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Surface anomalous Hall conductivity 
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TR-broken 
insulator 

Anomalous Hall Conductivity = “AHC” 
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Insulating surface of bulk insulator 

θ is ill-defined 
modulo 2π 

Surface charge 

φ ∝ Pz 

φ is ill-defined 
modulo 2π 

Surface AHC 
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Adiabatic charge pump 

Bulk cells included 
in Pbulk calculation 

Surface excess e/A 
Hλ 

λ=0 
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Semi-infinite bulk 

Surface 
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Adiabatic AHC pump ? 

Bulk cells included 
in θ calculation 

Excess AHC? 
Hλ 

λ=0 
λ=1 

Semi-infinite bulk 

Surface 
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Outline 

•  Polarization in 1D 
•  Polarization in 3D 

– Hybrid Wannier representation 
– Surface charge theorem 

•  Axion magnetoelectric coupling 
– Hybrid Wannier representation 
– Surface AHC theorem 

•  Adiabatic loop 
– Charge pump / axion pump 

•  Summary & Conclusions 
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Berry phase and curvature in the BZ 
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Gauge dependence 

•  Gauge change: 

•  Result: 

Winding of β  
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1D: BZ is really a loop 

•  Reciprocal space is really periodic 

•  Brillouin zone can be regarded as a loop 

0 –π/a π/a 
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E 
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Berry phase ⟺ Wannier center 

k 

E 
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Polarization and Wannier centers (1D) 

Ionic charges 

Wannier centers 

a 

. . . . . . 

Origin Wannier center xc = a  
𝜙  
2π 

Berry phase 
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Quantum of polarization: ΔP = e 

P = dipole / a P’ = dipole / a 

a 

ΔP = e 

. . . . . . 



Columbia Workshop on Topological States, May 1, 2017 

Adiabatic cycle - No pumped charge 

λ 

k 

xc (λ) = Wannier center at given λ 
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xc a 

Hλ 

λ=0 
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Adiabatic cycle - Quantum charge pump 

λ 

k 

xc (λ) = Wannier center at given λ 
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Equivalently,      = eigenvalues of            where        

Wannier centers: Extended and finite 

Infinite chain: 

Finite chain 

= eigenvalues of            where        

(finite chain eigenvectors) 
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Surface charge theorem: 1D 

Qsurf = Pbulk modulo e 

QA = Pbulk QB = N e 

. . . 

Surface 

Wannier centers: Eigenvalues of 
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Surface charge theorem: 1D 

QA = Pbulk QB = N e 

. . . 

Surface 

Wannier centers: Eigenvalues of 

Qsurf = Pbulk + QB 
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Surface charge theorem: 1D 

Qsurf = Pbulk + QB 

QA = Pbulk QB = N e 

Wannier centers: Eigenvalues of 

Surface 
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Surface charge theorem: 1D 

Conclusions: 

•  Qsurf = Pbulk modulo e 

•  To get correct branch choice, compute 
Wannier centers at the end of the chain 
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(k,λ)   ⇒   (kx,ky) 

1D insulator 
with 

adiabatic 
parameter 

2D 
insulator 
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Hybrid Wannier centers: yc vs. kx 

kx 

ky 

kx 

yc 

At each kx, find 1D WF along y, and their centers 

b 
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Quantum Anomalous Hall (QAH) 

kx 

ky 
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At each kx, find 1D WF along y, and their centers 
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Edge states ↔ Wannier center flow 

C = +1 C = 0 

kx 

yc b 

kx 

yc b 

Normal QAH 
(Chern 
ins.) 
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(0,0,0) (2π,0,0) 

(2π, 2π,0) 

(2π, 2π, 2π) 

kz 

kx 
ky 

Polarization in 3D: Hybrid WFs again 



Columbia Workshop on Topological States, May 1, 2017 

Hybrid Wannier representation 

Define hybrid WFs:  (maximally localized along z) 

Construct hybrid WF sheets: 
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(0,0) (π,0) 

(π,π) 

Z=0 

Z=c/2 

Z=c 

Hybrid WF sheets 

Strong TI 
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First-principles Bi2Se3 Wannier centers 

Maryam 
Taherinejad 
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kx 

ky 

Hybrid 
Wannier 
centers 

Polarization in 3D 

〈 z 〉 

Pz 
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Real space z 
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Insulating surface of bulk insulator 

Surface charge 

φ ∝ Pz 

φ is ill-defined 
modulo 2π 

? 
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DOS 

E 

Bulk VB Bulk CB 

Surface state 
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Hybrid Wannier centers at surface  

•  Diagonalize           at each (kx,ky) 
•  Plot these “sheets” at surface and into bulk 

kx 

ky 

z 

Bulk cells included 
in Pbulk calculation 

Surface excess e/A 
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Surface charge theorem: 3D 

Conclusions: 

•  σsurf = Pbulk modulo e/Asurf 

•  To get correct branch choice, compute 
hybrid Wannier sheets at the surface 
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Outline 

•  Polarization in 1D 
•  Polarization in 3D 

– Hybrid Wannier representation 
– Surface charge theorem 

•  Axion magnetoelectric coupling 
– Hybrid Wannier representation 
– Surface AHC theorem 

•  Adiabatic loop 
– Charge pump / axion pump 

•  Summary & Conclusions 
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Linear magnetoelectric coupling (MEC) 

Remainder of this talk: 

Only orbital contribution to frozen-ion MEC. 
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Full theory of orbital MEC 

NG = non-geometric 

CS = Chern-Simons 
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Theory of geometric orbital MEC 

•  Integrand is not gauge-invariant 
•  But integral over 3D BZ is gauge-invariant, modulo 2π 

  Physical understanding of “modulo 2π”? 

: 

Qi, Hughes and Zhang, PRB 78, 195424 (2008) 
Essin, Moore and Vanderbilt, PRL 120,146805 (2009) 
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Orbital MEC ↔ Surface dissipationless σxy 

E 

M 

Interpret magnetization = M = K 
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αCS only defined modulo 2π 

Suppose we start with crystal having αCS given by θ. 
Now glue to each surface an extra 2D QAH insulator 
layer having C=1: 

This increments          by      , i.e., 
 
So θ as a bulk property is ill-defined modulo 2π ! 

QAH 
Insulator 

layers 
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Indeterminacy modulo 2π 

θ is ill-defined 
modulo 2π 

QAH 
Insulator 
layers 

Charge layer 
one e per surface cell 

P 

P is ill-defined 
modulo 2π 

θ 
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DOS 

E 

Bulk VB Bulk CB 

Surface state 
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Indeterminacy modulo 2π 

θ is ill-defined 
modulo 2π 

QAH 
Insulator 
layers 

Charge layer 
one e per surface cell 

P 

P is ill-defined 
modulo 2π 

θ 
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ME coupling of TR-invariant insulator 

Qi, Hughes and Zhang, PRB 78, 195424 (2008) 
Essin, Moore and Vanderbilt, PRL 120,146805 (2009) 

•  The T symmetry operator maps θ into –θ

•  But θ is only well defined modulo 2π 

•  Case of θ=0  ⇔  normal insulator  

•  Case of θ=π  ⇔  strong topological insulator! 
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Polarization and surface charge 
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CS coupling and surface AHC 
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Hybrid Wannier representation 

Define hybrid WFs:  (maximally localized along z) 

Construct hybrid WF sheets: 



Columbia Workshop on Topological States, May 1, 2017 

Hybrid Wannier representation 

Define Berry connection and curvature on the sheets: 

Chern number of each sheet: 
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Axion coupling in the HWF representation 

Berry curvature 
on n’th sheet 

Bulk Bloch represenatation 

HWF represenatation 

Berry potential 
between sheets 
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Surface charge theorem: 1D 

Qsurf = Pbulk + QB 

QA = Pbulk QB = N e 

Wannier centers: Eigenvalues of 

Surface 
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Surface σ AH  theorem 

kx 

ky 

z 

Bulk cells included 
in θ calculation 

Surface excess C 
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+1 
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σ AH,surf = (θ/2π+C) e2/h 
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Outline 

•  Polarization in 1D 
•  Polarization in 3D 

– Hybrid Wannier representation 
– Surface charge theorem 

•  Axion magnetoelectric coupling 
– Hybrid Wannier representation 
– Surface AHC theorem 

•  Adiabatic loop 
– Charge pump / axion pump 

•  Summary & Conclusions 
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Parametric 1D Ham. (Open path) 

λ 

k 

Berry curvature Ω(λk) 

λ2 

λ1 

-φ (λ2) 

φ (λ1) 

(modulo e) 
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Parametric 1D Ham. (Closed path) 

Ω (k,λ) 

Under an adiabatic cycle, (k, λ) space 

By Chern theorem, 

ΔP = n e ( n = TKNN invariant = integer ) 

λu 

λv 
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Parametric 3D Ham. (Open path) 

λ εijkl Ωij Ωkl 

λ2 

λ1 

θ (λ2) 

-θ (λ1) 

(modulo 2π) T3 (kx,ky,kz) 
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Under an adiabatic cycle, (kx,ky,kz,λ) space 

where N2 = “second Chern number” 

Δθ = 2πN2 

λu 

λv 

Parametric 3D Ham. (Closed path) 
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Adiabatic charge pump 

Bulk cells included 
in Pbulk calculation 

Surface excess e/A 
Hλ 

λ=0 
λ=1 

Metallic 
surface 
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Metallic surface of bulk insulator 

Surface charge 

P 

φ is ill-defined 
modulo 2π 

kx 

ky 

f = 1 

f = 0 

Surface BZ 
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•  Bulk H undergoes cyclic evolution: θ → θ/2π 
without gap closure 

•  What happens to bulk Wannier sheets? 

Adiabatic axion pump 
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Modified TB model of Qi, Hughes & Zhang 

Sinisa 
Coh Two occupied bands 

(Two Wannier sheets) [ VIDEO ] 
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Maryam 
Taherinejad 

TB model of Fu, Kane & Mele 
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TB model of coupled Haldane layers: Bulk 

Thomas 
Olsen 

C=+1 

C=−1 
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•  Bulk H undergoes cyclic evolution: θ → θ/2π 
without gap closure 

•  What happens to surface AHC? 
•  Two scenarios to consider: 

– Hsurf changes so as to keep surface 
insulating 

– Hsurf returns to itself 

Axion charge pump 
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Adiabatic evolution of surface AHC 
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TB model of coupled Haldane layers: Slab 

Thomas 
Olsen 

C=+1 

C=−1 
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•  Bulk H undergoes cyclic evolution: θ → θ/2π 
without gap closure 

•  What happens to surface AHC? 
•  Two scenarios to consider: 

– Hsurf changes so as to keep surface 
insulating 

– Hsurf returns to itself 

Adiabatic axion pump 



Columbia Workshop on Topological States, May 1, 2017 

Adiabatic axion pump 

Hλ 

λ=0 
λ=1 

Metallic 
surface 

Bulk cells included 
in θ calculation 

Excess AHC? 
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Metallic surface of bulk insulator 

Surface charge 

P 

φ is ill-defined 
modulo 2π 

kx 

ky 

f = 1 

f = 0 

Surface BZ 
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Metallic surface of bulk insulator 

θ is ill-defined 
modulo 2π 

Surface charge 

P 

φ is ill-defined 
modulo 2π 

Anom. Hall conductivity 

θ 
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Summary: Analogy 

Polarization 
 

Berry phase 𝜙 
 

Surface charge 
 

Adiabatic charge pump 
 

First Chern number 

Orbital ME coupling 
 

Axion angle θ 
 

Surface AHC 
 

Adiabatic axion pump 
 

Second Chern number 
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