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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Boltzmann equation

o Boltzmann equation:

887‘:+Vm(cf):Q(f7f)7 t€R+, :l':ERS, CGR3

o Macroscopic quantities:

o Density: p(t,z) =m / f(t,x, c)de
Zensity o3

. _ m
e Velocity: u(t,z) = o) As cf(t,z,c)de
. _ m _ 2
o Temperature: T'(t, ) = 73/)(15’:”)1% 0 le —u(t,®)|” f(t,x, c)de
o Equilibrium (Maxwellian):
p M—uP)
M) = ———— .
(© = i GrRT)/2 exp( 2RT

2/28



Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Grad's moment method

o Ansatz:

Jc—u(t-m)P)

N
t,a:,c = B oo, (g 254 ©°00@5., @
D D

N
_ Z iy, (L, w>®£7.<,f:}f>‘T<t’m)J(C)

n=0

o Grad’s moment equations:

/ Ciy - Cipy [0sf + Vg - (cf)] dc:/ ciy ¢, Q(f, f)de
R3 R3

TLIO,"',N il""yin:17273
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N
t,a:,c = B oo, (g 254 ©°00@5., @
D D

N
_ Z iy, (L, w>®£7.<,f:}f>‘T<t’m)J(C)

n=0

o Grad’s moment equations:

/ Ciy - Cipy [0sf + Vg - (cf)] dc:/ ciy ¢, Q(f, f)de
R3 R3

TLIO,"',N il""yin:17273

o Taking moments < Taking the inner product:

@, oo = [

/}R3 i ~g(c)de <g7¢,1...1n>

(f1, f2) = / fi(@) fo(e)[6* T (@) " de
R3
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Grad's moment method

o Ansatz:

Jc—u(t-m)P)

N
t,a:,c = B oo, (g 254 ©°00@5., @
R D G

N
_ Z iy, (, w>®£7.<,f:}f>‘T<t’m)J(C)

n=0

o Grad’s moment equations:

PR 8 f + Va - (ef)] = PRTIQ(S, 1)

where P][\?L’T] is the projection operator onto the space

span {qSE?’TZ]n

o Taking moments < Taking the inner product:

T
/11@3 Ciy + - cipg(e)de = <97 ¢£?1]n>

(2= [ (@@ e) " de

n=0, N} c L? (R%[pT)(c)] " de)
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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Hyperbolic moment method
o Grad’s moment equations are not globally hyperbolic!
o Grad’s moment equations:
PR Do + PR (cin ) = PRI, £)

o Hyperbolic moment equations:

PR o + P (Pl 0w £) = PRTIQU 1)
@ The system is globally hyperbolic
© The balance law form is lost

Balance law:

ow  OF(w) _

ot or  Lww

Weak form:

/ / —dxdt+/ /wTdedt:/ /cpTP(w)wdzdt
R+ R+JR ox RTJR
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Hyperbolic moment method

o Grad’s moment equations are not globally hyperbolic!

o Grad’s moment equations:
PRt + P (et £) = PR T1QUE )
o Hyperbolic moment equations:
PR ons + PR (air ! 0a ) = PRTIQUE )

@ The system is globally hyperbolic
© The balance law form is lost

Balance law:

ow , OF(w) =P(w)w
ot ox
Weak form:
d d d [ F 1722 4zd
wcp}tozv—I— w zdt + ('waxt
7
7/ /cp P(w)wdzdt
R+JR
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Hyperbolic moment method
o Grad’s moment equations are not globally hyperbolic!
o Grad’'s moment equations:
PR Tous + PR e 1) = PRTIQU 1)
o Hyperbolic moment equations:
PRt + PR (cir ! oa ) = PRETIQU )
@ The system is globally hyperbolic
© The balance law form is lost
General first-order quasi-linear system:

ow ow
A — =P
o TAWG, =Pw

Weak form:

/m/ 7dmdt+/k+/ *dxdt // ¢ P(w)wdedt
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Hyperbolic moment method

o Grad’s moment equations are not globally hyperbolic!
o Grad’'s moment equations:

PYTonf + P edn, ) = PRTQUS 1)
o Hyperbolic moment equations:
PhTouf +PRT (eir i on f) = PRTIQU )

@ The system is globally hyperbolic
© The balance law form is lost

General first-order quasi-linear system:

ow ow
A — =P
T e (w)w
Weak form:
/w <p}t Oda;—I—/ /w d:cdt—/ /cp A(w)—dzdt
R+

7/ /cpTP(w)wdxdt
R+JR
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Moment methods and adaptive basis functions

@ Ansatz in the moment methods:

\c—u(t7a:)|2
ft,x,c) E @iy iy, (B ) Cip -+ Gl €XP | —————r
ain b 2o s ( RT(t,x)

o u and T add adaptivity to the basis functions!
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Moment methods and adaptive basis functions

@ Ansatz in the moment methods:

\c—u(t7m)|2
ft,x,c) E @iy iy, (B ) Cip -+ Gl €XP | —————r
e N ( RT(t,x)

o u and T add adaptivity to the basis functions!
@ General route chart for adaptive methods:

SOLVE (EVOLVE) — ADAPT MESH — UPDATE SOLUTION
o Application in the kinetic theory:
o SOLVE:
=" = AtVa - (ef ") + AQU™, )
o ADAPT MESH:
nt1 _ (ef" nt1_ (le— w2

T B 3R(frt1)
o UPDATE SOLUTION:
prt P%Lnﬂ)Tnﬂ]f,nﬂ

° P][:,L’T] keeps moments up to Nth order = P][GLI’TI]P][:,Q’H]Q = P%“’Tl]g
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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Numerical scheme based on adaptive basis functions

o Discretization of spatial derivative (Lax-Friedrichs):

At

m+1 n n n n en

fjJr :f]‘ *‘Ax(Fj+1/2*Fj71/2)+AtQ(f ad )
1 ” Az "

Fiap =g |affntaff - o (hn - 7))

@ Final scheme:

At
n+1 _ pn+l en n mn n+41 n rn
fj —Pj fj Az Fgr_F )+At7>j Q(f odf )
where
prat _phed
-~ 1
Fir=3 [P?H(le 1) + PP ef]) - (7’”+1 1~ Pgﬂﬂfﬂn)}
Fn _ 1 anJrl n Pn+1 n AQ? fpn+1 n Pn+1
=5 |7 (erfiq) + PP (enfj )_ ( 7] 1)
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Relation to the moment methods

n @ ) At =n n n n n
£+t = PRy — S - )+ AT )

J j J Ax

~ 1

B =3 [P @) + Pprian) - St g - )]
m 1 n n n Az n n n

Ffy = 5[? Haffo) + PP fp) - P - Prr j_l)}

What are we really solving?
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Relation to the moment methods

n @ ) At =n n n n n
£+t = PRy — S - )+ AT )

J j J Ax

~ 1

B =3 [P @) + Pprian) - St g - )]
m 1 n n n Az n n n

Ffy = 5[? Haffo) + PP fp) - P - Prr j_l)}

What are we really solving?

o Apply 73;.’ to the scheme
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Relation to the moment methods

n en+ n en At on i) n n rn
Pj fj 1 _pj fj — 7(Fj,r — Fj,l)+Atpj QU™ ™)
Fvn _ 1 zp'n n ) Pn( n) Az Pn n zpn n
it T 9 j(cl s+1) +Pjlenf;) — ﬁt( JJi+1 j]j)
mn 1 n n n n n £n n en
Fj’1_§ |:’Pj (le]- 1)+73], (lej)_it(Pj fj _79]_ 7 1):|

What are we really solving?

o Apply 73;.’ to the scheme
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Relation to the moment methods

n en+ n en At on i) n n rn
Pj fj 1 _pj fj — 7(Fj,r — Fj,l)+Atpj QU™ ™)
Fvn _ 1 zp'n n ) Pn( n) Az Pn n zpn n
it T 9 j(cl s+1) +Pjlenf;) — ﬁt( JJi+1 j]j)
mn 1 n n n n n £n n en
Fj’1_§ |:’Pj (le]- 1)+73], (lej)_it(Pj fj _79]_ 7 1):|

What are we really solving?

o Apply 73;.’ to the scheme

@ Rearrange the terms:

W (T 3G+ ) e —edR ) e
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Relation to the moment methods

n en+ n en At on i) n n rn
Pj fj 1 _pj fj — 7(Fj,r — Fj,l)+Atpj QU™ ™)
Fvn _ 1 zp'n n ) Pn( n) Az Pn n zpn n
it T 9 j(cl s+1) +Pjlenf;) — ﬁt( JJi+1 j]j)
mn 1 n n n n n £n n en
Fj’1_§ |:’Pj (le]- 1)+73], (lej)_it(Pj fj _79]_ 7 1):|

What are we really solving?

o Apply 73;.’ to the scheme

@ Rearrange the terms:

Pr (fjw = sUin b Gy | elin le}il) = PPQU™, ™)

At 2Ax

o Grad's moment equations:

PT 8 f + Ve - (ef)] = PRTIQ(S, £)
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Relation to the moment methods

n n en At on i) n n rn
PRI = PR = (B = ) + ALPRQU™, )
Fvn _ 1 an n ) Pn( n) Az Pn pn n
ir = 5 |Pi(efin) + Pi(efi) — (PP fiha — P f7)
n 1 n n n n Az n en n en
Fipn=3 [7’3' (e fi) +Pief) — 5 (PR S7 —P; j—l)}

We are solving Grad’s moment equations!

o Apply PJ’.’ to the scheme
@ Rearrange the terms:

ntl _ lifn n no_ e fn
R (fj SUEREA SN le”lmffj_l) — PRQU™, )

o Grad's moment equations:

PT 8 f + Ve - (ef)] = PRTIQ(S, £)
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Another idea of using adaptive basis functions

= ylaPiriat ;- 52 -0 | Epem Y Pt ) - B2 -3

= *—( — Fi) + AtPFQST f7)
I (ef*) n+l_ (Je—uf ™27
J ( ﬁ+”7 J 3R< n+”

n+1 n+1z7n+1
P =PI
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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Relation to the moment methods

n n n At mn on n n gn
=Pty = = B + AtPEEIO(M, )

n 1 n n gn n n Ax n n n
=3 [Py ]+1>+Pj+1<c1fj>—E(P g, e
i) 1 n n n n n n
FJ'J 2 {P +1(C Pj f371)+7) +1( fg) (7) +1f3 P]' 7L1fj71)i|

What are we really solving?
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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Relation to the moment methods

n n n At n on n n gn
=Pty = = B + AtPEEIO(M, )

nn 1 n n en n n Az n n n
Fo=3 [Prri@pripa + Pﬁl(clfj)——m P £ = P
n 1 n n en n n n n
By = 5 [P @y i) + Py - B2y P

What are we really solving?

By applying 73]" and rearrangement, we get

(T =R+ ) aPlifR —aPi U
73]' ( J 2 A]t J + J+2Ax Jj’3 =7’jQ(f )
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Relation to the moment methods

n n n At n on n n gn
=Pty = = B + AtPEEIO(M, )

nn 1 n n en n n Az n n n
Fo=3 [Prri@pripa + Pﬁl(clfj)——m P £ = P
n 1 n n en n n n n
By = 5 [P @y i) + Py - B2y P

What are we really solving?

By applying 73]" and rearrangement, we get

(T =R+ ) aPlifR —aPi U
73]' ( J 2 A]t J + J+2Ax Jj’3 =7’jQ(f )

Hyperbolic moment equations:

PR (8ef + Pl Toe. ) = PRI )

N
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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Relation to the moment methods

n - @ At =n —n n n n
Frrt=prtlpn - S8 (BR B 4+ AtPITIQU, 1)

J ' J Az )
n 1 n+1 n en n+1 n Az n+1 n+1 pn
Fj,r 5 P (c 77 ]+1) 73']- (lej )= E(PJ ]+1 Pj f]’ )
n 1 n n gn n n n n
By = 5 [P @y i) + Py - B2y P

We are solving hyperbolic moment equations!

By applying 73]” and rearrangement, we get

o G G R T 2 SR 2 o
73]' ( J 2 A]t J + J+2Ax Jj’3 =7’jQ(f )

Hyperbolic moment equations:

PR (8ef + Pl Toe. ) = PRI )

N
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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Shock tube problem

p=p,u=060=1 o=—pr,u=00=1
Density Pressure

7 4
. .
s s
Grad: * 1
2 A
: :

35 v 5 o o 35 s 5 o o
o 7
. .

Hyperbolic:

)
2 A
: :

35 T 5 o 5 35 = 5 o o
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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Collision operator
o Linearized collision term:
cp)= [, [ [ KUM@ MEengBlg 0 sinxdx dm des
K[l(e, e1,m,x) = ¥(ch) +9(ch) — ¥(ex) —v(e)

@ Ansatz for the distribution function:

i, i i %f (t,)[RT(t,2)]" 5 @ c—ut,x)
x, C Imn(l, , @ oo RT(t,m

=0 m=—1In=0 )

@ Basis functions:

_ 2P rsayn) (e ey (6 &1°
q)lmn(g) - TLTL (7) |§‘ le (E) €xp (77>

@ Linearized collision operator applied to the ansatz:

L

! NN 2n’ 41/ 43 c—u
=3 3 5 S i (R 2y, (S22

=0 m=—In=0n’=0
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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

The coefficients a,;,

L l N N
n'+1"43 cC—u
PETIL =3 3 30> G fomnr (RT) ™25 0y, (—f)
=0 m=—In=0n’'=0 A

o The values of d;,,,7 = ajnyr/|az00| for Maxwell molecules:

Gonn = diag{0,0, —0.666667, —1, —1.22814, —1.40369, —1.54745, —1.66980, —1.77672,- - - }
@1pp = diag{0, —0.66667, —1, —1.22814, —1.40369, —1.54745, —1.66980, —1.77672, - - - }
onp = diag{—1,—1.16667, —1.34222, —1.49147, —1.61932, —1.73098, —1.83018, - - - }

Ggnn = diag{—3.08328, —3.22791, —3.42659, —3.62404, —3.80956, —3.98174, —4.14143, - - - }

@ The values of a;,,,,//|a200| for hard-sphere molecules:

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 eoo 0 —0.666667  0.125988  0.0128586 0.00274147

0 0 —0.666667 0.154303 0.0181848 .- 0 0.125988 —1.07143  0.250295  0.0305672
aopns = |0 0 0.154303  —1.10714  0.282001  --- aipns = [0 0.0128586  0.250295 —1.40303  0.358666

0 0 0.0181848 0.282001  —1.452 0 0.00274147 0.0305672  0.358666 —1.68819

=il 0.133631  0.0111359  0.0020561 - -- —1.5 0.227284  0.0209394  0.00420299
0.133631  —1.22024  0.24256  0.0262852 --- 0.227284 —1.64187  0.332994  0.0373019
@ _ | 0.0111359 0.24256 —1.47433  0.344432  --- 0.0209394 0.332994 —1.82502 0.42449
2nn! =

0.0020561  0.0262852  0.344432 —-1.71982 ... @nf = 0.00420299  0.0373019 0.42449 —2.01665
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Coefficients ayy,,, for hard-sphere molecules
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Coefficients ayy,,, for hard-sphere molecules
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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

The coefficients ay,,,, for inverse-power potentials

o Inverse-power potential with viscosity index 0.72:

0 0 o0 0 0 0 0 0
0 0 0 0 e 0 —0.666667 0.0699934 0.0103186 0.00252586
0 0 567 0.0857241  0.0145928

0 0.0699934 —1.0338 0.

36 36919 0.0243102
Aopn’ = | 0 0 0.0857241  —1.05071 0.152972
0

Aipns = [0 0.0103186 0.136919 —1.31159 0.193332
0 00145928 0152072 —1.33463 .- 0 000252586 0.0243102 0193332  —1.53972
-1 0.0742302  0.0089362 000189439 0.126269  0.0168032  0.00387244
0.0742392 —1.19202 0.133449 0.0209769 0.126269 —1.60731 0.183875 0.0298685
wo . _| 00089362 0.a33449 140633 0as77os | | 00168032 0.183875 174768  0.232508
2 = 0.00180439  0.0209769 0187704 —1.60277 .- | %" T | 0.00387244 0.0298685 0232508  —1.89131
o Inverse-power potential with viscosity index 0.81:
0 0 0 0 0 0 0 0 0 0
00 0 0 0 0 —0.666667 0.047875 0.00791576 0.00203643
0 0 —0.666667 0.0586353 0.0111946 - -- 0 0.047875 —1.02153 0.0931770  0.00791576
guns = [0 0 00586353 —1.03230 0103809 - | iy =]0 000791576 00931770 128134  0.130867
0 0 00111946 0.103809 —1.29590 --- 0 000203643 0.0185044 0.130867  —1.49034
-1 0.0507796  0.00685525 0.00152732 —-1.5 0.0863680 0.0128903  0.00312208
0.0507796  —1.18282  0.090988  0.0160630

0.0863680  —1.59427  0.0128903  0.0228829
0.00685525  0.090988  —1.38322 0.127505  --- aa , — | 00128903  0.125419  —1.71907  0.158046
0.00152732  0.0160630 0.127505 —1.56266 oeo 05 0.00312208  0.0228829  0.158046 —1.84562

A2nn! =
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Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Heated cavity

Type of the gas: Maxwell molecules
Temperature of the bottom wall: 600K
Temperature of other walls: 300K
Knudsen number: 0.3

Number of moments: 816 (~ 9.343)

Temperature Shear stress

15 /28
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Lid-driven cavity

Type of the gas: Inverse-power-law gas with viscosity index 0.81
Mach number of the top lid: 0.16

Temperature of the walls: 273K

Knudsen number: 1.0

Number of moments: 8436 (~ 20.36%)

Temperature

Heat flow
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Convergence of the two methods

’ Is the moment method convergent when N — oo?
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Convergence of the two methods

’ Is the moment method convergent when N — oo?

|

lim P Tlf = f2

N—ooo *
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Convergence of the two methods

’ Is the moment method convergent when N — oo?

lim PTlf = 2

N—o00

fer? (RS; [(F)[u.’l‘](c)]71 dc)?
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Convergence of the two methods

’ Is the moment method convergent when N — oo?

lim PTlf = 2

N—o00

fer? (RS; [(F)[u.’l‘](c)]71 dc)?

This assumption is too strong...
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Heat transfer between plates

=
Y

Diffuse reflection:

_ i |ef? e
f(t,w,c)—mexp ~SRTW ) if ¢n<0

w [ 2w
p =m / c-n)f(t,z,c)de

where

18 /28
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Heat transfer between plates
Steady state solution:

o Collisionless case: (05 f = 0)

p1 e|? )
— - fe1>0
m(2nRT1)3/2 eXp( 2RT1) e

frr(z,¢) = )
. — exp (— ] ) ifc1 <0
m(2n RT,)3/2 2RT»

p1VTh = p2/ T2, T =TT,

If Ty =1 and Ty = 5, then T = /5.

10 /28



Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Heat transfer between plates
Steady state solution:

o Collisionless case: (05 f = 0)

p1 e|? )
— - fe1>0
m(2nRT1)3/2 eXp( 2RT1) e

frr(z,¢) = )
. — exp (— ] ) ifc1 <0
m(2n RT,)3/2 2RT»

p1VTh = p2/ T2, T =TT,

If Ty =1 and Ty = 5, then T = /5.
[ ez (P (607e)) " de
R3

r3 L 1 2
2 exp |:( = ) |C‘ j| dC = 400
m2(2rRT2)3 Je, <o 2RT RT»

frr(c) ¢ L? <R3; [¢[“>TJ(C)] - dc)

10 /28
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From weighted L? to normal L?

° PJ[:,L’T] frr is NOT a good approximation of frr
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From weighted L? to normal L?

° PJ[:,L’T] frr is NOT a good approximation of frr

— e ()
— Approx . (N = 10)

— fer(0)

— Approx . (N = 20)
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° PJ[:,L’T] frr is NOT a good approximation of frr

1.5

— e (0
— Approx. (N = 30)

— fer(0)
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From weighted L? to normal L?

° PJ[:,L’T] frr is NOT a good approximation of frr

@ Is there better approximation to fr7 in

2
T c—u
H][:;’ ] :span{ci1 -+ Cj,, EXP <77‘ 2RT| )

n<N, i, ,in=1,2,3}?

1.5

— e (0
— Approx. (N = 30)

— fer(0)

— Approx . (N = 40) 1.0
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From weighted L? to normal L?

° PJ[:,L’T] frr is NOT a good approximation of frr

@ Is there better approximation to fr7 in

2
c—u
H][:;’T] :span{ci1 -+ Cj,, EXP <7u> ’nSN, i1, ,inp = 1,2,3}?

2RT
Yes! -
Py f = argmin ||f — gl r2(s)
gEH "
15
— frr (0 — fer (o)

— Approx. (N = 30)
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From weighted L? to normal L?

° PJ[:,L’T] frr is NOT a good approximation of frr
@ Is there better approximation to fr7 in

2
c—u
H][:;’T] :span{ci1 -+ Cj,, EXP <7u> ’nSN, i1, ,inp = 1,2,3}?

2RT
Yes! (1]
Slw g
Py f = argmin ||f —gllL2(gs)
w,T
geHY
08 0.8
— fer (o) — fer (o)
— Approx . (N = 10) — Approx. (N = 20)
0.6
0.4l
0/21
. . T ; . . .
2 4 6 -6 -4 -2 2 4 6
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From weighted L? to normal L?

° PJ[:,L’T] frr is NOT a good approximation of frr

@ Is there better approximation to fr7 in

2
c—u
H][:;’T] :span{ci1 -+ Cj,, €XP <7u> n< N, i1, ,in = 1,2,3}?

2RT
Yes! (1]
Slw g
Py f = argmin ||f —gllL2(gs)
gEH "
0.8 0.8

— frr (0 — fer (o)
— Approx. (N = 30) — Approx . (N = 40)

0.6
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Conservation fix

@ The new projection operator ﬁl[:,“T] does NOT preserve moments!
o Py

@ The resulting numerical scheme does not conserve mass, momentum and energy

],/' and f have different velocity and temperature
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Conservation fix

@ The new projection operator ﬁl[:,“T] does NOT preserve moments!
o Py

@ The resulting numerical scheme does not conserve mass, momentum and energy

],/' and f have different velocity and temperature

Fix the conservation:

75[\uT]f = argmin |lg — fllp2(rs)
ger T

subject to /R3 g(e)de = /R3 f(e)de
/1];@ cig(e)de = /R3 c; f(e)de
/ cicjg(e)de :/ cicjf(e)de
R3 R3
/ le]?cig(e) de :/ lel?cif(e) de
R3 R3

Bl

PG"’T] does not change density, velocity, pressure tensor and heat flux!
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New moment method

pleTlg, £ 4 plT] (ciﬁ}(f*"]azi f) =PTIQ, f)

o If f(c) € L%2(R3) and f(c) > 0 satisfies

/ le[® £(€) de < +oo,
RS

then 73][\7’T]f converges to f as N — oo
@ Numerical scheme:

n Bn n At
el :7>]+lfj _

J 21_(1~J?:Lr fﬁl) At ;l+1Q(fn:fn)
~ 1~ = Az ~

n n+1 nen n n en n
Fie=3P; [01; J i el - o (P — £ )]

1, PN pn n Az e pn fn
P = §7>j +1 [cﬂ?j fioitefi — E(fj = Pj fjfl)}
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Another conservative version

PaTo + P (Pl Mo 1) =P TR 1)

@ Definition of fkf"ﬂ:

=u,T] , .

Py f= argmin |g — fll 23
genHlw

1 1
subject to /RS ( |Cc|2 )g(c)dc:/RS < lco:|2 )f(c)dc

o Numerical scheme:

n pn n At mn n ”+l n gn
fj“:P“fj - o (B = B + AtP; QU™ )
~ —=n+1 Bn oen n n en n
= P |:Clpj o talfi = (73 741 = f; )]
= _n+1 BN en n Az n DN pn
Fiv = 7’ {0173.7 fiateaff - (F =P fj,l)}
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Shock structure problem

Initial condition:

ol @) = Mﬂhul«@z (e) ifx <0
’ My, u0,.(c) ifz>0

The initial condition is given by the Rankine-Hugoniot condition:

plzl u; = <\/7Ma 0 0> 0[ =1l
4Ma? (5Ma? — 1)(Ma? + 3)
Pr = T2 o Ur = *ul 97‘ =
Ma=+ 3 pr 16 Ma?
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Shock structure problem

Initial condition:
ol @) = Mﬂhul«@z (e) ifx <0
’ My, u0,.(c) ifz>0

Results of Grad's moment equations for Ma = 2.31:

/'\ [
08 08
ok
04 04
02 02
o b= 3 )
02 00
o4 o4
05 o5
10708 EY B o5 1708 Y o5 3
T/ /A
N =6 N =9
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Shock structure problem

Initial condition:
Mﬂhul«@z (e) ifx <0

fol=,e) = My, 0.(€) x>0

Results of hyperbolic moment equations for Ma = 2.31:

1 1
C
0.9 09 HME /\
T.imie
o) 0s) 08
o] o] 06
o o 04
os o5 02
04 04 0 AN
IS
03 03 k 02
S
o2 o2 04
| S
01 Of 01 06
o @M
%o = s 10 %o = o s 10708 Y o5 3
x/A z/\ T/

24 /28



Moment Methods and Adaptive Spectral Methods in the Gas Kinetic Theory

Shock structure problem

Initial condition:
ol @) = Mﬂhul«@z (e) ifx <0
’ My, u0,.(c) ifz>0

Results of the new moment method for Ma = 2.31:

12

-0.2 -0.2
10 -8 -6 -4 -2 0 2 4 6 8 10 10 -8 -6 -4 -2 0 2 4 6 8 10
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Shock structure problem

Initial con
Mo, uy,6; (e¢) ifz<O

fol=,e) = My, 0.(€) x>0

Results of the new moment method for Ma = 2.31:

12 12
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Conclusion and future work

Conclusion:

@ The moment methods can be interpreted as spectral methods with adaptive basis
functions

@ A reasonable numerical method is developed for the hyperbolic moment equations
which do not have a balance-law form

@ A new and more robust moment theory is developed with projection operators
based on the L2-norm

Future work:
o Exploration of better adaptive methods

@ Use the techniques in the moment method to improve the adaptive spectral
method

o More applications
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Conclusion and future work

Conclusion:

@ The moment methods can be interpreted as spectral methods with adaptive basis
functions

@ A reasonable numerical method is developed for the hyperbolic moment equations
which do not have a balance-law form

@ A new and more robust moment theory is developed with projection operators
based on the L2-norm

Future work:
o Exploration of better adaptive methods

@ Use the techniques in the moment method to improve the adaptive spectral
method

o More applications

Thank you!

Email: cai@mathcces.rwth-aachen.de
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