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es

14ENERGYLEVELSAND%AVEFUNCTIONSOFBLQCH...2241

q;henceonemightexpecttheaboveconditionto
besatisfiedinroughlyqdistinctregionsofthe
eaxis(oneregioncenteredoneachroot).This
isindeedthecase,andisthebasisforavery
striking(andatfirstdisturbing)factaboutthis
problem:whenn=p/q,theBlochbandalways
breaksupintoi.-reciselyqdistinctenergybands.
Sincesmallvariationsinthemagnitudeofo.can
produceenormousfluctuationsinthevalueofthe
denominatorq,oneisapparentlyfacedwithan
unacceptablephysicalprediction.However,nature
isingeniousenoughtofindawayoutofthisap-
pax'ent,anomaly.Befox'ewegointothex'esolution
however,letusmentioncertainfactsaboutthe
spectrumbelongingtoanyvalueofz.Mostcan
beproventrivially:(i)Spectrum(tr)andspectrum
(ci+N)areidentical.(ii)Spectrum(n)andspec-
trum(-tr)areidentical.(iii)&belongstospec-
trum(a}ifandonlyif-ebelongstospectrum(a}.
(iv)Ifebelongstospectrum(a)foranya,then
-4~&~+4.Thelastpropertyisalittlesubtler
thanthepreviousthree;itcanbeprovenindif-
ferentways.Oneproofhasbeenpublished." Fromproperties(i)and(iv),itfollowsthata
graphofthespectrumneedonlyincludevaluesof
&between+4and-4,andvaluesofeinanyunit
interval.Weshalllookattheinterval[0,1].Fur
thermore,asaconsequenceofpxoperties,the
graphinsidetheabove-definedrectangularregion
musthavetwoaxesofreflection,namelythehor-
izontallinez=&,andtheverticalline&=0.A
plotofspectrum(o.),withnalongtheverticalaxis,
appearsinFig.1.(Onlyrationalvaluesofawith
denominatorlessthan50areshown.)

IV.RECURSIVESTRUCTUREOFTHEGRAPH

Thisgraphhassomevexyunusualproperties.
Thelargegapsformaverystrikingpatternsome-
whatresemblingabutterfly;perhapsequallystrik-
ingarethedelicacyandbeautyofthefine-grained
structure.Theseareduetoaveryintricate
scheme,bywhichbandsclusterintogroups,which
themselvesmayclusterintolaxgergroups,and
soon.Theexactrulesofformationofthesehier-
archicallyorganizedclusteringpatterns(II's)are
whatwenowwishtocover.Ourdescriptionof0's
willbebasedonthreestatements,eachofwhich
describessomeaspectofthestructureofthe
graph.Allofthesestatementsarebasedonex-
tremelycloseexaminationofthenumexicaldata,
andaretobetakenas"empiricallyproven"theo-
remsofmathematics.Itwouldbepreferableto
havearigorousproofbutthathassofareluded
capture.Beforewepresentthethreestatements,
letusfirstadoptsomenomenclature.A"unit
cell"isanyportionofthegraphlocatedbetween
successiveintegersNandN+1—infactwewill
callthatunitcelltheNthunitcell.Everyunitcell
hasa"localvariable"Pwhichrunsfrom0to1.
inparticular,Pisdefinedtobethefractionalpart
ofrt,usuallydenotedas(a).AtP=OandP=I,
thereisonebandwhichstretchesacrossthefull
widthofthecell,separatingitfromitsupperand
lowerneighbors;thisbandisthereforecalleda
"cellwall."Itturnsoutthateex'tainrationalval-
uesofI3playaveryimportantroleinthedescrip-
tionofthestructureofaunitcell;thesearethe
"purecases"

FIG.1.Spectruminside
aunitcell.&isthehori-
zontalvariable,ranging
between+4and-4,and
p=(n)istheverticalvari-
able,rangingfrom0to1.
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