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Background of the Keller-Segel system

Keller-Segel system was proposed by Evelyn. F. Keller and Lee A.
Segel, in 1970’s, as

pt = vQAp —div(pVe), xeR" t>0,
—Ac =p, x €R",t >0, (1)
p(OaX) = pO(X)7 x € R".

where v > 0 and 0 < po(x) € LY(R") N L>®(R").
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Background of the Keller-Segel system

Keller-Segel system was proposed by Evelyn. F. Keller and Lee A.
Segel, in 1970’s, as

pt = vQAp —div(pVe), xeR" t>0,
—Ac =p, x €R",t >0, (1)
p(OaX) = pO(X)7 x € R".
where v > 0 and 0 < po(x) € LY(R") N L>®(R").
p(t, x) represents the bacteria density and c(t, x) represents the

chemical substance concentration. The model is used to describe the
collective motion of cells or the evolution of the density of bacteria.
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Here, we can solve ¢ = & % p(t, x) with Newton potential ®(x) and
set the attractive force
F(x) = Vo(x)

. Moreover we define the drift term

G(t,x) = Ve(t,x) = /R Fx =yl )y

In addition, one has —AG(t,x) = Vp(t, x).
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Setup of the problem

Assumption 1

@ po(x) has a compact support D with D C B(Ry);

@ 0 < pg € H¥(RY) with k > 3¢ + 1.

In fact, the above assumption is sufficient for the existence of the
unique local solution to (1) with the following regularity

1Pl oo (0, 7 e (re)) > [10eP ] oo (0, 72 mey) < C(llp0llHxme))  (2)
,110: G| < C(llpoll rx(re))

(3)

G
H HLoo (O,T;Wk_%’oo(Rd)) Lo (O,T;Wk—%—Q,oo(Rd))
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Self-consistent SDE

The above regularity make sure that the following stochastic
differential equation (SDE):

X(t / /R — y)p(s,y)dyds + V2UB(t)  (4)

has a unique strong solution X(t), where X(0) = a € D and B(t) is a
standard Brownian motion.
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Relation between the SDE and the KS equation

Let g(t, x; 0, ) is the fundamental solution (Green's function) of
the following PDE:

{ut:VAu—V-(uG), (5)

u(0,x) = da(x), a € D.
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Relation between the SDE and the KS equation

Let g(t, x; 0, ) is the fundamental solution (Green's function) of
the following PDE:

{ut:VAu—V-(uG), (5)

u(0,x) = da(x), a € D.

Then g(t, x; 0, a) is the transition probability density of the
self-consistent stochastic process X(t), i.e., g(t, x;0, ) is the density
that a particle reached the position x at time t from position « at
time 0. Moreover,

ot x) = /R g(t,x:0,0)po(0)dor (6)

is the solution to the KS equation with initial data po(x)
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We take h as a grid size and decompose the domain D into the

union of non-overlapping cells C; = X;(0) + [—g,g 4 with center
Xi(0) = hi:=a; € D, i.e. DC |J G, where | = {i} C Z? is the

icl
index set for cells. The total number of cells is given by N = >~ ~ ‘hﬁ.

i€l
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We take h as a grid size and decompose the domain D into the
union of non-overlapping cells C; = X;(0) + [—g,g 4 with center
Xi(0) = hi:=a; € D, i.e. DC |J G, where | = {i} C Z? is the

icl
index set for cells. The total number of cells is given by N = >~ ~ ‘hﬁ.
i€l

Suppose Xj(t) is the strong solution to the following SDE

X,-(t):X,-(O)+/Ot G(s, Xi(s))ds + V2wBi(t) iel  (7)

with the initial data X;(0) = a; = hi where Bj(t) are independent
standard Brownian motions.
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If N is large, then the empirical measure
: d
=7 6(x = X;())polaz)h
Jjel

should be an approximation to the density p(t, x) in the following
sense,

/]Rd o(x)p(t, x)dx ~ /]Rd e(x)pn(t,x)dx = Z gO(Xj(t))po(aj)hd
Jjel
Actually, we prove that

H]E[/JJN(t)] - pHH‘(d-H)(Rd) < Chd+1.

(J-G. Liu and Y. Zhang. Convergence of diffusion-drift many particle systems in
probability under sobolev norm, 2015.)
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Stochastic system of the interacting particle system

In particular, if F were sufficiently regular, we could approximate
G(s, Xi(s)) by

Gl X)) = V(s X() = [ FOGE) = y)m(s.)dy

=Y F(Xi(s) = X;(s)) po(aj)h° (8)

jel

Hence, we get the random particle method by replacing G by V in

(7)
/ > F(Xi(s)=X;(s)) po(cy)h?ds+v2vBi(t) i€l

Jjel
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Random particle blob method

Introducing a blob function to mollify F, we have the random
particle blob method for the KS equation

X;ﬂg(t) = X,'@(O)—i-/otz Fg(X;’a(s)—Xjﬁ(S))pjhdds—l-\/gB;(t) iel

Jjel
9)
with the initial data X; .(0) = «; = hi, where

pj = po(ej), Fe=Fxe, ve(x)= e_dw(e_lx), e = hEa-1 (g >1).
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Main theorem
Suppose po(x) satisfies Assumption 1, then there exists two positive

constants C and C’ such that

_ Sl )
P<0<tf2%éax|Xh,a(t) Xh(t)|\ez</\h|lnh|) > 1—exp(—CA|In h|?)

for any A > C’ and p > %.

@ Tmax be the largest existence time;

o Xp(t) = (Xi(t));c, is the exact path of (7);

® Xhe(t) = (Xic(t));e is the solution to the random particle blob
method (9);

o Blob size ¢ = h#@' 1 (g>1).
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Preliminaries on kernel, sampling, concentration
and far field estimates

Notations

1/p
IVilee = [1(vi)ietller = (Z |Viphd> p>1;

i€l
Gltx) = Fep= [ Flx—yp(e.)dy:

x) = Z F.(x — Xj(t))pjhd;

Jjel

h(t, x) —ZF ))pjhd

Jel
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Lemma
(i) F (0) =0 ejnd Fo(x ) = F(x)h(2) for any x # 0, where
d/2 _ )
h(r) = r2(d/2) Jo (s)s®ds,

(ii) F. ( ) = F(x) for any ]x\ > ¢ and F.(x )<min{CL%‘,]F(X)|};
(iii) |0PF.(x)| < Cael=9=18l, for any x € RY;
(iv) [0PF:(x)| < Calx|*—9~ \5| ,for any |x| > ¢;

)

(V) NIFellwislaray < C,BEd/qH =181 for g > 1.
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Lemma
Suppose that f € WItLL(RY), then

S F(hiyhe - / F(x)dx| < Cah®™Y|Flyaragaoy.

d
iczd I

The proof of this lemma is based on the Poisson summation formula,
which was given by Anderson and Greengard.

(C. Anderson and C. Greengard. On vortex methods. SIAM journal on numerical
analysis, 22(3):413 - 440, 1985.)
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Lemma
Let X(t, ) be the solution of the following SDE under the
Assumption 1

X(t;a) = X(0; ) + /Ot G (s, X(s; @) ds 4+ V2uB(t)

with initial data X(0; a) = a € D and B,(t) is the standard Brownian
motion. Assume {X;(t)} are solutions of the SDEs

Xi(t) :x,-(0)+/0tc(s, Xi(s)) ds +V2uBi(t) i€l
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with initial data X;(0) = a; = hi € D and {B;(t)} are independent
standard Brownian motions. For R? valued functions

f € WItLa(RY) and g € W9 (R?) with supp g = D and
1/g+1/q' =1, we have the following estimate for the quadrature
error

S ;E[f(xi(f))] g(ai)h? - /DE[f(X(t? @))] g(a)da
< Ch*H|f| wart.a ey

where C depends only on d, d’, T, |[pol|km®ey and HgHWdH,q/(Rd).
0
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Concentration estimates

(Bennett's inequality)

Let {Y;}"_, be independent bounded d-dimensional random vectors
with mean zero and |Y;| < M. We define
Var(Y;) = E[|Y;|?] — |E[Y]]|?, and Z Var(Y;) < V. Let S = Z Ve

Then for all n > 0,
1
P(|S| > n) < 2d exp —ﬂ#v—ls(/wnv—l)

where B(A) = 2A72[(1 + A) In(1 + A) — A, A > O,)\Iirg+ B(\) =
—
lim B(\) =0 and B(\) is decreasing in (0, +00).

A——+00
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Lemma
Let {Y;}" , be n independent bounded d-dimensional random vectors
satisfying

(i) E[Yi]=0and |Yi| <M foralli=1,---,n;

(i) 3 Var(Y;) < V with Var(Y;) = E[|Vi[?].
=

If M < Cg with some positive constant C, then we have

P (l > vz nW) < exp (—C'p?)
i=1
for all n > 0, where C' only depends on C and d.
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Far field estimates

Lemma
Assume that X;(t) is the exact solution to (7), for R > Ry, then we

have
C

PXi(0) 2 R) < =

where C depends on d, T, Ry and ||pl|pkwrd)-
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Consistency error at the fixed time

There exists two constants C, C’ > 0 such that

P <max ‘Gh(t,X,-(t)) — 6, X,-(t))’ < Ah[In h[) > 1—exp(—CA|In h[2)

iel

for all A > C', where X;(t) is the exact path of (7).

G(t,x) = Fxp= / Flx — y)p(t. y)dy:

Rd

= ZF pjhd

Jjel
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Sketch of the proof

@ Step 1: Decomposing

|G(t,x) = G(t,x)|

< |3 Felx = Xi(£)ph? — S E[F(x — Xi(t))]o;h
JEl jel
;E[F (t)]pih? — /Rd Fe(x — y)p(t,y)dy
+ /Rd Fe(x = y)p(t,y)dy — /}Rd F(x — y)p(t,y)dy‘

= |es(t, x)| + |eq(t, x)| + |em(t, x)].
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Consistency

_9
Use the estimate of [|Fc[|\yis1.0(re) and take e = h2a-1

o Step 2: |en(t,x)| < Ge?

Hui Huang and Jian-Guo Liu Keller-Segel system



Use the estimate of HFEHqu(Rd) and take € = hk:%l
o Step 2: [em(t,x)| < Gié?
o Step 3: |ey(t,x)| < Cohdtied/a—2d
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Use the estimate of ||Fc[|\yis1.q(re) and take e = hz
o Step 2: |en(t,x)| < Ge?
o Step 3: |ey(t,x)| < Gphd+led/a=2d
o Step 4: P (|es(t,x)| > C3h|Inh|) < hCGlInhl
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Use the estimate of HFEHqu(Rd) and take € = th%l
Step 2: |em(t,x)| < Cie2

Step 3: |eg(t,x)| < GhItled/a—2d

Step 4: P (|es(t,x)| > Czh|Inh|) < hCGlInhl

o
o
o
o Step 5:  P(|G"(t,x) — G(t,x)| > C4h|In h|) < RCCalInhl
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Use the estimate of HFEHqu(Rd) and take & = th%I

Step 2: |em(t,x)| < Gié?

Step 3: |eg(t,x)| < GhItled/a—2d

Step 4: P (|es(t,x)| > Czh|Inh|) < hCGlInhl

Step 5:  P(|G"(t,x) — G(t,x)| > Cah|In h|) < hCCalInhl

Step 6: For the lattice points zx = hk in ball B(R) with
R = p~lIn h‘, we have

P <mExGh(t,2k) — G(t,zx)| > Ch|In h|> < RCCalIn Al

with some constant C > 0.
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@ Step 7: For any fixed t, denote the event U := {Xi(t) € B(R)},
then we know from far field estimate that
P(U) < % = Ch>Inhl Now, we do the estimate under event
U, and suppose z; is the closest lattice point to X;(t) with
|Xi(t) — zi| < h. Hence, we have

P | max
iel

G(t, Xi(t)) — G(t,x,-(t))) > Goh| 'nh\> < hCGsInh
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@ Step 7: For any fixed t, denote the event U := {Xi(t) € B(R)},
then we know from far field estimate that
P(U) < % = Ch>Inhl Now, we do the estimate under event
U, and suppose z; is the closest lattice point to X;(t) with
|Xi(t) — zi| < h. Hence, we have

P | max
iel

G(t, Xi(t)) — G(t,x,-(t))) > Goh| 'nh\> < hCGsInh

@ Step 8: Finally, we concludes the proof of this theorem by using
P(A) =1— P(A).
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Consistency error at the fixed time

There exists two constants C, C’ > 0 such that

P <max ‘Gh(t,X,-(t)) — 6, X,-(t))’ < Ah[In h[) > 1—exp(—CA|In h[2)

iel

for all A > C', where X;(t) is the exact path of (7).

G(t,x) = Fxp= / Flx — y)p(t. y)dy:

Rd

= ZF pjhd

Jjel
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Stability estimate
Stability condition:

g <
o2 TE Wiele) = Xle)] <=

Then there exists two positive constants C, C’ such that
P (I162(t X o(£)) — G"(&, Xu(D)llig < AlIXino(2) — Xn(D)llez. ¥ t € [0, T])
> 1 — exp(—CA|In h|?) (10)

for any A > C’.

%) = 30 R (x = X(8)) oy

jel

ZF )/)jhd.

Jjel
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Stability

Sketch of the proof
@ Step 1: In order to prove (11), we divide [0, T] into N’
subintervals with length At = h" for some r > 2 and t, = nh",
n=20,..., N If we denote the following events

An i= {162 Xp,e(6)) = 6% Xp(EDllgp = MiXne(6) = Xp(0)l 2 3 ¢ € Lt sl

A= {1162 Xh,e (6) = G"(6, X (O)llyp = MiXh,e(6) = X0l o, 3¢ € 0,71},
then, one has
N'—1
P(A)=P( U A
n=0

So our main idea of this proof is to give the estimate of P(A,)
first.

Hui Huang and Jian-Guo Liu Keller-Segel system



@ Step 2: Decomposing
GI(t, X/a(t)) Gh(t Xi(t))
=) [~ Xi.e(t) = F=(Xi(t) = X;(8))] p;h°

Jjel

=D VF(Xi(ta) = Xj(ta) + &) - (Xi.e(£) = Xi(1) + X;(£) = X;.o(£)) pih?

Jjel

=3 VE (Xi(tn) — Xi(ta) + &) - (Xie(t) — Xi(2)) pih®

jel

+ 3 VR (Xi(t) = Xi(ta) + &) - (X5(8) = X;.<(1)) pjh°

jel
=L+ J
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Keller-Segel system



@ Step 3:

P (H(L)iel”gz > Gt Xne(t) = Xn(t)llee, 3 t € [tn, tn+1]> < pCalin
o Step 4:

P (H(ji)ielué‘; > Gll(ejp))jeiller 3t € [tn, tn+1]> < hCCalini

where e = Xj(t) — Xj(t).
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@ Step b5:
P(A,) < hENIALp—o ... N —1

; iy CA|In h|
P(A) :P(nuo A,,) <h

Finally, P (746) =1-P (2\) concludes our proof.
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Stability estimate
Stability condition:

g <
o2 TE Wiele) = Xle)] <=

Then there exists two positive constants C, C’ such that
P (I162(t X o(£)) — G"(&, Xu(D)llig < AlIXino(2) — Xn(D)llez. ¥ t € [0, T])
> 1 — exp(—CA|In h|?) (11)

for any A > C’.

%) = 30 R (x = X(8)) oy

jel

ZF )/)jhd.

Jjel
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Convergence

The proof of the main theorem

@ We denote the following events

A7+ {imae 6”00, Xi(e0) = Gen, X(en)| < Mabl ol |

Ay dmax  max  |Xi(t) — Xi(tn)] < C(h" + v*/2h)
N tn<t<tpiq

s + {11626 X, o) = 67t X4l < AallXhe(0) = XOlp. ¥ ¢ € [0, 71}

with that A1, A3 are bigger than a constant depending only on
T, p, d, Ro and | po|| yjk(r)-

P((A111)C) < hCAl\In h\; P(Ag) < hC/\3|Inh|;
P(AS) < C'h2~texp(—C"H*™").
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Convergence

@ Therefore
max_||G"(t, Xy(t)) — G(t, Xn(t))ll¢r < (C+A)hlInh| (12)

0<t<T
N/
under the event (] A7 N A.
n=0
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Convergence

@ Therefore

max_[|G" (. X4(1) = 6(t. Xu(6)llip < (C+AAIInh| (12)

N/
under the event ﬂ Al N A.

e Denote e(t ) = (e,),e/ Xhe(t) — Xn(t).

H He” < Asle(t)llz + (C + A1)h[In h (13)

N/
under the event ﬂ AT N Az N As. It follows from (13) and the
n=0

dlle IIZ

fact —— < H‘;‘:ng by using Gronwall’s inequality with
e(0) = 0 that
e lle(t )HE'Z < C(T,A1,A3)h|In h| = Ah|In h|
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Convergence

@ To complete the proof, we need to justify the stability condition:
|Xic(t) — Xi(t)] <eforalliand 0 <t < T

malx]e,-(t)\ < h*d/pHe(t)HE:Z < Ch*=9/P|Inh| < % for0<t<T
e

by choosing p > d(29— 1) , €= hZ=T with g > 1, and h small

enough. Hence, malx]e,\ can hardly reach ¢
e
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Convergence

@ From the discussion above, we have

P <0r<nta<xT 1 Xh,e(£) = Xn(t)l],2 > Ab]In h)

N'—1 N'—1

<P ( L (AnuAsu A§> < > P((AD)9) + P(AS) + P(AS)
n=0 n=0

< Ch—rhC/\l“n h| + C/hr/2—1 exp(_C//hZ—r) + hCA3“n h| < hC/\| In h|

Thus the proof has been completed.

Hui Huang and Jian-Guo Liu Keller-Segel system



Convergence

Main theorem
Suppose po(x) satisfies Assumption 1, then there exists two positive
constants C and C’ such that

_ Sl )
P<0<tf2%éax|Xh,a(t) Xh(t)|\ez</\h|lnh|) > 1—exp(—CA|In h|?)

for any A > C’ and p > %.

@ Tmax be the largest existence time;

o Xp(t) = (Xi(t));c, is the exact path of (7);

® Xhe(t) = (Xic(t));e is the solution to the random particle blob
method (9);

o Blob size ¢ = h#@' 1 (g>1).
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Convergence

Thanks for your attention
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