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Nonlocal potential of interest

Some physical non-local long-range interaction examples
o Coulomb interaction, isotropic

o Dipole-Dipole interaction, anisotropic, including Polar molecules, Rydberg atoms,
Light-induced dipoles and Magnetic dipoles®

“Rep. Prog. Phys. 72 (2009) 126401

T Lahaye ev al

(©) [CH] '
s '
O ¥
Figure 2. Two particles interacting via the dipole—dipole
interaction. (a) Non-polarized case: (b) polarized case: () two
polarized dipoles side by side repel cach other (black arrows);
(el ) two polarized dipoles in a *head-to-tail” configuration attract
each other (black arrows).
o santtarineg lannth tha

5 A nantant int
sunny5zhang@gmail.com (Y. ZHANG)

o 5 =
Solver: free space nonlocal potentials

November 30, 2016

1/33



Nonlocal potential of interest

Direct summation method for particles

o Assume N particle (source) with charge/momentum g; located at x;
o Target: Potential at x; (excluding the singular contribution)

o Direct summation
N
d(x) = quU(x,- —-x), i=1...,N.
j=1

here, U(x) is the fundamental interaction, it requires N> operations
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Nonlocal potential of interest

We consider the following convolution form

u(x) = / UG- yely)dy, e R

where
47r1|x|, 3D Coulomb;,
—(m - n)d(x) — 3 Onm (Ml‘x‘) , 3D Dipolar,
V=3 2D Coulomb
T oulomb,
— 5= In |x], 2D Poisson.

Common in Fields as follows:
o Bose-Einstein Condensates (Dipolar) , Many-body system (Coulomb, Poisson)
o Computational chemistry, Density function theory, Surface physics etc.
Discussion
o Assumptions: Density: smooth and fast decaying

o Density well approximated on uniform mesh by finite FFT series
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Nonlocal potential with free boundary condition

Existing solvers
o PDE/pseudo differential equation approach: boundary condition °
o Fast multipole method: adaptive density distribution, Greengard and Rokhlin ©
o Wavelet-based method: Convolution, Genovese etc €
o Nonuniform FFT method: Fourier space ¢
o Gaussian-Sum method: Convolution (physical), spectral representation ©

o Truncated Kernel method: kernel truncation, fast Fourier transform

“Bao CMS 03'; Bao JCP 10'; Zhang JCP 11'; Zhang CiCP, 14’
by, Comput. Phys. 87’; Acta Numer,97’ etc
€J. Chem. Phys. 06’; J. Comput. Chem. 07’ etc

dJiang, Greengard and Bao, SISC 14'; Bao, Jiang, Tang and Zhang, JCP 15’, Bao, Tang and
Zhang, CiCP 16’

€Zhang, Exl and Mauser, JCP 16’; Antoine, Tang and Zhang, JCP,16’, Zhang, Tang and
Mauser,16’

Vico, Greengard and Ferrando, JCP 16’
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Numerical method: NUFFT
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NUFFT method:Jiang, Greengard and Bao, SISC, 14’

Basic algorithm (Coulomb potential as an example)

1 ikx 77 ~, 1 1 ik-x =~
u(x) = e Ucoul(k k) dk = e k) dk
( ) (27I')d \/Rd C ( )p( ) (27I')d /Rd |k|d71 p( )
1 1 ik-x
~ k) dk
(2m)? /k|<P |k|d=1 e plk)

1 / / / e**p(k) sin@ d|k|dod¢, d =3,
( ik-x
e™” p(k) d|k|d¢, d=2,
0 0
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NUFFT method

Improved version

2

1 1 ikex -~
u(x) =~ — e p(k) dk
W = oy [, W

1 ik-x k 1 iex k) -
INCOE /kSP ¢ ﬁd(l) plk) dk + oy 2m)? Ji<p ¢ |I'J<d|‘(")1 plk) dk
~ (27]-;-)d /736ik'x wa(k) p(k) dk + ﬁ A<P ol |F|’(T§Ij)1 A(K) dk ()

Choice of py(x) and quadrature
@ C function that decays exponentially fast as |k| — oo
@ wqy(k) := llzlf’;i('{) is smooth for k € R?.

The first regular integral is well-resolved by FFT (zero-padding of density)
The second integral is done quadrature in spherical domain, using NUFFT.
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NUFFT method: brief review
NUFFT algorithm: pure acceleration

Type 1: nonuniform k, to x; uniform

M—1
) = D Foe' ™
n=0

Type 2: uniform source f(x;) to nonuniform targets kj

M
Fl) = e
j=1

(5)

(6)
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NUFFT method: Bao, Jiang, Tang and Zhang, JCP,15’
2D Poisson

1 1 ik-x =~ 2
ux) = —— — e p(k) dk, x € R 7
)~ Gy e (7)
u=u;+ up
1 w2 N —
G(x) = e 7, Gix) = 5(z) G(x) — (xp)(2) - VxG(x) (8)
t1(x) = (Urap * G1)(x) = A(2) u11(x) — (x0)(2) - ur2(x) )
with
u1,1(x) = (Urap * G)(x), u12(x) = Vx u1,1(x) (10)
up: remaining well-defined integral
_ _ I A ORI
w(x) = (Urap*(p— G1))(x) = ) /IRZ [ e "7 dk
1 W(k) R L
ik-x ik-x
= e dk ~ —— W (k) e d|k|d6 11
(27)? /R2 k| (2n)? /0 /0 (k) |k| (11)
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Numerical method : Truncated Kernel method
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Truncated Kernel method

Kernel truncation and Fourier Transform

Up(x) = grlio®) = Ub(0) = (1 = cos((KID)) (12)

D = /dL where density is compactly supported in [—L, L]%.
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Truncated Kernel method

Kernel truncation and Fourier Transform

Up(x) = grlio®) = Ub(0) = (1 = cos((KID))

D = /dL where density is compactly supported in [—L, L]%.

(12)

Advantages and adaptation
o Simple to implement in Fourier domain ?
o Easy extensions to other kernel, including helmholtz, Yukawa potential etc

o Not easy adaptation for anisotropic density,e.g. [—L, L]* x y[—L, L]

?PRB 06’, Greengard et al 16’
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Numerical method : GS-based solver
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Nonlocal potential with free boundary condition

Discussion
o Efficiency: NUFFT method is slow in 3D
Accuracy: Wavelet-based method neglects the near field integral

©

Anisotropic density: Computational cost increases with stronger anisotropy

©

o Observation:
(1) Faithful FFT representation of the density
(2) Smooth/separable approx. of kernel by Gaussians (+ for storage/accuracy)
(3) Compute the correction integral for near field interaction
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Rescaling to unit box B;

Assumptions on the density p
o smooth

o decays fast enough, compactly supported in bounded domain, e.g. B, € R?

Target
o Given density p on uniform grid M, discretisation of B,

o Aim to evaluate the potential u on the same uniform grid M

Rescaling to unit box B;

ox=xL, p(x)=px), = x€Bi, supp(p) C By

Qo

u(x) = / U= y)oly)dy = / U(x — y)p(y)dy = L° / U -y)p(y)dy. (13)

By

with U(X) = U(x) = U(XL) = L U(X).
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Rescaling to unit box B;

Coulomb potential, d = 2,3

u(x) =o(x) = Ld_l/ U(x —¥)p(y)dy, xeB;, d=2,3. (14)

2d Poisson potential

u(x) = u(x) = /p()ln|x—y\Jv——InL/ ply) dy, xé€ Bx. (15)

v
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1. Reformulation

The key reformulation reads

u(x) = / V) ol - )y

/ Uesy)olx — y)dy + / 1)~ Ues()] plx — v)dy
=h+ b,

where Gaussian sum approximation

S
2y
UGS(Y):ZWje i

Jj=0

and /; and |, are the first (regular) and second integral (correction) , respectively.
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2. Regular part

For x € By, we have
s
_2py2
):ZW’/ e M p(x —y)dy
=0 B2
Finite Fourier series approximation of the density:

27i k;

2miky oGy
p(z) =~ Zpk H B ( 1)7 z:(z(l),...,z(d))EB3,

Jj=1

d o)
= —3)
RO | G
j=1
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2. Regular part (cont’d)

Plugging (17) into (16), we shall have

S
2 2
h(x) =Y W// e T p(x — y)dy
=0 B>
d

s
:Zb\k ZWIGIi He bf*"f 2 —31)7
k 1=0

j=1
where

—2mik; yU)

d 2
2 2y
G = H/ e TV T gy U, (18)
j=17 72
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3. Correction Integral

> is split into two integrals as

wo = | ( =Y e ) plx— y)dy (19)
(/ / > (U Z Wi 6‘73’2> p(x —y)dy (20)
= hi(x)+ hoa(x), Bs = {x € RY| |x| < 6}, BS =R\ B;. (21)

Neglect this part:

lha()] < ¢ / p(y)dy < ¢ / pW)Idy = <llpllisqeey- (22)
B3 R4
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3. Correction Integral (cont’d)

Taylor expansion of density within Bs:

px(y) = Tx(y) + Rx(y), ¥y € Bs, (23)

where Tx(y) is the third order Taylor expansion and the remainder Rx(y) = C(p,x)|y|*
with the constant C(p,x) depending on the density p and x.

The accuracy of the approximation h; of b1 is estimated as follows:
§9+3, Coulomb kernel

5%|log |, Poisson kernel in 2d (24)

(la—ka)(x)] < Clp,x)[S*| Cs {

where

S
b = / (um - w e—ff'”) Te(y)dy. (25)
Bs =0
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4. Sinc-quadrature

Proposition (Hackbusch/Khoromskij 2006)
Let f € H'(Dy) with some A < /2. If f satisfies the condition

|F(t)] < C exp(—betl) Vvt € R with a,b,C > 0, (26)
then the quadrature error for the special choice ¥ = In(%) /(aS) satisifies

/f(t) dt—9 3" F(ko)| < CN(F,Dy) exp (%) 27)
R k<
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4. Sinc-quadrature

Gaussian approximation of 1/r and In r over [, 2]

1 Infy)

07 0» T T T T T T T T T
~ by ~ 5t
o g
0 2ol
g 0l 10
A
'157 ) . . . 1 1 1 1 1

I | ) 1 1 1 1
0 100 2000 300 400 500 600 700 800 0 100 200 300 400 50 600 700 800 900 1000
S S

Figure: Number of terms S versus E, for the kernel 1/r (left) and E,pg for Inr (right) on [4,2].

o (=) = E £ DA
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4. Sinc-quadrature

Coulomb kernel approximation

Ry

2
Applying some numerical quadrature to the integral fooo e’ dr leads to a GS
approximation

2
AV g, (28)

Coulomb kernel approximation

d
FEDII | LR (29)
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4. Sinc-quadrature

2D Poisson kernel approximation: In r

_ = ~ ef(x(1)2+x(2)2)T dr.
x4 x@?

Second

Yy

@)
In vV x? 4 x(2? = / —
Vix@? y? + x@)

Apply the Sinc quadrature

Y

S IS
~ M2, (2)2 2, (12, _(2)2
In VxM? 4+ x@? ~ G — Z Wq G Z Wy e et ),
qg=1 q=0

(30)

(31)

(32)
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Numerics of GS-based solver
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3D Coulomb potential: U(x) = ;-

4mx|

Exact solution for Gaussian density

For density p(x) := ef(xz”z*”zzz)/#, the potential is given exactly
> r x| =
x| Erf(;), 7=1
u(x) = P 2 x ER®, (33)
2 roo 67 o2(t+1) e_ o2(t+y—2)
— dt 1
4y Jo (t+1)\/t+'y*2 ) Y * )

where Erf(x) = 2= N e~ dt for x € R is the error function.

Non symmetric density: Shifted density py,(x) := p(x — o) , the potential is shifted
correspondingly ux,(x) = u(x — xo).
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3D Coulomb potential: U(x) = ;-

47|x|

Table: Error Ej, and timing of the 3D Coulomb potential with isotropic density with o = 1.2 on
[—L, L]3.

L=28 N Eh Tl T2 Ttota/
h=1 16° 1.096E-03 9.99E-04 1.00E-03 2.00E-03
h=1/2 323 1.130E-09 1.60E-02 2.00E-03 1.80E-02
h=1/4 64° 6.169E-16 1.93E-01 1.90E-02 2.12E-01
h=1/8 1283 6.187E-16 1.69 6.28E-01 2.31
h=1/16 256° 7.725E-16 15.03 471 19.74
L=16 N Eh Tl T2 Ttota/
h=1 323 1.113E-03 1.60E-02 2.00E-03 1.80E-02
h=1/2 64° 1.191E-09 1.95E-01 2.10E-02 2.16E-01
h=1/4 128° 9.259E-16 1.71 6.22E-01 2.33
h=1/8 256° 9.271E-16 15.18 4.76 19.94
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3D Coulomb potential: U(x) = ﬁ

Table: Error Ej, and timing of the 3D Coulomb potential for shifted Gaussian density with
o=12and xo = (1,2,1)7 on [-12,12]3.

[=12 N Eh T1 T2 Ttotal
h=1 243 1.108E-03 7.00E-03 4.00E-03 1.10E-02
h=1/2 48° 1.175E-09 8.10E-02 1.20E-02 9.30E-02
h=1/4 96° 6.182E-16 7.03E-01 1.08E-01 8.11E-01
h=1/8 1923 7.717E-16 6.30 1.08 7.37

Table: Error Ep, and timing of the 3D Coulomb potential for anisotropic densities with o = 2
computed on Q = [—12,12]? x %[—12, 12] with hx = hy = 1/8,h, = hy/~v and N = 1923,

Y Ep || u ‘ | max T T> Trotal
1 8.894E-16 2 6.09 1.06 7.15
2 7.360E-16 1.209 6.14 1.05 7.19
4 1.664E-14 0.681 6.34 1.05 7.39
8 1.474E-12 0.364 6.94 1.34 8.29
16 2.226E-12 0.189 6.26 1.06 7.32
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3D Dipolar potential

Dipolar potential definition

1
wx) = —(n m)p(x)—3 B (W " p> (34)
1
Exact solution for p(x) = e=IxP/o?
uviathe2DCoulombpotential(x) = —(n-m)p(x) — 3 Jom <47r1|x * p> = —(n-m) p(x)|-

= —(n-m)p(x)—3 n'D m,

where §;; is the Dirac delta function and the Hessian matrix D is given as follows

0_2 2 3
o = (e - e (D)) e

2 2 2 3
_r 1 _2
x:x;(—” et Lot 4 3 e (! )) ihj =1,2,3. (38)

sunny5zhang@gmail.com (Y. ZHANG) Solver: free space nonlocal potentials November 30, 2016 25 /33




3D Dipolar potential

Table: Error Ep, and timing of the 3D dipolar potential with
o =1.2,n = (0.82778,0.41505, —0.37751) T, m = (0.3118,0.9378, —0.15214)7 on [-8, 8]°.

L=38 N Eh Tpre Tl T2 Ttotal
h=1 16° 1.380E-02 0 2.00E-03 0 2.00E-03
h=1/2 328 2.647E-07 2.00E-03 1.50E-02 2.00E-03 1.90E-02
h=1/4 64° 1.430E-14 1.70E-02 2.00E-01 1.90E-02 2.35E-01
h=1/8 1283 4.076E-14 1.96E-01 1.68 2.20E-01 2.10
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2D Coulomb potential: U(x) = 51—

Exact solution for Gaussian density

For density p(x) = e~/ e% ith o > 0 and ~ > 1, the 2D Coulomb potential, with
kernel U(x) = 557, can be obtained analytically as

2\ -2
‘f"’lo(%)e 27, v =1,
u(x) = 2 2 x € R?, (39)

0 o 02(241) ¢ o2(24y—2) d

—7— t, ~v#1,
yv7 Jo V21 /1242

where Ij is the modified Bessel function of order zero.
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2D Coulomb potential: U(x)

Table: Error E, and timing of the 2D Coulomb potential on [—L, L]? with different mesh size h.

-8 N E, T, T> Trotal
h=1 16° 9.426E-04 0 0 0
h=1/2 322 1.720E-09 0 0 0
h=1/4 64° 4.190E-16 2.00E-03 1.01E-03 3.00E-03
h=1/8 128° 5.229E-16 6.00E-03 2.00E-03 8.00E-03
h=1/16 2562 5.229E-16 2.30E-02 7.01E-03 3.00E-02
L=16 N E, T T Trotal
h=1 32° 9.576E-04 1.00E-03 0 1.00E-03
h=1/2 64° 1.815E-09 1.00E-03 0 1.00E-03
h=1/4 128° 5.846E-15 5.00E-03 2.00E-03 7.00E-03
h=1/8 256° 5.846E-15 2.60E-02 7.00E-03 3.30E-02
h=1/16 5122 6.055E-15 2.47E-01 2.80E-02 2.75E-01
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2D Coulomb potential: U(x) = 5=

Table: Error Ep, and timing of the 2D Coulomb potential for anisotropic densities with o = 2

computed on Q = [-12,12] X 5 [—12,12] with hx =1/8,h, = hx/~v and N = 1922,

gl En H uHmaX Th T, Trotal

1 5.047E-16 1.773 1.00E-02 2.00E-03 1.20E-02
2 5.479E-16 1.217 1.20E-02 3.00E-03 1.50E-02
4 4.235E-16 7.902E-01 9.00E-03 2.00E-03 1.10E-02
8 1.402E-15 4.902E-01 1.20E-02 2.00E-03 1.40E-02
16 8.387E-15 2.935E-01 1.20E-02 2.00E-03 1.40E-02

sunny5zhang@gmail.com (Y. ZHANG)

Solver: free space nonlocal potentials

November 30, 2016 29 /33



2D Poisson potential: U(x) = —5 In|x|

Exact solution

For p(x) := e P/t = =P/ \ith r = || and o > 0, the 2D Poisson potential, with

kernel U(x) = —5= In|x|, can be obtained analytically as
5 [B (55) +2m@x)] . x=0,
ux)={ (40)
% (e —In(c?)), x =0,

where Eq(r) := froo t~te 'dt for r > 0 is the exponential integral function and
Ye &~ 0.5772156649015328606 is the Euler-Mascheroni constant.

sunny5zhang@gmail.com (Y. ZHANG) Solver: free space nonlocal potentials November 30, 2016 30/ 33



2D Poisson potential: U(x) =

—iln\x]

Table: Error E, and timing of the 2D Poisson potential with ¢ = 1.2 on [—L, L]?.

L=38 N En T: T Trotal
h=1 162 3.768E-04 0 0 0

h=1/2 322 3.331E-10 1.00E-03 0 1.00E-03
h=1/4 64> 3.623E-15 2.00E-03 1.00E-03 3.00E-03
h=1/8 1282 2.988E-15 6.00E-03 1.00E-03 7.00E-03
h=1/16 2562 5.085E-15 2.30E-02 4.00E-03 2.70E-02
L = 16 N Eh Tl T2 Ttota/
h=1 322 2.966E-04 1.00E-04 0 1.00E-03
h=1/2 64> 2.713E-10 2.00E-03 0 2.00E-03
h=1/4 1282 3.856E-15 6.00E-03 2.00E-03 8.00E-03
h=1/8 2562 3.164E-15 2.60E-02 6.00E-03 3.20E-02
h=1/16 5122 6.921E-15 2.47E-01 3.00E-02 2.77E-01
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Extension to other nonlocal potentials

©

2D Dipolar potential via the 2D Coulomb potential

Davey-Stewartson nonlocal potential *

©

o KP-II nonlocal potential etc

o Yukawa potential U(r) = E_rw, uw>0
o Helmholtz potential U(r) = L:r:difficult for high k
o Combination with Finite element method

1Stimming, Mauser and Zhang,14'
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Conclusion and Discussion
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Conclusion and Discussion

Conclusion
o accurate: singularity removed in spherical /polar coordinates
o efficient : implemented with FFTs, thus ideal for parallel computing, e.g. MPI, GPUs

o adaptable to other kernels
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Conclusion and Discussion

Conclusion
o accurate: singularity removed in spherical /polar coordinates
o efficient : implemented with FFTs, thus ideal for parallel computing, e.g. MPI, GPUs

o adaptable to other kernels

Discussion
o Application to BECs involving dipolar, Coulomb interaction without truncation
o ability with anisotropic density without increasing cost in CPU and storage
o accurate energy evaluation can also benefit

o optimal GS approximation in terms of number of Gaussians
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