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Compressible isentropic Navier-Stokes equations

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u ⊗ u) + 1
ε2∇xp(%) = divxS(∇xu)

for x ∈ T3, where T3 =
(
[0, 1]|{0,1}

)3 is a torus, t ∈ (0, T )

S(∇xu) = µ

(
∇xu +∇t

xu − 2
3divxuI

)
+ η divxuI, µ > 0, η ≥ 0,

• barotropic flow: p = Cργ , γ ≥ 1

p ∈ C 2(0,∞) ∩C 1[0,∞), p(0) = 0, p′(%) > 0 for all % > 0,

lim
%→∞

p′(%)
%γ−1 = p∞ > 0, lim

%→0+

p′(%)
%α

= p0 > 0,α ≤ 1

• initial data %(0, ·) = %0, u(0, ·) = u0, %0 > 0 in T3
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global in time weak solutions exists for γ > 3/2 . . . Feireisl, Novotný,
Petzoltová (’11)

γ > 3 constructive existence proof . . . convergence of a suitable
numerical scheme: Karper (’13), Feireisl, Karper, Michálek (’16)
γ > 3 if ρh is bdd., then numerical solution converges . . . Feireisl,
Hošek, Maltese, Novotný (’17)

γ > 3/2 error estimates, if the strong solution exists . . . Gallouët,
Herbin, Maltese, Novotný (’16)
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γ > 3/2 asymptotic preserving error estimates w.r.t. Mach number
in singular limit . . . Feireisl, M.L., Nečasová, Novotný, She (’16)

γ ≤ 3/2 convergence of a numerical scheme to the dissipative
MVS . . . Feireisl, M.L. (’17)
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Numerical scheme
combined finite volume-finite element method
upwinding for convective terms
fully implicit in time

• Notation:
K ∈ T triangular element, T regular triangulation, allowing inverse
inequality
E = {σ,σ is an edge of T }
Vh Crouzeix-Raviart piecewise linear space of discrete velocities

Vh(T
3) = {v ∈ L2(T3), ∀K ∈ T , v|K ∈ P1(K ), ∀σ ∈ E ,

σ = K |L,
∫
σ

v|K dS =

∫
σ

v|L dS},

Qh piecewise constant space of discrete densities

Qh(T
3) = {q ∈ L2(T3) | ∀K ∈ T , q|K ∈ R}
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for v in C (T3), we set

vK :=
1
|K |

∫
K

v dx for K ∈ T vσ :=
1
|σ|

∫
σ

vds for σ ∈ E

v̂ ≡ ΠQ
h v(x) =

∑
K∈T

vK 1K (x); x ∈ T3,

∇hv(x) =
∑

K∈T
∇xv(x)1K (x), divhv(x) =

∑
K∈T

divxv(x)1K (x).

v ∈ Vh(T
3) then∑

σ∈E

1
h

∫
σ
[v]2σ,nσ

dS <∼
∑

K∈T

∫
K
|∇xv|2dx,

where [v]σ,nσ is a jump of v

∀x ∈ σ = K |L ∈ E , [v]σ,nσ (x) =
{

v|K (x)− v|L(x) if nσ = nσ,K
v|L(x)− v|K (x) if nσ = nσ,L
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upwinding

qup
σ = −hα

2 [q]σ,nσχ
(uσ ·nσ,K

hα
)
+

{
qK if uσ ·nσ,K > 0
qL if uσ ·nσ,K≤0.

χ(z) =


0 for z < −1,
z + 1 if − 1 ≤ z ≤ 0,
1− z if 0 < z ≤ 1,
0 for z > 1.

qup
σ ≈ qK |L − hα∆q if α > 0 dissipative upwinding

∆t = O(h)

Mária Lukáčová April, 2017 6 / 34



upwinding

qup
σ = −hα

2 [q]σ,nσχ
(uσ ·nσ,K

hα
)
+

{
qK if uσ ·nσ,K > 0
qL if uσ ·nσ,K≤0.

χ(z) =


0 for z < −1,
z + 1 if − 1 ≤ z ≤ 0,
1− z if 0 < z ≤ 1,
0 for z > 1.

qup
σ ≈ qK |L − hα∆q if α > 0 dissipative upwinding

∆t = O(h)

Mária Lukáčová April, 2017 6 / 34



Numerical scheme

%n ∈ Qh(T
3), %n > 0, un ∈ Vh(T

3; R3), n = 0, 1, . . . , N∑
K∈T

|K |
%n

K − %
n−1
K

∆t φK +
∑

K∈T

∑
σ∈E(K )

|σ|%n,up
σ (un

σ ·nσ,K )φK = 0

∀φ ∈ Qh

∑
K∈T

|K |
∆t

(
%n

K ûn
K − %

n−1
K ûn−1

K

)
· vK

+
∑

K∈T

∑
σ∈E(K )

|σ|%n,up
σ ûn,up

σ [un
σ ·nσ,K ] · vK

− 1
ε2

∑
K∈T

p(%n
K )

∑
σ∈E(K )

|σ|vσ ·nσ,K + µ
∑

K∈T

∫
K
∇un : ∇v dx

+
(µ

3 + η
) ∑

K∈T

∫
K

divundivv dx = 0 ∀ v ∈ Vh
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K ûn
K − %

n−1
K ûn−1
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Singular limit as ε→ 0

• Klainerman, Majda (1980): convergence of classical solution of fully
compressible Euler/Navier-Stokes equations to the classical solution of
incompressible equations as ε→ 0

• Feireisl, Novotný (2000): convergence of weak solutions of fully
compressible Navier-Stokes equations to the weak solution of incompressible
Navier-Stokes equations as ε→ 0

Can we show such properties for numerical solutions ?
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Limiting system

• incompressible Navier-Stokes equations

%
(
∂tV + V · ∇xV

)
+∇x Π = µ∆V , divxV = 0, % > 0

for suitable initial data

V (0) = V 0, V 0 ∈W k,2(T3; R3), divxV 0 = 0.

Klainerman, Majda =⇒ solution is regular on some [0, T ), T ≡ Tmax

∂l
tV ∈ C l([0, T ]; W k−l,2(T3; R3), l = 0, 1, 2,
∂j

t Π ∈ C j([0, T ]; W k−1−j,2(T3)), j = 0, 1, k ≥ 4
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Relative energy functional

Eε(%, u|z , v) =
∫

T3

(
%|u − v|2 + 1

ε2 E(%|z)
)

dx ,

where

E(%|z) = P(%)−P ′(z)(%− z)−P(z), P(%) = %

∫ %

1

p(s)
s2 ds.

- since p′(%) > 0 =⇒ % 7→ P(%) is strictly convex in (0,∞)

E(%|z) ≥ 0 and E(%|z) = 0 ⇔ % = z.
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Theorem (Uniform error estimates)
Let the pressure coefficient γ ≥ 3/2. Let (%0, u0) satisfy

Eε(%0
ε, u0

ε

∣∣∣%, V 0) ≤ E0 <∞, M0/2 ≤
∫

T3
%0
εdx ≤ 2M0, M0 = %|T3|

with M0 > 0, E0 > 0 and % > 0 independent of ε, h, ∆t.
Let [Π, V ] be the classical solution of the incompressible N.-S. eqs., α = 0
(classical upwinding). Then there exists c > 0,

c = c
(

M0, E0, %, |p′|C1[%/2,2%], ‖V , Π‖X k
T,T3

)
, s.t.

sup
1≤n≤N

Eε
(
%n , ûn

∣∣∣%, V (tn , ·)
)
+ ∆t

∑
1≤n≤N

∫
T3
|∇hun −∇xV (tn , ·)|2

≤ c
(√

∆t + ha + ε+ Eε
(
%0
ε, û0

ε

∣∣∣%, V 0
))

,

a = min
{

2γ − 3
γ

, 1
}

.

Mária Lukáčová April, 2017 11 / 34



• well-prepared initial data:

E(%0
ε|%)

<∼ ε2+ξ,
∫

T3
%0
ε|û0

ε −V 0|2 dx <∼ εξ, ξ > 0

unconditional uniform convergence as (h, ∆t, ε)→ 0 to the strong
solution of the incompressible N.-S.eqs
rate of convergence
the distance is measured via the relative energy functional

Eε
(
%n , ûn

∣∣∣%, V n
)
≈
∫

T3
%n |ûn −V (tn)|2 dx +

∥∥∥∥%n − %
ε

∥∥∥∥2

Lq(T3)
,

where q = min{2, γ}
in 2D pressure exponent can be γ > 1
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Main ingredients of the proof

I. Discrete energy inequality∫
T3
%n dx =

∫
T3
%0 dx ∀n = 1, ...N

∑
K∈T

|K |
(1

2%
m
K |um

K |
2 +

1
ε2 E(%m

K |%)
)
−
∑

K∈T
|K |
(1

2%
0
K |u0

K |
2 +

1
ε2 E(%0

K |%)
)

+ ∆t
m∑

n=1

∑
K∈T

(
µ

∫
K
|∇xun |2 dx + (

µ

3 + η)

∫
K
|divun |2 dx

)
+ [Dm ] = 0 m=1,. . . ,N

[Dm ] ≥ 0 sum of all dissipation defects
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Main ingredients of the proof (cont.)

II. Uniform a priori estimates

∆t
N∑

n=1

∫
K
|∇xun |2 dx ≤ c,

∆t
N∑

n=1
‖un‖2L6(T3;R3) ≤ c,

supn=0,...N‖%n |ûn |2‖L1(T3) ≤ c.

supn=0,...N‖%n‖Lγ (T3) ≤ c,

supn=0,...N

∫
T3

E(%n |%) ≤ cε2.
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Main ingredients of the proof (cont.)

III. Discrete relative energy inequality∑
K∈T

1
2 |K |

(
%m

K |um
K −U m

K |
2 − %0

K |u0
K −U 0

K |
2
)

+
1
ε2

∑
K∈T

|K |
(

E(%m
K |rm

K )−E(%0
K |r0

K )
)

+ ∆t
m∑

n=1

∑
K∈T

(
µ

∫
K
|∇x(un −U n)|2 dx

+ (
µ

3 + η)

∫
K
|div(un −U n)|2 dx

)
≤

6∑
i=1

Ti ,

Ti are the errors terms, controlled if test functions (%n , U n) = (%, V n
h ) are

the limiting solution of the incompressible N.-S. eqs. V n
h = ΠV

h [V (tn)],
% = const.
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Main ingredients of the proof (cont.)

IV. Gronwall-type inequality
There exists

c = c
(

M0, E0, %, |p′|C1[%/2,2%], ‖V , Π‖X k
T,T3

)
> 0

s.t.

Eε(%m , um |%, V m
h )+∆t µ2

m∑
n=1

∑
K∈T

∫
K
|∇x(un −V n

h )|
2dx

≤ c
[
ha +

√
∆t + ε+ Eε(%0, u0|%, V̂ h(0))

]
+ c ∆t

m∑
n=1
Eε(%n , un |%, V n

h ),

where a = 1 of γ ≥ 3
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Uniform error estimates

sup
1≤n≤N

Eε
(
%n , ûn

∣∣∣%, V (tn , ·)
)
+ ∆t

∑
1≤n≤N

∫
T3
|∇hun −∇xV (tn , ·)|2

≤ c
(√

∆t + ha + ε+ Eε
(
%0
ε, û0

ε

∣∣∣%, V 0
))

,

a = min
{

2γ − 3
γ

, 1
}

.
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Numerical Experiments
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Experiment: vortex in a box

Haack, Jin, Liu (2012)

u1(x, y, 0) = sin2(πx) sin(2πy)
u2(x, y, 0) = − sin(2πx) sin2(πy)

ρ(x, y, 0) = 1− ε2

2 tanh(y − 0.5)

Ω = [−1, 1]2
• %, p = %γ , u . . . compressible N.-S. eqs., γ = 1.4
• Π, V . . . incompressible N.-S. eqs.

z = (1 + ε2Π)1/γ .

• error is measured by

eE = sup
1≤n≤N

Eε(ρn , ûn |z(tn , ·), V (tn , ·)), e∇xu = ‖∇(u −V )‖L2(0,T ;L2(Ω)),

eu = ‖u −V‖L2(0,T ;L2(Ω)), eρ = ‖ρ− z‖L2(0,T ;L2(Ω))
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Table: Convergence of the compressible to incompressible solution, t = 0.01
ε = h, µ = 0.01

h eE EOC e∇xu EOC eu EOC ep EOC
1/8 1.12e-03 – 4.91e-01 – 1.82e-03 – 5.11e-04 –
1/16 3.74e-04 1.58 2.55e-01 0.95 1.18e-03 0.63 1.11e-04 2.20
1/32 1.09e-04 1.78 2.29e-01 0.16 7.87e-04 0.58 2.09e-05 2.41
1/64 1.91e-05 2.51 1.26e-01 0.86 3.24e-04 1.28 4.64e-06 2.17
1/128 4.50e-06 2.09 4.41e-02 1.51 1.41e-04 1.20 1.22e-06 1.93
1/256 1.14e-06 1.98 1.54e-02 1.52 6.32e-05 1.16 2.88e-07 2.08

: ε = h,µ = 1

h eE EOC e∇xu EOC eu EOC ep EOC
1/8 5.42e-03 – 4.66e-01 – 2.99e-03 – 1.23e-03 –
1/16 1.34e-03 2.02 1.73e-01 1.43 2.17e-03 0.46 2.51e-04 2.29
1/32 3.66e-04 1.87 6.58e-02 1.39 1.17e-03 0.89 5.30e-05 2.24
1/64 1.06e-04 1.79 2.37e-02 1.47 6.13e-04 0.93 1.15e-05 2.20
1/128 2.96e-05 1.84 8.26e-03 1.52 2.78e-04 1.14 2.54e-06 2.18
1/256 7.96e-06 1.89 2.97e-03 1.48 1.31e-04 1.09 5.73e-07 2.15
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Figure: Streamlines with µ = 0.01, ε = 0.001 at t = 0, 0.1, 0.2
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Experiment: Taylor vortex flow
• exact incompressible solution (periodic BC)

V1(x, y, t) = sin(2πx) cos(2πy) e−8π2µt

V2(x, y, t) = − cos(2πx) sin(2πy) e−8π2µt

Π(x, y, t) = 1
4 (cos(4πx) + cos(4πy)) e−16π2µt .

• initial data for the compressible N.-S. system
ρ(x, y, 0) = 1 + ε2Π(x, y, 0)
u1(x, y, 0) = V1(x, y, 0)
u2(x, y, 0) = V2(x, y, 0).

Figure: Streamlines µ = 0.01, ε = 0.001 at t = 0, 0.1, 0.2
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Table: Experimental order of convergence, µ = 0.1.

: ε = 0.8

h ‖ρ‖L2 EOC ‖u‖L2 EOC ‖∇u‖L2 EOC
1/8 3.06e-02 – 4.04e-02 – 8.65e+00 –
1/16 1.56e-02 0.97 2.51e-02 0.69 7.39e+00 0.23
1/32 7.81e-03 1.00 9.23e-03 1.44 3.97e+00 0.90
1/64 3.87e-03 1.01 2.57e-03 1.84 1.50e+00 1.40
1/128 1.92e-03 1.01 6.64e-04 1.95 5.45e-01 1.46

: ε = 0.001

h ‖ρ‖L2 EOC ‖u‖L2 EOC ‖∇u‖L2 EOC
1/8 1.00e-07 – 3.13e-02 – 6.09e+00 –
1/16 4.07e-08 1.30 1.09e-02 1.52 2.70e+00 1.17
1/32 1.95e-08 1.06 4.55e-03 1.26 1.49e+00 0.86
1/64 8.34e-09 1.23 2.55e-03 0.84 1.13e+00 0.40
1/128 3.01e-09 1.47 7.49e-04 1.77 5.05e-01 1.16
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Convergence of the relative energy

Table: Convergence µ = 0.01, ε = h, t = 0.01, γ = 1.4

h eE EOC e∇xu EOC eu EOC ep EOC
1/8 1.22e-02 – 2.57e-01 – 5.54e-03 – 3.34e-04 –
1/16 1.09e-03 3.48 1.47e-01 0.81 1.92e-03 1.53 6.82e-05 2.29
1/32 2.02e-04 2.43 1.16e-01 0.34 9.09e-04 1.08 1.05e-05 2.70
1/64 2.63e-05 2.94 7.90e-02 0.55 3.20e-04 1.51 1.91e-06 2.46
1/128 4.45e-06 2.56 3.86e-02 1.03 8.79e-05 1.86 3.91e-07 2.29
1/256 9.86e-07 2.17 2.09e-02 0.89 2.84e-05 1.63 7.63e-08 2.36

: γ = 3

h eE EOC e∇xu EOC eu EOC ep EOC
1/8 3.60e-02 – 3.57e-01 – 7.56e-03 – 4.22e-04 –
1/16 3.04e-03 3.57 1.94e-01 0.88 2.35e-03 1.69 9.08e-05 2.22
1/32 2.98e-04 3.35 1.30e-01 0.58 9.44e-04 1.32 1.76e-05 2.37
1/64 5.26e-05 2.50 8.35e-02 0.64 3.25e-04 1.54 3.45e-06 2.35
1/128 1.46e-05 1.85 4.46e-02 0.90 1.11e-04 1.55 1.06e-06 1.70
1/256 3.88e-06 1.91 2.22e-02 1.01 4.05e-05 1.45 2.34e-07 2.18
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What is the limit of numerical solutions for γ < 3/2 ?
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Assumptions:
• no-slip B.C. u = 0 on ∂Ω, Ω ∈ R3

• ε = 1, γ ∈ (1, 2) and α > 0 (dissipative upwinding)

Aim:
(%h , uh) −→ (%, u) as h → 0, ∆t ≈ h

- dissipative measure-valued sol.
- family of bdd. numerical solution generates Young measures
- dissipative MVS satisfy energy inequality and the concentration reminder of
the momentum is dominated by the dissipation
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I. Consistency: (%h , uh) satisfies

−
∫

Ωh

%0
hϕ(0, ·) dx =

∫ T

0

∫
Ωh

[%h∂tϕ+ %huh · ∇xϕ] dx +O(hβ), β > 0,

−
∫

Ωh

%0
hu0

h ·ϕ(0, ·) dx =

∫ T

0

∫
Ωh

[
%huh∂tϕ+ %huh ⊗ uh : ∇xϕ+ p(%h)divxϕ

]
dx

−
∫ T

0

∫
Ωh

[
µ∇huh : ∇xϕ+ (µ/3 + η)divhuh · divxϕ

]
dx +O(hβ), β > 0,

for any ϕ ∈ C∞c ([0,∞)×Ωh ; R3).

energy inequality∫
Ωh

[
1
2%h |uh |2 + P(%h)

]
(τ , ·) dx +

∫ τ

0

∫
Ωh

µ|∇huh |2 + (µ/3 + η)|divhuh |2 dx

≤
∫

Ωh

[
1
2%

0
h |u0

h |
2 + P(%0

h)

]
dx

for a.e. τ ∈ [0, T ].
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II. Weak limits

%h → % weakly-(*) in L∞(0, T ; Lγ(Ω)), % ≥ 0
< uh >, uh → u weakly in L2((0, T )×Ω; R3),

∇huh → ∇xu weakly in L2((0, T )×Ω; R3×3),

%h < uh >→ %u weakly-(*) in L∞(0, T ; L
2γ

γ+1 (Ω; R3)),

%huh ⊗ uh + p(%h)I→ {%u ⊗ u + p(%)I}weakly-(*) in [L∞(0, T ;M(Ω))]3×3

- the limit function satisfies the continuity eq.

−
∫

T3
%0ϕ(0, ·) dx =

∫ T

0

∫
T3

[%∂tϕ+ %u · ∇xϕ] dx∆t

for any test function ϕ ∈ C∞c ([0,∞)×Ω)
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III. Dissipative MVS

-bounded seq. of numerical solutions generates the Young measure

νt,x ∈ L∞((0, T )×Ω;P([0,∞)×R3)) for a.a. (t, x) ∈ (0, T )×Ω,

such that

〈νt,x , g(%, u)〉 = g(%, u)(t, x) for a.a. (t, x) ∈ (0, T )×Ω,

for g ∈ C ([0,∞)×R3), and

g(%h , uh)→ g(%, u) weakly in L1((0, T )×Ω)
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• for the continuity eq.[∫
T3
%ϕ(τ , ·) dx

]t=τ

t=0
=

∫ τ

0

∫
T3

[%∂tϕ+ 〈νt,x , %u〉 · ∇xϕ] dx (1)

• for the momentum eq.

[∫
T3
〈νt,x ; %u〉 ·ϕ(0, ·) dx

]t=τ

t=0

=

∫ τ

0

∫
T3

[
〈νt,x ; %u〉 · ∂tϕ+ {%u ⊗ u + p(%)I} : ∇xϕ

]
dx

−
∫ τ

0

∫
T3

[
µ∇u :∇xϕ+ (µ/3 + η)divu · divxϕ

]
dx

(2)

• concentration reminder:

R = {%u ⊗ u + p(%)I} − 〈νt,x ; %u ⊗ u + p(%)I〉 ∈ [L∞(0, T ;M(Ω))]3×3
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=⇒ momentum eq.[∫
T3
〈νt,x ; %u〉 ·ϕ(0, ·) dx

]t=τ

t=0

=

∫ τ

0

∫
T3

[
〈νt,x ; %u〉 · ∂tϕ+ 〈νt,x ; %u ⊗ u〉 : ∇xϕ+ 〈νt,x , p(%)〉divxϕ

]
dx

−
∫ τ

0

∫
T3

[
µ∇u : ∇xϕ+ (µ/3 + η)divu · divxϕ

]
dx +

∫ τ

0

∫
T3
R : ∇xϕ dx

=⇒ energy inequality[∫
T3

[
1
2
〈
νt,x ; %|u|2 + P(%)

〉]
dx
]t=τ

t=0
+

∫ τ

0

∫
Ωh

µ|∇u|2 + (µ/3 + η)|divu|2 dx

+D(τ ) ≤ 0
(3)

BUT: ∫ τ

0
‖R‖M(Ω)

<∼
∫ τ

0
D(t)

D(τ ) ≥ lim inf
h→∞

∫ τ

0

∫
Ωh

|∇huh |2 dx −
∫ τ

0

∫
T3
|∇xu|2 dx
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Dissipative MVS
Definition: A parametrized measure {νt,x}(t,x)∈(0,T )×Ω,
ν ∈ L∞(0, T )×Ω;P([0,∞)×R3) is a dissipative MVS to the
compressible N.-S. eqs. with the initial condition

ν0,x = δ[%0(x),u0(x)]

and the dissipation defect D; D ∈ L∞(0, T ), D ≥ 0,
iff
the continuity eq. (1), momentum eqs. (2), energy inequality (3),∫ τ

0
‖R‖M(Ω)

<∼
∫ τ

0
D(t)

and the Poincaré inequality holds

lim
h→0

∫ τ

0

∫
Ωh

|uh − u|2 dx ∆t ≤

lim inf
h→∞

∫ τ

0

∫
Ωh

|∇huh |2 dxdt −
∫ τ

0

∫
T3
|∇xu|2 dxdt ≤ D(τ )

• dissipation defect controls oscillations and concentrations in ∇xu
• needed to show weak-strong uniqueness between MVS & strong sol.
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Theorem (Feireisl, M.L. (2017))
Let the pressure adiabatic exponent γ satisfies 1 < γ < 2. Let

∆t ≈ h, 0 < α < 2(γ − 1).

Then any Young measure {νt,x}t,x∈(0,T )×Ω generated by [%k
h , uk

h ] for h → 0
represents a dissipative MVS of the N.-S. eqs.

• the weak–strong uniqueness [Feireisl, Gwiazda, Swierczewska-Gwiazda,
Wiedemann (2015)]
=⇒ for a regular sol.

%, ∇x%, u,∇xu ∈ C ([0, T ]×Ω), ∂tu ∈ L2(0, T ; C (Ω; R3)), % > 0, u|∂Ω = 0

it holds

%h → % in Lγ((0, T )×K ), uh → u in L2((0, T )×K ; R3)

for any compact K ⊂ Ω
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Concluding remarks

multi-d Euler eqs. have infinitely many weak entropy solutions . . .
De Lelis, Székelyhidi (’10, ’12), Chiordaroli, De Lelis, Kreml (’15)

question of admissible solutions remains still open

construction of entropy MVS for hyperbolic conservation laws . . .
Fjordholm, Mishra, Tadmor (’15, ’16)

statistical solutions, time evolution of higher statistical moments
(additional information about the evolution of all possible multi-point
correlation functions) . . . Fjordholm, Lanthaler, Mishra (’17)
for multi-d scalar conservation laws . . . existence & uniqueness of
entropy statistical solutions, stability with respect to the 1-Wasserstein
metric on probability measures

if vanishing viscosity is assumed to be the admissibility criterion for
the solution of the Euler eqs.
=⇒ MVS may be the right concept for inviscid flows
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