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Main motivations

[1 Hyperbolic systems of conservation law with source term
1

orw + O, f(w) = =S (w) w € ()
%

e Steady states

1 Manifold given by
O f(w) = =S(w) =
g M ={w € Q; g(w) =0}

e Asymptotic diffusive regime: v — 0

[1 Finite volume schemes
e Numerical approximations of the weak solutions
e Robustness
e Exact capture of (a part of) M
e Asymptotic preserving



Outline

[0 A chemotaxis model (with A. Crestetto and F. Foucher)
Godunov type well-balanced scheme
e Model and main properties
e Godunov type scheme
e Characterization of the approximate Riemann solver
e Robustness and well-balanced properties

e Asymptotic preserving property

[1 Asymptotic convergence rate (with M. Bessemoulin and H. Mathis)
e relative entropies to estimate the asymptotic convergence rate
e A continuous estimation by C. Lattanzio and A. Tzavaras

e Fixtension to a semi-discrete scheme



A model of Chemotaxis (Ribot et al 2012 - 2014)

[ 0ip + Oppu =0 X, o, D, a,b given parameters
$ Bepu+ 0z (pu® +p(p) = —xpde® —apu  Q={weR’ p>0,ucR,® >0}
\ 0:® — DO, ® = ap — bd p(p) = dp”

[1 Steady states at rest

u=2>0

e(p) — xP = cste e(p) =96 i p? ! + cste

solutions of D0, P — bd = ap

if p=20: ¢ (x) = Acosh (:L\/E)—I—Bsinh (x\/g),
if p>0, C<O0: qb(m):Acos(w |C’|>—}—Bsin(x\/|ﬁ|)—q§p, p(x) =25 (¢ (x) — K),



[] Asymptotic behavior
Rescaling: t — t/v (long time) and o — /v (dominant friction)

Limit v — 0 to get a diffusive regime

atp — ax(({)xp — Xpaxq))
DOy ® =0D — ap

[1 Objectives
e Robustness (p > 0 and & > 0)
e Steady state preserving (well-balanced)

e Asymptotic preserving

Godunov type strategy (CB and Chalons 2015)



Godunov type scheme

Osp + Ozpu =0
Orpu + O, (pu* + p(p)) = —xp0® — apu ® given

~

[1 Approximate Riemann solver: w

A 0

A, <0< Ag HLL type solver

Source term — stationary contact wave

wL wWR

X

e Harten-Lax-van Leer consistency condition

A—x/ w (x, At; wr, wgr) de = A—x/ wr (x, At;wr, wg) dx
—Ax/2 —Az/2

1 Ax/2 1 At
A /_Mm@b (z, Aty wr, wg) do = 5(wL+wR)+A—ZE()\L(wL_wz)Jr)‘R(wﬁ_wR))



Because 9f the source term, wx stays unknown

wp (@) t;wr, wgR) constant is not a natural solution
w; O3 wp (1) Az/2 At
- / / (atw + 0, f(w) = S(w))dmdt
wr, Ax/2 J0
A—/ wr (x, At;wr,wgr) dr = =(wg, + wg) —|——/ / w)dxdt
L J_Ax/2 2 Ax/2
1 A 1
- flwr(Ax/2,t))dt + Az ), f(wvz( Ax/2,t))dt

Approximation

wr(—Azx/2,t) ~ wyp
wr(Ax/2,t) ~ wg



As a consequence

1 A2 1 At
A / pr (z, At;wr, wr)dz ~ - (pL + pr) — ~— (PRUR — pLUL)

Az J_ Az 2 Ax
1 A2 1 At, )
Ar A /Q(PU)R (2, At;wr, wr) dx ~ §(pLuL + PRUR) — A—x(pRuR +Ppr — pLuz, — Pr.)
At Ax/Q
—I—AtSR—oz/ / (x,t;wr, wgr) drdt
ACE‘ Aw/Q

At pAx/2
0, ®dxdt
S’ = AtAa:/ /M/gm !

e Approximation Sz ~ S* to be defined (independently from At)

e Approximation

o / (pu)r (z, At;wy,wr) dx ~ F(At)

Ax —Ax/2
solution of the following integral equation
1 At At
F(At) = 2(,0LuL +pRuR)—A—(pRuR+pR prui —pr)+AtS* —a F(t)dt
0



[1 Consistency conditions

AL(pL — p1) + Ar(PR — PR) = PLUL — PRUR

Ar(prur — ppul) + Ar(PRUR — PRUR) =
1
aAt

8%

(72 —1) (g(PLUL + prur)Ar — (pruk + Pr — pLui — pr) + AfES*)

[ Flux continuity: pru} = ppup

[1 Well-balanced conditions

X PR —PL
S* = bp —
AazeR—eL( = )
* *
o
er L — XoL = ep—2 — xbr
PL PR



~

[1 Approximate Riemann solver: w

U =0, p given

{8th>—|—8m\Il—ap—b<I>

[1 Harten-Lax-van Leer consistency condition

1 Az/2 1 Az /2

(I)(ZE,At;wL,’LUR) dx (I)R (x,At;wL,wR) dx

A—ZC —Az/2 _A—l' —Azx/2

Main difficulty: Evaluate ®5

Az /2 At Az /2 At
/ (0:® — DO, V) dedt = a/ / pR(x,t)dazdt—b//@R(x,t)dmdt
0 0

—Azx/2 —Azx/2
Approximations
—— t)dr ~ — - — —
Az |- nuso pr(z,t)dx 2(/)L‘|‘PR> Ax(pRUR pLUL)
- 0 V(x,t)de ~ — (Vg — U
5 Ly 000 o)



Godunov type scheme

~

[ ] Approximate Riemann solver: w

h® + 0,V = ap — bP
T PR
U =0, p given

[ ] Harten-Lax-van Leer consistency condition

— Sr(x,t)dr ~ G(AL

G(At) solution of the following integral equation

At At At?

1
G(A?) :5(% + ®R) + DA—$(\PR —UL)+a (7(” +ror) - 2Az

At
b [ G)dt
0

(PRUR — PLUL))



[1 Godunov type scheme

with =Wl — ﬁ—; (Ai_%,R (wy — W a R) —AirLL (w? ~ Wity L))
n+1 n n * 1 X
o, * = Q7 — m (Ai—%,R ((I)i - (I)z'—%,R) - )‘@Jr%’L ((I)Z (I)H%’L))
[ Definition of ¥?
n 1 n n
yn = 2A:13((I)’+1 O ) x E(Ax)
E(Ax) is consitent with 1 lim &(Ax) =
Ax—0
We impose
( A2
L b it p=20
2 cos (\/BA:B) —1
Az? C
£(Ax) = L if p>0, C<0
2 cos (\/\C’|A:L’) —1
Ax? C
v it p>0, C>0
2 cosh (@Am) —1

to recover the steady states



Theorem
e Robustness (adopting a local cut-off, Chalons et al 2014)

pi r = min(max(0, p},_z),2p" ")

n+1 n+1
(I)HLL) = p, 20 and @ >0

E,R = min(max(0, CDE,R), 2

e Well-balance property



Asymptotic diffusive regime
[1 Rescalling
u = vu”, t=t"/v and a=a" /v,
— Rescalled system given by
(V0w p¥ 4+ 10, (p"u”) =0,
V20 (V) + O, (yzp”(u’/)z _|_p(p1/)) — POy — ¥ prul
V0@ — DO = ap’ — b,

/"

— Chapman-Enskog expansion
p =p"+0()  p'u’ =pu’+0) ¢ =¢"+0(v).
— Zero-order governed by
( 0 X 0 0 1 0
O p~ + Oy (—Vp 0:¢” — — 0:p(p )) =0,
Q Q

D0 = b8 — ap”,

I\

1 X
pu’ = ——0,p(p”) + 509"
(8 (87

\



Asymptotic preserving scheme
+1 __ At
= 2 g (0 ) g (- v2)
+1 _ At
ot = o = 25 (e (98 - 0y ) ~ Ay o (00 - 904 ))
[] Rescalling
(un) = v(u))”, At = At" /v and a=a" /v,

— Simplification

AR = —AL = A )\qur\/p’(p):O(l)

< CFL restriction
1

57

At
vAx I?eazx <)\i+1/2> -



[] In the limite v — 0

At e (p?
i =P - : (p? | (fz'_l/z ((pw)7" = (pu)i'1) + Liv1y2 ((pm?“ - <pu)?)>

+ A\CcorrL <£i+1/2 (6 (ﬂ?ﬂ) — € (P?)) — €i+1/2 (e (p?’) — € <10?—1)> )

4+ ACorrX(liva /2 (881 = 81) = bima o (@7 — 610))

_" p(pi1) —p(Pi1) X n n
(pu); . (_ IAT + 5({P6w¢}i—1/2 + {Paa:¢}z'—1/2)
1 1 n
+ 5 (ACorn = 3 ) (s = 26002 + (u)is) + ()] — (pu)?™)
(0:0)ih1 — (020)i1 O g + 207 + &7y pi—1 + 207 + pityy n+l  n
where we have set
1
€i+1/2 —

e (p?) /p? +e(pfq) /pMq

The scheme is consitent with the asymptotic regime



Numerical results

Influence of v at x =10, L = 3, Az = 0.01.

e

30




Convergence rate as v — 0

[] Simpler model: p-system

Rescalling
T —Oyu =10 t—t/e 8,7 — O,u¢ = 0
{ Ou + Ozp(T) = —ou U — €u’ { 20, + 9,p(1) = —ou
a— afe
[1 Asymptotic regime
T — 0, u =10
Op(T) = —0ou

[1 Relative entropy

2
€ 2

n® (T, u|T,u) = E(u —u)*— P(r|7) with P(r|7)=P(r)— P(7) —p(T)(1 —7)

To satisty

00 (v, 7, 0)+ 5 0utb (7% 0 7, ) = —0 (6 ~0)* +— Dyp(T) () + - Daup(7) ()



[] Lattanzio and Tzavaras estimation
Introduce

Assume
oeT>c>0
® [[022p(T)|| Lo (@r) < K < +00
o [[0nen(T)||2(@r) < K < 400

Then
o(t) < C(p(0) +¢e*)  te0,T)

[1 Objective: Recover this estimation with numerical approximations



Semi-discrete scheme

[ p-system: semi-discrete scheme (7;(%), u;(t))

dT@'_L(. _ )+L(. —or i)
dt — 2A$ Ui+1 U;—1 QA.CIZ Ti+1 i Ti—1
dui 1 0 A

dt — T 922Ax (p(Tiv1) — p(Ti-1))

— Ui ga (Ui

— QUJ@ + ’UJi_l)
[J asymptotic regime: semi-discrete scheme (7;(t), w;(t))

dT; 1

A

= A (Uit1 — Uji— o (Tit1 — 27 + T4
dt 2Aaj(u+1 “ 1)+2A:13(T+1 Ti+ Tim1)

—%ﬁ( (Tit1) — p(Ti—1))

u; =



[ Relative entropy: n; = n(7;, u;|T;, U;)
o 1 p(Tig2) — 2p(Ti) + p(Ti—2)

dn; 1 Yig12 — Vi1 B
TR Az = —olu W)+ 2 2A7) p(7ilTi)+
e? d p(?i—l—l) _ p(?i—l) — T u
o dt ( 2Ax )(uz—uz)—l—RZ TR
R = EQL(WH 2u; + ui—1)(u; — ;)
2Ax

A

Ri = 5, (p(T) = p(70))(Ti41 — 27+ Tio1) + P (Te) (i1 — 276 + Ti1) (i — T4))

1

[ By summation: ¢(t) = .., n:i(t)Az

¢(t . :—O'/ Z _Uz Aa:'ds—l— / ZPTH—Q _22];7;))"‘]7(7_1 2) (TZ|?Z)AZIZ‘d8

1€7 1EZL

+ ?/0 th (p(ﬂ“)z;p(ﬂ—l)) (us —uZ)Aa;ds—l—/ > (RT +R¥)Axds

X
1E€EZ




Sketch of the proof of the convergence rate

[ 1 Estimations of Lattanzio and Tzavaras

t
/ 5 Pree) ST SR i) Ads < S 1Dep() [ 05)ds

(2Ax)?
1EZ
T®+1 ,p(Tz 1) _
e ) Axd
2 (A e

< 2/ S (ws — )2 Azds + C|[ Dayp(7) o<

1E€EZ

[ ] Estimation of the viscous terms

. / S REAwds < _/ S (s — )2 Awds + C(0, || Dy 2)e?

1EZ 1EZ

o [ S RIAwds < CODTIs 1D2aTle) [ 66

1E€Z



Theorem: Assume 7 > ¢ > 0 and

o ||Dip(T)| 2 := (/ ZAm

£ (i)

1EZL
P(Tive) — 2p(Ti) + p(Ti—2)
° Dy.p Loo := Sup sup <K
| (7) ] Sub sup (A1)
- 5 1/2
o Ti+1 — &T5 + T Ti—1
o || DyuT||ree = (/ > Az ( s ) ds> <K
1EZ
° HDa:?HLOO = sup sup ‘Ti—i—l —Tz'| S K
tel0,T] i€Z Az
- 1/2
. Uj+1 — 2U4 +u U;—1
o ||Dy. e = </ %A ( <5 ) ds> <K

Then ,
b(t) < $(0) + Ce* + C / b(s)ds
0

to get the convergence rate

o(t) < (#(0) + Ce*) e Wt <T

0 1/2
ds) < K



[J Jin-Pareschi-Toscani scheme (98)
— Refomulation

&J—&Eu =0

O + Opp(T) = —6% (Ju + (1 — 52)&,3]9(7'))

— Splitting scheme

( +1 At
Tzn 2 :TZL A (g’Z-—F% _gT )
9
n+i At
\’U,z 2 :’U,Z:L——x (gzu_i_é _g;u é)
1
T’Ln+1 — T’l;n/_i—Q
. ntl n+1 n+1 n+1 _
w g — 1 0un+1 + (1 - 52)p(TZ+§ )~ p(T’L—ﬁ ) Titd T
At e? Ax
— Expected result
= Y )
1€
< (gbo + 054) eCN Vn < N




Numerical experiments

0.01

0.01

Phi(eps) —— Phi(eps) ——
00001 |  €Ps™ 00001 | €Ps™
1e-06 | ] 1e-06 |
1e-08 | ] 1e-08 |
1e-10 | ] 1e-10 |
1e-12 | ] 1e-12 |
le-14 | ] le-14 |
le-16 ‘ ‘ 1e-16 ‘ ‘

0.0001 0.001 0.01 01 0.0001 0.001 0.01 0.1
eps . < O eps
S1 ZT
2
To(x) = To(x) = exp(—100x~) + 1
1 s1 x>0
uo(x) = 0x10(x)
Ugp (ZC) = 50

Number of cells: 800
Final time of simulations: 7" = 1072



Thanks for your attention



