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Part I. Motivation



N-Particle System
• N interacting controlled players (state in Rd)

◦ dynamics of player number i ∈ {1, . . . ,N}

dXi
t = αi

tdt + dW i
t

+
√
ηdBt

, Xi
0 = x0, t ∈ [0,T]

◦ independent noises W1, . . . , WN ,

◦ choose control αi
t︸︷︷︸

at any t

= prog. meas. w.r.t. σ(W1, . . . ,WN ,

B

)

•Willing to minimize cost Ji(α1, . . . , αN) with mean-field interaction

Ji(. . . ) = E
[
g
(
Xi

T , µ̄
N
T
)

+

∫ T

0
f
(
Xi

t , µ̄
N
t , α

i
t
)
dt

]
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N-Particle System
• N interacting controlled players (state in Rd)

◦ dynamics of player number i ∈ {1, . . . ,N}
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ηdBt, Xi

0 = x0, t ∈ [0,T]
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1
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δXj
t

◦ choose control αi
t = αi(t,X1

t , · · · ,X
N
t ){ implicit formulation

•Willing to minimize cost Ji(α1, . . . , αN) with mean-field interaction

Ji(. . . ) = E
[
g
(
Xi

T , µ̄
N
T
)

+

∫ T

0
f
(
Xi

t , µ̄
N
t , α

i
t
)
dt

]
◦ g(x, µ) and f (x, µ, α) with x ∈ Rd, µ ∈ P(Rd) and α ∈ A ⊂ Rk

◦ f convex in α{ typical instance f (x, µ, α) = f (x, µ) + 1
2 |α|

2



Nash equilibrium
• If each particle / player decides in its own way to minimize

Ji(α1, . . . ,αN)

◦ depends on the others! ⇒ consensus? { Nash equilibrium

• N-tuple (α1,?, . . . ,αN,?) = equilibrium if no incentive to quit

◦ if unilateral change αi,? { αi ⇒ Ji ↗

Ji(α1,?, . . . ,αi,?, . . . ,αN,?) ≤ Ji(α1,?, . . . ,αi, . . .αN,?)
•Meaning of the freezing α1,?, . . . ,αi−1,?,αi+1,?,αN,??

◦ closed loop control{ αi
t = αi(t,X1

t , . . . ,X
N
t ){ players choose

their strategy depending on the states of the others{ SDE

◦ freezing means freezing the functions α?,1, . . . , α?,N and not the
processes

• N-particle system{ N-player game



Nash System
• N fixed{ N player game equilibrium described by PDE system

◦ unique Markovian equilibrium with bounded feedback function
{ given by N × (Nd) Nash system{ vN,i value function to player i

∂tvN,i(t, x) +
1
2

∑
j

∆xjv
N,i(t, x) +

η

2

∑
j,k

Tr∂2
xj,xk

vN,i(t, x)

−
∑
j,i

∂xjv
N,j(t, x) · ∂xjv

N,i(t, x)

−
1
2
|∂xiv

N,i(t, x)|2 + f (xi, µ̄
N
x ) = 0

◦ mean field µ̄N
x = 1

N
∑N

j=1 δxj x = (x1, · · · , xN) ∈ (Rd)N

◦ boundary condition vN,i(T , x) = g(xi, µ̄
N
x )

• vN,i(t, x) = equilibrium cost to player i when

the system starts from x at time t
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)
vN(·, ·) symmetric in the second argument



Nash System
• N fixed{ N player game equilibrium described by PDE system

◦ unique Markovian equilibrium with bounded feedback function
{ given by N × (Nd) Nash system{ vN,i value function to player i
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η

2

∑
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Tr∂2
xj,xk

vN,i(t, x)

−
∑
j,i

∂xjv
N,j(t, x) · ∂xjv

N,i(t, x)

−
1
2
|∂xiv

N,i(t, x)|2 + f (xi, µ̄
N
x ) = 0

◦ mean field µ̄N
x = 1

N
∑N

j=1 δxj x = (x1, · · · , xN) ∈ (Rd)N

◦ boundary condition vN,i(T , x) = g(xi, µ̄
N
x )

• Guess is vN,i(t, x) ≈ U(t, xi, µ̄
N
x ) withU : [0,T] ×Rd × P(Rd)→ R

◦ 1
N

∑N
i=1 δXi

t
should be close the empirical distribution of

dX̂i
t = −∂xU(t, X̂i

t ,
1
N
∑N

i=1δX̂i
t
)dt + dW i

t +
√
ηdBt



Part II. Master equation



Differential calculus on Wasserstein space
• Goal is to write a PDE forU by plugging uN,i(t, x) = U(t, xi, µ̄

N
x ) as

nearly solution of Nash

◦ use differential calculus on P2(Rd){ Lions’ approach

• GivenU : P2(Rd)→ R{ define lifting ofU

Û : L2(Ω,P) 3 X 7→ U(L(X) = Law(X))

◦ U differentiable if Û Fréchet differentiable

• Differential ofU{ Fréchet derivative of Û

DÛ(X) = ∂µU(µ)(X), ∂µU(µ) : Rd 3 x 7→ ∂µU(µ)(x) µ = L(X)

◦ derivative ofU in µ{ ∂µU(µ) ∈ L2(Rd, µ;Rd)

• Finite-dimensional projection

∂xi

[
U

( 1
N

N∑
j=1

δxj

)]
=

1
N
∂µU

( 1
N

N∑
j=1

δxj

)
(xi), x1, . . . , xN ∈ R

d

• Example: U(µ) =

∫
Rd

h(y)dµ(y)⇒ ∂µU(µ)(v) = ∇h(v)



Second-order differentiability
• Need for existence of second-order derivatives

◦ asking the lift to be twice Fréchet is too strong

◦ only discuss the existence of second-order partial derivatives

• Requires

◦ ∂µU(µ)(v) is differentiable in v and µ

∂v∂µU(µ)(v) ∂2
µU(µ)(v, v′)

◦ ∂v∂µU(µ)(v) and ∂2
µU(µ)(v, v′) continuous in (µ, v, v′) (for W2 in

µ) with suitable growth

• Finite-dimensional projection

∂2
xi xj

[
U

( 1
N

N∑
k=1

δxk

)]
=

1
N
∂v∂µU

( 1
N

N∑
k=1

δxk

)
(xi) δi,j

+
1

N2 ∂
2
µU

( 1
N

N∑
k=1

δxk

)
(xi, xj)



Connection with the master equation
• Strategy is to regard uN,i(t, x) = U(t, xi, µ̄

N
x ) as nearly solution

• First-order terms

∂xju
N,i(t, x) =

∂xU(t, xi, µ̄
N
x ) + O( 1

N ) if j = i
1
N∂µU(t, xi, µ̄

N
x )(xj) if j , i

◦ Hamiltonian

−
1
2
|∂xiu

N,i(t, x)|2 + f (xi, µ̄
N
x ) = −

1
2
|∂xU(t, xi, µ̄

N
x )|2 + f (xi, µ̄

N
x ) + O

( 1
N

)
◦ drift terms

−
∑
j,i

∂xju
N,j(t, x) · ∂xju

N,i(t, x)

= −
1
N

∑
j,i

∂xU(t, xj, µ̄
N
x ) · ∂µU(t, xi, µ̄

N
x )(xj) + O

( 1
N

)
= −

∫
Rd
∂xU(t, v, µ̄N

x ) · ∂µU(t, xi, µ̄
N
x )(v)dµ̄N

x (v) + O
( 1
N

)
◦ up to O( 1

N ){ yields first order terms of a PDE forU



Form of the master equation
• Treat second order terms in the same way and get thatU should
satisfy Master equation at order 2

∂tU(t, x, µ) −
∫
Rd
∂xU(t, v, µ) · ∂µU(t, x, µ, v)dµ(v)

− 1
2 |∂xU(t, x, µ)|2 + f (x, µ) + 1

2 (1 + η)Trace
(
∂2

xU(t, x, µ)
)

+ 1
2 (1 + η)

∫
Rd

Trace
(
∂v∂µU(t, x, µ)(v)

)
dµ(v)

+ η

∫
Rd

Trace
(
∂x∂µU(t, x, µ)(v)

)
dµ(v)

+ 1
2η

∫
Rd

∫
Rd

Trace
(
∂2
µU(t, x, µ)(v, v′)

)
dµ(v)dµ(v′) = 0

• Not a proof of existence of a smooth solution!

◦ This should be proved first



Connection with the MFG system (η = 0)

• RegardU as the generalized value function of the MFG system

◦ U(t0, x0, µ
0) = uµ:µt0 =µ0

(t0, x0)

• Optimization in environment (µt)t∈[0,T]{ HJB equation

◦ u(t, x) = minimal cost under (µt)t∈[0,T] when Xt = x ∈ Rd

∂tu(t, x) + 1
2∆u(t, x) − 1

2 |∂xu(t, x)|2︸        ︷︷        ︸
inf
α

[α · ∂xu(t, x) + 1
2 |α|

2]

+ f (x, µt) = 0

u(T , x) = g(x, µT )

• Dynamics of (µt)t∈[0,T]

◦ Fokker-Planck with optimal feedback is α?(t, x) = −∂xu(t, x)

∂tµt −
1
2∆µt − div

(
µt∂xu(t, x)

)
= 0

{
t ∈ [0,T]
µ0 = δx0

◦ marginal law of diffusion process

dX?
t = −∂xu(t,X?

t )dt + dWt = −∂xU(t,X?
t ,L(X?

t ))dt + dWt



Connection with the MFG system (η > 0)

• RegardU as the generalized value function of the MFG system

◦ U(t0, x0, µ
0) = uµ:µt0 =µ0

(t0, x0)

• Optimization in environment (µt)t∈[0,T]{ HJB equation

◦ u(t, x) = minimal cost under (µt)t∈[0,T] when Xt = x ∈ Rd

∂tu(t, x) + 1
2∆u(t, x) − 1

2 |∂xu(t, x)|2︸        ︷︷        ︸
inf
α

[α · ∂xu(t, x) + 1
2 |α|

2]

+ f (x, µt) = 0

u(T , x) = g(x, µT )

• Dynamics of (µt)t∈[0,T]

◦ Fokker-Planck with optimal feedback is α?(t, x) = −∂xu(t, x)

∂tµt −
1
2∆µt − div

(
µt∂xu(t, x)

)
+
√
ηdiv

(
µt

dBt

dt
)

= 0

◦ marginal law of diffusion process

dX?
t = −∂xU(t,X?

t ,L(X?
t |B))dt + dWt +

√
ηdBt



Solving the master equation
•Well posedness ofU requires ∃! for MFG system

• Need additional monotonicity condition to prevent shocks

◦ Lasry-Lions monotonicity in direction µ (same with g)∫
Rd

(
f (x, µ) − f (x, µ′)

)
d
(
µ − µ′

)
(x) ≥ 0

◦ Example: let L be↗ and ρ be even and set

h(x, µ) =

∫
Rd

L
(
ρ ? µ(z)

)
ρ(x − z)dz

• Linearization{ differentiability in µ0 { use convex perturbation

◦ requires smooth coefficients with bounded derivatives

d
dε |ε=0+

u(1−ε)µ+εµ′(t0, ·) =
d
dε |ε=0+

U
(
t0, ·, (1 − ε)µ + εµ′

)
=

∫
Rd
V(t0, ·, µ)(y)d(µ′ − µ)(y)

◦ ∂yV(t0, ·, µ)(y) = ∂µU(t0, ·, µ)(y)



Part III. Convergence



Connection Nash system/master equation
• Now it makes sense to let uN,i(t, x) = U(t, xi, µ̄

N
x )

• Using smoothness ofU at order 2{ we show

∂tuN,i(t, x) +
1
2

∑
j

∆xju
N,i(t, x) +

η

2

∑
j,k

TrD2
xj,xk

uN,i(t, x)

−
∑
j,i

∂xju
N,i(t, x) · ∂xju

N,j(t, x)

−
1
2
|∂xiu

N,i(t, x)|2 +
(
f (xi, µ̄

N
x ) + rN,i(t, x)︸   ︷︷   ︸

|rN,i| ≤ C/N

)
= 0

◦ with x̄N = 1
N

∑N
j=1 xj

• Propagation of reminder O(1/N) among N players?



Comparison of value functions
• Equilibrium trajectories of the N player game

dXN,i
t = −∂xiv

N,i(t,XN,1
t , · · · ,XN,N

t )dt + dW i
t +
√
ηdBt

• Value processes

YN,i
t = vN,i(t,XN,1

t , · · · ,XN,N
t ), ZN,i,j

t = ∂xjv
N,i(t,XN,1

t , · · · ,XN,N
t )

ŶN,i
t = uN,i(t,XN,1

t , · · · ,XN,N
t ), ẐN,i,j

t = ∂xju
N,i(t,XN,1

t , · · · ,XN,N
t )

• Itô’s formula

dYN,i
t = −

(1
2
|ZN,i,i

t |2 + f (XN,i
t , µ̄N

t )
)
dt +

∑
j

ZN,i,j
t ·

(
dW j

t +
√
ηdBt

)
dŶN,i

t = −
(1
2
|ẐN,i,i

t |2 + f (XN,i
t , µ̄N

t ) + rN,i(t,XN,i
t )

)
dt

+
∑

j

ẐN,i,j
t ·

(
ẐN,j,j

t − ZN,j,j
t

)
dt +

∑
j

ẐN,i,j
t ·

(
dW j

t +
√
ηdBt

)
with YN,i

T = g(Xi
T , µ̄

N
T ) and ŶN,i

T = g(Xi
T , µ̄

N
T ), and µ̄N

t = 1
N

∑
j δXN,j

t



Stability argument
• Difference between two dynamics

d
(
ŶN,i

t − YN,i
t

)
= −

[1
2
|ẐN,i,i

t |2 −
1
2
|ZN,i,i

t |2 + rN,i(t,XN,i
t )︸       ︷︷       ︸

∼C/N

]
dt

+
∑

j

ẐN,i,j
t︸︷︷︸

≤C/N if i,j

(
ẐN,j,j

t − ZN,j,j
t

)
dt

+
∑

j

(
ẐN,i,j

t − ZN,i,j
t

)
· dW j

t +
(∑

j

ẐN,i,j
t −

∑
j

ZN,i,j
t

)
·
√
ηdBt

• Observe that ŶN,i
T = YN,i

T

◦ if no dt terms except O(1/N)

ŶN,i
t − YN,i

t

+

∫ T

t

∑
j

(
ẐN,i,j

t − ZN,i,j
t

)
· dW j

s +
(∑

j

ẐN,i,j
t −

∑
j

ZN,i,j
t

)
·
√
ηdBs = O( 1

N )



Stability argument
• Difference between two dynamics

d
(
ŶN,i

t − YN,i
t

)
= −

[1
2
|ẐN,i,i

t |2 −
1
2
|ZN,i,i

t |2 + rN,i(t,XN,i
t )︸       ︷︷       ︸

∼C/N

]
dt

+
∑

j

ẐN,i,j
t︸︷︷︸

≤C/N if i,j

(
ẐN,j,j

t − ZN,j,j
t

)
dt

+
∑

j

(
ẐN,i,j

t − ZN,i,j
t

)
· dW j

t +
(∑

j

ẐN,i,j
t −

∑
j

ZN,i,j
t

)
·
√
ηdBt

• Observe that ŶN,i
T = YN,i

T

◦ if no dt terms except O(1/N)

E
[
|ŶN,i

t − YN,i
t |

2]
+ E

∫ T

t

∑
j

∣∣∣ẐN,i,j
t − ZN,i,j

t

∣∣∣2 + ηE

∫ T

t

∣∣∣∑
j

ẐN,i,j
t −

∑
j

ZN,i,j
t

∣∣∣2ds = O( 1
N2 )



Stability argument
• Difference between two dynamics

d
(
ŶN,i

t − YN,i
t

)
= −

[1
2
|ẐN,i,i

t |2 −
1
2
|ZN,i,i

t |2 + rN,i(t,XN,i
t )︸       ︷︷       ︸

∼C/N

]
dt

+
∑

j

ẐN,i,j
t︸︷︷︸

≤C/N if i,j

(
ẐN,j,j

t − ZN,j,j
t

)
dt

+
∑

j

(
ẐN,i,j

t − ZN,i,j
t

)
· dW j

t +
(∑

j

ẐN,i,j
t −

∑
j

ZN,i,j
t

)
·
√
ηdBt

• Do as if | · |2 is Lipschitz{ take the square and E

E
[∣∣∣ŶN,i

t − YN,i
t

∣∣∣2 +

∫ T

t

N∑
j=1

∣∣∣ẐN,i,j
s − ZN,i,j

s

∣∣∣2ds
]

≤
Cε

N2 + εE

∫ T

t

∣∣∣ẐN,i,i
s − ZN,i,i

s

∣∣∣2ds +
ε

N

∑
j

E

∫ T

t

∣∣∣ẐN,j,j
s − ZN,j,j

s

∣∣∣2ds



Stability argument
• Difference between two dynamics

d
(
ŶN,i

t − YN,i
t

)
= −

[1
2
|ẐN,i,i

t |2 −
1
2
|ZN,i,i

t |2 + rN,i(t,XN,i
t )︸       ︷︷       ︸

∼C/N

]
dt

+
∑

j

ẐN,i,j
t︸︷︷︸

≤C/N if i,j

(
ẐN,j,j

t − ZN,j,j
t

)
dt

+
∑

j

(
ẐN,i,j

t − ZN,i,j
t

)
· dW j

t +
(∑

j

ẐN,i,j
t −

∑
j

ZN,i,j
t

)
·
√
ηdBt

• To handle the square{ exponential transform⇒ final result

E
[

sup
0≤t≤T

|ŶN,i
t − YN,i

t |
2] + E

∫ T

0
|ẐN,i,i

t − ZN,i,i
t |2dt ≤

C
N2

• Inserting in the forward equation

dXN,i
t = −ZN,i,i

t dt + dW i
t +
√
ηdBt

≈ −ẐN,i,i
t dt + dW i

t +
√
ηdBt



Part IV. Rate of convergence



Fluctuations
• Equilibrium trajectories of the N player game

dXN,i
t = −∂xiv

N,i(t,XN,1
t , · · · ,XN,N

t )dt + dW i
t +
√
ηdBt

= −
[
∂xU

(
t,XN,i

t ,
1
N

N∑
j=1

δXN,j
t

)
+ O( 1

N )
]
dt + dW i

t +
√
ηdBt

• Compare with

dX̂N,i
t = −∂xU

(
t, X̂N,i

t ,
1
N

N∑
j=1

δX̂N,j
t

)
dt + dW i

t +
√
ηdBt

◦ get E
[

sup
0≤t≤T

|X̂N,i
t − XN,i

t |
2] ≤ C

N2

◦ and E
[

sup
0≤t≤T

W2
( 1
N

N∑
i=1

δX̂N,i
t
,

1
N

N∑
i=1

δXN,i
t

)2]
≤

C
N2

• Limit is ∂tµt −
1
2∆µt − div

(
µt∂xU(t, ·, µt)

)
+
√
ηdiv

(
µtḂt

)
= 0


