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We are interested in the behavior of rarefied gases with long-range
intermolecular interactions:

® Forces between gas particles are inversely proportional to the distance between them: 7~ %,

s > 2.
o Interacting particles barely change each others' trajectories: [v" — v|, |[v. — v.| ~ 0, or
o Trajectories of particles very close to each other are almost parallel: |v — v, | = |v/ —v.| ~ 0

o Particles interact at very small angles: (v — v.) - (v/ — v.) ~ |v — v.|?.

v Vi

v Vi
The model:
Fort > 0,let 0 < f = f(v,2.t) € L, x LL(R®) be the particles’ probability distribution
function.

If s > 2, the flow of a rarefied gas is modeled by the Boltzmann equation:

Ocf(v,o,t)+ 0 -V, f(v.w.t)=Qs(f, f)(v,z,t)

s = 2 corresponds to Coulomb forces - use the Landau equation instead:
O f(v,e,t)+ v V. f(v.o t)=QL(f, v, z,t)

Transition from Boltzmann to Landau equations is called the grazing collisions limit.




Structure of this talk

® Introduction

o description of the Boltzmann and Landau equations
o the grazing collisions limit
e well-posedness

® An angle-potential concentrated collision kernel

® motivation
e connection with Qp,

© Existence of LP Boltzmann solutions:

e LP estimates on the collision operator
e Bressan's theorem for existence and uniqueness

@ Future study

® compactness
e convergence to a Landau solution?



The Boltzmann equation: geometry of collisions

Suppose that
are velocities of two colliding particles,

are their pre- (or post-) collisional velocities

(elastic collisions are reversible).

Conservation laws
(momentum)

(kinetic energy)

Representation by o
For v,v. € R3, any v/, v’ can be uniquely represented by

o o—1
‘9
Notation o o — 1
w= Facts
’
u' = '
o Jul = u’|
u u ,
=Tl T Tul woe=z =2
’ ’ .
cosO =1 - o [v" — v| = v, — v«| = |u|sin(6/2)




The Boltzmann equation as a birth-death process

The Boltzmann equation can be derived from the Chapman-Kolmogorov equations for birth-death
processes: for all ¢ > 0,

d
— f(v) = / ([rate of entering state (v, v,) | — [rate of leaving state (v, vy) ])dv*
dt R3

= / / [rate of leaving some state (v',v’)] — [rate of leaving state (v, v.)]dodv.
R3 J 52

= [, [, Bl = v ) (P ) = F@)f(0)) dodv. = Qs (f, £)(v).

e B(|u|”, 4 - o) is the collision kernel - models transition rates.
o vy =~(s)= g is the potential and depends on the strength of intermolecular forces.
0 <v <1 — hard potentials
~ = 0 — Maxwell molecules
—2 < v < 0 — soft potentials
—3 <v < —2 — very soft potentials
~ = —3 — Coulomb potential - no good for Boltzmann

The space homogenous Boltzmann equation is

6 s
st o= [ [ Bula-o) (7' - f5.) dodu,
f(v,0) = fo(v).




The collision kernel: possibilities for B(|u|7, 4 - o),
Typically,
B(|u|”,4-o)do := |u|"b(4 - o)do
= |u|”b(cos 6) sin 6dfdw
= |u|” sin” "™ (0/2) sin 6dfdw.

For very soft potential, —3 < v < —2,0 < m < 4.
For Coulomb potential, v = —3, m = 4.
= Rutherford kernel

There are other models:
In general, need b > 0 an even function, symmetric around
/2, such that

/2 .
/ b(cos 0) sin® 0 cos(0/2)d0 < oo
0

NOT TRUE IN THE COULOMB CASE
= TRUNCATE AT 0 = 0.

and

Notation
o =fcosf +wsin,0<0<
w=jcosd+ ksing € S2(ul), —r<p<x

j=1(1,0,0) —aay, k=jXxu

Qo(r.mw )= [[[ Blo=u.l"0) (f6)h0L) = [@)h(v.)) dodu..




The Landau equation

In 1936, L. Landau used the Rutherford collisional cross section heuristically to come

up with
1
QL(,/A: h)(l/‘, ['> = Vy - / 71—1(“) (V’Uf(vr t)h(’l)*, t) - f(’l), t)vU* h(’U*, t)) dv«
R3 [u[7+2
T(u) = I3xs — “2% ¢ g3x3
|ul?
v = —d = —3 — "true Landau”.

The Landau equation is
of =Qrf, v, 1)
f(,0) = fo(v),

Remarks:
e No post collisional velocities v’, v/, or integration over the sphere: particles stay
away from each other - barely change each other’s trajectories. No actual

collisions.
e BTE cannot handle the case v = —3!



Conservation laws, entropy decay

For Q = Qp or Qp,, the following holds:

e Conservation Laws

o
o [ fw o P = [ QU foP)de =0

by symmetry of Q. Therefore mass (1), momentum (v) and energy (|v|?) are
conserved:

/ F@,8) (1,0, [o]?)do = / Jo(0)(1, v, [o[2)dv

e The H-Theorem
d d
S =2 [ 100108 f0.00 = [ QU@ 1) log (v, <0,
and equality holds if and only if f(v,t) is Maxwellian in v.
We will always assume that fo = f(-,0) € L N Llog L(R3), i.e.

/fu(l/) log fo(v)dv < oo /f()(l/)(l + |v[?)dv < oo



The grazing collisions limit: truncation

How does the Boltzmann equation become the Landau equation in the Coulomb case?
Choose a suitable truncation of B(|u|”, @ - o). Examples:

Classical Rutherford truncation:
[Villani, '98] and [Gamba, Haack '15]

be(cos 0) sin 0df =
Tsin(o/2)>< (0 . .
7M sin 4((‘)/2) sin 0d6.
27 log sin(e/2)

* [Gamba, Haack]: also works for 4 < m < 6
(different & - coefficient)

Approximation of 6 —singularity:
[Lingbing He, '14]

be(cos 0) sin 6d6 =
ke'T2e9? 3¢ (9> de,

where ¢ € C([0,7/2]), supp(¢) € [0, 1].




The grazing collisions limit: the convergence Qp. — Q.
Many possibilities for be, but in order for Qp_(f, f) = Qr(f, f) need
. £ __ 1z T . 2 . _ 2
lime 0 85 = lime 0 fo be (cos ) sin“(6/2) sin 0dO = = < oo,

lim, 0 B = lime 0 J; be(cos6)sin®(6/2)sinfdd =0 Vk > 2,
Voo € (0, %) ,lime 0 be(cos §) = 0 uniformly on {6 > 6o}

Proposition 1.

Consider a sequence of nonnegative collision kernels,
B. = Bc(|ul]”, 4 - 0) = |u|"be (4 - 0), —3 < v < —1, satisfying the properties above,

and let 0 < f € Lé N L?, where

6
D> ify < =2,
8+
p>1ify>—2.
Then for any test function ¢ € C§° (R®) and for any t > 0,

tim | [ (@b (£, )0 0) = Quf, Do) (o)

=0.




Proof

One can check that
2/(2L<.f-, edv :// Fhlul” [GE (v, 00) + G2 (v, 0,)] dv.do
= // Fholul [ = 4(Bu, () — Bu,; @(va))us
+ |u|2(8‘vivj p(v) + av*iv*j ‘P(v*))n(u)iﬂ']dv*dv’

2/(‘)Bg (f, f)edv ://ff*G[Be](v,U*)dv*dv

— [[ st.1ur [/:/2 be(cos) | (¢ + L — o — o) d9dB| dv.do.

Taylor expansion of ¢:
(¢ =)+ (9l = 0.) = B0, 0(v) (V) = Vi) + OV p(V2) (V4] — Vuy)

1 1
5000y P(0) (V] = ) (0] = 03) F 300y @(0) (0] = v2i) (0] = )

1 1
Fg0vivsvn w(()(vi—vi)(vﬁ-—vj)(vL—Uk)+63v*iv*jv*kw(f)(v*é—v*i)(v*}—v*j)(v*L—v*k-)

. 1. .
= (Ou; P — Ou,; LFX)('”: —v;) + 5 (0w, v+ ()'lfx,v’l,'w;,a*)(’l,'/i — m)(l,'j- —vj) + Err.




Proof (II)
Then,
G[B.] = G1[B:] + G2[B:] + G3[B:]

/2 &
= (Ov; 0 — 0,,)199*)/ be (cos 6) sin@/ (v — v;)dedo
0 _
1
+( 111/50(1)) Ovjvs ;P 1'*))/ e (cos 0) smB/ v — vy )(1)‘71/ )]dode

+/0 be(cos 9)/7W(Er7’)d®d9‘

Using the geometry of collisions,
/” (v] —v;)de = —27u, sin®(6/2)
™
/” (v — vi)(v; —wv;)d¢
U
4 2
= 7sin”(6/2) (211,"11,]' — Ju| lI(u),'J>

7|11 (u);; sin®(8/2)

/” v —v]?d¢ = \u\:;/ sin®(0/2)d¢

= 2r|ul” sin®(6/2)




Proof (IlI)
So,

/2 kg
/ be(cos 0) sin@/ (v} — v;)d¢pdd = —27u; 35,
0 -
/2 ™ , , S
/ be(cos 0) sin@/ (v; —vi)(vj —v;)]dedd = = (2'u.iuj- — |u| H(u)ij) Ba
0 -
+ mlu*TH(w) 355
/2 ™ 1 2 P
[ betcoso) [T (Brasan < LIDel oo lul®B5.
0 -7

Thanks to the assumption that f € LP, the integrals below are finite and we can use the
Dominated Convergence Theorem to get

[ st pedv= [[ £1.1ur GiBav.av
— // Fhelu]” [—4(8v; ¢ — B, ;P )usi] du.dy
] 1510l [l @oiny 0 + B gy ) T

=[] #5100 GLavedo & [[ £ urGLdv.do = [ Quis. fedv.
O



Weak formulations (I)

Two types of weak solutions to the Boltzmann and Landau equations:
@ "classical” weak solutions ('weak solutions’) - exist only when v > —2.
® weak-H solutions ('H-solutions’) - they are weaker than weak solutions and exist for v < —2.

The difference: "definition” of [ Q.

Boltzmann: Formally, if ¢ € C5°(R®),

[estn@ewan= [[ [ B0 (51 - 11) et)dode.do

N i // ./.me"f" co) (f fl = ffe)-

(1) (4 ox — o - pl) dodv.dv < H form

= i///B(|“\'Y’ﬂ~a)f(v')f(u;) (¢ +@u — ¢ — ) dodv.dv
_ i///B(\uP,a ) FW) () (0 + on — ¢ — @l) dodvado

1 rr o
2) =3 // f) fva)|ul” / b(a - o) (,9 + . — @ — ;/) dodv.dv. < weak form



Landau: Similarly for ¢ € C5°(R®), formally
[t N = [ oo, [l 10, (£.0,,5 = fo..5.) du.do
= 7% / [l T2 (B0, ¢ = Doy 0 ) T (w)ig-
(3) - (f()] = fou,, f*) dv.dv + H form
= =2 [ [ FU @Ol 01, 9(0) = 01 (02 usdv.do

/ F) f(va)|ul” vQ(dl v 6 @(v) +O,UMUXJ;,s(w*))H('lz)uvd’u*d’l,' <« weak form.

e Ifv> —-2and f € Lé N Llog L, the H and weak forms are equivalent and well defined =
weak and H solutions are the same.

o Ifv< —2and f € Lé N Llog L, the weak forms blow up. H forms could blow up too,
unless

d d
Eﬂm\ - ‘a [ 50108 50, a0

< 0.

= '/QB,L(f7 F)(v,t)log f(v,t)dv

Villani, 1998: existence of global weak solutions for v > —2, global H solutions for v < —2, for
both Boltzmann and Landau equations.



An angle-potential concentrated collision kernel

From [Bobylev, Potapenko, 2013]:
Consider

4 N
Be(Ju|?, 4 - 0) = ge(|u|”, cos0) = — 0 (1 — cos § — min{2, e|u|"}).
e

This kernel does not separate its variables, cos6 and |u|Y. As a consequence,
o takes care of the singularity at u = 0 as well as the one at § = 0.

e allows for the splitting of Qg into its gain and loss terms:

Qo. (. 0) = Q1.0 - Qg (. NE)
—/ [ gl ) £ ). dodsdu = 2 o),

so that

O f (v,1) + §f(v,t> = QL (f, (w,D).



Connection with Qr,

Theorem 2.
Let p > % ifye[-3,—2] andp>1ify e (—2,—1), and let

fe € LY N LP(R3). Then for all time, |Qq.(f, f) — QL(f, f)| — 0 in the
distributional sense as € — 0. That is, for any ¢ € C§°(R3),

lim
e—0

[ @oc e 20.) = Qu (e £2)(0:0) p()de| = 0.

Formal proof.
Compute lime 0 B for k =2 and k > 2:

us 1 1
8= [ ae(lul,cos0)sin(0/2)sin 006 = [ g (lul ) (1 - )
0 0

2 2 2
—a = pe([u)) ejur<1 = %meﬂu\ﬂammg = ;|u|’yla|u\"f§1

2
— —|ul” ase — 0.
™



Proof (1)

And for k > 2,

™

B :/2 ge ([u]?, ) sin® (0/2) sin 0d6
0

1 5 1 5 _k 4 k
:/ ge(Jul”, p) 5(1 —p) ) dp =272 —(1 = pe(|u]))2 Ijujr <1
0 e

S

4 k 22—
7m5(‘u|) 2 Is|u|’Y§1 =
TE

k k
—_9— 35 -1 k/2
=272 €2 "U"’y / Is\u|’Y§1

— 0ase — 0.

Note:
After integrating over u, g behaves in the same way as the usual B. does.



The Cauchy problem

Theorem 3.
For1 <p< oo, let E:= LN LP(R3) be a Banach space with the norm
£l = flls + I flle, and let 0 < fo € F(\ Llog L with |foll 11 = 1, where

Fi={f€B:120,flt = lfollzs = L Ifllzo sy < C}

for some C' > 0. Then, there exists a unique weak solution, f-, to the
Boltzmann equation

8tf5(vvt) = an (fe,fs)(’U,t)
fg(’l),O) = fo(v)

which lies in C1((0,00), E) N C1([0,00), F) that preserves mass, momentum,
energy, and whose entropy is bounded by the initial entropy.




Proof(l)

Part I: Bressan's theorem

Theorem 4 (Bressan, '06).

Let E be a Banach space, F' a bounded, convex and closed subset of E, and Q : F — E
an operator such that the following holds:

(i) Holder continuity: for all f,h € F,
QL1 ~ Qkllz < CIIf — hlig; for some 5 € (0,1)
(ii) the subtangent condition: for all f € F,
lim inf ~diste (f + 6Q[f], F) = 0
(iii) the one-sided Lipschitz condition: for all f,h € F,
[QIf] = QIhl, f —h] < C|f —hllg forall f,h € F
where [¢, ] := lim;_, o1 6~ (||¢ + 69l 5 — 19 &)

Then, the equation

Ocf = Q[f] on [0,00) X E
f(0)=fo>0€ Fon{0} xE

has a unique solution, f € C*((0, c0), E).




Proof (1)

Continuity of Qj]r:

Theorem 5.
Let 1 < p,q,r <00, 1/p+1/q=1+ 1/r. Then the bilinear operator Q;’E
extends to a bounded operator from LP(R3) x L4(R3) to L"(R3), and

16
QY. (fs e @sy < —IfllLo@s) 1Al Lars)-
€

For any f,h € F,

1Qq. (f, f) = Qg (b, M)lle < 1|Qg. (f, f = M)l + 1Qe. (f — By D) &
= ||QQE (f?f - h)HLl + ||an(f7f - h)”LP
+1Qge (f = b W)llpr + 1Qq. (f — R, A)|ILp

16 16 16

< Ao lf = Bl + S leollf = hllgs + 2107 = Bl Il s
16 16 16

+ 207 = Bl bl = 2 1F = Bllga @+ 1£le) + 1S = Blles

16
< ?(2 +Of =Rl



Proof (I11)

fe are weak solutions:

If f € LP for p =1+ r, then the weak form of Q_ is well defined.

Lemma 6.
Letp > 1,k >0 and o < 0 such that ap’ > —6. If f € L' N L”(]RS) and
h(v) := |v|¥, then there exists C = C(p) > 0 such that

[ 1@#@olw = v.l*dv.dv < 15121 + O 120, iFor < 0.

Proof.
Let hi(v) := |[v|"I|y|<1 and ha(v) := |v|“I|y|>1, SO that hy 4 ha = h. Then

// F) F(va)h(v — vy )dv,do = /f(v)f * hy (v)dv +/f(v)f # ha(v)do.

By Holder's and Young's inequalities,
[ 18 mav < UflewF 5 hall e < 1S0E0 Il
/ff *hadv < || fll g1 llf = hallpoe < 1171 lhallLoe = fl171-

Note that [|h1]|  ,//> depends only on |S2| and p'. O



A uniform bound on f-(I)

Lemma 7.
For anyp € [1,00], K > 1 and 0 < f. € L3(R®) N LP(R®) N L log L(R®) a weak
solution to the Boltzmann equation, the following holds: if 1 < p < oo,

116 1
195, (Fes Fllun sy < K el 2y g,

16
+ waOHng L3yl fell Lo g3y forp < oo,
and if p = oo,

16K 16
+
”Qgg (fs’fe)“LOO(mIi) < & + ElogK”fOHLlogL(]R3)”f5HL<x>(R3)

Proof. The idea:

QY (fef)=A+B = Q[ (fe, felt. <) + Q) (fe, felf 5 x)
<KW QL 1 )+ —QF (fu fulog )
S ge Jes Je log K ge Jes Je g Je

<k B 1 s ol
= e Wellpp®3) clog K ellLp®3) 10l L1og L(R3)"

&



A uniform bound on f- (Il)

Theorem 8.

Let fo = f-(v,t) > 0 € L' (R3) be a weak solution to the Boltzmann equation
with nonnegative initial data

0 < fe(v,0) := fo € L5(R®) N LP(R?) N Llog L(R?), 1 < p < oo. Then fe
remains in LP(R3), uniformly in € and time. More specifically,

e ()l Lo (rs)y < ma.X{lGeSHfOHLlogL7 HfOHLP} for allt > 0.

PI’OOf.(for p # o)
The idea: let K := e*llfollLiosr > 1,

1@ (f. ) Dl o
& : 2
< 16K 1ol sy + 815 Olleny (o oo ) — 1)

log

1 1
= 16K o012 gy — 4SOl ooy



Then
= epllfe (-, )1175" dtl\fs( Ol sy

Ny = = [ o002 0,00
- / QL (es £, 0727 0,0 = 8 [ 20, )
< elQE (fer £ t)an(Rs)nfE( [ P
SIBKD [ f DIy By = Ao
Multiply both sides by 1| £.(-, t)HLP(R3)
e nlEy < 8K =210 -

Let u(t) := |\f5(~,t)\|%p:

8K 2
u'(t) < — — —u(t)
Ep Ep

1
u(0) = [ foll £p-



Calculus:
d 2t 8K 2t
— (u(t)eep) < ecp
dt Ep
2t 4K 2t
(e —u(0) = — (e —1)
p
_2t 4K 4K
u(t) <e ep (u(O) — —)
p p
Then

_2t\2
1 (oDl o qasy = u(®) < (4K + (u(0) — 4K)e™ 7 )
1 2
< max {4]{7 ||f0||2p(R3)} < max {1668||f0||LlogL’ ||f0||L1“(R3)} .
O



Thank you for your attention!




