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H(q,p) = %Z p7 + Vi(a) + VAV(q)
i€Z

*Bonetto et al. [2000]



Anomalous energy transport in a solid (1D-2D)

MACROSCOPIC MODEL:
Fractional heat equation

Oip(t,x) = —Vyx-jt,x) (mass cons.
8tp(t, X) — _D(_AX)’)//QP(I_,X) tp( ) j( ) ( . )
J(t,x) = Anomalous Fourier Law

MICROSCOPIC MODEL: FPU-£ lattice/chain (Fermi Pasta Ulam)

i-1 i i+1 i+2
1 1
H(q,p) =3 > PP+ 5 > (@i —a)*+ 8 (g1 —a)*
ez iz iz

(—A)/2p = F2 (kY F(p)(K))
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The kinetic model: the Boltzmann-phonon equation

The formal kinetic limit (Spohn, ‘The phonon Boltzmann equation,
properties and link to weakly anharmonic lattice dynamics’) - Peierls.

AW (t, x, k) + W' (K)BW(t, x, k) = C(W)

(t,x,k) € (0,00) x Rx T
k: wavenumber, w(k): dispersion relation.
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Linearised 4-phonon Boltzmann equation
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€20, F5 + e/ (k)Ox € = L(f%) (= K(f%) — V(k)f?)
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Note: formal restriction to the linearised case

e0:W*e + au’(k)&x we = C(W?),
Linearise
1

We = Wy(1 ) wh Wo= ——— .
o(1+ &f®) where W ﬁow(k)’BO>0

O+ e (KO = L(7) + e3 QU F°) + g RO, 7, ).



Note: formal restriction to the linearised case

e0:W*e + au'(k)ax we = C(W?),
Linearise

1
W = Wo(1 + ef°) where Wp = ———— ,
o(1+ &f®) where W Bow (k) Bo >0

1 1
e%0uf* + e (K)OxFT = L(F7) +e5 Q(FF, £7) + 526R(ff, e F9). (2)

Proceeding as before

0:T° + 0, % /w'(k)ff dk =0

51/w’f€dk:/L1(w’)w’8xf€dk—/L1(w/)Q(f5,fE)dk+(’)(s).

But Q(T,T) =0.
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Difficulties

@ It is not a linear Boltzmann equation (or radiative transfer equation);
Of + w'(k)Oxf = Lo(f) — L1(f), L; Boltzmann operator

not a maximum principle.
@ No spectral gap.

@ The kernel is too big {1,w~!}: spurious term.

f(k)

T:/f k) dk (energy), Sz/dk spurious term
[ #(h de (enerey) [ )

» S: fractional phenomena! Should reach equilibrium faster...
> Intuition: f € L? but w™t ¢ L2



Theorem (Fractional diffusion limit for the linearised equation)

Let f¢ be a solution of £8/°0,f¢ + ew! (k) = L(f) (BPE) with initial
data fy € L>(R x T). Then, up to a subsequence,

fe(t,x, k) = T(t,x) L>((0, 00); L?(x, k))-weak
where T is the weak limit of

.17t .
Te = <v>/0 V(k)Fe(k)dk

and solves the fractional diffusion equation
AT 4+ Kk(—A)Y°T =0 in (0,00) x R
k € (0,00) with initial condition

1

1
T(0,x) = <V>/0 Vo (t, x, k) dk.



Comments on the proof and results (1)

Fe(t, x, k) = Te(t,x) + S°(t, x)w(k) ™t + z—:%ha(t, x, k)
N—_——
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Comments on the proof and results (1)

Fo(t, x, k) = T=(t,x) + 25 5°(£, x)w(k) "L + 3 h(t, x, k)
——

energy spurious term remainder

T¢ € L%(0, 00; L2(R)),
h® € L3,(T x R)
Proposition

The function §¢ converges in distribution sense to

5(t,x) = —“2(—=A)31OT (¢, x).
K3
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Comments on the proof and results (1)

€850, F° + ew! (k) Oy f* = L(f°)

e Project on the constant mode:

AT + k1 (—D)Y°T + ko(—A)/25 = 0.

e Project on w(k)™1:

ro(—=A)2T 4 k3(—A)Y5 = 0.

e Obtain 5 ok 310
S5(t,x) = ——(-A4A) T(t,x).

K3
and
I<L2
3tT+ (Iil - ;)(—A)“/ST =0
3



Comments on the proof and results (111)

Method: Laplace-Fourier Transform Method (like in Mellet, Mischler,
Mouhot, ‘Fractional diffusion limit for collisional kinetic equations’).
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Comments on the proof and results (111)

Method: Laplace-Fourier Transform Method (like in Mellet, Mischler,
Mouhot, ‘Fractional diffusion limit for collisional kinetic equations’).

fFe(p, &, k) = // e X Fe(t, x, k) dt dx.

~

epfe — ey + iew! (k)EFE = K(F2) — VFe

We recall that L(f) = K(f) — VF with K(f) = [ K(k, K')f(K') dk’. The
fact that [ L(f)dk =0 and [ ﬁL(f) dk = 0 for all f implies

V(k):/K(k’, k)dK', x(k) :/K(k’, k)w(lk/)

Multiplying the equation by K(k’, k) and integrating with respect to k and
k', we get...
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F5(F0) + a5(p, ) T (p, €) + a5(p, €)5°(p, €) + R5(p,€) =0, (4)

in the limit R _
—rol€] T(p, €) — r3|€[¥°5 = 0.



MIC.RO. Harmonic potential Cubic potential Quartic potential Harmonic potenltial +
FPU chalnllattlce No relaxation toeq. |  |(FPU-alpha chain) (FPU-beta chain) noise conserving
H(q,p) = +V(q) momentum and energy
"2 p On site potential: || [Next neighbour pot.: (Olla, Basile,
a - classic diffusion || - 1d, 2d anomalous dif. et.al)
Spohn (formal) next neighbour (Aoki, Lukkarinen, || | 3d or higher, classic dif.
pot Spohn)I (Lepri, Livi, Politi) -
_ Heat-lattice | asile
|vibrations — phonons . w( I) >0 i w(k) = | sin(w k)| _U”szhn
Free transport eq. 3-phonon Boltz. eq. ||4-phonon Boltz. eq.p] L|near|sed eq.
KINETIC C(W)=0 C(W): bilinear op. bilinear op. | |(Lukkarinen, Spohn)
oW+ (oW =CwW) T w(k) =|sin(xk)| | v
(we lose info in the kinetic limit; Linear Boltzmann
suggests weak mixing at micro Equation

level)

!

MACRO
(Anomalous)
diffusion

(Bricmont -
Kupianen)

Nonlinear heat
equation

Fractional heat
equation

(Olla, et. al.)
(Mellet, Mouhot,
Mischler, et. al.)

A4
Heat equation_|

8: T = V- (k(T)VxT)

8T =—r(—

aAy'T

8: T =©rAT




MICRO Harmonic potential Cubic potential Quartic potential Harmonic potential +
FPU cham/lattlce No relaxation to eq.|  |(FPU-alpha chain)] | (FPU-beta chain) noise conserving
H(g,p) = V() momentum and energy

P =3 p On site potential: || Next neighbour pot.: (Olla, Basile,
_ a - classic diffusion || - 1d, 2d anomalous dif. et.al)
Spohn (formal) next neighbour (Aoki, Lukkarinen, || | 3d or higher, classic dif.
pot Spohn)I (Lepri, Livi, Politi) -
_ Heat-lattice | &8t
|1ibrations—phonLns J w(k) >0 = w(k) = |5|n(ﬂk)\wspzhn
Free transport eq. 3-phonon Boltz. eq. ||4-phonon Boltz eq.p| L|near|sed eq.
KINETIC C(W)=0 W| C(W): bilinear op. bilinear op. | |(Lukkarinen, Spohn)

O W + ' (k)8 W = C(W)

T w(k) =sin(xk)| |

(we lose info in the kinetic limit; 3

suggests weak mixing at micro
level)

!

MACRO
(Anomalous)
diffusion

(Bricmont -
Kupianen)

Nonlinear heat
equation

8: T = V- (k(T)VxT)

Spurlous conservation;

(Mellet 'M(Olla et al)
(Mellet, Mouhot,
Mischler, et. al.)

Fractional heat

A4
| Heat equation |

equation

A 4

Linear Boltzmann
Equation

8T = —x(-A)'T

Weaker mixing; smaller 2

coeff.; slows down
convergence to eq.

K
>H:=.'i1— 2
K3

8: T =©rAT
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Final Remarks

@ Relation between different results for the FPU-3 chain:
» MICRO: at the level of the FPU (numerics),

T_—T,

W, a~04

Average energy current: jo(N) =

» KINETIC: the results of Lukkarinen-Spohn,

lim t3/°C(t) = constant
t—o0

> MACRO: the order of the fractional laplacian (—A)*/°.

@ ‘Similar’ equations exist in other context:

» Weak wave turbulence (4-wave kinetic equation).
» Nordheim equation.
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