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Infinite SSH chain with defect

Su Schrieffer Heeger model of polyacetalene:
1 nm
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Infinite SSH chain with defect

Su Schrieffer Heeger model of polyacetalene:
1 nm

H H H H H H

H

Defect between A and B phase, leads to a soliton, with [¥| as in:

‘ W\/ANMAW ‘

-15 15

This is a state ¢ with Hp = 0 and Xy = 0.
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Infinite SSH chain with defect

Su Schrieffer Heeger model of polyacetalene:

1 nm
H H H H H H
H H H H H H H

Defect between A and B phase, leads to a soliton, with [¥| as in:

0 ,\ ﬂ\ 1nm
’!/\ \‘ “\ ‘ | ‘ !/\\
f i "“‘f VN
‘ ‘ v\/JU\/V‘/\“ .

-15 -10 5 10 15
This is a state ¢ with Hl/) =0and Xy = 0.
Or

(plHlp) =0, (p[X]¢) =0,
and

AGX) = (¢ |X2|9) — (w[X|9)* ~
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Finite SSH chains

Finite polyacetalene chain:

A
Defect

NMMWWM

-15 15
Truncatlng 1p from the |nf|n|te settlng leads to g with Hypg ~ 0 and
leo ~ 0.
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Finite SSH chains

Finite polyacetalene chain:

ﬂ
Defect

NMMWWM

15 15

Truncatlng 1p from the |nf|n|te settlng leads to g with Hypg ~ 0 and
leo ~ 0.

Using symmetry we can enforce Hiypg = 0.
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Finite SSH chains

Alternately, find a null vector g for the Hamiltonian (with & = 2.85
and g = 2.15)
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Finite SSH chains

and compute X etc. for the position observable
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(Exactly) Compatible Observables
Recall XY = XY implies “enough” common eigenvalues. Must restrict

(A1, A2) to the joint spectrum (X, Y), determined by any of the
following.
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(Exactly) Compatible Observables

Recall XY = XY implies “enough” common eigenvalues. Must restrict
(A1, A2) to the joint spectrum (X, Y), determined by any of the

following.

3 state v with
Xv = Aqv,

Yv = Ayv,

3 state v with
(X)y = A1, AF(X) =0,

(), = Ao, A2(Y) =0,

AL+ Mo € 0(X +iY)

0 Xy, — iV,

Amin Xy, +iYy, 0

=0

Smin(XAl + iY)\g) =0
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(Exactly) Compatible Observables

Recall XY = XY implies “enough” common eigenvalues. Must restrict
(A1, A2) to the joint spectrum (X, Y), determined by any of the
following.

3 state v with

Xv = Aqv,

Yv = Ayv,

3 state v with

(X)y = A1, B7(X) =0,

(), = Ao, A2(Y) =0,

A

AL+ Mo € 0(X +iY)

70 Xy —ivy,
min X)\l + I.Y)\2 0

Smin(XAl + iYAQ) =0

X
/\min [ Yj\\l
2

Y |
e ] =o

1

Here Spin is smallest singular value, Apin is magnitude of the eigenvalue
closest to zero. Also, Xy = X — Al and Y, =Y — Al



Almost Compatible Observables

Given X; X, =~ X, X;, prefer to use multivariate pseudospectrum:

Definition
Given Hermitian matrices Xi, ..., Xy define

Ae(Xe, ..., Xq) = {AeRd‘H(Z()g—Aj)@rj)‘lH zefl}

with the convention 071 = oo and H(singular)_lu = oo and where
I'1,..., Ty are Dirac matrices.
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Almost Compatible Observables

Given X; X, =~ X, X;, prefer to use multivariate pseudospectrum:

Definition
Given Hermitian matrices Xi, ..., Xy define

Ae(Xe, ..., Xq) = {AeRd‘H(Z()g—Aj)@rj)‘lH zefl}

with the convention 071 = oo and H(singular)_lu = oo and where
I'1,..., Ty are Dirac matrices.

When € = 0 this is called the Clifford spectrum.
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Almost Compatible Observables

Assume & = [| XY — XY|| is small, not zero.
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Almost Compatible Observables

Assume & = [|XY — XY|| is small, not zero.

3 state v with 3 state v with
XV — Ay <e, [(X)y =Ml <e A(X) <e
[ Yv—Aav| <, (Y), — A2 <€ A(Y) <e
A

§ §

i ] <
A1+ iy € Ae(X + iY) Smm(X)\l + IY)\Q) > €

defines classical pseudospec-
classical pseudospectrum trum

) )

0 Xy, —iv,

Amin Xy, +iYa, 0 <e )\min|: Yy, —Xi :| hS




Almost Compatible Observables

Think of pseudospectrum as a function

) Xa =Y
()\1' /\2> = /\mm [ YAQ 7)(/\1

with A¢(X1, Y) the sub-level sets.
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Almost Compatible Observables

Think of pseudospectrum as a function

) Xa =Y
()\11 A2) = Amm |: YAQ _)(}\1

with A¢(X1, Y) the sub-level sets.

Random examples, || X|| = || Y|| = 1, matrix size 20:

-1.5 1 -0.5 0 0.5 1 15

XY — ¥X|| = 0.00001 XY — YX|| = 0.93
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Almost Compatible Observables

Bigger random examples, || X|| = || Y]| = 1, matrix size 200.

Examples with large commutator are hard to generate. Must avoid

standard matrix distributions.

15

0.5

-0.5

XY — YX|| = 0.15

-1.5 1 -0.5 0 0.5

IXY — YX| = 0.88
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Pseudospectrum of X and H in SSH models

A
1nm
Defect
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ol i
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Pseudospectrum of X and H in SSH models

*
Defect
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Pseudospectrum of X and H in SSH models
S e

X A
Def‘ect D'éfect

L L L L L
-10 -5 0 5 10

Even dimensional space. Chiral symmetry: T'|e) = |o), T'|o) = — |e),
and I'’X = XT', TH = —HI.

21/96



K-Theory, Counting Zero Modes

In chiral situation,
Smin (Xay +iH2,) = Smin ((Xp, +iHy,) T)

and (Xy, +iYy,) I' is Hermitian.
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K-Theory, Counting Zero Modes

In chiral situation,
Smin (X, +iH),) = Smin (X, +iHy,) T)
and (Xj, +iYy,) I' is Hermitian. So also

Smin (X/\1 + I.H)LQ) = )\min ((X/\l + fH/\Q) F)
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K-Theory, Counting Zero Modes

In chiral situation,

Smin (Xay + 1HA,) = Smin ((Xa, +iHp,) T)
and (Xy, +1Yy,) I'is Hermitian. So also

Smin (X2, + iHa,) = Amin ((Xa, +iHa,) T)

Both X + iH and (X, + iHy,) I have patterns in eigenvalues and
singular values.
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K-Theory, Counting Zero Modes

In chiral situation,

Smin (Xa, 4 iHa,) = Smin ((Xa, +iHa,) T)
and (Xy, +1Yy,) I'is Hermitian. So also

Smin (Xay +1H2,) = Amin (X, +iHa,) T)

Both X + iH and (X, + iHy,) I have patterns in eigenvalues and
singular values.

For X + iH:
Eigenvalues in conjugate pairs.
Real eigenvalues can be single.
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K-Theory, Counting Zero Modes

In chiral situation,

Smin (Xr; +iHa,) = Smin ((Xa, +iHp,) T)

and (Xy, +1Yy,) I'is Hermitian. So also

Smin (X/\l + I.H)LQ) = Amin ((X,\l + fH/\Q) F)

Both X + iH and (X, + iHy,) I have patterns in eigenvalues and

singular values.

For X + iH:
Eigenvalues in conjugate pairs.
Real eigenvalues can be single.

For (X/\l + I'H)\2> I:

Former conjugate pairs become
+A pairs.

Former real eigenvalues can flip
sign.
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K-Theory, Counting Zero Modes

In chiral situation,

Smin (Xr; +iHa,) = Smin ((Xa, +iHp,) T)

and (Xy, +1Yy,) I'is Hermitian. So also

Smin (X/\l + I.H)LQ) = Amin ((X,\l + fH/\Q) F)

Both X + iH and (X, + iHy,) I have patterns in eigenvalues and

singular values.

For X + iH:
Eigenvalues in conjugate pairs.
Real eigenvalues can be single.

For (X/\l + I'H)\2> I:

Former conjugate pairs become
+A pairs.

Former real eigenvalues can flip
sign.

Using T;T |e) = €7 |@) we can animate this.



22 site SSH chain with end defects
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22 site SSH chain with end defects

I S S O e
A
/
D;ect Defect
| | | | 0.1
157 0.09
L 0.08
0.07
05
0.06
0Fr 0.05
0.04
0.5 F
0.03
-1 F
0.02
15+ 0.01

-1.5 -1 -0.5 0 0.5 1 1.5

Ae ((XM + iH/\z) FO'I)
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22 site SSH chain with end defects

I S S O e
A
/
D;ect Defect
| | | | 0.1
157 0.09
L 0.08
0.07
05
0.06
0Fr 0.05
0.04
0.5 F
0.03
-1 F
0.02
15+ 0.01

Ae ((XM + iH/\z) FO'Q)
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22 site SSH chain with end defects

05

-0.5

b e e e )
Pl
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D;ect Defect
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-1.5

Ae ((XM + iH/\z) F0'3)
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22 site SSH chain with end defects

05

-0.5

b e e e )
Pl
Vs
D;ect Defect
T T T T

-1.5

Ae ((XM + iH/\z) FOA)
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22 site SSH chain with end defects

05

-0.5

b e e e )
Pl
Vs
D;ect Defect
T T T T

-1.5

Ae ((XM + iH/\z) FO'S)
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22 site SSH chain with end defects

I S S O e
A
/
D;ect Defect
| | | T 0.1
5 0.09
i L 0.08
0.07
05 -
0.06
or 0.05
0.04
-05
0.03
-1 F
0.02
15 0.01

-1.5 -1 -0.5 0 0.5 1 1.5

Ae ((XM + iH/\z) r0'6)
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22 site SSH chain with end defects

I S S O e
A
/
D;ect Defect
T T T T 0.1
157 0.09
L 0.08
0.07
05
0.06
0Fr 0.05
0.04
0.5 F
0.03
-1 F
0.02
15 | 0.01

-1.5 -1 -0.5 0 0.5 1 1.5

Ae ((XM + iH/\z) r0.7)
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22 site SSH chain with end defects

I S S O e
A
/
D;ect Defect
| | | T 0.1
157 0.09
L 0.08
0.07
05
0.06
0r 0.05
0.04
0.5 F
0.03
-1 F
0.02
1.5 - 0.01

-1.5 -1 -0.5 0 0.5 1 1.5

Ae ((XM + iH/\z) FO'S)
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22 site SSH chain with end defects

I e e

D;ect
T

A
/

Defect
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-0.5

-1.5

Ae ((XM + iH/\z) FO'g)

-0.5
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22 site SSH chain with end defects

I S S O e
A
/
D>ect Defect
T T T T 0.1
1.5
0.09
r 0.08
05 4 0.07
0.06
or
0.05
0.5 F
0.04
-1 F
0.03
1.5 F
0.02
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34 site SSH chain, ABA phases

o - o ° v 0 ©



34 site SSH chain, ABA phases




34 site SSH chain, ABA phases




34 site SSH chain, ABA phases




34 site SSH chain, ABA phases

odet o o o
| 0.1
15 0.09
1L 0.08
0.07
0.5
0.06
or 0.05
0.04
0.5
0.03
RS
0.02
15 0.01
15 1 0.5 0 0.5 1 15
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34 site SSH chain, ABA phases

D’» t D/: t %e:t D/: t
0.1
15 0.09
i 0.08
0.07
05
0.06
or 0.05
0.04
05
0.03
g
0.02
151 0.01
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34 site SSH chain, ABA phases

D}ect Déect %:e:t 4ect

0.1
15 0.09
1L 0.08
0.07

05 -
0.06
or 0.05
0.04

-05
0.03

RS
0.02
15 0.01
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34 site SSH chain, ABA phases

CAAAAAAAAAAAAAAAA,
Defect D{:ec( %e:t éect
0.1
15 0.09
1L 0.08
0.07
05 -
0.06
or 0.05
0.04
-05
0.03
RS
0.02
15 0.01
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34 site SSH chain, ABA phases

CAAA A A A A A A A A A A A
Defect D{:ecl %&E( éect
0.1
15 009
i 0.08
0.07
05
0.06
0r 0.05
0.04
05
0.03
al
0.02
15 0.01

47/96



34 site SSH chain, ABA phases

0.5

-0.5

Defect

-

%:e:t

4ect
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34 site SSH chain, ABA phases

D}ect Déecl %:e:t 4ect

0.1

15+
0.09
1 0.08
05 0.07
0.06

ol
0.05

05
0.04
ar 0.03
15 0.02
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K-Theory, Counting Zero Modes

The eigenvalues of the Hermitian matrix (X), + iHy,) I tell us about
the real eigenvalues of Xj, + iH,,. Helps find v with Hv ~ 0 and
Xv = Aqv.
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K-Theory, Counting Zero Modes

The eigenvalues of the Hermitian matrix (X), + iHy,) I tell us about
the real eigenvalues of Xj, + iH,,. Helps find v with Hv ~ 0 and
Xv = Aqv.

For B Hermitian, nonsingular,

sig(B) = # {positive eigenvalues} — # {negative eigenvalues}
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K-Theory, Counting Zero Modes

The eigenvalues of the Hermitian matrix (X), + iHy,) I tell us about
the real eigenvalues of Xj, + iH,,. Helps find v with Hv ~ 0 and
Xv = Aqv.

For B Hermitian, nonsingular,

sig(B) = # {positive eigenvalues} — # {negative eigenvalues}

Theorem

For a finite, chiral system in one physical dimension,

%sig((XA +iH)T) =) {ulp)| p € R & (Xy +iH)v =pv }

where u(A) = £1 depending on p > A or p < A and on T(v) = %v.
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K-Theory, Counting Zero Modes

The eigenvalues of the Hermitian matrix (X), + iHy,) I tell us about
the real eigenvalues of Xj, + iH,,. Helps find v with Hv ~ 0 and
Xv = Aqv.

For B Hermitian, nonsingular,

sig(B) = # {positive eigenvalues} — # {negative eigenvalues}

Theorem

For a finite, chiral system in one physical dimension,

1. . .

5sig (Xy +iH)T) = Y {u(p)| p eR & (X) +iH)v=pv}
where u(A) = £1 depending on p > A or p < A and on T(v) = %v.

Trickier given multiplicity. This is, rather disguised, a theorem relating
Ko of a graded C*-algebra and Ky of an ungraded C*-algebra.
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K-Theory, Counting Zero Modes

The eigenvalues of the Hermitian matrix (X), + iHy,) I tell us about
the real eigenvalues of Xj, + iH,,. Helps find v with Hv ~ 0 and
Xv = Aqv.

For B Hermitian, nonsingular,

sig(B) = # {positive eigenvalues} — # {negative eigenvalues}

Theorem

For a finite, chiral system in one physical dimension,

1. . .
5sig (Xy +iH)T) = Y {u(p)| p eR & (X) +iH)v=pv}
where u(A) = £1 depending on p > A or p < A and on T(v) = %v.

Trickier given multiplicity. This is, rather disguised, a theorem relating
Ko of a graded C*-algebra and Ky of an ungraded C*-algebra.
Calculating signature is part of the well established numerical method
called spectral slicing.

54 /96



34 site SSH chain, ABA phases, K-theory to the left




34 site SSH chain, ABA phases, K-theory to the left




34 site SSH chain, ABA phases, K-theory to the left




34 site SSH chain, ABA phases, K-theory to the left

o o e o
| 0.1
15 ¢ 0.09
1L 0.08
0.07
0.5

0.06
or 0.05
0.04

05
0.03

at
0.02
15 0.01
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34 site SSH chain, ABA phases, K-theory to the left

o o e o
0.1
15 ¢ 0.09
1L 0.08
0.07
0.5
0.06
or 0.05
0.04
05
0.03
at
0.02
15 0.01
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34 site SSH chain, ABA phases, K-theory to the left

D}ect Déecl %:e:t 4ect

0.1
15 ¢ 0.09
1L 0.08
0.07

05
0.06
or 0.05
0.04

05
0.03

at
0.02
15 0.01
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34 site SSH chain, ABA phases, K-theory to the left

D}ect Déecl %:e:t 4ect

0.1
15 ¢ 0.09
1L 0.08
0.07

05
0.06
or 0.05
0.04

05
0.03

at
0.02
15 0.01
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34 site SSH chain, ABA phases, K-theory to the left

AN AN AN A A
Defect Déecl %:e:t 4ect
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34 site SSH chain, ABA phases, K-theory to the left

D}ect Déecl %:e:t 4ect
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34 site SSH chain, ABA phases, K-theory to the left

D}ect Déecl %:e:t 4ect

05
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34 site SSH chain, ABA phases, K-theory to the left

D;ect néecx %:e:t Dé:ect

0.1

15+
0.09
1 0.08
05 L 0.07
0.06
0.05

05
0.04
AT 0.03
15 0.02
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Infinite length chiral systems

Hilbert space is now H = ¢2(Z) @ C?N.
Chiral symmetry is determined by ' = 1 ® [ (/) _0/ }
Position given by X (e, ® &) = n(e, ® &)

0 A ] , built from local hopping.

Hamiltonian is H = [ A0
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Infinite length chiral systems

Hilbert space is now H = ¢2(Z) @ C?N.
Chiral symmetry is determined by ' = 1 ® [ (/) _0/ }

Position given by X (e, ® &) = n(e, ® &)

Hamiltonian is H = [ /2* é\ ] , built from local hopping. More
generally just assume is bounded, Hermitian, 'H = —HT and

[[X, H]I < oo,
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Infinite length chiral systems
Let I'T denote the projection of # onto

H,o = (N)oC,

so 11 = <1(_)[ IQI> where IT projects ¢2(Z) ® CV onto ¢?(N) @ CV.
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Infinite length chiral systems
Let I'T denote the projection of # onto

H,o = (N)oC,

so IT= (1(_)[ IQI) where TT projects £?(Z) @ CV onto £2(N) ® CV.
@ The cleanest expression of the index of such this system is
ind (TTAIT)

where this is the usual index for Fredolm operators on ¢?(IN) @ CV.
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Infinite length chiral systems
Let I'T denote the projection of # onto
Hy = 2(N) o2V,

0 II
@ The cleanest expression of the index of such this system is

so 1= (H 0) where IT projects ¢2(Z) ® CV onto ¢?(N) @ CV.

ind (ITAIT)

where this is the usual index for Fredolm operators on ¢?(IN) @ CV.

Generalized to higher dimensions by Prodan and Schulz-Baldes.
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Infinite length chiral systems

Let I'T denote the projection of # onto
H. = 2(N) @ C?V,
so IT= (1(_)[ IQI) where TT projects £?(Z) @ CV onto £2(N) ® CV.
@ The cleanest expression of the index of such this system is

ind (ITAIT)

where this is the usual index for Fredolm operators on ¢?(IN) @ CV.

Generalized to higher dimensions by Prodan and Schulz-Baldes.

@ If o(H) = %1 then TTATII represents a general unitary in the Calkin
algebra, while
0 TTIAII

ITA*IT 0

represents a unitary with spectrum =£1.

TTHIT =
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Infinite length chiral systems

To relate to the finite systems, we need two basic things.
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Infinite length chiral systems

To relate to the finite systems, we need two basic things.

@ Patch growing finite systems together to involve operators that are
compact plus scalar, so in

(K (H1))" = K (Hy) +CI.
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Infinite length chiral systems

To relate to the finite systems, we need two basic things.

@ Patch growing finite systems together to involve operators that are
compact plus scalar, so in

(K (H1))" = K (Hy) +CI.

@ Work with the boundary map in K-theory associated to
0= K(Hy) = B(Hy) = B(H)/K(Hy) =0,
specifically
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Infinite length chiral systems

Given radius p, define a finite system on sites at X position less that p,
put on Dirichet boundary conditions, with new observables H, and X,.
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Infinite length chiral systems

Given radius p, define a finite system on sites at X position less that p,
put on Dirichet boundary conditions, with new observables H, and X,.

Need to adjust scale of X to better match that of H so need a tuning
parameter x > 0.
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Infinite length chiral systems
Given radius p, define a finite system on sites at X position less that p,
put on Dirichet boundary conditions, with new observables H, and X,.
Need to adjust scale of X to better match that of H so need a tuning
parameter x > 0.
Theorem

(2017 with Schulz-Baldes) Assuming H is invertible, with gap
g=||H| 7" i

g3

X, Hl| < ————

and

then .
5sig ((kX, + iH,) T') = ind (ITAIT).
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Pictures of K-theory for graded C*-algebras

In addition to a C*-algebra A, have a — a” implementing and action of
Z./2, determining even (8 = a) and odd (a7 = —a).

For example, A = M5, and for a matrix a define a = I'al' with

r— (é 0,).
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Pictures of K-theory for graded C*-algebras

| Trout picture of Ky | Van Daele of Ky |

vu=uwut =1

ut=u
u‘r = u* UU = —Uu
u—t exists u~—t exists
v =u* vt =u

W =—u

As always, compute homotopy classes, and stabilize by using a in A,

M2 (A), M3 (A), etc.
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Pictures of K-theory for graded C*-algebras

| Trout picture of Ky | Van Daele of Ky |

vu=uwut =1

ut=u
u’ =u* U =—u
Can lead to bad
numerics
u~ 1 exists u~ L exists No formula for
boundary map
u = ut vt =u
W =—u

As always, compute homotopy classes, and stabilize by using a in A,

M2 (A), M3 (A), etc.
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Pictures of K-theory for graded C*-algebras

If we use Hermitian and anti-Hermitian parts, a = x + iy, then this

becomes more familiar.

| Trout picture of Ky | Van Daele of Ky |

|

vu=uwut =1

ut=u
u =u* u =—u
Can lead to bad
numerics
u~ 1 exists u~ L exists No formula for
boundary map
u = ut vt =u
W =—u

As always, compute homotopy classes, and stabilize by using a in A,

M2 (A), M3 (A), etc.
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Pictures of K-theory for graded C*-algebras

If we use Hermitian and anti-Hermitian parts, a = x + iy, then this

becomes more familiar.

| Trout picture of Ko | Van Daele of Ky |

|

xX°+y?=1
Xy = yx

x7 =x x> =1

yo=—y x7 = —x Can lead to bad
numerics

No formula for
(X + iy)*l exists x~ 1 exists boundary map

x7 = —x

As always, compute homotopy classes, and stabilize by using a in A,

M- (A), Ms (A), etc.
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Spectral Flattening, etc.

In the Calkin algebra, we need only apply spectral flattening to H, so

H

H o~ —.
|H|
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Spectral Flattening, etc.

In the Calkin algebra, we need only apply spectral flattening to H, so

H

H o~ —.
|H|

In B(H) and approximating finite matrices, we need first to rescale so
-1<X<1L
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Spectral Flattening, etc.

In the Calkin algebra, we need only apply spectral flattening to H, so

H

H o~ —.
|H|

In B(#4) and approximating finite matrices, we need first to rescale so
—1 < X < 1. Then we attenuate H near boundaries, so

"

N[

He (1-x2) 0 T x2yd
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Pictures of K-theory for graded C*-algebras

x2+y2:1
Xy = yx
x7 = x
Yy’ =—y

0

«—

exponential
map

1 spectral flattening, etc.

(x +iy) "t exists

1 spectral flattening

x 1 exists

X = —X
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Spectral flattening and curving

15 |
05

-05

0.5
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Spectral flattening and curving

0.1
15y 0.09
1L 0.08
0.07

05
0.06
or 0.05
0.04

-05 |
0.03

_1 L
0.02
15 0.01
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Spectral flattening and curving

0.1
15y 0.09
1L 0.08
0.07

05
0.06
or 0.05
0.04

-05 |
0.03

_1 L
0.02
15 0.01
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Spectral flattening and curving

0.1
157 0.09
s 1 0.08
—
o oo e ®y) 0.07
05 ————— B
0.06
or 0.05
=— 0.04
05 1
e e~ —————————7 \
co® N 0.03
_1 L
0.02
15 0.01
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Spectral flattening and curving

0.1

15 -
0.09
4 0.08
0.07

05 -
0.06
or 0.05
05 | 0.04
0.03

_1 L
0.02

150
5 0.01
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Spectral flattening and curving

1.5

0.5

-0.5

0.1
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Spectral flattening and curving

1.5

0.5

-0.5

0.1
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Spectral flattening and curving

1.5

0.5

-0.5

0.1
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Spectral flattening and curving

1.5

0.5

-0.5

-0.5

0.1

95 /96



Spectral flattening and curving

0.1

15 1
5 0.09
s 7 0.08
0.07

0.5 1
0.06
0r 7 0.05
0.04

05 | 1
0.03

a4t 1
0.02
15+ ] 0.01
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