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Machine Learning & Physical Systems
Many physical systems have very high-dimensional state spaces, are governed
by a very large number of ODE’s (or SDE’s), which make them di�cult to
analyze. Homogenization, mean-field approximation, renormalization theory
etc...are techniques to simplify such systems.

Physical systems with high-dimensional state spaces (e.g. many-particle sys-
tems) may exhibit behavior that is complex and high dimensional. Can Machine
Learning help extract useful reductions?

Challenges for ML: learning principles that transfer across physical systems;
incorporate existing physical knowledge or constraints.
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From https://www.youtube.com/watch?v=bb9ZTbYGRdc



Learning of Interaction Rules  
for agent-based systems

From https://www.youtube.com/watch?v=bb9ZTbYGRdcFrom https://www.youtube.com/watch?v=gJhn7WmXWVY

Lots of recent interest
in ML for learning
ODE’s and PDE’s
e.g. H. Shae↵er, N. Kutz,
Y. Kevrekidis, R. Ward...
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Given trajectories of dynamical system of interacting agents, learn the interac-
tion rules. Applications: biological systems, particle systems.
Further goals: hypothesis testing for agent-based systems; transfer learning;
agents on networks; collaborative and competitive games; learning dictionaries
for complex dynamical systems.
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Learning of Interaction Rules  
for agent-based systems

Interesting extensions to:
- higher-order systems,
- stochastic systems,
- agents of di↵erent types,
- varying environment.
...
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Second-order prey-predator model.
Left: true trajectories; Right: trajectories with learned interactions.
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Given observations of the positions of agents {xi}Ni=1 at di↵erent times {tl}Ll=1
and/or for di↵erent initial conditions {x(m)(0)}Mm=1, evolving for example ac-
cording to

ẋi =
1

N

NX

i0=1

�(||xi � xi0 ||)(xi0 � xi)

we want to learn �. Di↵erent limits: N ! +1 (mean-field limit, joint work
with M. Fornasier and M. Bongini), M ! +1 (joint current work with F. Lu,
M. Zhong and S. Tang).
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The Mean-field limit

Considering the measure µN
(t) = 1

N

PN
i=1 �xi(t), we may let N ! +1 to obtain

(under suitable regularity assumptions on �) the mean field equations

@tµ(t) = �r ·
✓✓

��
0
(|| · ||)
|| · || ⇤ µ(t)

◆
µ(t)

◆
, µ(0) = µ0 .

This is also a gradient flow for the energy J (µ) =
R
Rd⇥d �(||x�y||)dµ(x)dµ(y)

on the space of probability measures with Wasserstein distance.

This was studied in Inferring Interaction Rules from Observations of Evolutive

Systems I: The Variational Approach, M. Bongini, M. Fornasier, M. Hansen,

and MM, M3S, 2017
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Rewriting

ẋi =
1

N

X

i0

�(||xi � xi0 ||)(xi0 � xi) =
1

N

X

i0

�0(||xi � xi0 ||)
||xi � xi0 ||

(xi � xi0)

we see this is the gradient flow of the energy JN (X) = 1
2N

PN
i,i0=1 �(||xi�xi0 ||).
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Learning the Interaction Kernel

Many short time trajectories learning
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r, pairwise distances
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Fix the time scale [0, T ]. We introduce the measure on R+ defined by

⇢LT (r) :=
1

(N2 )L
PL

l=1 EX(0)⇠µ0

hPN
i,i0=1,i<i0 �rii0 (tl)(r)

i
.
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Example. The Lennard Jones force is the
derivative of the potential

VLJ(r) = 4✏
⇣�

�
r

�12 �
�
�
r

�6⌘
.

Right figure: In blue the LJ �,
superimposed to an empirical estimate of ⇢LT ,
for a system of N = 7 agents, and L, T small.

<latexit sha1_base64="fQLn8IZc/gzTVpDoQvIhS2olwps=">AAADYHicfVJdaxNBFN0kamtsbatv+nKxK6QQQ7aIFbFQEEFLkCpJWsimYXb2bjJ0vpiZDYYlf9I3H3zxlzi7DdK04n0YDvfcr3PvJJoz67rdn7V64979BxubD5uPtrYf7+zuPRlalRuKA6q4MhcJsciZxIFjjuOFNkhEwvE8ufpQ8udzNJYp2XcLjWNBppJljBLnXZO92jyWiskUpSviJIOP34nQHJcd6M8QeiglMSmcKokWMu V7ArPgPNVs/k2EFA2b+4JzBJVVrFbOE4zwtbhwOCl6p8uWOTh+HaO2jCsZc8xca/VmhtDYsqkgYGLDpjN3cFlEh8tX/+HfrEDYWev1rXRCxqa5wXfwWULCc6xm651CGOsZC9trCTbXXobQymIKTgGRgEIz41fFAa1jgrhKXxibmZr0L3th+2a+3w4QsAvrUFRhX46PQiBTz9m2r5ZC2Gv3Q7CCcN6Z7O53O93K4C6IVmA/WNnZZPdHnCqaC1+OcmLtKOpqNy6IcYz6ezXj3KIm9Mo3HHkoiUA7LqoPsoSXeSmqnDBTftTKezOjIMLahUh8pFc5s7e50vkvbpS77O24YFLn/t70ulGW83J/5W+DlBmkji88INQwPyvQGfFXdP5PNv0SotuS74LhYSfqdqKvh/sn71fr2AyeBy+CVhAFR8FJ8Ck4CwYBrf2qN+pb9e3678ZmY6exdx1ar61yngZr1nj2B8ftDAc=</latexit><latexit sha1_base64="fQLn8IZc/gzTVpDoQvIhS2olwps=">AAADYHicfVJdaxNBFN0kamtsbatv+nKxK6QQQ7aIFbFQEEFLkCpJWsimYXb2bjJ0vpiZDYYlf9I3H3zxlzi7DdK04n0YDvfcr3PvJJoz67rdn7V64979BxubD5uPtrYf7+zuPRlalRuKA6q4MhcJsciZxIFjjuOFNkhEwvE8ufpQ8udzNJYp2XcLjWNBppJljBLnXZO92jyWiskUpSviJIOP34nQHJcd6M8QeiglMSmcKokWMu V7ArPgPNVs/k2EFA2b+4JzBJVVrFbOE4zwtbhwOCl6p8uWOTh+HaO2jCsZc8xca/VmhtDYsqkgYGLDpjN3cFlEh8tX/+HfrEDYWev1rXRCxqa5wXfwWULCc6xm651CGOsZC9trCTbXXobQymIKTgGRgEIz41fFAa1jgrhKXxibmZr0L3th+2a+3w4QsAvrUFRhX46PQiBTz9m2r5ZC2Gv3Q7CCcN6Z7O53O93K4C6IVmA/WNnZZPdHnCqaC1+OcmLtKOpqNy6IcYz6ezXj3KIm9Mo3HHkoiUA7LqoPsoSXeSmqnDBTftTKezOjIMLahUh8pFc5s7e50vkvbpS77O24YFLn/t70ulGW83J/5W+DlBmkji88INQwPyvQGfFXdP5PNv0SotuS74LhYSfqdqKvh/sn71fr2AyeBy+CVhAFR8FJ8Ck4CwYBrf2qN+pb9e3678ZmY6exdx1ar61yngZr1nj2B8ftDAc=</latexit><latexit sha1_base64="fQLn8IZc/gzTVpDoQvIhS2olwps=">AAADYHicfVJdaxNBFN0kamtsbatv+nKxK6QQQ7aIFbFQEEFLkCpJWsimYXb2bjJ0vpiZDYYlf9I3H3zxlzi7DdK04n0YDvfcr3PvJJoz67rdn7V64979BxubD5uPtrYf7+zuPRlalRuKA6q4MhcJsciZxIFjjuOFNkhEwvE8ufpQ8udzNJYp2XcLjWNBppJljBLnXZO92jyWiskUpSviJIOP34nQHJcd6M8QeiglMSmcKokWMu V7ArPgPNVs/k2EFA2b+4JzBJVVrFbOE4zwtbhwOCl6p8uWOTh+HaO2jCsZc8xca/VmhtDYsqkgYGLDpjN3cFlEh8tX/+HfrEDYWev1rXRCxqa5wXfwWULCc6xm651CGOsZC9trCTbXXobQymIKTgGRgEIz41fFAa1jgrhKXxibmZr0L3th+2a+3w4QsAvrUFRhX46PQiBTz9m2r5ZC2Gv3Q7CCcN6Z7O53O93K4C6IVmA/WNnZZPdHnCqaC1+OcmLtKOpqNy6IcYz6ezXj3KIm9Mo3HHkoiUA7LqoPsoSXeSmqnDBTftTKezOjIMLahUh8pFc5s7e50vkvbpS77O24YFLn/t70ulGW83J/5W+DlBmkji88INQwPyvQGfFXdP5PNv0SotuS74LhYSfqdqKvh/sn71fr2AyeBy+CVhAFR8FJ8Ck4CwYBrf2qN+pb9e3678ZmY6exdx1ar61yngZr1nj2B8ftDAc=</latexit><latexit sha1_base64="fQLn8IZc/gzTVpDoQvIhS2olwps=">AAADYHicfVJdaxNBFN0kamtsbatv+nKxK6QQQ7aIFbFQEEFLkCpJWsimYXb2bjJ0vpiZDYYlf9I3H3zxlzi7DdK04n0YDvfcr3PvJJoz67rdn7V64979BxubD5uPtrYf7+zuPRlalRuKA6q4MhcJsciZxIFjjuOFNkhEwvE8ufpQ8udzNJYp2XcLjWNBppJljBLnXZO92jyWiskUpSviJIOP34nQHJcd6M8QeiglMSmcKokWMu V7ArPgPNVs/k2EFA2b+4JzBJVVrFbOE4zwtbhwOCl6p8uWOTh+HaO2jCsZc8xca/VmhtDYsqkgYGLDpjN3cFlEh8tX/+HfrEDYWev1rXRCxqa5wXfwWULCc6xm651CGOsZC9trCTbXXobQymIKTgGRgEIz41fFAa1jgrhKXxibmZr0L3th+2a+3w4QsAvrUFRhX46PQiBTz9m2r5ZC2Gv3Q7CCcN6Z7O53O93K4C6IVmA/WNnZZPdHnCqaC1+OcmLtKOpqNy6IcYz6ezXj3KIm9Mo3HHkoiUA7LqoPsoSXeSmqnDBTftTKezOjIMLahUh8pFc5s7e50vkvbpS77O24YFLn/t70ulGW83J/5W+DlBmkji88INQwPyvQGfFXdP5PNv0SotuS74LhYSfqdqKvh/sn71fr2AyeBy+CVhAFR8FJ8Ck4CwYBrf2qN+pb9e3678ZmY6exdx1ar61yngZr1nj2B8ftDAc=</latexit>

Observations: {(xi, ẋi)
(m)

(tl)}N,L,M
i=1,l=1,m=1, where x(m)

(0) ⇠ µ0 for some µ0 on

Rd
. Note that each state of the system is in RdN

.

All we want however is the one-dimensional interaction kernel � in the equations

ẋi0(t) =
1

N

NX

i0=1

�(||xi0(t)� xi(t)||| {z }
rii0 (t)

)(xi0(t)� xi(t)) .

<latexit sha1_base64="Bb8kBTMwmoeAjbz5HWACgyI3NAU=">AAADyHicfVJbb9MwGE1bLiPcNnjkxaJBNFJXJXsBISYNISSEoAzELtLSRY7zZbHqxMF21lVuXviJvPHCb8Fuo7ELwlKk43O+89k+X5KKUamC4Fen27tx89bttTvu3Xv3Hzxc33i0L3ktCOwRzrg4TLAERkvYU1QxOKwE4CJhcJBM31r94BSEpLz8puYVTAp8UtKMEqwMFW90fkclp2UKpUKfEwnidCnIV8iL9EBHSYbOmpgOo5 </latexit><latexit sha1_base64="Bb8kBTMwmoeAjbz5HWACgyI3NAU=">AAADyHicfVJbb9MwGE1bLiPcNnjkxaJBNFJXJXsBISYNISSEoAzELtLSRY7zZbHqxMF21lVuXviJvPHCb8Fuo7ELwlKk43O+89k+X5KKUamC4Fen27tx89bttTvu3Xv3Hzxc33i0L3ktCOwRzrg4TLAERkvYU1QxOKwE4CJhcJBM31r94BSEpLz8puYVTAp8UtKMEqwMFW90fkclp2UKpUKfEwnidCnIV8iL9EBHSYbOmpgOo5 </latexit><latexit sha1_base64="Bb8kBTMwmoeAjbz5HWACgyI3NAU=">AAADyHicfVJbb9MwGE1bLiPcNnjkxaJBNFJXJXsBISYNISSEoAzELtLSRY7zZbHqxMF21lVuXviJvPHCb8Fuo7ELwlKk43O+89k+X5KKUamC4Fen27tx89bttTvu3Xv3Hzxc33i0L3ktCOwRzrg4TLAERkvYU1QxOKwE4CJhcJBM31r94BSEpLz8puYVTAp8UtKMEqwMFW90fkclp2UKpUKfEwnidCnIV8iL9EBHSYbOmpgOo5 </latexit><latexit sha1_base64="Bb8kBTMwmoeAjbz5HWACgyI3NAU=">AAADyHicfVJbb9MwGE1bLiPcNnjkxaJBNFJXJXsBISYNISSEoAzELtLSRY7zZbHqxMF21lVuXviJvPHCb8Fuo7ELwlKk43O+89k+X5KKUamC4Fen27tx89bttTvu3Xv3Hzxc33i0L3ktCOwRzrg4TLAERkvYU1QxOKwE4CJhcJBM31r94BSEpLz8puYVTAp8UtKMEqwMFW90fkclp2UKpUKfEwnidCnIV8iL9EBHSYbOmpgOo5 </latexit>



Many short time trajectories learning
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Example. The Lennard Jones force is the
derivative of the potential

VLJ(r) = 4✏
⇣�

�
r

�12 �
�
�
r

�6⌘
.

Right figure: In blue the LJ �,
superimposed to an empirical estimate of ⇢LT ,
for a system of N = 7 agents, and L, T small.

<latexit sha1_base64="fQLn8IZc/gzTVpDoQvIhS2olwps=">AAADYHicfVJdaxNBFN0kamtsbatv+nKxK6QQQ7aIFbFQEEFLkCpJWsimYXb2bjJ0vpiZDYYlf9I3H3zxlzi7DdK04n0YDvfcr3PvJJoz67rdn7V64979BxubD5uPtrYf7+zuPRlalRuKA6q4MhcJsciZxIFjjuOFNkhEwvE8ufpQ8udzNJYp2XcLjWNBppJljBLnXZO92jyWiskUpSviJIOP34nQHJcd6M8QeiglMSmcKokWMu V7ArPgPNVs/k2EFA2b+4JzBJVVrFbOE4zwtbhwOCl6p8uWOTh+HaO2jCsZc8xca/VmhtDYsqkgYGLDpjN3cFlEh8tX/+HfrEDYWev1rXRCxqa5wXfwWULCc6xm651CGOsZC9trCTbXXobQymIKTgGRgEIz41fFAa1jgrhKXxibmZr0L3th+2a+3w4QsAvrUFRhX46PQiBTz9m2r5ZC2Gv3Q7CCcN6Z7O53O93K4C6IVmA/WNnZZPdHnCqaC1+OcmLtKOpqNy6IcYz6ezXj3KIm9Mo3HHkoiUA7LqoPsoSXeSmqnDBTftTKezOjIMLahUh8pFc5s7e50vkvbpS77O24YFLn/t70ulGW83J/5W+DlBmkji88INQwPyvQGfFXdP5PNv0SotuS74LhYSfqdqKvh/sn71fr2AyeBy+CVhAFR8FJ8Ck4CwYBrf2qN+pb9e3678ZmY6exdx1ar61yngZr1nj2B8ftDAc=</latexit><latexit sha1_base64="fQLn8IZc/gzTVpDoQvIhS2olwps=">AAADYHicfVJdaxNBFN0kamtsbatv+nKxK6QQQ7aIFbFQEEFLkCpJWsimYXb2bjJ0vpiZDYYlf9I3H3zxlzi7DdK04n0YDvfcr3PvJJoz67rdn7V64979BxubD5uPtrYf7+zuPRlalRuKA6q4MhcJsciZxIFjjuOFNkhEwvE8ufpQ8udzNJYp2XcLjWNBppJljBLnXZO92jyWiskUpSviJIOP34nQHJcd6M8QeiglMSmcKokWMu V7ArPgPNVs/k2EFA2b+4JzBJVVrFbOE4zwtbhwOCl6p8uWOTh+HaO2jCsZc8xca/VmhtDYsqkgYGLDpjN3cFlEh8tX/+HfrEDYWev1rXRCxqa5wXfwWULCc6xm651CGOsZC9trCTbXXobQymIKTgGRgEIz41fFAa1jgrhKXxibmZr0L3th+2a+3w4QsAvrUFRhX46PQiBTz9m2r5ZC2Gv3Q7CCcN6Z7O53O93K4C6IVmA/WNnZZPdHnCqaC1+OcmLtKOpqNy6IcYz6ezXj3KIm9Mo3HHkoiUA7LqoPsoSXeSmqnDBTftTKezOjIMLahUh8pFc5s7e50vkvbpS77O24YFLn/t70ulGW83J/5W+DlBmkji88INQwPyvQGfFXdP5PNv0SotuS74LhYSfqdqKvh/sn71fr2AyeBy+CVhAFR8FJ8Ck4CwYBrf2qN+pb9e3678ZmY6exdx1ar61yngZr1nj2B8ftDAc=</latexit><latexit sha1_base64="fQLn8IZc/gzTVpDoQvIhS2olwps=">AAADYHicfVJdaxNBFN0kamtsbatv+nKxK6QQQ7aIFbFQEEFLkCpJWsimYXb2bjJ0vpiZDYYlf9I3H3zxlzi7DdK04n0YDvfcr3PvJJoz67rdn7V64979BxubD5uPtrYf7+zuPRlalRuKA6q4MhcJsciZxIFjjuOFNkhEwvE8ufpQ8udzNJYp2XcLjWNBppJljBLnXZO92jyWiskUpSviJIOP34nQHJcd6M8QeiglMSmcKokWMu V7ArPgPNVs/k2EFA2b+4JzBJVVrFbOE4zwtbhwOCl6p8uWOTh+HaO2jCsZc8xca/VmhtDYsqkgYGLDpjN3cFlEh8tX/+HfrEDYWev1rXRCxqa5wXfwWULCc6xm651CGOsZC9trCTbXXobQymIKTgGRgEIz41fFAa1jgrhKXxibmZr0L3th+2a+3w4QsAvrUFRhX46PQiBTz9m2r5ZC2Gv3Q7CCcN6Z7O53O93K4C6IVmA/WNnZZPdHnCqaC1+OcmLtKOpqNy6IcYz6ezXj3KIm9Mo3HHkoiUA7LqoPsoSXeSmqnDBTftTKezOjIMLahUh8pFc5s7e50vkvbpS77O24YFLn/t70ulGW83J/5W+DlBmkji88INQwPyvQGfFXdP5PNv0SotuS74LhYSfqdqKvh/sn71fr2AyeBy+CVhAFR8FJ8Ck4CwYBrf2qN+pb9e3678ZmY6exdx1ar61yngZr1nj2B8ftDAc=</latexit><latexit sha1_base64="fQLn8IZc/gzTVpDoQvIhS2olwps=">AAADYHicfVJdaxNBFN0kamtsbatv+nKxK6QQQ7aIFbFQEEFLkCpJWsimYXb2bjJ0vpiZDYYlf9I3H3zxlzi7DdK04n0YDvfcr3PvJJoz67rdn7V64979BxubD5uPtrYf7+zuPRlalRuKA6q4MhcJsciZxIFjjuOFNkhEwvE8ufpQ8udzNJYp2XcLjWNBppJljBLnXZO92jyWiskUpSviJIOP34nQHJcd6M8QeiglMSmcKokWMu V7ArPgPNVs/k2EFA2b+4JzBJVVrFbOE4zwtbhwOCl6p8uWOTh+HaO2jCsZc8xca/VmhtDYsqkgYGLDpjN3cFlEh8tX/+HfrEDYWev1rXRCxqa5wXfwWULCc6xm651CGOsZC9trCTbXXobQymIKTgGRgEIz41fFAa1jgrhKXxibmZr0L3th+2a+3w4QsAvrUFRhX46PQiBTz9m2r5ZC2Gv3Q7CCcN6Z7O53O93K4C6IVmA/WNnZZPdHnCqaC1+OcmLtKOpqNy6IcYz6ezXj3KIm9Mo3HHkoiUA7LqoPsoSXeSmqnDBTftTKezOjIMLahUh8pFc5s7e50vkvbpS77O24YFLn/t70ulGW83J/5W+DlBmkji88INQwPyvQGfFXdP5PNv0SotuS74LhYSfqdqKvh/sn71fr2AyeBy+CVhAFR8FJ8Ck4CwYBrf2qN+pb9e3678ZmY6exdx1ar61yngZr1nj2B8ftDAc=</latexit>

Single large time trajectory learning
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Example (cont’d). The measure ⇢LT does
depend on L and T .
With the same system as above,
we consider here L and T large.
⇢LT is much more concentrated,
due to the system approaching equilibrium..

<latexit sha1_base64="vWR3eBKvtq6xMVBqvsWtQv76laU=">AAADDHicbVLJbhNBEO0ZtmA2B45cSrERQYpGM7nAgUMkhMSBQ5DsOJJtrJqesqeVXobunoBl+QO48CtcOIAQVz6AG39DexHYCSV166leLa+rK6+kcD5Nf0fxlavXrt/Yudm4dfvO3XvN3fsnztSWU5cbaexpjo6k0NT1wks6rSyhyiX18rMXC753TtYJozt+WtFQ4USLseDog2u0G+0NtBG6IO1ng3wMLz+gqiTBPjfaPy6ezB PolASK0NWWoD2wpRl13r5uQ2HIQaPxNx0KqkgXYDS0A40BtjvtZDOiJ3wJPpRzqMI1dZ4UoAPMzTkdbEbCe4KgwImCLJS06PyvJki0E9qqvKFLOFA1L0EZu6zBA2/RU3GwrbYm8GalZi2kqqxBXgo9AXpXCylyK2qVJKNmK03SpcFlkK1Bi63teNT8NSgMr1XowyU618/Syg9naL3gkuaNQe2oQn6GE+oHqMM03HC2/Mw5PAqeAsbGhhN0Lr2bGTNUzk1VHiIV+tJd5BbO/3H92o+fDWdCV7UnzVeNxrVcTiFsBhTCEvdyGgByK4JW4CVa5D7sTyMMIbv45Mvg5DDJ0iR7c9g6er4exw57yPbYPsvYU3bEXrFj1mU8+hh9jr5G3+JP8Zf4e/xjFRpH65wHbMvin38ARYnxCA==</latexit><latexit sha1_base64="vWR3eBKvtq6xMVBqvsWtQv76laU=">AAADDHicbVLJbhNBEO0ZtmA2B45cSrERQYpGM7nAgUMkhMSBQ5DsOJJtrJqesqeVXobunoBl+QO48CtcOIAQVz6AG39DexHYCSV166leLa+rK6+kcD5Nf0fxlavXrt/Yudm4dfvO3XvN3fsnztSWU5cbaexpjo6k0NT1wks6rSyhyiX18rMXC753TtYJozt+WtFQ4USLseDog2u0G+0NtBG6IO1ng3wMLz+gqiTBPjfaPy6ezB PolASK0NWWoD2wpRl13r5uQ2HIQaPxNx0KqkgXYDS0A40BtjvtZDOiJ3wJPpRzqMI1dZ4UoAPMzTkdbEbCe4KgwImCLJS06PyvJki0E9qqvKFLOFA1L0EZu6zBA2/RU3GwrbYm8GalZi2kqqxBXgo9AXpXCylyK2qVJKNmK03SpcFlkK1Bi63teNT8NSgMr1XowyU618/Syg9naL3gkuaNQe2oQn6GE+oHqMM03HC2/Mw5PAqeAsbGhhN0Lr2bGTNUzk1VHiIV+tJd5BbO/3H92o+fDWdCV7UnzVeNxrVcTiFsBhTCEvdyGgByK4JW4CVa5D7sTyMMIbv45Mvg5DDJ0iR7c9g6er4exw57yPbYPsvYU3bEXrFj1mU8+hh9jr5G3+JP8Zf4e/xjFRpH65wHbMvin38ARYnxCA==</latexit><latexit sha1_base64="vWR3eBKvtq6xMVBqvsWtQv76laU=">AAADDHicbVLJbhNBEO0ZtmA2B45cSrERQYpGM7nAgUMkhMSBQ5DsOJJtrJqesqeVXobunoBl+QO48CtcOIAQVz6AG39DexHYCSV166leLa+rK6+kcD5Nf0fxlavXrt/Yudm4dfvO3XvN3fsnztSWU5cbaexpjo6k0NT1wks6rSyhyiX18rMXC753TtYJozt+WtFQ4USLseDog2u0G+0NtBG6IO1ng3wMLz+gqiTBPjfaPy6ezB PolASK0NWWoD2wpRl13r5uQ2HIQaPxNx0KqkgXYDS0A40BtjvtZDOiJ3wJPpRzqMI1dZ4UoAPMzTkdbEbCe4KgwImCLJS06PyvJki0E9qqvKFLOFA1L0EZu6zBA2/RU3GwrbYm8GalZi2kqqxBXgo9AXpXCylyK2qVJKNmK03SpcFlkK1Bi63teNT8NSgMr1XowyU618/Syg9naL3gkuaNQe2oQn6GE+oHqMM03HC2/Mw5PAqeAsbGhhN0Lr2bGTNUzk1VHiIV+tJd5BbO/3H92o+fDWdCV7UnzVeNxrVcTiFsBhTCEvdyGgByK4JW4CVa5D7sTyMMIbv45Mvg5DDJ0iR7c9g6er4exw57yPbYPsvYU3bEXrFj1mU8+hh9jr5G3+JP8Zf4e/xjFRpH65wHbMvin38ARYnxCA==</latexit><latexit sha1_base64="vWR3eBKvtq6xMVBqvsWtQv76laU=">AAADDHicbVLJbhNBEO0ZtmA2B45cSrERQYpGM7nAgUMkhMSBQ5DsOJJtrJqesqeVXobunoBl+QO48CtcOIAQVz6AG39DexHYCSV166leLa+rK6+kcD5Nf0fxlavXrt/Yudm4dfvO3XvN3fsnztSWU5cbaexpjo6k0NT1wks6rSyhyiX18rMXC753TtYJozt+WtFQ4USLseDog2u0G+0NtBG6IO1ng3wMLz+gqiTBPjfaPy6ezB PolASK0NWWoD2wpRl13r5uQ2HIQaPxNx0KqkgXYDS0A40BtjvtZDOiJ3wJPpRzqMI1dZ4UoAPMzTkdbEbCe4KgwImCLJS06PyvJki0E9qqvKFLOFA1L0EZu6zBA2/RU3GwrbYm8GalZi2kqqxBXgo9AXpXCylyK2qVJKNmK03SpcFlkK1Bi63teNT8NSgMr1XowyU618/Syg9naL3gkuaNQe2oQn6GE+oHqMM03HC2/Mw5PAqeAsbGhhN0Lr2bGTNUzk1VHiIV+tJd5BbO/3H92o+fDWdCV7UnzVeNxrVcTiFsBhTCEvdyGgByK4JW4CVa5D7sTyMMIbv45Mvg5DDJ0iR7c9g6er4exw57yPbYPsvYU3bEXrFj1mU8+hh9jr5G3+JP8Zf4e/xjFRpH65wHbMvin38ARYnxCA==</latexit>

Example: L-J kernel and ⇢TL
<latexit sha1_base64="tBObGp3LxcKlV3zT6PAuGztJyto=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyliWVABAuLCPnC5Ax7m71kyd7usbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTK7nfueJKs2kaJppTP0IjwQLGcHGSg/lvhrLwd1jszwoltyKuwBaJ15GSpChMSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SwWOqPbTxcUzdGGVIQqlsiUMWqi/J1IcaT2NAtsZYTPWq95c/M/rJSa88lMm4sRQQZaLwoQjI9H8fTRkihLDp5Zgopi9FZExVpgYG1LBhuCtvrxO2tWK51a8+2qpfpPFkYczOIdL8KAGdbiFBrSAgIBneIU3RzsvzrvzsWzNOdnMKfyB8/kDiLuQKQ==</latexit><latexit sha1_base64="tBObGp3LxcKlV3zT6PAuGztJyto=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyliWVABAuLCPnC5Ax7m71kyd7usbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTK7nfueJKs2kaJppTP0IjwQLGcHGSg/lvhrLwd1jszwoltyKuwBaJ15GSpChMSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SwWOqPbTxcUzdGGVIQqlsiUMWqi/J1IcaT2NAtsZYTPWq95c/M/rJSa88lMm4sRQQZaLwoQjI9H8fTRkihLDp5Zgopi9FZExVpgYG1LBhuCtvrxO2tWK51a8+2qpfpPFkYczOIdL8KAGdbiFBrSAgIBneIU3RzsvzrvzsWzNOdnMKfyB8/kDiLuQKQ==</latexit><latexit sha1_base64="tBObGp3LxcKlV3zT6PAuGztJyto=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyliWVABAuLCPnC5Ax7m71kyd7usbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTK7nfueJKs2kaJppTP0IjwQLGcHGSg/lvhrLwd1jszwoltyKuwBaJ15GSpChMSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SwWOqPbTxcUzdGGVIQqlsiUMWqi/J1IcaT2NAtsZYTPWq95c/M/rJSa88lMm4sRQQZaLwoQjI9H8fTRkihLDp5Zgopi9FZExVpgYG1LBhuCtvrxO2tWK51a8+2qpfpPFkYczOIdL8KAGdbiFBrSAgIBneIU3RzsvzrvzsWzNOdnMKfyB8/kDiLuQKQ==</latexit><latexit sha1_base64="tBObGp3LxcKlV3zT6PAuGztJyto=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyliWVABAuLCPnC5Ax7m71kyd7usbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTK7nfueJKs2kaJppTP0IjwQLGcHGSg/lvhrLwd1jszwoltyKuwBaJ15GSpChMSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SwWOqPbTxcUzdGGVIQqlsiUMWqi/J1IcaT2NAtsZYTPWq95c/M/rJSa88lMm4sRQQZaLwoQjI9H8fTRkihLDp5Zgopi9FZExVpgYG1LBhuCtvrxO2tWK51a8+2qpfpPFkYczOIdL8KAGdbiFBrSAgIBneIU3RzsvzrvzsWzNOdnMKfyB8/kDiLuQKQ==</latexit>



The estimator
Observations: {(xi, ẋi)(tl)}N,L

I=1,l=1, for M di↵erent IC’s, from

ẋi0(t) =
1

N

X

i0

�(||xi0(t)� xi(t)||)(xi0(t)� xi(t)) =: f�(xi(t)) .
<latexit sha1_base64="K/2O1iyH5F2kKi9uhLxxhpW5WXQ="></latexit><latexit sha1_base64="K/2O1iyH5F2kKi9uhLxxhpW5WXQ="></latexit><latexit sha1_base64="K/2O1iyH5F2kKi9uhLxxhpW5WXQ="></latexit><latexit sha1_base64="K/2O1iyH5F2kKi9uhLxxhpW5WXQ="></latexit>

Consider the empirical error functional

EL,M (') :=
1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f'(x

(m)
i (tl))

��2 .

Our estimator is defined as a minimizer of EL,M over ' 2 H, a simple hypothesis

space of functions on R+, with dimension n (which will be chosen dependent on

M):

�̂L,M,H := arg min
'2H

EL,M (') .
<latexit sha1_base64="i9KWR+ML6gusrUjTT9jxxOsH/IA=">AAAD+HicdVNNb9QwEE13+SgLlBaOXCwapF0RVpteQBWVKlVIPbRQEP2Qmm3kOM7Gqj8i22nZBv8SLhxAiCs/hRv/hkmyhdKCT5OZN89v3jhJwZmxo9HPuU732vUbN+dv9W7fubtwb3Hp/p5RpSZ0lyiu9EGCDeVM0l3LLKcHhaZYJJzuJ8cbdX3/hGrDlHxnpwUdCzyRLGMEW0jFS52FSComUyot2lDSsJRqZHOKqCiYBhhHVG </latexit><latexit sha1_base64="i9KWR+ML6gusrUjTT9jxxOsH/IA=">AAAD+HicdVNNb9QwEE13+SgLlBaOXCwapF0RVpteQBWVKlVIPbRQEP2Qmm3kOM7Gqj8i22nZBv8SLhxAiCs/hRv/hkmyhdKCT5OZN89v3jhJwZmxo9HPuU732vUbN+dv9W7fubtwb3Hp/p5RpSZ0lyiu9EGCDeVM0l3LLKcHhaZYJJzuJ8cbdX3/hGrDlHxnpwUdCzyRLGMEW0jFS52FSComUyot2lDSsJRqZHOKqCiYBhhHVG </latexit><latexit sha1_base64="i9KWR+ML6gusrUjTT9jxxOsH/IA=">AAAD+HicdVNNb9QwEE13+SgLlBaOXCwapF0RVpteQBWVKlVIPbRQEP2Qmm3kOM7Gqj8i22nZBv8SLhxAiCs/hRv/hkmyhdKCT5OZN89v3jhJwZmxo9HPuU732vUbN+dv9W7fubtwb3Hp/p5RpSZ0lyiu9EGCDeVM0l3LLKcHhaZYJJzuJ8cbdX3/hGrDlHxnpwUdCzyRLGMEW0jFS52FSComUyot2lDSsJRqZHOKqCiYBhhHVG </latexit><latexit sha1_base64="i9KWR+ML6gusrUjTT9jxxOsH/IA=">AAAD+HicdVNNb9QwEE13+SgLlBaOXCwapF0RVpteQBWVKlVIPbRQEP2Qmm3kOM7Gqj8i22nZBv8SLhxAiCs/hRv/hkmyhdKCT5OZN89v3jhJwZmxo9HPuU732vUbN+dv9W7fubtwb3Hp/p5RpSZ0lyiu9EGCDeVM0l3LLKcHhaZYJJzuJ8cbdX3/hGrDlHxnpwUdCzyRLGMEW0jFS52FSComUyot2lDSsJRqZHOKqCiYBhhHVG </latexit>

For H linear subspace, this is a least squares problem (Gauss, Legendre); the
subspace serves as a regularizer.

<latexit sha1_base64="ZnDRCgIOSXKHoHtTBEbne7Jdnvc=">AAACbnicbVFNixNBEO0Zv9b4lVXw4CIWZoUIS5jZi4IeFgTdg4cVzO5CEkJNpyZptqd77OpeiEOO/kFv/gYv/gR7skF016IPj1dVr6peF7VW7LPsR5Jeu37j5q2t2507d+/df9DdfnjMNjhJQ2m1dacFMmllaOiV13RaO8Kq0HRSnL1r8yfn5FhZ89kva5pUODeqVBJ9pKbdb2NjlZmR8fDeOtgdV+gXEnVzuNqFVhQdcCi4Rk l74BeKIT4ETcge+EtARwy1s3FgBf0PGJj34CPNycwcvXwTW+iPADC581iOrYKjedDo1Fdyg2m3lw2ydcBVkG9AT2ziaNr9Pp5ZGaq4t9TIPMqz2k8adF5JTavOODDFiWc4p1GEBiviSbO2awUvIjODMp5b2nj3mv27o8GKeVkVsbJ1gy/nWvJ/uVHw5etJo0wdPBl5MagMGryF1nuYKUfS62UEKJ2Ku4JcoEPp4w91ogn55ZOvguP9QZ4N8k/7vYO3Gzu2xI54LvoiF6/EgTgUR2IopPiZbCdPkp3kV/o4fZo+uyhNk03PI/FPpP3fNua62w==</latexit><latexit sha1_base64="ZnDRCgIOSXKHoHtTBEbne7Jdnvc=">AAACbnicbVFNixNBEO0Zv9b4lVXw4CIWZoUIS5jZi4IeFgTdg4cVzO5CEkJNpyZptqd77OpeiEOO/kFv/gYv/gR7skF016IPj1dVr6peF7VW7LPsR5Jeu37j5q2t2507d+/df9DdfnjMNjhJQ2m1dacFMmllaOiV13RaO8Kq0HRSnL1r8yfn5FhZ89kva5pUODeqVBJ9pKbdb2NjlZmR8fDeOtgdV+gXEnVzuNqFVhQdcCi4Rk l74BeKIT4ETcge+EtARwy1s3FgBf0PGJj34CPNycwcvXwTW+iPADC581iOrYKjedDo1Fdyg2m3lw2ydcBVkG9AT2ziaNr9Pp5ZGaq4t9TIPMqz2k8adF5JTavOODDFiWc4p1GEBiviSbO2awUvIjODMp5b2nj3mv27o8GKeVkVsbJ1gy/nWvJ/uVHw5etJo0wdPBl5MagMGryF1nuYKUfS62UEKJ2Ku4JcoEPp4w91ogn55ZOvguP9QZ4N8k/7vYO3Gzu2xI54LvoiF6/EgTgUR2IopPiZbCdPkp3kV/o4fZo+uyhNk03PI/FPpP3fNua62w==</latexit><latexit sha1_base64="ZnDRCgIOSXKHoHtTBEbne7Jdnvc=">AAACbnicbVFNixNBEO0Zv9b4lVXw4CIWZoUIS5jZi4IeFgTdg4cVzO5CEkJNpyZptqd77OpeiEOO/kFv/gYv/gR7skF016IPj1dVr6peF7VW7LPsR5Jeu37j5q2t2507d+/df9DdfnjMNjhJQ2m1dacFMmllaOiV13RaO8Kq0HRSnL1r8yfn5FhZ89kva5pUODeqVBJ9pKbdb2NjlZmR8fDeOtgdV+gXEnVzuNqFVhQdcCi4Rk l74BeKIT4ETcge+EtARwy1s3FgBf0PGJj34CPNycwcvXwTW+iPADC581iOrYKjedDo1Fdyg2m3lw2ydcBVkG9AT2ziaNr9Pp5ZGaq4t9TIPMqz2k8adF5JTavOODDFiWc4p1GEBiviSbO2awUvIjODMp5b2nj3mv27o8GKeVkVsbJ1gy/nWvJ/uVHw5etJo0wdPBl5MagMGryF1nuYKUfS62UEKJ2Ku4JcoEPp4w91ogn55ZOvguP9QZ4N8k/7vYO3Gzu2xI54LvoiF6/EgTgUR2IopPiZbCdPkp3kV/o4fZo+uyhNk03PI/FPpP3fNua62w==</latexit><latexit sha1_base64="ZnDRCgIOSXKHoHtTBEbne7Jdnvc=">AAACbnicbVFNixNBEO0Zv9b4lVXw4CIWZoUIS5jZi4IeFgTdg4cVzO5CEkJNpyZptqd77OpeiEOO/kFv/gYv/gR7skF016IPj1dVr6peF7VW7LPsR5Jeu37j5q2t2507d+/df9DdfnjMNjhJQ2m1dacFMmllaOiV13RaO8Kq0HRSnL1r8yfn5FhZ89kva5pUODeqVBJ9pKbdb2NjlZmR8fDeOtgdV+gXEnVzuNqFVhQdcCi4Rk l74BeKIT4ETcge+EtARwy1s3FgBf0PGJj34CPNycwcvXwTW+iPADC581iOrYKjedDo1Fdyg2m3lw2ydcBVkG9AT2ziaNr9Pp5ZGaq4t9TIPMqz2k8adF5JTavOODDFiWc4p1GEBiviSbO2awUvIjODMp5b2nj3mv27o8GKeVkVsbJ1gy/nWvJ/uVHw5etJo0wdPBl5MagMGryF1nuYKUfS62UEKJ2Ku4JcoEPp4w91ogn55ZOvguP9QZ4N8k/7vYO3Gzu2xI54LvoiF6/EgTgUR2IopPiZbCdPkp3kV/o4fZo+uyhNk03PI/FPpP3fNua62w==</latexit>



Coercivity condition

Lemma. Coercivity =) unique minimizer of limM!+1 EL,M (') over ' 2 H
<latexit sha1_base64="1ouX9bf3ii2TrnoyeT1jz3t1cGo="></latexit><latexit sha1_base64="1ouX9bf3ii2TrnoyeT1jz3t1cGo="></latexit><latexit sha1_base64="1ouX9bf3ii2TrnoyeT1jz3t1cGo="></latexit><latexit sha1_base64="1ouX9bf3ii2TrnoyeT1jz3t1cGo="></latexit>

EL,M (') :=
1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f'(x

(m)
i (tl))

��2,

�̂L,M,H := arg min
'2H

EL,M (') .
<latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit><latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit><latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit><latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit>

We shall assume that the unknown interaction kernel � is in the admissible class
KR,S := {' 2 C1(R+) : supp' ⇢ [0, R], supr2[0,R] |'(r)|+ |'0(r)|  S}.
Coercivity condition: 8' : '(·)· 2 L2(⇢LT ), for cL > 0

cLk'(·) · k2L2(⇢L
T )

1

NL

L,NX

l,i=1

E
�� 1

N

NX

i0=1

'(rii0(tl))rii0(tl)
��2 .

<latexit sha1_base64="hR3TE037s3icvMbg3ZGsCta+RCU=">AAAEMnicbVNLbxMxEN4mPEp4tXDkMqVBTegqyuYCqiiqVCFVIqpK31KdrLyOk1jxehfbWxQ5/k1c+CVIHOAAQlz5EXi3SenLB2v8zTdjz+eZKOVM6Wbz+1ypfOv2nbvz9yr3Hzx89Hhh8cmhSjJJ6AFJeCKPI6woZ4IeaKY5PU4lxXHE6VE02sz9R6dUKpaIfT1OaSfGA8H6jGDtoHCxtIVEwkSPCg1HFNQQcw5YqSymoIdYu4 </latexit><latexit sha1_base64="hR3TE037s3icvMbg3ZGsCta+RCU=">AAAEMnicbVNLbxMxEN4mPEp4tXDkMqVBTegqyuYCqiiqVCFVIqpK31KdrLyOk1jxehfbWxQ5/k1c+CVIHOAAQlz5EXi3SenLB2v8zTdjz+eZKOVM6Wbz+1ypfOv2nbvz9yr3Hzx89Hhh8cmhSjJJ6AFJeCKPI6woZ4IeaKY5PU4lxXHE6VE02sz9R6dUKpaIfT1OaSfGA8H6jGDtoHCxtIVEwkSPCg1HFNQQcw5YqSymoIdYu4 </latexit><latexit sha1_base64="hR3TE037s3icvMbg3ZGsCta+RCU=">AAAEMnicbVNLbxMxEN4mPEp4tXDkMqVBTegqyuYCqiiqVCFVIqpK31KdrLyOk1jxehfbWxQ5/k1c+CVIHOAAQlz5EXi3SenLB2v8zTdjz+eZKOVM6Wbz+1ypfOv2nbvz9yr3Hzx89Hhh8cmhSjJJ6AFJeCKPI6woZ4IeaKY5PU4lxXHE6VE02sz9R6dUKpaIfT1OaSfGA8H6jGDtoHCxtIVEwkSPCg1HFNQQcw5YqSymoIdYu4 </latexit><latexit sha1_base64="hR3TE037s3icvMbg3ZGsCta+RCU=">AAAEMnicbVNLbxMxEN4mPEp4tXDkMqVBTegqyuYCqiiqVCFVIqpK31KdrLyOk1jxehfbWxQ5/k1c+CVIHOAAQlz5EXi3SenLB2v8zTdjz+eZKOVM6Wbz+1ypfOv2nbvz9yr3Hzx89Hhh8cmhSjJJ6AFJeCKPI6woZ4IeaKY5PU4lxXHE6VE02sz9R6dUKpaIfT1OaSfGA8H6jGDtoHCxtIVEwkSPCg1HFNQQcw5YqSymoIdYu4 </latexit>

The coercivity constant cL also controls the condition number of the least
squares problem yielding �̂L,M,H.

<latexit sha1_base64="io6J2hmEWfIILetcmzJbwD4HbNs=">AAACd3icbZFNb9QwEIad8FWWry3c4IDFBtRDtUp6oQcOlbj0UKQiddtKm1U0cSYbq44d7EmlKNq/wI/jxv/gwg0n3QO0jGTp1TNje+advFHSURz/DMJ79x88fLTzePLk6bPnL6a7L8+daa3AhTDK2MscHCqpcUGSFF42FqHOFV7kV5+H/MU1WieNPqOuwVUNay1LKYA8yqbfU22kLlATP6uQC4NWyGtJnZfaEXgeiewk4qCcGR hZoxynsVYXcniF67bO0XJTjlwhOOLuWwsWHW+s8b3UvJOoCqnXPEoroLSpZNaf7H/ZT2ugSoDqjzebaJ5NZ/E8HoPfFclWzNg2TrPpj7Qwoq39AEKBc8skbmjVgyUpFG4maeuwAXEFa1x6qaFGt+pH3zb8vScFL431xw860r9v9FA719W5rxy6dLdzA/xfbtlSebjqpW5aQi1uPipbxcnwYQm8kBYFqc4LENabKLiowIIgv6qJNyG5PfJdcX4wT+J58vVgdvRpa8cOe8PesT2WsI/siB2zU7Zggv0KXgezIAp+h2/DD+HeTWkYbO+8Yv9EmPwBd1C/qg==</latexit><latexit sha1_base64="io6J2hmEWfIILetcmzJbwD4HbNs=">AAACd3icbZFNb9QwEIad8FWWry3c4IDFBtRDtUp6oQcOlbj0UKQiddtKm1U0cSYbq44d7EmlKNq/wI/jxv/gwg0n3QO0jGTp1TNje+advFHSURz/DMJ79x88fLTzePLk6bPnL6a7L8+daa3AhTDK2MscHCqpcUGSFF42FqHOFV7kV5+H/MU1WieNPqOuwVUNay1LKYA8yqbfU22kLlATP6uQC4NWyGtJnZfaEXgeiewk4qCcGR hZoxynsVYXcniF67bO0XJTjlwhOOLuWwsWHW+s8b3UvJOoCqnXPEoroLSpZNaf7H/ZT2ugSoDqjzebaJ5NZ/E8HoPfFclWzNg2TrPpj7Qwoq39AEKBc8skbmjVgyUpFG4maeuwAXEFa1x6qaFGt+pH3zb8vScFL431xw860r9v9FA719W5rxy6dLdzA/xfbtlSebjqpW5aQi1uPipbxcnwYQm8kBYFqc4LENabKLiowIIgv6qJNyG5PfJdcX4wT+J58vVgdvRpa8cOe8PesT2WsI/siB2zU7Zggv0KXgezIAp+h2/DD+HeTWkYbO+8Yv9EmPwBd1C/qg==</latexit><latexit sha1_base64="io6J2hmEWfIILetcmzJbwD4HbNs=">AAACd3icbZFNb9QwEIad8FWWry3c4IDFBtRDtUp6oQcOlbj0UKQiddtKm1U0cSYbq44d7EmlKNq/wI/jxv/gwg0n3QO0jGTp1TNje+advFHSURz/DMJ79x88fLTzePLk6bPnL6a7L8+daa3AhTDK2MscHCqpcUGSFF42FqHOFV7kV5+H/MU1WieNPqOuwVUNay1LKYA8yqbfU22kLlATP6uQC4NWyGtJnZfaEXgeiewk4qCcGR hZoxynsVYXcniF67bO0XJTjlwhOOLuWwsWHW+s8b3UvJOoCqnXPEoroLSpZNaf7H/ZT2ugSoDqjzebaJ5NZ/E8HoPfFclWzNg2TrPpj7Qwoq39AEKBc8skbmjVgyUpFG4maeuwAXEFa1x6qaFGt+pH3zb8vScFL431xw860r9v9FA719W5rxy6dLdzA/xfbtlSebjqpW5aQi1uPipbxcnwYQm8kBYFqc4LENabKLiowIIgv6qJNyG5PfJdcX4wT+J58vVgdvRpa8cOe8PesT2WsI/siB2zU7Zggv0KXgezIAp+h2/DD+HeTWkYbO+8Yv9EmPwBd1C/qg==</latexit><latexit sha1_base64="io6J2hmEWfIILetcmzJbwD4HbNs=">AAACd3icbZFNb9QwEIad8FWWry3c4IDFBtRDtUp6oQcOlbj0UKQiddtKm1U0cSYbq44d7EmlKNq/wI/jxv/gwg0n3QO0jGTp1TNje+advFHSURz/DMJ79x88fLTzePLk6bPnL6a7L8+daa3AhTDK2MscHCqpcUGSFF42FqHOFV7kV5+H/MU1WieNPqOuwVUNay1LKYA8yqbfU22kLlATP6uQC4NWyGtJnZfaEXgeiewk4qCcGR hZoxynsVYXcniF67bO0XJTjlwhOOLuWwsWHW+s8b3UvJOoCqnXPEoroLSpZNaf7H/ZT2ugSoDqjzebaJ5NZ/E8HoPfFclWzNg2TrPpj7Qwoq39AEKBc8skbmjVgyUpFG4maeuwAXEFa1x6qaFGt+pH3zb8vScFL431xw860r9v9FA719W5rxy6dLdzA/xfbtlSebjqpW5aQi1uPipbxcnwYQm8kBYFqc4LENabKLiowIIgv6qJNyG5PfJdcX4wT+J58vVgdvRpa8cOe8PesT2WsI/siB2zU7Zggv0KXgezIAp+h2/DD+HeTWkYbO+8Yv9EmPwBd1C/qg==</latexit>



Main Theorem
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Example. The Lennard Jones kernel
is not admissible, yet since particles rarely
get very close to each other, we obtain a
convergence rate close to optimal.

<latexit sha1_base64="L7wefGRngeRSo2U1nws1rYphWuk=">AAACvnicbVFLi9RAEO7E1zq+Rj16KRwED0tI9qKghwERRDyssLO7MDMMlU5lpp1+hO7O7oaQPyl48N/YmQ26DwsaPr6qr+qr6rySwvk0/R3Fd+7eu/9g7+Ho0eMnT5+Nn784dqa2nGbcSGNPc3QkhaaZF17SaWUJVS7pJN9+6vMnZ2SdMPrINxUtFa61KAVHH6jV+NdCG6EL0r5d5CV8vkBVSeoSONoQfCOt0Rbw1WhysCWrSY 5GfxUgHLQLUq02vusACyWcE2HyPjTkwQnNCSq0XnAZ9BYtyQauNliHsuCuAS6NI/AGCPkGjN+Q3YdzApN7FBrwmoobHURr6ttb9PRPbSovFMpkNZ6kSboLuA2yAUzYEIer8c9FYXitQnsu0bl5llZ+2Q7eu9GidlQh3+Ka5gFqVOSW7e78HbwJTAGlseHt7AX2qqJF5Vyj8lCp0G/czVxP/i83r335ftkKXdU+LHs5qKxlv2n/l1AIS9yHmxYCuRXBK/ANWuQ+/PgoHCG7ufJtcHyQZGmSfT+YTD8O59hjr9hr9pZl7B2bsi/skM0Yjz5EGP2ItvE0LmMVm8vSOBo0L9m1iC/+AFLK2V8=</latexit><latexit sha1_base64="L7wefGRngeRSo2U1nws1rYphWuk=">AAACvnicbVFLi9RAEO7E1zq+Rj16KRwED0tI9qKghwERRDyssLO7MDMMlU5lpp1+hO7O7oaQPyl48N/YmQ26DwsaPr6qr+qr6rySwvk0/R3Fd+7eu/9g7+Ho0eMnT5+Nn784dqa2nGbcSGNPc3QkhaaZF17SaWUJVS7pJN9+6vMnZ2SdMPrINxUtFa61KAVHH6jV+NdCG6EL0r5d5CV8vkBVSeoSONoQfCOt0Rbw1WhysCWrSY 5GfxUgHLQLUq02vusACyWcE2HyPjTkwQnNCSq0XnAZ9BYtyQauNliHsuCuAS6NI/AGCPkGjN+Q3YdzApN7FBrwmoobHURr6ttb9PRPbSovFMpkNZ6kSboLuA2yAUzYEIer8c9FYXitQnsu0bl5llZ+2Q7eu9GidlQh3+Ka5gFqVOSW7e78HbwJTAGlseHt7AX2qqJF5Vyj8lCp0G/czVxP/i83r335ftkKXdU+LHs5qKxlv2n/l1AIS9yHmxYCuRXBK/ANWuQ+/PgoHCG7ufJtcHyQZGmSfT+YTD8O59hjr9hr9pZl7B2bsi/skM0Yjz5EGP2ItvE0LmMVm8vSOBo0L9m1iC/+AFLK2V8=</latexit><latexit sha1_base64="L7wefGRngeRSo2U1nws1rYphWuk=">AAACvnicbVFLi9RAEO7E1zq+Rj16KRwED0tI9qKghwERRDyssLO7MDMMlU5lpp1+hO7O7oaQPyl48N/YmQ26DwsaPr6qr+qr6rySwvk0/R3Fd+7eu/9g7+Ho0eMnT5+Nn784dqa2nGbcSGNPc3QkhaaZF17SaWUJVS7pJN9+6vMnZ2SdMPrINxUtFa61KAVHH6jV+NdCG6EL0r5d5CV8vkBVSeoSONoQfCOt0Rbw1WhysCWrSY 5GfxUgHLQLUq02vusACyWcE2HyPjTkwQnNCSq0XnAZ9BYtyQauNliHsuCuAS6NI/AGCPkGjN+Q3YdzApN7FBrwmoobHURr6ttb9PRPbSovFMpkNZ6kSboLuA2yAUzYEIer8c9FYXitQnsu0bl5llZ+2Q7eu9GidlQh3+Ka5gFqVOSW7e78HbwJTAGlseHt7AX2qqJF5Vyj8lCp0G/czVxP/i83r335ftkKXdU+LHs5qKxlv2n/l1AIS9yHmxYCuRXBK/ANWuQ+/PgoHCG7ufJtcHyQZGmSfT+YTD8O59hjr9hr9pZl7B2bsi/skM0Yjz5EGP2ItvE0LmMVm8vSOBo0L9m1iC/+AFLK2V8=</latexit><latexit sha1_base64="L7wefGRngeRSo2U1nws1rYphWuk=">AAACvnicbVFLi9RAEO7E1zq+Rj16KRwED0tI9qKghwERRDyssLO7MDMMlU5lpp1+hO7O7oaQPyl48N/YmQ26DwsaPr6qr+qr6rySwvk0/R3Fd+7eu/9g7+Ho0eMnT5+Nn784dqa2nGbcSGNPc3QkhaaZF17SaWUJVS7pJN9+6vMnZ2SdMPrINxUtFa61KAVHH6jV+NdCG6EL0r5d5CV8vkBVSeoSONoQfCOt0Rbw1WhysCWrSY 5GfxUgHLQLUq02vusACyWcE2HyPjTkwQnNCSq0XnAZ9BYtyQauNliHsuCuAS6NI/AGCPkGjN+Q3YdzApN7FBrwmoobHURr6ttb9PRPbSovFMpkNZ6kSboLuA2yAUzYEIer8c9FYXitQnsu0bl5llZ+2Q7eu9GidlQh3+Ka5gFqVOSW7e78HbwJTAGlseHt7AX2qqJF5Vyj8lCp0G/czVxP/i83r335ftkKXdU+LHs5qKxlv2n/l1AIS9yHmxYCuRXBK/ANWuQ+/PgoHCG7ufJtcHyQZGmSfT+YTD8O59hjr9hr9pZl7B2bsi/skM0Yjz5EGP2ItvE0LmMVm8vSOBo0L9m1iC/+AFLK2V8=</latexit>

· The good: Rate in M is optimal, in fact even optimal in the case of
regression, where we would be given (rm,�(rm))Mm=1.

· The bad: no dependency on L.
<latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit><latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit><latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit><latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit>

Theorem. Let {Hn}n be a sequence of subspaces of L1
[0, R], with dim(Hn) 

c0n and inf'2Hn k'(·)��(·)kL1([0,R])  c1n�s
, for some constants c0, c1, s > 0.

It exists, for example, if � is s-Hölder regular. Choose n⇤ = (M/logM)
1

2s+1 :

then for some C = C(c0, c1, R, S)
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<latexit sha1_base64="oTvhyfOMY4I7yxHJ+8bxkt/MgAU=">AAAEXnicbVNdb9Q4FE07s8CGZSnsCxIvVzQrzbDpkPQFtIIV0gipK00lPlpAGk8jx7mZWCT2YDtA5fpP8oZ44aesM5kChbUU6/p++ZwT33xVc22S5NPW9mD4y6XLV34Nr/527ffrOzduvtSyVQyPmaylep1TjTUXeGy4qfH1SiFt8hpf5W+mXfzVO1SaS3FkTle4aOhS8JIzarwru7FtiJBcFCiMJXkJRxVKhY2bhDM0EBFLGm </latexit><latexit sha1_base64="oTvhyfOMY4I7yxHJ+8bxkt/MgAU=">AAAEXnicbVNdb9Q4FE07s8CGZSnsCxIvVzQrzbDpkPQFtIIV0gipK00lPlpAGk8jx7mZWCT2YDtA5fpP8oZ44aesM5kChbUU6/p++ZwT33xVc22S5NPW9mD4y6XLV34Nr/527ffrOzduvtSyVQyPmaylep1TjTUXeGy4qfH1SiFt8hpf5W+mXfzVO1SaS3FkTle4aOhS8JIzarwru7FtiJBcFCiMJXkJRxVKhY2bhDM0EBFLGm </latexit><latexit sha1_base64="oTvhyfOMY4I7yxHJ+8bxkt/MgAU=">AAAEXnicbVNdb9Q4FE07s8CGZSnsCxIvVzQrzbDpkPQFtIIV0gipK00lPlpAGk8jx7mZWCT2YDtA5fpP8oZ44aesM5kChbUU6/p++ZwT33xVc22S5NPW9mD4y6XLV34Nr/527ffrOzduvtSyVQyPmaylep1TjTUXeGy4qfH1SiFt8hpf5W+mXfzVO1SaS3FkTle4aOhS8JIzarwru7FtiJBcFCiMJXkJRxVKhY2bhDM0EBFLGm </latexit><latexit sha1_base64="oTvhyfOMY4I7yxHJ+8bxkt/MgAU=">AAAEXnicbVNdb9Q4FE07s8CGZSnsCxIvVzQrzbDpkPQFtIIV0gipK00lPlpAGk8jx7mZWCT2YDtA5fpP8oZ44aesM5kChbUU6/p++ZwT33xVc22S5NPW9mD4y6XLV34Nr/527ffrOzduvtSyVQyPmaylep1TjTUXeGy4qfH1SiFt8hpf5W+mXfzVO1SaS3FkTle4aOhS8JIzarwru7FtiJBcFCiMJXkJRxVKhY2bhDM0EBFLGm </latexit>



Main Theorem

· The good: Rate in M is optimal, in fact even optimal in the case of
regression, where we would be given (rm,�(rm))Mm=1.

· The bad: no dependency on L.
<latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit><latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit><latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit><latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit>

Theorem. Let {Hn}n be a sequence of subspaces of L1
[0, R], with dim(Hn) 

c0n and inf'2Hn k'(·)��(·)kL1([0,R])  c1n�s
, for some constants c0, c1, s > 0.

It exists, for example, if � is s-Hölder regular. Choose n⇤ = (M/logM)
1

2s+1 :

then for some C = C(c0, c1, R, S)
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<latexit sha1_base64="oTvhyfOMY4I7yxHJ+8bxkt/MgAU=">AAAEXnicbVNdb9Q4FE07s8CGZSnsCxIvVzQrzbDpkPQFtIIV0gipK00lPlpAGk8jx7mZWCT2YDtA5fpP8oZ44aesM5kChbUU6/p++ZwT33xVc22S5NPW9mD4y6XLV34Nr/527ffrOzduvtSyVQyPmaylep1TjTUXeGy4qfH1SiFt8hpf5W+mXfzVO1SaS3FkTle4aOhS8JIzarwru7FtiJBcFCiMJXkJRxVKhY2bhDM0EBFLGm </latexit><latexit sha1_base64="oTvhyfOMY4I7yxHJ+8bxkt/MgAU=">AAAEXnicbVNdb9Q4FE07s8CGZSnsCxIvVzQrzbDpkPQFtIIV0gipK00lPlpAGk8jx7mZWCT2YDtA5fpP8oZ44aesM5kChbUU6/p++ZwT33xVc22S5NPW9mD4y6XLV34Nr/527ffrOzduvtSyVQyPmaylep1TjTUXeGy4qfH1SiFt8hpf5W+mXfzVO1SaS3FkTle4aOhS8JIzarwru7FtiJBcFCiMJXkJRxVKhY2bhDM0EBFLGm </latexit><latexit sha1_base64="oTvhyfOMY4I7yxHJ+8bxkt/MgAU=">AAAEXnicbVNdb9Q4FE07s8CGZSnsCxIvVzQrzbDpkPQFtIIV0gipK00lPlpAGk8jx7mZWCT2YDtA5fpP8oZ44aesM5kChbUU6/p++ZwT33xVc22S5NPW9mD4y6XLV34Nr/527ffrOzduvtSyVQyPmaylep1TjTUXeGy4qfH1SiFt8hpf5W+mXfzVO1SaS3FkTle4aOhS8JIzarwru7FtiJBcFCiMJXkJRxVKhY2bhDM0EBFLGm </latexit><latexit sha1_base64="oTvhyfOMY4I7yxHJ+8bxkt/MgAU=">AAAEXnicbVNdb9Q4FE07s8CGZSnsCxIvVzQrzbDpkPQFtIIV0gipK00lPlpAGk8jx7mZWCT2YDtA5fpP8oZ44aesM5kChbUU6/p++ZwT33xVc22S5NPW9mD4y6XLV34Nr/527ffrOzduvtSyVQyPmaylep1TjTUXeGy4qfH1SiFt8hpf5W+mXfzVO1SaS3FkTle4aOhS8JIzarwru7FtiJBcFCiMJXkJRxVKhY2bhDM0EBFLGm </latexit>
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Numerical results suggest that the
e↵ective sample size should
scale linearly in L.

<latexit sha1_base64="gdbLyn3riLkcM87UjvVEO8dUiuY="></latexit><latexit sha1_base64="gdbLyn3riLkcM87UjvVEO8dUiuY="></latexit><latexit sha1_base64="gdbLyn3riLkcM87UjvVEO8dUiuY="></latexit><latexit sha1_base64="gdbLyn3riLkcM87UjvVEO8dUiuY="></latexit>



Main Theorem
Theorem. Let {Hn}n be a sequence of subspaces of L1

[0, R], with dim(Hn) 

c0n and inf'2Hn k'(·)��(·)kL1([0,R])  c1n�s
, for some constants c0, c1, s > 0.

It exists, for example, if � is s-Hölder regular. Choose n⇤ = (M/logM)
1

2s+1 :

then for some C = C(c0, c1, R, S)

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)] 

C

cL

✓
logM

M

◆ s
2s+1

.
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cL can be as small as N�1
N2 , but in fact we conjecture that under some general

conditions it is independent of N when evaluated on compact subspaces H ⇢

L2(⇢LT ). We can prove this in special cases, for L = 1 and µ0 exchangeable
Gaussian.

<latexit sha1_base64="3uOKmWiqSALE9v/3NOXl+Q7vjYQ=">AAADDnicbVK5bhRBEJ0ZLmOuNYQkJTxIRjKrmU0gAMkSAQ5WlpF8Sd5DNT01u417ukd9rLFG+wUk/AoJAQiREpPxN3TvbgA2FbSeXt2vumgENzbLfsfJtes3bt5au71+5+69+w86Gw+PjHKa0SFTQumTAg0JLunQcivopNGEdSHouDh7E/zHM9KGK3lgLxoa1jiRvOIMrafGG3E6kIrLkqSFlI37KTCUUBCgAVOjEAGkg0oja/ ee5/N2b9Sbp9tQOAtcQoXMwjkBU/I9Mes0gZ2iBecrajCqJpiQJI0ihJQ8NDXAfa5/fUxDy9aqgnQvhfMpSaAZCoeWSlDSZ9VN6GFcYTygMEyNdspQtLvzQaDJQn/U2xroqRofjPrP0i4c02KNRqtZGGjRDExDjIdBvFxmGyqlIe2/zlNAWYaqbpylQB/YFOWE0AsIb9EZw1F2x53NrJstDK6CfAU2o5Xtjzu/BqVirva7MYHGnOZZY4ctasuZoPn6wBny65zhhE49lFiTGbaLc87hqWfKxXyV8tos2L8zWqyNuagLHxmkMJd9gfyf79TZ6uWw5bJxliRbNqqcAKsg/A0oufZHFBceINP+WAy8Gv701v+gdS9Cfnnlq+Co182zbv6ut7nzaiXHWvQ4ehJtRXn0ItqJdqP96DBi8cf4c/w1/pZ8Sr4k35Mfy9AkXuU8iv6x5OcfbVLzyA==</latexit><latexit sha1_base64="3uOKmWiqSALE9v/3NOXl+Q7vjYQ=">AAADDnicbVK5bhRBEJ0ZLmOuNYQkJTxIRjKrmU0gAMkSAQ5WlpF8Sd5DNT01u417ukd9rLFG+wUk/AoJAQiREpPxN3TvbgA2FbSeXt2vumgENzbLfsfJtes3bt5au71+5+69+w86Gw+PjHKa0SFTQumTAg0JLunQcivopNGEdSHouDh7E/zHM9KGK3lgLxoa1jiRvOIMrafGG3E6kIrLkqSFlI37KTCUUBCgAVOjEAGkg0oja/ ee5/N2b9Sbp9tQOAtcQoXMwjkBU/I9Mes0gZ2iBecrajCqJpiQJI0ihJQ8NDXAfa5/fUxDy9aqgnQvhfMpSaAZCoeWSlDSZ9VN6GFcYTygMEyNdspQtLvzQaDJQn/U2xroqRofjPrP0i4c02KNRqtZGGjRDExDjIdBvFxmGyqlIe2/zlNAWYaqbpylQB/YFOWE0AsIb9EZw1F2x53NrJstDK6CfAU2o5Xtjzu/BqVirva7MYHGnOZZY4ctasuZoPn6wBny65zhhE49lFiTGbaLc87hqWfKxXyV8tos2L8zWqyNuagLHxmkMJd9gfyf79TZ6uWw5bJxliRbNqqcAKsg/A0oufZHFBceINP+WAy8Gv701v+gdS9Cfnnlq+Co182zbv6ut7nzaiXHWvQ4ehJtRXn0ItqJdqP96DBi8cf4c/w1/pZ8Sr4k35Mfy9AkXuU8iv6x5OcfbVLzyA==</latexit><latexit sha1_base64="3uOKmWiqSALE9v/3NOXl+Q7vjYQ=">AAADDnicbVK5bhRBEJ0ZLmOuNYQkJTxIRjKrmU0gAMkSAQ5WlpF8Sd5DNT01u417ukd9rLFG+wUk/AoJAQiREpPxN3TvbgA2FbSeXt2vumgENzbLfsfJtes3bt5au71+5+69+w86Gw+PjHKa0SFTQumTAg0JLunQcivopNGEdSHouDh7E/zHM9KGK3lgLxoa1jiRvOIMrafGG3E6kIrLkqSFlI37KTCUUBCgAVOjEAGkg0oja/ ee5/N2b9Sbp9tQOAtcQoXMwjkBU/I9Mes0gZ2iBecrajCqJpiQJI0ihJQ8NDXAfa5/fUxDy9aqgnQvhfMpSaAZCoeWSlDSZ9VN6GFcYTygMEyNdspQtLvzQaDJQn/U2xroqRofjPrP0i4c02KNRqtZGGjRDExDjIdBvFxmGyqlIe2/zlNAWYaqbpylQB/YFOWE0AsIb9EZw1F2x53NrJstDK6CfAU2o5Xtjzu/BqVirva7MYHGnOZZY4ctasuZoPn6wBny65zhhE49lFiTGbaLc87hqWfKxXyV8tos2L8zWqyNuagLHxmkMJd9gfyf79TZ6uWw5bJxliRbNqqcAKsg/A0oufZHFBceINP+WAy8Gv701v+gdS9Cfnnlq+Co182zbv6ut7nzaiXHWvQ4ehJtRXn0ItqJdqP96DBi8cf4c/w1/pZ8Sr4k35Mfy9AkXuU8iv6x5OcfbVLzyA==</latexit><latexit sha1_base64="3uOKmWiqSALE9v/3NOXl+Q7vjYQ=">AAADDnicbVK5bhRBEJ0ZLmOuNYQkJTxIRjKrmU0gAMkSAQ5WlpF8Sd5DNT01u417ukd9rLFG+wUk/AoJAQiREpPxN3TvbgA2FbSeXt2vumgENzbLfsfJtes3bt5au71+5+69+w86Gw+PjHKa0SFTQumTAg0JLunQcivopNGEdSHouDh7E/zHM9KGK3lgLxoa1jiRvOIMrafGG3E6kIrLkqSFlI37KTCUUBCgAVOjEAGkg0oja/ ee5/N2b9Sbp9tQOAtcQoXMwjkBU/I9Mes0gZ2iBecrajCqJpiQJI0ihJQ8NDXAfa5/fUxDy9aqgnQvhfMpSaAZCoeWSlDSZ9VN6GFcYTygMEyNdspQtLvzQaDJQn/U2xroqRofjPrP0i4c02KNRqtZGGjRDExDjIdBvFxmGyqlIe2/zlNAWYaqbpylQB/YFOWE0AsIb9EZw1F2x53NrJstDK6CfAU2o5Xtjzu/BqVirva7MYHGnOZZY4ctasuZoPn6wBny65zhhE49lFiTGbaLc87hqWfKxXyV8tos2L8zWqyNuagLHxmkMJd9gfyf79TZ6uWw5bJxliRbNqqcAKsg/A0oufZHFBceINP+WAy8Gv701v+gdS9Cfnnlq+Co182zbv6ut7nzaiXHWvQ4ehJtRXn0ItqJdqP96DBi8cf4c/w1/pZ8Sr4k35Mfy9AkXuU8iv6x5OcfbVLzyA==</latexit>

5 10 15 20 25 30
N

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

C
oe

ci
vi

ty
 c

on
st

an
t

N/(N-1) 2
Gaussian

5 10 15 20 25 30
N

N/(N-1) 2
Uniform 

5 10 15 20 25 30
N

N/(N-1) 2
Spherical Uniform



Errors on trajectories

Proposition. Assume b�(k · k)· 2 Lip(Rd), with Lipschitz constant CLip. Let
bX(t) and X(t) be the solutions of systems with kernels b� and � respectively,
started from the same initial condition. Then for each trajectory

sup
t2[0,T ]

kbX(t)�X(t)k2  2Te8T
2C2

Lip

Z T

0

���Ẋ(t)� f�̂(X(t))
���
2
dt ,

and on average w.r.t. the distribution µ0 of initial conditions:

Eµ0 [ sup
t2[0,T ]

kbX(t)�X(t)k]  C(T,CLip)
p
Nk�̂(·) ·��(·) · kL2(⇢T ) ,

where C(T,CLip) is a constant depending on T and CLip.
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On the bias variance tradeoff
Theorem. Let the true kernel � 2 KR,S , and let H be a compact convex subset
of L1([0, R]), containing only functions bounded above by S0 � S a.e.. Assume
that the coercivity condition. Then for any ✏ > 0, the estimate

cLk�̂L,M,H(·) ·��(·) · k2L2(⇢T
L)  2 inf

'2H

k'(·) ·��(·) · k2L1([0,R]) + 2✏

holds true with probability at least 1� �, provided that

M �
1152S2

0R
2

cT ✏

�
log(N (H,

✏

48S0R2
)) + log(

1

�
)
�
,

where N (H, ⌘) is the ⌘-covering number of H under the 1-norm.

We want to chose the best finite-dimensional H to minimize the error of the
estimator. There are two competing issues. We want H to be large so that the
bias term above is small. But we also want H to be small so that the covering
number N (H, ✏

480R2 ) to be small. A balanced choice leads to the main theorem.
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We may extend to first order agent systems with multiple types of agents, with
di↵erent interaction kernels for each directed pair of interactions.
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Examples: multi-type agents

Example 1st order Prey-Predator system. The interaction kernels and ⇢TL’s.
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We may extend to first order agent systems with multiple types of agents, with
di↵erent interaction kernels for each directed pair of interactions.

<latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit>

Examples: multi-type agents

Example 1st order Prey-Predator system: trajectories of the true system (left
col.) and learned system (right col.) with an initial condition from training
data (top) and a new one (bottom).

<latexit sha1_base64="7nB+ChvliThc2tQ0VxB0OpKQxXo=">AAACtnicbVFLb9NAEF6bVwmvAEcuIyKk9EBklwMV4lAJIXEMEmmLkhCN1+Nk231Yu2OKZfUncuHGv2HzAEHLHFafvm9mZ+abotYqcJb9TNIbN2/dvrN3t3fv/oOHj/qPnxwH13hJE+m086cFBtLK0oQVazqtPaEpNJ0U5+/W+slX8kE5+4nbmuYGl1ZVSiJHatH/PrNO2ZIsd7Oigvff0NSaLiEPDM6X5GHsqX0ZnxLZeQhtYD JvgD2ekYyMogCuAl5R5BraJcBQU8UQ5xvtA9oSNKG3VP6RvVqufusXilcxCZRVrFBH1pZqPR5U3pl1q6jYJcQJEIbs6u2XCJYuwFmCYeGYndkfLfqDbJRtAq6DfAcGYhfjRf/HrHSyMXF/qTGEaZ7VPO/Qs5LRht6sCVSjPMclTSO0aCjMu43tl/AiMiVU0ZXK2c0yzv9d0aEJoTVFzDTIq3BVW5P/06YNV4fzTtm6YbJy26hqNLCD9Q2hVD56r9sIUPpolQS5Qo+S46V70YT86srXwfHBKM9G+ceDwdHbnR174pl4LoYiF6/FkfggxmIiZPIq+ZwUiUwP0y8ppcttaprsap6KfyKtfwFa7NVw</latexit><latexit sha1_base64="7nB+ChvliThc2tQ0VxB0OpKQxXo=">AAACtnicbVFLb9NAEF6bVwmvAEcuIyKk9EBklwMV4lAJIXEMEmmLkhCN1+Nk231Yu2OKZfUncuHGv2HzAEHLHFafvm9mZ+abotYqcJb9TNIbN2/dvrN3t3fv/oOHj/qPnxwH13hJE+m086cFBtLK0oQVazqtPaEpNJ0U5+/W+slX8kE5+4nbmuYGl1ZVSiJHatH/PrNO2ZIsd7Oigvff0NSaLiEPDM6X5GHsqX0ZnxLZeQhtYD JvgD2ekYyMogCuAl5R5BraJcBQU8UQ5xvtA9oSNKG3VP6RvVqufusXilcxCZRVrFBH1pZqPR5U3pl1q6jYJcQJEIbs6u2XCJYuwFmCYeGYndkfLfqDbJRtAq6DfAcGYhfjRf/HrHSyMXF/qTGEaZ7VPO/Qs5LRht6sCVSjPMclTSO0aCjMu43tl/AiMiVU0ZXK2c0yzv9d0aEJoTVFzDTIq3BVW5P/06YNV4fzTtm6YbJy26hqNLCD9Q2hVD56r9sIUPpolQS5Qo+S46V70YT86srXwfHBKM9G+ceDwdHbnR174pl4LoYiF6/FkfggxmIiZPIq+ZwUiUwP0y8ppcttaprsap6KfyKtfwFa7NVw</latexit><latexit sha1_base64="7nB+ChvliThc2tQ0VxB0OpKQxXo=">AAACtnicbVFLb9NAEF6bVwmvAEcuIyKk9EBklwMV4lAJIXEMEmmLkhCN1+Nk231Yu2OKZfUncuHGv2HzAEHLHFafvm9mZ+abotYqcJb9TNIbN2/dvrN3t3fv/oOHj/qPnxwH13hJE+m086cFBtLK0oQVazqtPaEpNJ0U5+/W+slX8kE5+4nbmuYGl1ZVSiJHatH/PrNO2ZIsd7Oigvff0NSaLiEPDM6X5GHsqX0ZnxLZeQhtYD JvgD2ekYyMogCuAl5R5BraJcBQU8UQ5xvtA9oSNKG3VP6RvVqufusXilcxCZRVrFBH1pZqPR5U3pl1q6jYJcQJEIbs6u2XCJYuwFmCYeGYndkfLfqDbJRtAq6DfAcGYhfjRf/HrHSyMXF/qTGEaZ7VPO/Qs5LRht6sCVSjPMclTSO0aCjMu43tl/AiMiVU0ZXK2c0yzv9d0aEJoTVFzDTIq3BVW5P/06YNV4fzTtm6YbJy26hqNLCD9Q2hVD56r9sIUPpolQS5Qo+S46V70YT86srXwfHBKM9G+ceDwdHbnR174pl4LoYiF6/FkfggxmIiZPIq+ZwUiUwP0y8ppcttaprsap6KfyKtfwFa7NVw</latexit><latexit sha1_base64="7nB+ChvliThc2tQ0VxB0OpKQxXo=">AAACtnicbVFLb9NAEF6bVwmvAEcuIyKk9EBklwMV4lAJIXEMEmmLkhCN1+Nk231Yu2OKZfUncuHGv2HzAEHLHFafvm9mZ+abotYqcJb9TNIbN2/dvrN3t3fv/oOHj/qPnxwH13hJE+m086cFBtLK0oQVazqtPaEpNJ0U5+/W+slX8kE5+4nbmuYGl1ZVSiJHatH/PrNO2ZIsd7Oigvff0NSaLiEPDM6X5GHsqX0ZnxLZeQhtYD JvgD2ekYyMogCuAl5R5BraJcBQU8UQ5xvtA9oSNKG3VP6RvVqufusXilcxCZRVrFBH1pZqPR5U3pl1q6jYJcQJEIbs6u2XCJYuwFmCYeGYndkfLfqDbJRtAq6DfAcGYhfjRf/HrHSyMXF/qTGEaZ7VPO/Qs5LRht6sCVSjPMclTSO0aCjMu43tl/AiMiVU0ZXK2c0yzv9d0aEJoTVFzDTIq3BVW5P/06YNV4fzTtm6YbJy26hqNLCD9Q2hVD56r9sIUPpolQS5Qo+S46V70YT86srXwfHBKM9G+ceDwdHbnR174pl4LoYiF6/FkfggxmIiZPIq+ZwUiUwP0y8ppcttaprsap6KfyKtfwFa7NVw</latexit>



We may extend to first order agent systems with multiple types of agents, with
di↵erent interaction kernels for each directed pair of interactions.

<latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit>

Example 1st order Prey-Predator system. Left: the interaction kernels and
⇢TL’s. Right: trajectories of the true system (left col.) and learned system (right
col.) with an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit>

Examples: multi-type agents

true
<latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit>

learned
<latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit>



We may extend to first order agent systems with multiple types of agents, with
di↵erent interaction kernels for each directed pair of interactions.

<latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit>

Examples: multi-type agents + noise

Example 1st order Prey-Predator system + noise: multiplicative noise ⇠
1
10Unif[� 1

2 ,
1
2 ] is added to observed positions and velocities.

<latexit sha1_base64="qGGVCmVse5SteyXWe2bMDRZPYBw=">AAACnXicbVHLjtMwFHXCayivAjtYcEUHCQmmSroBIRaV0EiAECoSnY7UVJXj3MxY40fk61REUf+KL2HH3+C0WcAMd2Efn+Nr+xznlZLkk+R3FF+7fuPmrYPbgzt3791/MHz46IRs7QTOhVXWneacUEmDcy+9wtPKIde5wkV+8aHTFxt0JK357psKV5qfGVlKwX2g1sOfmbHSFGh8m+UlHP/gulK4hZQ8WFegg5nD5igMBffWAT XkUcMrCG2E70DXysvw0O68De5ZOMxIashKx0Xapsk209yfO93Ow83b5dFemLzu59UhSAJeFFiAt2BzQrcJuLIku0cGzRSwQWVFWCONYT0cJeNkV3AVpD0Ysb5m6+GvrLCi1sGmUJxomSaVX7XceSmC20FWE1ZcXPAzXAZouEZatbt0t/AiMAWUwXxpjYcd+3dHyzVRo/Ows/NJl7WO/J+2rH35dtVKU9UejdhfVNaqC6H7KiikQ+FVEwAXLngXIM55yMyHDx2EENLLlq+Ck8k4Tcbpt8lo+r6P44A9Zc/ZS5ayN2zKPrIZmzMRPYmm0afoc/wsPo6/xF/3W+Oo73nM/ql48Qd6Ysxb</latexit><latexit sha1_base64="qGGVCmVse5SteyXWe2bMDRZPYBw=">AAACnXicbVHLjtMwFHXCayivAjtYcEUHCQmmSroBIRaV0EiAECoSnY7UVJXj3MxY40fk61REUf+KL2HH3+C0WcAMd2Efn+Nr+xznlZLkk+R3FF+7fuPmrYPbgzt3791/MHz46IRs7QTOhVXWneacUEmDcy+9wtPKIde5wkV+8aHTFxt0JK357psKV5qfGVlKwX2g1sOfmbHSFGh8m+UlHP/gulK4hZQ8WFegg5nD5igMBffWAT XkUcMrCG2E70DXysvw0O68De5ZOMxIashKx0Xapsk209yfO93Ow83b5dFemLzu59UhSAJeFFiAt2BzQrcJuLIku0cGzRSwQWVFWCONYT0cJeNkV3AVpD0Ysb5m6+GvrLCi1sGmUJxomSaVX7XceSmC20FWE1ZcXPAzXAZouEZatbt0t/AiMAWUwXxpjYcd+3dHyzVRo/Ows/NJl7WO/J+2rH35dtVKU9UejdhfVNaqC6H7KiikQ+FVEwAXLngXIM55yMyHDx2EENLLlq+Ck8k4Tcbpt8lo+r6P44A9Zc/ZS5ayN2zKPrIZmzMRPYmm0afoc/wsPo6/xF/3W+Oo73nM/ql48Qd6Ysxb</latexit><latexit sha1_base64="qGGVCmVse5SteyXWe2bMDRZPYBw=">AAACnXicbVHLjtMwFHXCayivAjtYcEUHCQmmSroBIRaV0EiAECoSnY7UVJXj3MxY40fk61REUf+KL2HH3+C0WcAMd2Efn+Nr+xznlZLkk+R3FF+7fuPmrYPbgzt3791/MHz46IRs7QTOhVXWneacUEmDcy+9wtPKIde5wkV+8aHTFxt0JK357psKV5qfGVlKwX2g1sOfmbHSFGh8m+UlHP/gulK4hZQ8WFegg5nD5igMBffWAT XkUcMrCG2E70DXysvw0O68De5ZOMxIashKx0Xapsk209yfO93Ow83b5dFemLzu59UhSAJeFFiAt2BzQrcJuLIku0cGzRSwQWVFWCONYT0cJeNkV3AVpD0Ysb5m6+GvrLCi1sGmUJxomSaVX7XceSmC20FWE1ZcXPAzXAZouEZatbt0t/AiMAWUwXxpjYcd+3dHyzVRo/Ows/NJl7WO/J+2rH35dtVKU9UejdhfVNaqC6H7KiikQ+FVEwAXLngXIM55yMyHDx2EENLLlq+Ck8k4Tcbpt8lo+r6P44A9Zc/ZS5ayN2zKPrIZmzMRPYmm0afoc/wsPo6/xF/3W+Oo73nM/ql48Qd6Ysxb</latexit><latexit sha1_base64="qGGVCmVse5SteyXWe2bMDRZPYBw=">AAACnXicbVHLjtMwFHXCayivAjtYcEUHCQmmSroBIRaV0EiAECoSnY7UVJXj3MxY40fk61REUf+KL2HH3+C0WcAMd2Efn+Nr+xznlZLkk+R3FF+7fuPmrYPbgzt3791/MHz46IRs7QTOhVXWneacUEmDcy+9wtPKIde5wkV+8aHTFxt0JK357psKV5qfGVlKwX2g1sOfmbHSFGh8m+UlHP/gulK4hZQ8WFegg5nD5igMBffWAT XkUcMrCG2E70DXysvw0O68De5ZOMxIashKx0Xapsk209yfO93Ow83b5dFemLzu59UhSAJeFFiAt2BzQrcJuLIku0cGzRSwQWVFWCONYT0cJeNkV3AVpD0Ysb5m6+GvrLCi1sGmUJxomSaVX7XceSmC20FWE1ZcXPAzXAZouEZatbt0t/AiMAWUwXxpjYcd+3dHyzVRo/Ows/NJl7WO/J+2rH35dtVKU9UejdhfVNaqC6H7KiikQ+FVEwAXLngXIM55yMyHDx2EENLLlq+Ck8k4Tcbpt8lo+r6P44A9Zc/ZS5ayN2zKPrIZmzMRPYmm0afoc/wsPo6/xF/3W+Oo73nM/ql48Qd6Ysxb</latexit>



We may extend to first order agent systems with multiple types of agents, with
di↵erent interaction kernels for each directed pair of interactions.

<latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit>

Example 1st order Prey-Predator system. Left: the interaction kernels and
⇢TL’s. Right: trajectories of the true system (left col.) and learned system (right
col.) with an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit>

Examples: multi-type agents + scaling N

N 7! 4N
<latexit sha1_base64="u2ifVQpd3b/l7r2cG9wIpEDSmWA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFQQuLgI1ViGA+IDnC3mYvWbK7d+7uBcKR32FjoYitP8bOf+MmuUITHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzf32hCrNIvlopjH1BR5KFjKCjZX8cr0ncKxNhK7q5X6x5FbcBdA68TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XR8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrzxUybjxFBJlovChCP75DwBNGCKEsOnlmCimL0VkRFWmBibU8GG4K2+vE5a1YrnVryHaql2m8WRhzM4h0vw4BpqcA8NaAKBJ3iGV3hzJs6L8+58LFtzTjZzCn/gfP4AUI6RHA==</latexit><latexit sha1_base64="u2ifVQpd3b/l7r2cG9wIpEDSmWA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFQQuLgI1ViGA+IDnC3mYvWbK7d+7uBcKR32FjoYitP8bOf+MmuUITHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzf32hCrNIvlopjH1BR5KFjKCjZX8cr0ncKxNhK7q5X6x5FbcBdA68TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XR8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrzxUybjxFBJlovChCP75DwBNGCKEsOnlmCimL0VkRFWmBibU8GG4K2+vE5a1YrnVryHaql2m8WRhzM4h0vw4BpqcA8NaAKBJ3iGV3hzJs6L8+58LFtzTjZzCn/gfP4AUI6RHA==</latexit><latexit sha1_base64="u2ifVQpd3b/l7r2cG9wIpEDSmWA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFQQuLgI1ViGA+IDnC3mYvWbK7d+7uBcKR32FjoYitP8bOf+MmuUITHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzf32hCrNIvlopjH1BR5KFjKCjZX8cr0ncKxNhK7q5X6x5FbcBdA68TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XR8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrzxUybjxFBJlovChCP75DwBNGCKEsOnlmCimL0VkRFWmBibU8GG4K2+vE5a1YrnVryHaql2m8WRhzM4h0vw4BpqcA8NaAKBJ3iGV3hzJs6L8+58LFtzTjZzCn/gfP4AUI6RHA==</latexit><latexit sha1_base64="u2ifVQpd3b/l7r2cG9wIpEDSmWA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFQQuLgI1ViGA+IDnC3mYvWbK7d+7uBcKR32FjoYitP8bOf+MmuUITHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzf32hCrNIvlopjH1BR5KFjKCjZX8cr0ncKxNhK7q5X6x5FbcBdA68TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XR8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrzxUybjxFBJlovChCP75DwBNGCKEsOnlmCimL0VkRFWmBibU8GG4K2+vE5a1YrnVryHaql2m8WRhzM4h0vw4BpqcA8NaAKBJ3iGV3hzJs6L8+58LFtzTjZzCn/gfP4AUI6RHA==</latexit>



Example 2nd order Prey-Predator system. Left: the interaction kernels and
⇢TL’s. Right: trajectories of the true system (left col.) and learned system (right
col.) with an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit>

Examples: 2nd order systems



Example with environment (phototaxis)

Example 2nd order Phototaxis model, which includes an environment modeling
light, interacting with the agents. Left: the interaction kernels and ⇢TL’s. Right:
trajectories of the true system (left col.) and learned system (right col.) with
an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="efk7D5q0+6BM64l8dTFH75vRGq8=">AAADNXicbVJNbxNBDN1dvkr4SuHIxSJFpFIVJbmAEIdKCAmJHgJq2kpNiGZnvdkhszOrGW/TKOqf4sL/4AQHDiDElb+AdxNV0GJpJMt+frafJy608tTtfg2jK1evXb+xcbNx6/adu/eam/cPvC2dxKG02rqjWHjUyuCQFGk8KhyKPNZ4GM9eVvnDE3ReWbNPiwLHuZgalSopiEOTzfDNyFhlEjS0HMUpvDoVeaHxDPomAesSdD DILFkSp8pDbhPUOzDPlMxAGanLBD0IA2hOlLMmZ5oVSJkpaDXNaIdxhE5IqkJzRRlQhiCmDPUd2MOUnteRc5g1MENnUFfMCWyNXGYne+/3t54w/l3FyQVOfEBJ1inub9OagFyJ4BeeMIe2Zl5geTrbNYlGwYzJedpVNOt8PRPvoIwiJTRHTaLqMVJn86oVZ3j2RJCANtliRSnA4BysQWjHlsjm251Js9XtdGuDy05v7bSCtQ0mzc+jxMqykk1q4f1xr1vQeCkcKclHaIxKj4WQM1brmF0jcvTjZX31M3jMkQRS6/iZehnr/q5Yitz7RR4zMheU+Yu5Kvi/3HFJ6bPxUpmiJDRy1SgtNZCF6gtBohxrrxfsCOlYKgkyE9Xt+KM1WITexZUvOwf9Tq/b6b3tt3ZfrOXYCB4Gj4J20AueBrvB62AQDAMZfgy/hN/DH9Gn6Fv0M/q1gkbhuuZB8I9Fv/8A/G8G4g==</latexit><latexit sha1_base64="efk7D5q0+6BM64l8dTFH75vRGq8=">AAADNXicbVJNbxNBDN1dvkr4SuHIxSJFpFIVJbmAEIdKCAmJHgJq2kpNiGZnvdkhszOrGW/TKOqf4sL/4AQHDiDElb+AdxNV0GJpJMt+frafJy608tTtfg2jK1evXb+xcbNx6/adu/eam/cPvC2dxKG02rqjWHjUyuCQFGk8KhyKPNZ4GM9eVvnDE3ReWbNPiwLHuZgalSopiEOTzfDNyFhlEjS0HMUpvDoVeaHxDPomAesSdD DILFkSp8pDbhPUOzDPlMxAGanLBD0IA2hOlLMmZ5oVSJkpaDXNaIdxhE5IqkJzRRlQhiCmDPUd2MOUnteRc5g1MENnUFfMCWyNXGYne+/3t54w/l3FyQVOfEBJ1inub9OagFyJ4BeeMIe2Zl5geTrbNYlGwYzJedpVNOt8PRPvoIwiJTRHTaLqMVJn86oVZ3j2RJCANtliRSnA4BysQWjHlsjm251Js9XtdGuDy05v7bSCtQ0mzc+jxMqykk1q4f1xr1vQeCkcKclHaIxKj4WQM1brmF0jcvTjZX31M3jMkQRS6/iZehnr/q5Yitz7RR4zMheU+Yu5Kvi/3HFJ6bPxUpmiJDRy1SgtNZCF6gtBohxrrxfsCOlYKgkyE9Xt+KM1WITexZUvOwf9Tq/b6b3tt3ZfrOXYCB4Gj4J20AueBrvB62AQDAMZfgy/hN/DH9Gn6Fv0M/q1gkbhuuZB8I9Fv/8A/G8G4g==</latexit><latexit sha1_base64="efk7D5q0+6BM64l8dTFH75vRGq8=">AAADNXicbVJNbxNBDN1dvkr4SuHIxSJFpFIVJbmAEIdKCAmJHgJq2kpNiGZnvdkhszOrGW/TKOqf4sL/4AQHDiDElb+AdxNV0GJpJMt+frafJy608tTtfg2jK1evXb+xcbNx6/adu/eam/cPvC2dxKG02rqjWHjUyuCQFGk8KhyKPNZ4GM9eVvnDE3ReWbNPiwLHuZgalSopiEOTzfDNyFhlEjS0HMUpvDoVeaHxDPomAesSdD DILFkSp8pDbhPUOzDPlMxAGanLBD0IA2hOlLMmZ5oVSJkpaDXNaIdxhE5IqkJzRRlQhiCmDPUd2MOUnteRc5g1MENnUFfMCWyNXGYne+/3t54w/l3FyQVOfEBJ1inub9OagFyJ4BeeMIe2Zl5geTrbNYlGwYzJedpVNOt8PRPvoIwiJTRHTaLqMVJn86oVZ3j2RJCANtliRSnA4BysQWjHlsjm251Js9XtdGuDy05v7bSCtQ0mzc+jxMqykk1q4f1xr1vQeCkcKclHaIxKj4WQM1brmF0jcvTjZX31M3jMkQRS6/iZehnr/q5Yitz7RR4zMheU+Yu5Kvi/3HFJ6bPxUpmiJDRy1SgtNZCF6gtBohxrrxfsCOlYKgkyE9Xt+KM1WITexZUvOwf9Tq/b6b3tt3ZfrOXYCB4Gj4J20AueBrvB62AQDAMZfgy/hN/DH9Gn6Fv0M/q1gkbhuuZB8I9Fv/8A/G8G4g==</latexit><latexit sha1_base64="efk7D5q0+6BM64l8dTFH75vRGq8=">AAADNXicbVJNbxNBDN1dvkr4SuHIxSJFpFIVJbmAEIdKCAmJHgJq2kpNiGZnvdkhszOrGW/TKOqf4sL/4AQHDiDElb+AdxNV0GJpJMt+frafJy608tTtfg2jK1evXb+xcbNx6/adu/eam/cPvC2dxKG02rqjWHjUyuCQFGk8KhyKPNZ4GM9eVvnDE3ReWbNPiwLHuZgalSopiEOTzfDNyFhlEjS0HMUpvDoVeaHxDPomAesSdD DILFkSp8pDbhPUOzDPlMxAGanLBD0IA2hOlLMmZ5oVSJkpaDXNaIdxhE5IqkJzRRlQhiCmDPUd2MOUnteRc5g1MENnUFfMCWyNXGYne+/3t54w/l3FyQVOfEBJ1inub9OagFyJ4BeeMIe2Zl5geTrbNYlGwYzJedpVNOt8PRPvoIwiJTRHTaLqMVJn86oVZ3j2RJCANtliRSnA4BysQWjHlsjm251Js9XtdGuDy05v7bSCtQ0mzc+jxMqykk1q4f1xr1vQeCkcKclHaIxKj4WQM1brmF0jcvTjZX31M3jMkQRS6/iZehnr/q5Yitz7RR4zMheU+Yu5Kvi/3HFJ6bPxUpmiJDRy1SgtNZCF6gtBohxrrxfsCOlYKgkyE9Xt+KM1WITexZUvOwf9Tq/b6b3tt3ZfrOXYCB4Gj4J20AueBrvB62AQDAMZfgy/hN/DH9Gn6Fv0M/q1gkbhuuZB8I9Fv/8A/G8G4g==</latexit>

true
<latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit>

learned
<latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit>



Testing hypotheses for agent systems

ExampleWe want to test if a 2nd order system is driven by energy or alignment
interactions. Left: we learn a general model (with both types of interaction)
on a system with only energy interaction terms: we obtain �̂A is u 0. Right:
learning on a system with only alignment term yields �̂E u 0.

<latexit sha1_base64="C61abh+rqyxxQz5UmQBUDWHsH6A=">AAADQXicdVI7b9RAEF6bVzheFyhpRtwhheZkXxOEKIJQJAqKgLhcpPMRrddje5V9mN11LtYpf42Gf0BHT0MBQrQ0rJ0THAlMsRrN4/u+nZm0Ety6KPoUhJcuX7l6beN678bNW7fv9Dfv7ltdG4YTpoU2Bym1KLjCieNO4EFlkMpU4DQ9et7mp8doLNfqjWsqnEtaKJ5zRp0PHW4G00RprjJUbpmkOeyeUFkJPIUpwoIqB06DQ+ uA50BhrDLQJkMDtrEOJXALmeHHqCBtABWaovEFQAUvlPSYwJVDQ1lLZkfwEnP3BBYIAqlRHrBoe6gAqTMUsLXgroRU+6fVakHn6wCPQLc9K+quVivxm3et0ks20nZMOnWUKxgmJXVJVfK3z4at6mFCq8roE3wXDUfwmhelF9ap4qr4D8+fX7Xw0HAUmV1D3l3HPOwPolHUGVx04pUzICvbO+x/TDLN6hafCWrtLI4qN19S4zjzC+kltcWKsiNa4My7ikq082V3Aafw0EcyyP3oc+31ddH1jiWV1jYy9ZWSutKez7XBf+Vmtcsfz5dcVbVDxc6I8lp0Z+FXBBk3yJwfTsYpM9xrBVbSdg3+6Hp+CPH5L1909sejOBrFr8aDnaercWyQ++QB2SIx2SY75AXZIxPCgvfB5+Br8C38EH4Jv4c/zkrDYNVzj/xl4c9fXw0MVw==</latexit><latexit sha1_base64="C61abh+rqyxxQz5UmQBUDWHsH6A=">AAADQXicdVI7b9RAEF6bVzheFyhpRtwhheZkXxOEKIJQJAqKgLhcpPMRrddje5V9mN11LtYpf42Gf0BHT0MBQrQ0rJ0THAlMsRrN4/u+nZm0Ety6KPoUhJcuX7l6beN678bNW7fv9Dfv7ltdG4YTpoU2Bym1KLjCieNO4EFlkMpU4DQ9et7mp8doLNfqjWsqnEtaKJ5zRp0PHW4G00RprjJUbpmkOeyeUFkJPIUpwoIqB06DQ+ uA50BhrDLQJkMDtrEOJXALmeHHqCBtABWaovEFQAUvlPSYwJVDQ1lLZkfwEnP3BBYIAqlRHrBoe6gAqTMUsLXgroRU+6fVakHn6wCPQLc9K+quVivxm3et0ks20nZMOnWUKxgmJXVJVfK3z4at6mFCq8roE3wXDUfwmhelF9ap4qr4D8+fX7Xw0HAUmV1D3l3HPOwPolHUGVx04pUzICvbO+x/TDLN6hafCWrtLI4qN19S4zjzC+kltcWKsiNa4My7ikq082V3Aafw0EcyyP3oc+31ddH1jiWV1jYy9ZWSutKez7XBf+Vmtcsfz5dcVbVDxc6I8lp0Z+FXBBk3yJwfTsYpM9xrBVbSdg3+6Hp+CPH5L1909sejOBrFr8aDnaercWyQ++QB2SIx2SY75AXZIxPCgvfB5+Br8C38EH4Jv4c/zkrDYNVzj/xl4c9fXw0MVw==</latexit><latexit sha1_base64="C61abh+rqyxxQz5UmQBUDWHsH6A=">AAADQXicdVI7b9RAEF6bVzheFyhpRtwhheZkXxOEKIJQJAqKgLhcpPMRrddje5V9mN11LtYpf42Gf0BHT0MBQrQ0rJ0THAlMsRrN4/u+nZm0Ety6KPoUhJcuX7l6beN678bNW7fv9Dfv7ltdG4YTpoU2Bym1KLjCieNO4EFlkMpU4DQ9et7mp8doLNfqjWsqnEtaKJ5zRp0PHW4G00RprjJUbpmkOeyeUFkJPIUpwoIqB06DQ+ uA50BhrDLQJkMDtrEOJXALmeHHqCBtABWaovEFQAUvlPSYwJVDQ1lLZkfwEnP3BBYIAqlRHrBoe6gAqTMUsLXgroRU+6fVakHn6wCPQLc9K+quVivxm3et0ks20nZMOnWUKxgmJXVJVfK3z4at6mFCq8roE3wXDUfwmhelF9ap4qr4D8+fX7Xw0HAUmV1D3l3HPOwPolHUGVx04pUzICvbO+x/TDLN6hafCWrtLI4qN19S4zjzC+kltcWKsiNa4My7ikq082V3Aafw0EcyyP3oc+31ddH1jiWV1jYy9ZWSutKez7XBf+Vmtcsfz5dcVbVDxc6I8lp0Z+FXBBk3yJwfTsYpM9xrBVbSdg3+6Hp+CPH5L1909sejOBrFr8aDnaercWyQ++QB2SIx2SY75AXZIxPCgvfB5+Br8C38EH4Jv4c/zkrDYNVzj/xl4c9fXw0MVw==</latexit><latexit sha1_base64="C61abh+rqyxxQz5UmQBUDWHsH6A=">AAADQXicdVI7b9RAEF6bVzheFyhpRtwhheZkXxOEKIJQJAqKgLhcpPMRrddje5V9mN11LtYpf42Gf0BHT0MBQrQ0rJ0THAlMsRrN4/u+nZm0Ety6KPoUhJcuX7l6beN678bNW7fv9Dfv7ltdG4YTpoU2Bym1KLjCieNO4EFlkMpU4DQ9et7mp8doLNfqjWsqnEtaKJ5zRp0PHW4G00RprjJUbpmkOeyeUFkJPIUpwoIqB06DQ+ uA50BhrDLQJkMDtrEOJXALmeHHqCBtABWaovEFQAUvlPSYwJVDQ1lLZkfwEnP3BBYIAqlRHrBoe6gAqTMUsLXgroRU+6fVakHn6wCPQLc9K+quVivxm3et0ks20nZMOnWUKxgmJXVJVfK3z4at6mFCq8roE3wXDUfwmhelF9ap4qr4D8+fX7Xw0HAUmV1D3l3HPOwPolHUGVx04pUzICvbO+x/TDLN6hafCWrtLI4qN19S4zjzC+kltcWKsiNa4My7ikq082V3Aafw0EcyyP3oc+31ddH1jiWV1jYy9ZWSutKez7XBf+Vmtcsfz5dcVbVDxc6I8lp0Z+FXBBk3yJwfTsYpM9xrBVbSdg3+6Hp+CPH5L1909sejOBrFr8aDnaercWyQ++QB2SIx2SY75AXZIxPCgvfB5+Br8C38EH4Jv4c/zkrDYNVzj/xl4c9fXw0MVw==</latexit>

Example We want to test if a system is governed by 1st or 2nd order interac-
tions. We are able to tell the
di↵erence reliably, by testing
the predictions of the learned
models on trajectories.

<latexit sha1_base64="m1g+b1t9Y0/XaGc+HmNGWGEzbKQ=">AAAC23icbVJNi9RAEO3Ej13j16hHL4WD4EFCMpf14GFBBI8rODsDM2HodCoz7Xa6Q3fHNYT14kERr/4xb/4Nf4GVzCDjrgVNiqpXr6peJa+VdD5JfgXhtes3bh4c3opu37l77/7owcNTZxorcCqMMnaec4dKapx66RXOa4u8yhXO8rNXfX72Aa2TRr/zbY1ZxddallJwT6HV6PdSG6kL1L5b5iW8/sirWuEFzBDOufbgDXh0Hm QJHFzrPFYgHawNkWosIG8hpbSxMNEFfQq0ILVHy0XfwMU9E7f0aKItm1LgNxhFfztDIcsSLWqBYGkTgrbPe+a+s9TrfWhfCrRhIbf8YMohpJAP8+xjK1OgIoQGb/l7FN5YiS5ejcZJnAwGV51054zZzk5Wo5/LwoimIk6huHOLNKl91nHrpSCtomXjsObijK9xQa7mFbqsG25zAU8pUkBJApWGZhqi+xUdr5xrq5yQFfcbdznXB/+XWzS+fJF1UteNJ+W2jcpGDRrToUlUSyurlhwurKRZQWx4fxf6HSISIb288lXndBKnSZy+nYyPX+7kOGSP2RP2jKXsiB2zN+yETZkI5sGn4EvwNczCz+G38PsWGga7mkfsHwt//AE0qOQ+</latexit><latexit sha1_base64="m1g+b1t9Y0/XaGc+HmNGWGEzbKQ=">AAAC23icbVJNi9RAEO3Ej13j16hHL4WD4EFCMpf14GFBBI8rODsDM2HodCoz7Xa6Q3fHNYT14kERr/4xb/4Nf4GVzCDjrgVNiqpXr6peJa+VdD5JfgXhtes3bh4c3opu37l77/7owcNTZxorcCqMMnaec4dKapx66RXOa4u8yhXO8rNXfX72Aa2TRr/zbY1ZxddallJwT6HV6PdSG6kL1L5b5iW8/sirWuEFzBDOufbgDXh0Hm QJHFzrPFYgHawNkWosIG8hpbSxMNEFfQq0ILVHy0XfwMU9E7f0aKItm1LgNxhFfztDIcsSLWqBYGkTgrbPe+a+s9TrfWhfCrRhIbf8YMohpJAP8+xjK1OgIoQGb/l7FN5YiS5ejcZJnAwGV51054zZzk5Wo5/LwoimIk6huHOLNKl91nHrpSCtomXjsObijK9xQa7mFbqsG25zAU8pUkBJApWGZhqi+xUdr5xrq5yQFfcbdznXB/+XWzS+fJF1UteNJ+W2jcpGDRrToUlUSyurlhwurKRZQWx4fxf6HSISIb288lXndBKnSZy+nYyPX+7kOGSP2RP2jKXsiB2zN+yETZkI5sGn4EvwNczCz+G38PsWGga7mkfsHwt//AE0qOQ+</latexit><latexit sha1_base64="m1g+b1t9Y0/XaGc+HmNGWGEzbKQ=">AAAC23icbVJNi9RAEO3Ej13j16hHL4WD4EFCMpf14GFBBI8rODsDM2HodCoz7Xa6Q3fHNYT14kERr/4xb/4Nf4GVzCDjrgVNiqpXr6peJa+VdD5JfgXhtes3bh4c3opu37l77/7owcNTZxorcCqMMnaec4dKapx66RXOa4u8yhXO8rNXfX72Aa2TRr/zbY1ZxddallJwT6HV6PdSG6kL1L5b5iW8/sirWuEFzBDOufbgDXh0Hm QJHFzrPFYgHawNkWosIG8hpbSxMNEFfQq0ILVHy0XfwMU9E7f0aKItm1LgNxhFfztDIcsSLWqBYGkTgrbPe+a+s9TrfWhfCrRhIbf8YMohpJAP8+xjK1OgIoQGb/l7FN5YiS5ejcZJnAwGV51054zZzk5Wo5/LwoimIk6huHOLNKl91nHrpSCtomXjsObijK9xQa7mFbqsG25zAU8pUkBJApWGZhqi+xUdr5xrq5yQFfcbdznXB/+XWzS+fJF1UteNJ+W2jcpGDRrToUlUSyurlhwurKRZQWx4fxf6HSISIb288lXndBKnSZy+nYyPX+7kOGSP2RP2jKXsiB2zN+yETZkI5sGn4EvwNczCz+G38PsWGga7mkfsHwt//AE0qOQ+</latexit><latexit sha1_base64="m1g+b1t9Y0/XaGc+HmNGWGEzbKQ=">AAAC23icbVJNi9RAEO3Ej13j16hHL4WD4EFCMpf14GFBBI8rODsDM2HodCoz7Xa6Q3fHNYT14kERr/4xb/4Nf4GVzCDjrgVNiqpXr6peJa+VdD5JfgXhtes3bh4c3opu37l77/7owcNTZxorcCqMMnaec4dKapx66RXOa4u8yhXO8rNXfX72Aa2TRr/zbY1ZxddallJwT6HV6PdSG6kL1L5b5iW8/sirWuEFzBDOufbgDXh0Hm QJHFzrPFYgHawNkWosIG8hpbSxMNEFfQq0ILVHy0XfwMU9E7f0aKItm1LgNxhFfztDIcsSLWqBYGkTgrbPe+a+s9TrfWhfCrRhIbf8YMohpJAP8+xjK1OgIoQGb/l7FN5YiS5ejcZJnAwGV51054zZzk5Wo5/LwoimIk6huHOLNKl91nHrpSCtomXjsObijK9xQa7mFbqsG25zAU8pUkBJApWGZhqi+xUdr5xrq5yQFfcbdznXB/+XWzS+fJF1UteNJ+W2jcpGDRrToUlUSyurlhwurKRZQWx4fxf6HSISIb288lXndBKnSZy+nYyPX+7kOGSP2RP2jKXsiB2zN+yETZkI5sGn4EvwNczCz+G38PsWGga7mkfsHwt//AE0qOQ+</latexit>



Conclusions
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· Learning agent-based type system may be performed e�ciently, nonpara-

metrically, at least in special cases, notwithstanding the high-dimensional

state space.

· Important generalizations: 1st- and 2nd-order, multi-type; more general

interaction kernels.

· Hypothesis testing; transfer learning; dictionary learning for dynamical

systems.

· Many open problems. E.g.: quantifying information needed for learning;

stochasticity; hidden variables; general interaction kernels; ...

· Many applications: biological systems, particle systems, learning forces in

molecular systems, ...
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