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Compressible isentropic Navier-Stokes equations

Oro+ divy(ou) =0
1
Ii(ou) + divy(ou ®@ u) + E—szp(g) = div,S(V,u)

for z € T, where T = ([0, 1“{071})3 is a torus, t € (0, T')
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Compressible isentropic Navier-Stokes equations

o+ divy(ou) =0
1
Ii(ou) + divy(ou ®@ u) + E—szp(g) = div,S(V,u)

for z € T, where T = ([0, 1“{071})3 is a torus, t € (0, T')

2
S(Vyu) = p (Vzu +Viu-— 3divzuﬂ> +ndivgul, p>0,1n7>0,
e barotropic flow: p = Cp?, v > 1

p e C%0,00) N CH0,00), p(0) =0, p'(0) >0 for all o >0,

/ /
7P . 1'(0)
thgo Q’Y—l = P >0, gg%lJr

=p>0,a<1

e initial data 9(0,-) = 0o, u(0,-) = ug, go > 0 in T3
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global in time weak solutions exists for v > 3/2 ... Feireisl, Novotny,
Petzoltova ('11)

® ~ > 3lconstructive existence proof ... convergence of a suitable
numerical scheme: Karper ('13), Feireisl, Karper, Michalek ('16)

~v > 3 if p;, is bdd., then numerical solution converges ... Feireisl,
Hosek, Maltese, Novotny ('17)

~ > 3/2lerror estimates, if the strong solution exists ... Gallouét,
Herbin, Maltese, Novotny ('16)
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= v > 3/2 asymptotic preserving error estimates w.r.t. Mach number
in singular limit ... Feireisl, M.L., Neasova, Novotny, She ('16)

= v < 3/2 convergence of a numerical scheme to the dissipative
MVS ... Feireisl, M.L. ('17)
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Numerical scheme

® combined finite volume-finite element method
= upwinding for convective terms
» fully implicit in time
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Numerical scheme

® combined finite volume-finite element method
= upwinding for convective terms
» fully implicit in time

e Notation:

m K €T triangular element, T regular triangulation, allowing inverse
inequality

m £ ={0,0is an edge of T}

m 1/, Crouzeix-Raviart piecewise linear space of discrete velocities

Vo (T?) = {v e L*(T?), VK € T, vy € P1(K), Vo € €,

o= K|L, /U‘KdS:/v‘LdS},

m (), piecewise constant space of discrete densities

Qn(T?) ={q e L*(T%)| VK € T, qx € R}
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= for v in C(TB), we set

1 1
vK::—/vdxforKG'T va::—/vdsforaeé'
|K| ol Jo

v=11 Z UKlK LEETS,
KeT

Viv(z Z Veu(z)lg(z), divpe(z) = Z divgv(z)lg ().

KeT KeT
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= for v in C(TB), we set

1 1
'UK::—/vdxforKG'T va::—/vdsforaeé'
K| o

al
EHQ ( )— Z UKlK(I>;LEET3,
KeT

Viv(z Z Veu(z)lg(z), divpe(z) = Z divgv(z)lg ().

KeT KeT
» v € Vj,(T?) then

> / V2, dS <Y
K

o€l eT

where [v]g.n, is a jump of v

B | vlkg(z) = v|p(z) if ng = n, Kk
Vieo=K|Le&, [von,(z)= { olp(z) — vlx (@) if g = 1y 1
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= upwinding

h* Uy - T if ug-n >0
Ja JLC U S (07&”>+ ax if o - no
2 h qr if ug - ng <0.
0 for z < —1,
() sH1if —1<2<0,
X\&) = 1—-2if0<2<1,
0 for z > 1.
4" =~ g — h"Ag if o > 0 dissipative upwinding
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= upwinding

h* Uy - T if ug-n >0
Ja JLC U S (07&”>+ ax if o - no
2 h qr if ug - ng <0.
0 for z < —1,
() sH1if —1<2<0,
X\&) = 1—-2if0<2<1,
0 for z > 1.
4" =~ g — h"Ag if o > 0 dissipative upwinding

= At =0O(h)

Maria Luké&ova
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Numerical scheme

0" € Qn(T), 9”>0 u” e Vu(T%R?), n=0,1,...,N
o Q
> KK K ¢ + > ) Jolop™(ul - nek )bk =0

KeT KeT 0e€(K)

Vo € Qn
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Numerical scheme

o™ € Qp(T3), o™ >0, u™ € Vi(T% R3), n=0,1,.

N
Qn _ Qn—l
SR o+ Y Y (alag R g x = 0
KeT KeT oc&(K)
Vo € Qn
K . 1 an

> Kl (g — o) ok
KeT
3 (ol P ag el na) - vk

KeT 0e&(K)

1
S22 Z p<QTIL() Z ‘U|”d'na,K+u Z / Vu" : Vo dz

KeT oc&(K) KeT /K

+(%+77) KZGT/Kdivu”divv dr =0 VveV,
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Singular limit as ¢ — 0

e Klainerman, Majda (1980): convergence of classical solution of fully
compressible Euler/Navier-Stokes equations to the classical solution of
incompressible equations as ¢ — 0

e Feireisl, Novotny (2000): convergence of weak solutions of fully

compressible Navier-Stokes equations to the weak solution of incompressible
Navier-Stokes equations as ¢ — 0
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Singular limit as ¢ — 0

e Klainerman, Majda (1980): convergence of classical solution of fully
compressible Euler/Navier-Stokes equations to the classical solution of
incompressible equations as ¢ — 0

e Feireisl, Novotny (2000): convergence of weak solutions of fully
compressible Navier-Stokes equations to the weak solution of incompressible
Navier-Stokes equations as ¢ — 0

Can we show such properties for numerical solutions ?
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Limiting system

e incompressible Navier-Stokes equations
g(atv+ V~VIV) LV, = pAV, div, V=0, 3> 0

for suitable initial data

V(0) = Vo, Vo e WE2(T3 R?), div, Vo = 0.
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Limiting system

e incompressible Navier-Stokes equations
g(atv+ V~VIV) LV, = pAV, div, V=0, 3> 0

for suitable initial data

V(0) = Vo, Vo e WE2(T3 R?), div, Vo = 0.

Klainerman, Majda = solution is regular on some [0, T'), T = Tz

o,V e C'([o, T); WHt(T% R?), 1=10,1,2,
oI e CI([0, T); WE92(T%)), j=0,1, k>4

April, 2017

Maria Lukéaova



Relative energy functional

1
_ 2
Exevulzv) = [ (olu— P + 5 B(l) )da,

where

April, 2017
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Relative energy functional

1
_ 2
Exoulzv) = [ (olu— v+ 5 E(el2) )da.

where
Blole) = Plo) - P()(e— =)~ P(2), Plo) =0 [ X
- since p'(0) > 0 = o+ P(p) is strictly convex in (0, c0)

E(o|lz) >0 and E(g|z) =0 & o=z
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Theorem (Uniform error estimates)

Let the pressure coefficient v > 3/2. Let (o°, u®) satisfy

85(927

ul(3, Vo) < By < 00, My/2< / o0z < 2My, My = g|T3|
T3

with My > 0, Eg > 0 and 0 > 0 independent of €, h, At.
Let [I1, V] be the classical solution of the incompressible N.-S. egs., & = 0
(classical upwinding). Then there exists ¢ > 0,

= C(Mo, Eo, o, \Pl\01[§/2,25]7 I V7H||X§ TB) st

(tn)) + A2 3 / Vht™ = Va V (b, )2

1<n<N

0 Vo)),

sup & (Q ;
1<n<N

§(;<\/E+ha+€+5 ( g ﬁ
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o well-prepared initial data:

A <
E(o%0) ~ et /Td QJad — Vol dz S8, €0
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o well-prepared initial data:

A <
E(o%0) ~ et /Td QJad — Vol dz S8, €0

= unconditional uniform convergence as (i, At,c) — 0 to the strong
solution of the incompressible N.-S.eqs

= rate of convergence
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o well-prepared initial data:

—\ < ~ <
Bl S [ blal = Vol an e, 60

= unconditional uniform convergence as (h, At,e) — 0 to the strong
solution of the incompressible N.-S.eqs

= rate of convergence

» the distance is measured via the relative energy functional

n 2

0" —0

AR

)

0, V") z/ o™ — V(tn)|2 dx—i—‘
T3 L4(T3)

where ¢ = min{2,~}

® in 2D pressure exponent can be v > 1

Maria Luké&ova April, 2017



Main ingredients of the proof

I. Discrete energy inequality

/ g"dx:/ o’dz Vn=1,..N
T3 T3
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Main ingredients of the proof

I. Discrete energy inequality

/ g"dx:/ o’dz Vn=1,..N
T3 T3

S 1K1 (yeRlukl + 5 BRin)) - 3 K| (3oklukP + 5 E(oklo)

KeT KeT

—l—Atzz /\V u”|2dm+ —i—n / \dlvu"|2dx

n= 1K€T
+[D" =0 m=1...N

[D™] > 0 sum of all dissipation defects
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Main ingredients of the proof (cont.)

Il. Uniform a priori estimates

N
AtZ/ |Veu"2dz < e,
n=1"%

N
2
At I ls s, sy <

n=1
~n|2
Supn:O,...N”Qn|un| ”Ll(TB) <ec.

Supnzo,...N||Q"||m(T3) <

Supn:O,..‘N/ E(0"[7) < ce2.
']1"3
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Main ingredients of the proof (cont.)

I1l. Discrete relative energy inequality

1
> §|K|(g%|u?;— #? - okluf — UKI?)

KeT
5 S KB — Bl
KeT
+Atzz /|v u” — U")|? da

n=1KeT
+(%+n)/}(|div( —um) |2dx) Z T,
T} are the errors terms, controlled if test functions (p". U") = (o, V) are

the limiting solution of the incompressible N.-S. eqs, V' = IT) [V (t,)],
0 = const.

Maria Lukéaova April, 2017
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Main ingredients of the proof (cont.)

IV. Gronwall-type inequality
There exists

e = o(Mo. Bo. 2. | oriz/a, | V- L) >0

s.t.

55( m m‘f Vm +Atfz Z/ |v u _Vn)|2dx

n=1KeT

m

o[n" + VAL +e+ £ g, Vi(0))] + ety E(o” ula Vi),

n=1

where a =1 of v > 3
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Uniform error estimates

sup & (9”, "
1<n<N

2 V() +8¢ 3 [ Vi -V V(0

1<n<N

o, Vo)),
a = min{wﬂ}.
Y

<ec (\/At FRO e +€5(gg, @l
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Numerical Experiments
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Experiment: vortex in a box

Haack, Jin, Liu (2012)

up (z,y,0) = sin?(7z) sin(27y)
uz(z,y,0) = — sin(27z) sin’(7y)
2

p(z,y,0)=1— % tanh(y — 0.5)

Q=[-1,1?

e 0,p=0",u ... compressible N.-S. egs., y = 1.4
o I, V ... incompressible N.-S. egs.

z= (144017
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Experiment: vortex in a box

Haack, Jin, Liu (2012)
up (z,y,0) = sin?(7z) sin(27y)
uz(z,y,0) = — sin(27z) sin’(7y)
2

p(z,y,0)=1— % tanh(y — 0.5)

Q=[-1,12
e 0,p=0",u ... compressible N.-S. egs., y = 1.4
o I, V ... incompressible N.-S. egs.

z= (144017

e error is measured by

egE_sup E(p", a"[2(t", ), V(T ev,u = [IV(u— V)20, 1;12(00))
1<n<N

ew = [lu— V1200, 7522(00))0 € = llp — 2l 220,722 ()
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Table: Convergence of the compressible to incompressible solution, ¢ = 0.01

e =h,w=0.01

h es EOC eV u EOC ey EOC ep EOC

1/8 1.12e-03 - 4.91e-01 - 1.82e-03 - 5.11e-04 -
1/16 | 3.74e-04 | 1.58 | 2.55e-01 | 0.95 | 1.18e-03 | 0.63 | 1.11e-04 | 2.20
1/32 | 1.09e-04 | 1.78 | 2.29¢-01 | 0.16 | 7.87e-04 | 0.58 | 2.09e-05 | 2.41
1/64 | 1.91e-05 | 251 | 1.26e-01 | 0.86 | 3.24e-04 | 1.28 | 4.64e-06 | 2.17
1/128 | 4.50e-06 | 2.09 | 4.41e-02 | 1.51 | 1.41e-04 | 1.20 | 1.22e-06 | 1.93
1/256 | 1.14e-06 | (1.98 | 1.54e-02 | 1.52 | 6.32e-05 | 1.16 | 2.88e-07 | 2.08

ce=hp=1

h es EOC eV u EOC ey EOC ep EOC

1/8 | 5.42e-03 - 4.66e-01 - 2.99e-03 - 1.23e-03 -
1/16 | 1.34e-03 | 2.02 | 1.73e-01 | 1.43 | 2.17e-03 | 0.46 | 2.51e-04 | 2.29
1/32 | 3.66e-04 | 1.87 | 6.58e-02 | 1.39 | 1.17e-03 | 0.89 | 5.30e-05 | 2.24
1/64 | 1.06e-04 | 1.79 | 2.37e-02 | 1.47 | 6.13e-04 | 0.93 | 1.15e-05 | 2.20
1/128 | 2.96e-05 | (1.84 | 8.26e-03 | 1.52 | 2.78e-04 | 1.14 | 2.54e-06 | 2.18
1/256 | 7.96e-06 | (1.89 | 2.97e-03 | 1.48 | 1.31e-04 | 1.09 | 5.73e-07 | 2.15

Maria Lukéaova

April, 2017
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A\

e e
0.00228 12.5 4.15e-06 11.8

Figure: Streamlines with x4 = 0.01, ¢ = 0.001 at ¢ = 0, 0.1, 0.2
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Experiment: Taylor vortex flow

e exact incompressible solution (periodic BC)

Vi(z, y, t) = sin(2mz) cos(2my) e 57 #

Vo(z,y,t) = —cos(2mz) sin(2my) e
1
I(z,y,t) = 1 (cos(4dnz) 4 cos(4my)) 16720t

—8m2put

e initial data for the compressible N.-S. system

p(@,y,0) =1+ *1(z,3,0)
U1(CL’, yao) = Vl(l’, y,O)
UQ(Z', yao) = VQ(Z', yvo)

Maria Luké&ova
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Table:

Experimental order of convergence, 1 = 0.1.

:e=0.8
i Il EOC  u[ EOC [Vul, EOC
1/8 3.06e-02 - 4.04e-02 - 8.65e+4-00 -
1/16 1.56e-02 097 251e-02 0.69 7.39e+00 0.23
1/32 7.81e-03 1.00 9.23e-03 1.44 3.97e+00 0.90
1/64 3.87e-03 1.01 257e-03 1.84 1.50e+00 1.40
1/128 1.92e-03 1.01 6.64e-04 195 5.45e-01 1.46
: e =0.001
i Tl EOC ul EOC [Vul, EOC
1/8 1.00e-07 - 3.13e-02 - 6.09e+-00 -
1/16  4.07e-08 1.30 1.09e-02 1.52 2.70e+00 1.17
1/32  1.95e-08 1.06 4.55e-03 126 1.49¢e+00 0.86
1/64 8.34e-09 123 255e-03 0.84 1.13e+00 0.40
1/128 3.01e-09 1.47 7.49¢e-04 1.77 5.05e-01 1.16

Méria

Lukéaéova
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Convergence of the relative energy

Table: Convergence 4t =0.01, e =h, t =0.01,y =14

h ec EOC eV u EOC ey EOC ep EOC
1/8  1.22e-02 - 2.57e-01 - 5.54e-03 - 3.34e-04 -
1/16  1.09e-03 3.48 1.47e-01 0.81 1.92e-03 153 6.82e-05 2.29
1/32  2.02e-04 243 1.16e-01 0.34 9.09e-04 1.08 1.05e-05 2.70
1/64 2.63e-05 1294 7.90e-02 0.55 3.20e-04 151 1.91e-06 2.46
1/128 4.45e-06 256 3.86e-02 1.03 8.79e-05 1.86 3.91e-07 2.29
1/256 9.86e-07 (2.17 2.09e-02 0.89 2.84e-05 1.63 7.63e-08 2.36
=3
h es EOC ev,u EOC €y EOC ep EOC
1/8  3.60e-02 - 3.57e-01 - 7.56e-03 - 4.22¢-04 -
1/16  3.04e-03 3.57 1.94e-01 0.88 2.35e-03 1.69 9.08e-05 2.22
1/32  2.98e-04 3.35 1.30e-01 0.58 9.44e-04 132 1.76e-05 2.37
1/64 526e-05 250 8.35e-02 0.64 3.25e-04 154 3.45e-06 2.35
1/128 1.46e-05 [1.85 4.46e-02 090 1.11e-04 155 1.06e-06 1.70
1/256 3.88e-06 (1.91 2.22e-02 1.01 4.05e-05 1.45 2.34e-07 2.18

Maria Lukéaova
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What is the limit of numerical solutions for v < 3/2 ?
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Assumptions:
enoslipB.C.u=00ndQ, QeR?
ec=1, y€(1,2) and a > 0 (dissipative upwinding)

Maria Lukéaova April, 2017



Assumptions:
enoslipB.C.u=00ndQ, QeR?
ec=1, y€(1,2) and a > 0 (dissipative upwinding)

Aim:
(on,up) — (0, u) as h—0, At~ h

- dissipative measure-valued sol.

- family of bdd. numerical solution generates Young measures

- dissipative MVS satisfy energy inequality and thelconcentration reminder of
the momentum is dominated by the dissipation
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I. Consistency: (g, uy) satisfies

T
—/ (0,4 dx:/ / [on0up + onun - Vap| dz+O(K), B> 0,
Q, o Jo,

Maria Lukéaova April, 2017



I. Consistency: (g, uy) satisfies

—/ 2o 0, dx—/ / [0h0r + onun - V] dz+O(h?), 8> 0,
Qh Qh

—/Q Qhuh <p( da: —/ / orupROip + opup @ up, - V$<p+p(gh)dlvm<p
h

T
—/ / [whuh:vzgo+(u/3+n)divhuh-divz¢} dz+0O(h%), >0,
o Jq,

for any ¢ € C°([0,00) x Qp; R?).
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I. Consistency: (g, uy) satisfies

—/ 2o 0, dx—/ / [0h0r + onun - V] dz+O(h?), 8> 0,
Qh Qh

—/Q Qhuh <p( da: —/ / orupROip + opup @ up, - V$<p+p(gh)dlvm<p
h

T
—/ / [uvhuh:Vzgo-i-(ﬂ/?)—i-n)divhuh-divzgo} dz+0O(h%), >0,
o Jq,

for any ¢ € C°([0,00) x Qp; R?).

energy inequality

1 T .
/ {gh|uh|2+P(gh)] (1,-) dm+/ / M|thh\2+(u/3+n)|d1vhuh\2 d
Qh 2 0 Qh

1
< [ [ piah] 0o
Q, L2

for a.e. 7 €0, T1.
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Il. Weak limits

on — 0 weakly-(*) in L=(0, T; L7(Q))), 0 >0
< up, >, u, — u weakly in L2((0, T) x Q; R?),
Vi, — Veu weakly in L2((0, T) x Q; R3*3),
2
on < up > — @8 weakly-(*) in (0, T; L1 (Q; R3)),

onun ® up + pop)l — fouw® w p(@)Ihweakly-(*) in [L>(0, T; M(Q))]**?

Maria Lukéaova April, 2017
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Il. Weak limits

on — o weakly-(*) in L>(0, T; L7(Q)), 0> 0
< up, >, u, — u weakly in L2((0, T) x Q; R?),
Vi, — Veu weakly in L2((0, T) x Q; R3*3),

2
on < up > — 7G weakly-(¥) in (0, T; L1 (Q; R3)),
onwn, @y, + p(on)L — {ou® u+ p(o)I} weakly-(*) in [L%(0, T; M(Q2))]**?

- the limit function satisfies the continuity eq.

T
*/ 00¢(0, ) dx:/ / [001p + 0u - Vo] dzAt
T3 0 JTI3

for any test function ¢ € C°([0,00) x Q)
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I1l. Dissipative MVS

-bounded seq. of numerical solutions generates the Young measure

vz € L®((0, T) x Q; P([0,00) x R?)) for a.a. (t,z) € (0, T) x Q,
such that
(U2, 9(0,w)) = g(o,w)(t,z) for a.a. (t,2) € (0, T) x Q,
for g € C([0,00) x R3), and

g(on, up) — g(o0,u) weakly in Ll((O, T) x Q)
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e for the continuity eq.

Uﬂ op(7,) dﬂ?] T /OT /1r3 [001p + (Vi,z; 0u) - V] dz (1)

t=0

e for the momentum eq.

[/Tg (Vg5 0u) - (0, -) dx} t=r

t=0
- ’ (Vt,z; 0u) - Orp + {ou @ u+ p(o)I} : Vyp| dz (2)
| | |

—/ /3 {,U,VU :Vzgo+(u/3+n)divu-divz<p] dz
0o Jr
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e for the continuity eq.

Up op(7,°) dx]::;:/(]T/Ts (0010 + (Weay 0u) - Vay] dz (1)

e for the momentum eq.

[/Tg (Vg5 0u) - (0, -) dx} t=r

t=0
- ’ (Vt,z; 0u) - Orp + {ou @ u+ p(o)I} : Vyp| dz (2)
| | |

—/ /3 {,U,VU :Vzgo+(u/3+n)divu-divz<p] dz
0o Jr

e concentration reminder:

R = {ou®u+ p(o)I} — (V14 0u @ u+ p(o)I) € [L®(0, T; M(Q))]>*3
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= momentum eq.

[/ (Vt,e; 0u) - ©(0,-) dx}
T3 t=0
=/O /jrs [<w,z;9u> 2O+ (Vg ou®@ )t Vep + <l/t,z,p(9)>divzs0} dz

t=1

—/ / [uVu t Vo + (,u/3—|—77)divu~divz<p} dx—l—/ R:Vzp dz
0 JT3 o JTs3
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= momentum eq.

[/11"3 (1,01 0u) - (0, ) dx}

=/O /jrs [<w,z;9u> 2O+ (Vg ou®@ )t Vep + <l/t,z,p(9)>divzs0} dz

t=1

t=0

T T
—/ / [uVu : Ve + (/3 4 n)divu - divzap} dz —I—/ R:Vzp dz
0 JT3 o JTs3
= energy inequality

1 t=T1 T
[/ [2 <Vt,x§Q|’U/|2+P(Q)>:| dw} +/ / 1 Vul? + (/3 +n)|divul? ds
T3 t=0 0 JQy

+D(1) <0
(3)
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= momentum eq.

[/qrg (Vo5 0u) - (0, -) d:(,} t=T

t=0

=/O /jrs [<Vt,z39u> 2O+ (Vg ou®@ )t Vep + <l/t,z,p(9)>divzs0} dz

—/ / [uVu t Vo + (,u/3—|—77)divu~divz<p} dx—l—/ R:Vzp dz
0 JT3 o JTs3

= energy inequality

1 t=T1 T
[/ [2 <Vt,x§Q|’U/|2+P(Q)>:| dx} +/ / 1 Vul? + (/3 +n)|divul? ds
T3 t=0 0 JQy

+D(1) <0

/ Rl = [ 200
>hmlnf/ / IVyup)? dz f/ / V,ul? dz

)
BUT:
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Dissipative MVS
Definition: A parametrized measure {1z} (1 4)e(0,7)x Q"
v e L®(0, T) x Q; P([0,00) x R?) is adissipative MVSlto the
compressible N.-S. eqgs. with the initial condition
Y0,5 = 9[go(z)uo (a)]

and theldissipation defect D; D€ L*(0,T), D > 0,
iff
the continuity eq. (1), momentum eqgs. (2), energy inequality (3),

| 1Rl = [ 200

and the Poincaré inequality holds
T
lim/ / lup, —ul? dz At <
h—0 Qy

hmlnf// V| dxdt—/ / V,ul? dazdt < D(7)
h—00
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Dissipative MVS
Definition: A parametrized measure {1z} (; 4)c(0,7)x Q"
v e L®(0, T) x Q; P([0,00) x R?) is adissipative MVS to the
compressible N.-S. eqgs. with the initial condition
Y0,5 = 9[go(z) uo (a)]

and the dissipation defect D; D € L*°(0,T), D > 0,
iff
the continuity eq. (1), momentum eqgs. (2), energy inequality (3),

/ IRy < / D(t)
0 0

and the Poincaré inequality holds

-
lim/ / lup, —ul? dz At <
h—0 Qy

hmlnf// V| dxdt—// V,ul? dazdt < D(7)

e dissipation defect controls oscillations and concentrations in Vzu

e needed to show weak-strong uniqueness between MVS & strong sol.
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Theorem (Feireisl, M.L. (2017))

Let the pressure adiabatic exponent y satisfies 1 < v < 2. Let
At=h, 0<a<2(y-1).

Then any Young measure {Viz}; 4c(0,7)x 2 8enerated by [0F, uf] for h — 0
represents a dissipative MVS of the N.-S. egs.
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Theorem (Feireisl, M.L. (2017))

Let the pressure adiabatic exponent y satisfies 1 < v < 2. Let
At=h, 0<a<2(y-1).

Then any Young measure {Viz}; 4c(0,7)x 2 8enerated by [0F, uf] for h — 0
represents a dissipative MVS of the N.-S. egs.

o the weak-strong uniqueness [Feireisl, Gwiazda, Swierczewska-Gwiazda,
Wiedemann (2015)]
—> for a regular sol.

0, Vo, w,Vyu € C([0, T x Q), dyu € L2(0, T; C(O; R%)), 0> 0, ulgpn =0
it holds

on — o0 in LY((0, T) x K), up, = u in L2((0, T) x K; R?)
for any compact K C Q)
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Concluding remarks

» multi-d Euler egs. have infinitely many weak entropy solutions ...
De Lelis, Székelyhidi (10, '12), Chiordaroli, De Lelis, Kreml ('15)
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Concluding remarks

multi-d Euler egs. have infinitely many weak entropy solutions ...
De Lelis, Székelyhidi (10, '12), Chiordaroli, De Lelis, Kreml ('15)

® question of admissible solutions remains still open

® construction of entropy MVS for hyperbolic conservation laws ...
Fjordholm, Mishra, Tadmor ('15, '16)

statistical solutions, (time evolution of higher statistical moments
(additional information about the evolution of all possible multi-point
correlation functions) ... Fjordholm, Lanthaler, Mishra ('17)

for multi-d scalar conservation laws ... existence & uniqueness of
entropy statistical solutions, stability with respect to the 1-Wasserstein
metric on probability measures
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Concluding remarks

» multi-d Euler egs. have infinitely many weak entropy solutions ...
De Lelis, Székelyhidi (10, '12), Chiordaroli, De Lelis, Kreml ('15)

® question of admissible solutions remains still open

® construction of entropy MVS for hyperbolic conservation laws ...
Fjordholm, Mishra, Tadmor ('15, '16)

® statistical solutions, time evolution of higher statistical moments
(additional information about the evolution of all possible multi-point
correlation functions) ... Fjordholm, Lanthaler, Mishra ('17)
for multi-d scalar conservation laws ... existence & uniqueness of
entropy statistical solutions, stability with respect to the 1-Wasserstein
metric on probability measures

= ifl vanishing viscosity is assumed to be the admissibility criterion for

the solution of the Euler egs.
= MVS may be the right concept for inviscid flows
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