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Methodology for detecting the orientation
@ Tunnel magnetoresistance 2
Julliere’s model:
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@ Giant magnetoresistance 4

Antiparallel Parallel
magnetizations  magnetizations

Ferromagnet (Co)
Nonmagnetic metal (Cu)
Ferromagnet (Co)

Resistance o Albert Fert & Peter Griinberg:
Re. auR= 2007 Nobel Prize in Physics

-"

Magnetic field

Shttp://unlcms.unl.edu/cas/physics/tsymbal/reference/
“http://unlcms.unl.edu/cas/physics/tsymbal/reference/
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Methodology for rotating the orientation

@ Spin transfer torque (STT) ®

Forro1_Spacer Ferro2 e Two layers of different
L thickness: different switchin
& / ’ X 3 fields °
N s, " g \s, 22??
@ The thin film is switched, and
the resistance measured

Shttp://www.wpi-aimr.tohoku.ac.jp/mizukami_lab/
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Micromagnetics: Landau-Lifshitz-Gilbert model

Basic quantity of interest:

m:Q— R |m| =M

Landau-Lifshitz energy functional:

Flm] = /¢< )dx+ s/|Vm2dx

’“’/Hs.mdx—ﬂo/He-mdx
2 Jg Q
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Motivation

(- JN0) (%) Anisotropy Energy: Penalizes deviations from the
easy directions. For uniaxial materials
¢(m) = Ky ((m2/Ms)? + (m3/Ms)?).

° M%\Vm\z: Exchange energy: Penalizes spatial variations.

@ —uoHe - m: External field (Zeeman) energy.

@ —2Hs - m: Stray field (self-induced) energy.

@ The stray field, Hs = —Vu is obtained by solving the
magnetostatic equation:

Cc

Au=divm, xe€Q, Au=0, xcQ,
with jump boundary conditions

ou

[U]aQ = 0, ] =—m-v.
O | pq
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@ Landau-Lifshitz-Gilbert equation

]
om _ mx H+ am x om
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@ Landau-Lifshitz-Gilbert equation

]
om _ mx H+ am x om
at — ! BT
where H = —g—,’;—, and the second is Gilbert damping term.
e y=176x10" T-1s~1
o « << 1: Damping coefficient

@ With the injection of spin current

om om
where s is the spin procession and J is the coupling
strength between spin and magnetization
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How to describe the spin dynamics?
@ Quantum (Schrédinger equation in spinor form)

h%’f ((fv%w x))i - "25  m(x. t))w

@ Kinetic (Boltzmann equation)
oW(x,v.t)+ v -VxW(x,v.t)— %E -VyW(x,v,t)
w-w_ E(Wf éTr@W)

T Tsf

i ~
- ?h[MBWU : m(x, t)a W(Xv v, t)] -
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How to describe the spin dynamics?
@ Quantum (Schrédinger equation in spinor form)

h%’f ((fv2+V( x))i - "25  m(x. t))w

@ Kinetic (Boltzmann equation)
oW(x,v.t)+ v -VxW(x,v.t)— %E -VyW(x,v,t)

W_Wfi(v‘v é Trce W)

T Tsf

i ~
- ?h[MBWU -m(x,t), W(x,v.t)] = —

@ Hydrodynamic (Diffusion equation)

os
ot

= —div Js — 20p(X)— — 2Do(x) 22,
X 22

sf

Js = 5“3Jn®m 2Do(X) [Vs — BB/ (Vs-m) & m].
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@ The Schrodinger-Poisson-Landau-Lifshitz-Gilber system
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The SPLLG system

@ The Schrédigner-Poisson (SP) equation

2
0] (X, 1) = = 5 Dy (6. 0) + V(1) — 5

—AxVE=p°, xcR3 t>0,jeN
i (x,t=0) = ¢j(x)

m° - oy (X, 1),
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The SPLLG system

@ The Schrédigner-Poisson (SP) equation

2
. € 1> € 1€ €
05 (X, 1) = — 5 D (X, 1) + V(. ) — 5

—AxVE=p°, xcR3 t>0,jeN
i (x,t=0) = ¢j(x)

m° - oy (X, 1),

@ The Landau-Lifshitz-Gilbert (LLG) equation

om® = —m° x Hgy + am® x oinr°,
Im*(x,t)| =1, x€Q, t>0

mE
0 =0 onoQ

ov

m°(x,t = 0) = mg
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@ The occupation numbers A7 > 0 satisfy that there exist
Coc> 0 such Elgat .

DN+ DN Iy + <0 0 < €
J=1 Jj=1 j=1
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@ The occupation numbers A7 > 0 satisfy that there exist
Coc > 0 such Elgat .

>+ S N IVl + < )
j=1 j=1 j=1

@ Physical observables

t) = ZA; |5 (x, 1)|2

JF(x, 1) —EZ)\fIm ¢5T(x HV x5 (x, 1)),

j 1

ZA Trce (& (w5 (x, 95 (x.1) )
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@ The Landau-Lifshitz-Gilbert energy

1 1 €
F, = L 52—*HE‘ E_ S e . me
LL /Q<2|Vm\ sHs-m" —3s m) dx,
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@ The Landau-Lifshitz-Gilbert energy

1 1 €
F, = o Ezf,HE. c_“s.m)d
LL /Q<2|Vm\ sHs-m —3s m) X,

@ The the effective field

OFL €
it = e A P Hs oS
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@ The Landau-Lifshitz-Gilbert energy

_ 1 c12 1 3 < € ¢ e
FLL_/Q<2|Vm\ 2Hs nr — 58 -m dx,
@ The the effective field

. OFL

g
off = ~ 5 =AM+ Hg+ 58

2

@ The stray field

Hi(x) = -V /Q VN(x — y) - mi(y) dy,
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The Wigner-Poisson equation

@ The Wigner transformation

s = ot [, S e ) (- oy

Y j=1
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The Wigner-Poisson equation

@ The Wigner transformation
e 1 € Yy iv-y
We(x,v) = (27)3/]1@32)\ A <x+ )1/) ( ?>e dy .

@ The Wigner equation

W + v - VWe — (@6[%‘] + ;rs[m€]> We =0,
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where the operator ©¢ is given by
@E[VE] We(x, v)
€ ey e /
27T //16 ) V<X+2>}W(X’V)
X e‘(" V)Y dy av/,
and the operator I'¢ is given by
reim \We(x, v)
_ 1 c(y &Y e NERTTE INVE ey
_(277)3/ [M (x ?> We(x,v') — We(x,v')M (X—l-?)}
x (V=YY dy dv/,

where the matrix M =& - m°.
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© Existence of weak solutions
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Consider the case ¢ = 1.
@ The Schrddinger equations

1 1 _ .
i6t¢j:—§A¢j+ Vzpj—gm-mpj, xeK,jeN, t>0,

pi(t=0,Xx) = pi(x), xcK
Pi(t,x) =0, x e oK
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Consider the case ¢ = 1.
@ The Schrddinger equations

. 1 1 N _
lat¢j:_§A¢j+ V@b/—Emow,bj, xeK,jeN, t>0,
Pi(t=0,x) = pj(x), xeK
Pi(t,x) =0, x e oK
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Consider the case ¢ = 1.
@ The Schrddinger equations

1 . .
i@tqﬁj:—%ijJr Vzpj—ém-m,bj, xeK,jeN, t>0,

Pi(t=0,x) = pi(x), xeK
pi(t,x) =0, xecIK

@ The Landau-Lifschitz-Gilbert equation

om=-mxH+amxom, (x,1)cQ xR,
m(t=0,x)=my(x), xe,
om=0, (x,t)coQ xR,

@ The Poisson potential V = —N xp

@ The effective field H = Am + Hs + }s, and
Hs = _V(VN* 'm)v
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Existence of weak solution

@ Denote ¥ = {¢;}jeny and @ = {¢;}jen.

@ Introduce the summation Hilbert space 7 (K) by defined
4l LK) T Zf; )‘j||¢j||/?:/f(K)'

@ Theorem:
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Existence of weak solution

@ Denote ¥ = {9, }jen and & = {¢; }jen.

@ Introduce the summation Hilbert space 7 (K) by defined
1215 ey = 20720 Ml iy

@ Theorem:

Given any initial conditions with @ € #} (R®) and

my € H'(Q), |[mg| = 1, a.e. . Then there exists

€ L*°(]0,00), HL(R3)) and m € C([0, ), H'(Q2)),

I[m| =1, a.e., such that the SPLLG system hold weakly.
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Existence of weak solution

@ Denote ¥ = {v;}jeny and @ = { ) }jen-
@ Introduce the summation Hilbert space 7 (K) by defined
||3PH2 £ (K) = 21021 )‘j||¢j||'/2-/r(;<)-
@ Theorem:
Given any initial conditions with @ € #} (R®) and
my € H'(Q), |[mg| = 1, a.e. . Then there exists
W € ([0, 00), HL(R3)) and m € C([0, ), H'(Q)),
Im| =1, a.e., such that the SPLLG system hold weakly.
@ We prove this theorem first in a bounded domain K and
then let K — R3 .
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@ Assume K c RR® bounded.
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Galerkin approximations in a bounded domain

@ Assume K C RS bounded.
@ Construct solutions by Galerkin approximations:
o Let {05} nen be the normalized eigenfunctions of
—Af = pfin K, 6y =0.
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Galerkin approximations in a bounded domain

@ Assume K C R bounded.
@ Construct solutions by Galerkin approximations:
o Let {05} nen be the normalized eigenfunctions of
—A0 = phin K, 0|y, = 0.
Let {wn}nen be the normalized eigenfunctions of
—Aw = pwin Q, d,w|a, = 0.
e We seek the approximate solutions
Wi (X.1) = 354 cjn(t)fn(), and
m(X, 1) = Y14 Ba(t)wn(X),
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Galerkin approximations in a bounded domain

@ Assume K C RS bounded.
@ Construct solutions by Galerkin approximations:
o Let {05} nen be the normalized eigenfunctions of
—A0 = pubin K, 0|5, = 0.
Let {wn}nen be the normalized eigenfunctions of
—Aw = pwin Q, d,w|a, = 0.
e We seek the approximate solutions
Wi (X 1) = Sy jn(t)0n(x), and
m(X. £) = 3254 Ba(t)wn(X),
e and satisfy the initial conditions
¢1N(70) = nxtp]! and mN('7O) = n%mo,
where M% and MN{ is the orthogonal projections to
Span{6,}N_, and Span{w,}N_,, resp..
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Galerkin solutions
@ Let ¢y and my be the solutions of

. 1 1 ~
-] ﬂx (1811/)/‘,\, = _éAl’b/N + VN’l,ij — EmN . O"I,ZJIN> R

F. Alouges & A. Soyeur 1992
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Galerkin solutions
@ Let ¢y and my be the solutions of
o MK (iaﬂpm = —%Awm + W, — %m,\, . &¢,N> ,

o MY (—admy = my x dmy — Hy + k(jmy2 — 1)my) , ©

F. Alouges & A. Soyeur 1992
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Galerkin solutions
@ Let ¢y and my be the solutions of
. 1 1 ~
o MK (18f1j)jN = —éijN + W), — 5y 0'1/J1N> ,
(4] I'IS,E, (foﬁ,m,\, =my x Ormy — Hy + k(|mN|2 — 1)mN) s 6
where Hy = Amy + (Hsy + 3Sn) -

F. Alouges & A. Soyeur 1992
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Galerkin solutions
@ Let ¢y and my be the solutions of
. 1
° I'lﬁ (18ﬂj)m Aww + VNwlN mN 0'1/JIN>
° I'IS,E, (70&6tm/\/ =my x Oimy — Hy + k(|mN|2 —-1) N) , 6

where Hy = Amy + (Hsy + 3Sn) -
@ Estimates then are based the following conservation

d [« d
-~ 2 :A 22 V 2

d d
— [ [Vmp2+ — | |Hsnl?

k d 5 2 > d
+§d7f Q(|mN\ —1) +2a/9|81mN| dt/sN my.

F Alouges & A. Soyeur 1992
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Limits as N —

Then we have the convergence w.r.t. corresponding topology:
o wy N gk ¢ [(RF HA(K)), weak *
o 0wy 22 gk € [°(RT, 1S (K)), weak *
o my 2% mk € L°(RT, H'(Q)), weak *

o my X2 omk € 2(RT, 2(Q)), weakly
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Limits as N —

Then we have the convergence w.r.t. corresponding topology:
o wy N gk ¢ [(RF HA(K)), weak *
o 0wy 22 gk € [°(RT, 1S (K)), weak *
o my 2% mk € L°(RT, H'(Q)), weak *
o my X2 omk € 2(RT, 2(Q)), weakly

o ImyP — 122 imk2 — 1 e Lo(RT, 3(Q)), weak”
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Weak Solutions to the penalized problem

Lemma

For all x € H'([0, T] x Q) andn € C([0, T], H'(K)), it holds that

T k1T K 4 koo k
[ [owfn=g [ [ vefvas [ vius
o Jk o Jk o Jk
17 k k
A ma'iﬁ,
3 ), Jomtout
T T
.
//a@tmkxz—/ /<mk><0tmk—Hsk—25k>x
0 Q 0 Q

T
+/ /k(!mk12—1>m"x+Vm"-VX.
0o Ja
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Weak Solutions to the SPLLG

k— o0

@ o UK I e (R, H(K)) weak*
o 0K 12, gw ¢ [°(RT, 15 (K)) weak* ,
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Weak Solutions to the SPLLG

0 o TK KT g c [o(RT HA(K)) weak® |
o 0K 12, gw ¢ [°(RT, 15 (K)) weak* ,
o M 122 me LR, H'(Q)) weak* |,



Motivation Modeling Existence Semiclassical limit

Weak Solutions to the SPLLG

gk K20 g ¢ (R, ’H}‘(K)) weak*
oK 122, 9w e [°(RT, 15 (K)) weak* ,
mt 522 m e Lo(RT, H'(Q)) weak®
omk X225 9,m e [2(RT, [3(Q)) weakly
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Weak Solutions to the SPLLG

Tk K2, g ¢ [2o(RT, HA (K)) weak® |
oK 122, 9w e [°(RT, 15 (K)) weak* ,
mt 522 m e Lo(RT, H'(Q)) weak®
omk X225 9,m e [2(RT, [3(Q)) weakly

Im|2 — 1 £22% 0 ¢ [2([0, T] x Q) weakly and a.e. ,
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Weak Solutions to the SPLLG

Tk K2, g ¢ [2o(RT, HA (K)) weak® |
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mt 522 m e Lo(RT, H'(Q)) weak®
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Weak Solutions to the SPLLG

Tk K2, g ¢ [2o(RT, HA (K)) weak® |

oK 122, 9w e [°(RT, 15 (K)) weak* ,

mt 522 m e Lo(RT, H'(Q)) weak®

omk X225 9,m e [2(RT, [3(Q)) weakly

Im|2 — 1 £22% 0 ¢ [2([0, T] x Q) weakly and a.e. ,

@ Take x = mK x € with £ € C>([0, T] x Q) in the penalized
LLG equation and obtain

/()T/Qatm-gz/oT/Q<m>< <a8tm—Hs—;s>>-§
+/OT/Qm><Vm~V£.
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Weak Solutions to the SPLLG

Tk K2, g ¢ [2o(RT, HA (K)) weak® |

oK 122, 9w e [°(RT, 15 (K)) weak* ,

m* K22 m e L(RY, H'(Q)) weak*

omk X225 9,m e [2(RT, [3(Q)) weakly

Im|2 — 1 £22% 0 ¢ [2([0, T] x Q) weakly and a.e. ,

@ Take x = mK x € with £ € C>([0, T] x Q) in the penalized
LLG equation and obtain

[ Lom = [ (e 1))

+ /mem~V£.

0 Jo
@ Since |m| =1 a.e., by a density argument, we also obtain
the above equation holds for all £ € H'([0, T] x Q).
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Weak solutions in whole space R® 7

@ For each R fixed, there exist weak solutions to the SPLLG
in K = B(0, R).

@ Conservation law and energy dissipation.

@ The energy estimates does not depend on the radius R.

’F. Brezzi & PA. Markowich 1991
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Weak solutions in whole space R® 7

@ For each R fixed, there exist weak solutions to the SPLLG
in K = B(0, R).

@ Conservation law and energy dissipation.

@ The energy estimates does not depend on the radius R.

@ There exit subsequences of solutions converge as R — .

’F. Brezzi & PA. Markowich 1991
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Weak solutions in whole space R® 7

@ For each R fixed, there exist weak solutions to the SPLLG
in K = B(0, R).

@ Conservation law and energy dissipation.

@ The energy estimates does not depend on the radius R.

@ There exit subsequences of solutions converge as R — oc.

@ The limit satisfy the SPLLG weakly in RS.

’F. Brezzi & PA. Markowich 1991
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Outline

@ Ssemiclassical limit of SPLLG
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The WPLLG system in the semiclassical regime.
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The WPLLG system in the semiclassical regime.
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The WPLLG system in the semiclassical regime.

@ The Wigner equation _
OHWE + v - VxWe — (©°[VE] + 3T [m°]) We =0
@ The Landau-Lifshitz-Gilbert (LLG) equation
om® = —m° x Hg + am® x 0y
@ The Poisson potential V& = —N x p°
e The effective field Hy; = Am + HS + 1s° and
H; = —V(VN % -mF)
@ The behavior of the solution (W¢, m?) in the semiclassical
limite — 0.



Semiclassical limit

Main theorem: The semiclassical limit

There exists a subsequence of solutions (W<, m?) to the
WPLLG system such that

We <=2 Win L°((0, T); L3(RS x R3)) weak =
m* =% min L((0, T); H'()) weak
and (W, m) is a weak solution of the following VPLLG system,

W = —V~VXW+VXV-VVW+%[8-m, wy,

otm = —m x Hy + am x o:m,

y, v, t
~ 4z /Rs /Rs X —y dde’

He = Am + Hg,

Hs(x )——V<1 V(y)dy>

|x — |
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Conservation quantities.
Conservation of the total mass.

/pE(X,t)dX:/ / Tree (WE(x, v, t)) dvdx
RS RS JR3
_ € _ €
_/Rip(x,o)dx_;)\/.
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Conservation quantities.
Conservation of the total mass.

/ (x,t)dx = / / Tree (We(x, v, t)) dvdx
R R} JRY

:/R3 Z)\E

Conservation of the L2-norm of WE.

HWE() L2(R3><]R3 . / / Tl‘(cz WE(X Vv, t} }dVdX

2
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Conservation quantities.
Conservation of the total mass.

/ (x,t)dx = / / Tree (We(x, v, t)) dvdx
R R} JRY

:/R3 Z)\E

Conservation of the L2-norm of WE.

”WE() L2(R3><]R3 . / / Tl‘(cz WE(X Vv, t} }dVdX

_H W€HL2 RExR3) — W Z()\f)z
Conservation in the magnetization. =1

|m™(x, )| = [mo(x)| = 1;
[[m°(x, 1) 12(2) = [|mo(x)[|2(€2) = (€.
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1
FSP_EﬁinJr/ [V Ve dx
2 R:,‘)'(
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Energy dissipation.

@ Schrddinger-Poisson energy

1
Fsp = Ekm / ‘VVE’2 dx

@ The Landau- Llfsch|tz energy

’
FLL:/ <|Vm5|2 —|H |2—€s€-m€> dx
o \2 5
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Energy dissipation.

@ Schrddinger-Poisson energy

1
Fsp = Ekm / ‘VVE’2 dx

@ The Landau- Llfsch|tz energy

’
FLL:/ <|Vm5|2 —|H |2—€s€~m€> dx
o \2 2

@ The energy dissipation

dt (FLL+FSP —|—a/ \&m X t)’de<0

Semiclassical limit
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Energy dissipation. Cont.

Using the estimate

/sa-medx‘§/|sg-m€|dx§/ |s|dx < C
Q Q RS

we get there exists a constant C independent of ¢, such that®

1 t
[ vm P ax ﬁin(t)+/ VVa(x,t)deJra/ [, oume
Q 0 JRy

<C+ F|_|_( +Ek|n / ‘VVE

<C.

8Brezzi & Markowich 1991, Arnold 1996
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Boundedness

From the conservation equations and the energy dissipation we
get the following boundedness

kin(t) = / |V[2Tree (WE(x, v, 1)) dvdx < C,
R} JRY
IV oo (0.00) 8 ®2)) T IV VEll oo 0,00, 12(m2)) < C-

IWENl 2ra wre) + (107 (1) 2(0) + IVAF(D) ]| 2(0) < C,
( X V)

and
10:m° [| 1270, 7, 12(m3)) < C.
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From the interpolation lemma®

Lemma

Let1 <p<oo,g=(5p—-3)/(83p—1),s=(5p—3)/(4p - 2),
and 6 =2p/(5p — 3). Then 3C > 0 s.t.
0

_ 1—-0 = _ 1—
6]l < CIN15 (e2Eg,) ; IFlls < CIX[S (e72Eg,)
- p
where [X°], = (272 [X717)

under the assumption |\*|, < C we get the estimats

1%l Lo ((0,00),La(r2)) T 17| o0 (0,00) La(r)) < C, g € [1,6/3],

17711 oo (0,00, L5(82)) T s 10 (0,00 L5(m2)) < C, S € [1,7/6].

SArnold 1996
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Convergence subsequences.

We 2% Win L [2(R3 x R3)) weak » ,

);

o720 pin L ); LYRS)) weak = , g € [1,6/5]
); LYR3)) weak * , g € [1,6/5]
) H'(Q)) weak

mF ==% min L2([0, T], L3(R3)) strongly.
);
);
);

s ¢—0

s ——=sin L™

m =% min L

~_~ o~ o~ o~

H: =2% Hin L 2(Q)) weak * ,

L
L5(R3)) weak * ,
L

2(R3)) weak * .

e—0

(
Ve =% Vin L°°((0, 0
vV UV in 19

(0,00



Motivation Modeling Existence Semiclassical limit

Passing to the limit of the Wigner equation

We study the weak formulation of the Wigner equation

/// [W€(8r¢+ V- Vxp)+ (@5[V€] + ;ra[me]> W%} _o

"Markowich & Mauser 1993
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Passing to the limit of the Wigner equation

We study the weak formulation of the Wigner equation

/// [W€(8t¢+ V- Vxp)+ (@5[V€] + ;ra[me]> W%} _o

o m///ws(afwv.vm):///W(af¢+v.vx¢>).
o 10;@)// e&[va]wwz_// WYV - Vo

"Markowich & Mauser 1993
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Passing to the limit of the Wigner equation

We study the weak formulation of the Wigner equation

///{ (O + v Vxd) + (9 [V6]+;r€[m€]> W%ﬁ} —0

o m///we(atwv-vm):///W(at¢+v-vx¢>).
s fforviwo [[f e .
° !m///rf[ms]wwé///[m.a, W]

"Markowich & Mauser 1993
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Recall that the operator ©¢ is given by

GE[VE] We(x, v)

e [ 2V (- F) v (x D) wieew)

X e‘(" V)Y dy av/,
and the operator I'¢ is given by

reimelWe(x, v)
= o /] 1 (= Ty weee - wets o (- )

x (V=YY dy dv/,

where the matrix M =& - m°.



lim._,o FE[mF] W*

Q>
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i im0
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e If m* ¢ H'(R®), we can prove (by Taylors theorem)

i [ i [ 2
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lim._o e [m°] We
e If m* ¢ H'(R®), we can prove (by Taylors theorem)

i [ =[]

@ But m® ¢ H'(R?), smce M| =1inQ, mF =0in Q°
@ Let m*? = n¥ x5 ©%, and then m* = (m* — m*%) + m#5,
where ¢’(x) = p(x/3) and ¢ is a positive mollifier.

Motivation
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lim._o e [m°] We
e If m* ¢ H'(R®), we can prove (by Taylors theorem)

i [ i [ 2

@ But m® ¢ H'(R?), smce M| =1inQ, mF =0in Q°

@ Let m*? = n¥ x5 ©%, and then m* = (m* — m*%) + m#5,
where ¢’(x) = p(x/3) and ¢ is a positive mollifier.

o

‘/// rmW® — M, W] )cf)dXdth‘

‘/// re [m° — m*] Wqudxdvdt‘
+V// (re [mF] we — [Mﬁ,w})mxdvdt’
‘/// - M, W ¢dxdvdt

where M =& - mand M® = M xx .
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lim._,o Fe[m*]W¢ Cont.

@ For the second integral, since m*? ¢ H'(R®) and
m=F — m s, ¢ strongly in L2([0, T] x R®), we have

lim /// (r‘f[mfﬂ] We — [MP, W]) ¢ =0.



Motivation Modeling Existence Semiclassical limit
lim._,o Fe[m*]W¢ Cont.

@ For the second integral, since m*” ¢ H'(R®) and
m=F — m s, ¢ strongly in L2([0, T] x R®), we have

lim /// (r‘f[mfﬂ] We — [MP, W]) ¢ =0.

@ For the third integral we have

l/// MW¢dxdvdt'<Cﬁ—>0asﬁ—>0



Motivation Modeling Existence Semiclassical limit

lim._,o Fe[m*]W¢ Cont.

@ For the second integral, since m*” ¢ H'(R®) and
m=F — m s, ¢ strongly in L2([0, T] x R®), we have

lim /// (r‘f[mfﬂ] We — [MP, W]) ¢ =0.

@ For the third integral we have

l/// ~ M. W] paxavat

@ For the first integral, we use triangle inequality to get

‘/// re [mf . mfﬂ] Wqudxdvdt’

< Clm* — ml 2o r).pg) + Clm” — M| 20 1.m5

< Cg—0,as 3 — 0.

+ Cllm — mBHLZ([o,T]xRi)

< ClIm* — m 20 gy + ClM — M|l 20 17,052
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lim._,o Fe[m*]W*= Cont..

@ Then

lim
e—0

/// re |m* - me| W%dxdvdt‘ < Cy.
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lim._,o Fe[m*]W*= Cont..

@ Then
im /// re |m* - me| W%dxdvdt‘ < Cy.
@ And Then
E /// (T [mFIW* — [M, W])qﬁdxdvdt‘ < Cg.
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lim._,o Fe[m*]W*= Cont..

@ Then
im /// re |m* - me| W%dxdvdt‘ < Cy.
@ And Then
E /// (T [mFIW* — [M, W])¢dxdvdt‘ < Cg.

@ But the left hand side of above inequality is independent of
5, we then have
im /// (Fe[meWe — (M, W])qbdxdvdt’ _o.
e—>
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Passing to the limit of the LLG equation
The weak formulation of the LLG equation

//mgﬁtqs://m xHEffgzs—a/ m° x oym° ¢.

@ Since m* — min L2([0, T], L3(2)) strongly, we have

!I_% // m°o;p = // mo;¢.

@ Since 9:m* — 9;m° in L2([0, T], L2(Q)) weakly, we have

I|m //m X Orm Eath—//mxatmc‘)tqs.
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Passing to the limit of the LLG equation
The weak formulation of the LLG equation

//maﬁtqs://m xHEffgzs—a/ m° x oym° ¢.

@ Since m* — min L2([0, T], L3(2)) strongly, we have

!I_% // m°o;p = // mo;¢.

@ Since 9:m* — 9;m° in L2([0, T], L2(Q)) weakly, we have

I|m //m X Orm Eath—//mxatmc‘)tqs.

//m xHeffgbdxdt:—/ m° x vVm® - Vedxdt

—F//mE x Hgpdx dt
£
+ 2//m‘E x 8¢ dxdt.
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Passing to the limit of the LLG equation

@ Thus we can take the limit
I|m //m x Hgg pdx dt = — Iim/ m° x Vm© - V¢dxdt
+ I|m //m x Hgpdx dt

o € £
+!m}2//m x ¢ dxdt
——/ mxvVm-V¢dxdt

+//m x Hgop dx dt.
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The limit of the WPLLG system

(W, m) is a weak solution of the following VPLLG system,

(W = —V-VXW+VXV-V.,W+%[8~m, W,

oim = —m x Hg + am x oym,

(y,v, t
47T /RS /RS ‘X— dde7
Hes = Am + Hg,

0= (G [y ),



Summary

(O T <=

<

o
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Summary

@ Use the Schédinger-Poisson-Landau-Lifshitz-Gilbert
system to model the spin-magnetization coupling.

@ Prove the existence of H' solutions.
@ Use Wigner transformation to get the kinetic description.

@ In the semiclassical limit, the spin-magnetization coupling
dynamics can be described by a
Vlasov-Poisson-Landau-Lifshitz system.
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THANKS FOR YOUR ATTENTION!
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