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Introduction to the model

{8t+dlv( pu) =0, t>0,zeRY 1)
Vi +vu = o * (pu) — (¢o * p)u, t>0,z€RY.
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Introduction to the model

ZF > N
{at—i—dw( pu) =0, £>0,z€R

1
Vi +vu = o * (pu) — (¢o * p)u, t>0,z€RY. ()

Notation:

@ t € R} and z € R" stand for time and position.
p = p(t,x) and u = u(t, z) are the density of particles and velocity field.
1 = 1(t, ) is the potential of an external force (maybe self-generated).

v € R is a friction coefficient.

N =2 or N = 3 are the physically meaningful cases.
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Introduction to the model

a—i—dlv( pu) =0, t>0,zeRY 1)
Vi +vu = o * (pu) — (¢o * p)u, ¢>0,z€RN.

@ The influence function exhibits singularity at origin ¢o(x) = ¢o(r) = r~2*.
@ Transport equation for p driven by wu.

@ Implicit integral equation for u in terms of p to be solved.

It involves a commutator of mildly singular integrals.

@ R. Coifman, R. Rochberg, G. Weiss (1976), S. Chanillo (1982).
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Introduction to the model

Reminiscent of Eulerian dynamics with alignment forces and neglected inertia:

——|—d1v u) = 0, t>0,zeRY,

Qu

+(u-V)utvu+ V=g *(pu) — (p*pju, ¢>0,z€RY.
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Introduction to the model

Reminiscent of Eulerian dynamics with alignment forces and neglected inertia:

—erlv u) =0, t>0,zeRY,

gu

(u-Vu+vu+ Ve =¢*(pu) — (p*p)u, t>0,zcRY.

General context:
@ Regular weights:

[3 S.-Y.Ha, E. Tadmor (2008). S-Y. Ha, J.-G. Liu (2009).
J. A. Carrillo, M. Fornasier, J. Rosado, G. Toscani (2010).
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Introduction the model

Reminiscent of Eulerian dynamics with alignment forces and neglected inertia:

§+dw pu) =0, t>0,zeRY,
u

74_ w-V)u+vu+ V=g (pu) — (p*p)u, t>0,zcRY.

General context:

@ Regular weights:

[3 S.-Y.Ha, E. Tadmor (2008). S-Y. Ha, J.-G. Liu (2009).
J. A. Carrillo, M. Fornasier, J. Rosado, G. Toscani (2010).

ﬁ T. K. Karper, A. Mellet, K. Trivisa (2015). A. Figalli, M.-J. Kang (2017).
[8 R.C. Fetecau, W. Sun, C. Tan (2016).
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Introduction the model

Reminiscent of Eulerian dynamics with alignment forces and neglected inertia:

§+dw pu) =0, t>0,zeRY,
—u+ (u-Vu+vu+ Ve =¢*(pu) — (p*p)u, t>0,zcRY.

General context:

@ Regular weights:

[3 S.-Y.Ha, E. Tadmor (2008). S-Y. Ha, J.-G. Liu (2009).
J. A. Carrillo, M. Fornasier, J. Rosado, G. Toscani (2010).

ﬁ T. K. Karper, A. Mellet, K. Trivisa (2015). A. Figalli, M.-J. Kang (2017).
[8 R.C. Fetecau, W. Sun, C. Tan (2016).

ﬁ E. Tadmor, C. Tan (2014).
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Introduction the model

Reminiscent of Eulerian dynamics with alignment forces and neglected inertia:

§+dw pu) =0, t>0,zeRY,
—u+ (u-Vu+vu+ Ve =¢*(pu) — (p*p)u, t>0,zcRY.

General context:

@ Regular weights:

[3 S.-Y.Ha, E. Tadmor (2008). S-Y. Ha, J.-G. Liu (2009).
J. A. Carrillo, M. Fornasier, J. Rosado, G. Toscani (2010).

ﬁ T. K. Karper, A. Mellet, K. Trivisa (2015). A. Figalli, M.-J. Kang (2017).
[8 R.C. Fetecau, W. Sun, C. Tan (2016).

ﬁ E. Tadmor, C. Tan (2014).

@ Singular weights:

ﬁ J. Peszek (2014). S. M. Ahn, H. Choi, S.-Y. Ha, H. Lee (2012).
P. B. Mucha, J. Peszek (2016). R. Shvydkoy, E. Tadmor (2017).
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Introduction to the model

Reminiscent of Eulerian dynamics with alignment forces and neglected inertia:

——|—d1v u) = 0, t>0,zeRY,

Qu

+(u-V)utvu+ V=g *(pu) — (p*pju, ¢>0,z€RY.

General context:

© Other related models: Kuramoto, aggregation, Vicsec, etc.
Synchronization: S.-Y. Ha et al.
Aggregation models: J. A. Carrillo, A. Bertozzi et al.

Vicsec models: P. Degond, S. Motsch, M.-J. Kang, A. Figalli, et al.

) =) @) [

Soft active matter: C. Marcheti et al.
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Goals of the talk

Goal 1: The hydrodynamic limit.

@ Introduce a singular hyperbolic scaling of the kinetic Cucker—-Smale model with
regular weights.

@ Derive the rigorous hydrodynamic limit towards (1).
© Obtain measure-valued solutions of (1) for the range A € (0, 1] .
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Goals of the talk

Goal 1: The hydrodynamic limit.

@ Introduce a singular hyperbolic scaling of the kinetic Cucker—-Smale model with
regular weights.

@ Derive the rigorous hydrodynamic limit towards (1).
© Obtain measure-valued solutions of (1) for the range A € (0, 1] .

Goal 2: Well-posedness.

@ Obtain sharp estimates in Sobolev spaces of the commutator of mildly singular
integrals.

@ Derive a global in time well-posedness theory for (1) in Sobolev-type spaces for the
range X € (0, N/2).
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From micro to meso: the mean field limit

The discrete Cucker—-Smale model

o]
dt
dvi K

= Y5,

N
mo = NZ¢(|$1‘ — z;])(v; — vi)
Jj=1

where the influence function is

0_2)\

/A
W and Ce,\ ‘= KR — ].7 K € (0, ].).

o(r) =

@ F. Cucker, S. Smale (2007).
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From micro to meso: the mean field limit

The discrete Cucker—-Smale model

o]

dt N

dvi K

M =N > b(lzi — z4]) (05 — vi)—vvs — V(E, 2:) + m&i(t),
Jj=1

= Y5,

where the influence function is

0_2)\

(0-2 L CN,ATQ)/\

o(r) == and ¢ =k =1, k€ (0,1),

and &;(t) is d-correlated white noise with

(&()&;(t)) = 2Ddi6(t — t').

[§ F. Cucker, S. Smale (2007).
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From micro to meso: the mean field limit

The discrete Cucker—-Smale model

B o
dt - Y v
dvi K
m— =% > b(lzi — z4]) (05 — vi)—vvs — V(E, 2:) + m&i(t),
Jj=1

where the influence function is
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From micro to meso: the mean field limit

The discrete Cucker—-Smale model

o]
dt

= Y5,

dvi K
m—t =5 > oz — 25) (05 — vi)—vvs — Vo (t, 2:) + m&(0),
=i

where the influence function is

0_2)\

(0-2 L CN,ATQ)/\

o(r) == and ¢ =k =1, k€ (0,1),

and &;(t) is d-correlated white noise with

(&@)& () = 2Ds;6(t —t').

[§ F. Cucker, S. Smale (2007).

Consider 7, the relaxation time under friction, and /i, the mean thermal velocity of
noise and set v := 2 D :=

.,.2
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From micro to meso: the mean field limit

The discrete Cucker—-Smale model

dri _
dt — Y9 v
dv; K m
me =NZ(MW—%‘D(W—vi)*7vi*V¢(t7$i)+m§i(t),
Jj=1

where the influence function is

0_2)\

(0-2 L CN,ATQ)/\

o(r) == and ¢ =k =1, k€ (0,1),

and &;(t) is d-correlated white noise with

(&g ) = 256,58t~ ).

@ F. Cucker, S. Smale (2007).
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From micro to meso: the mean field limit

The mean field limit N — oo

o v Vaf — VyVof =divy (%vf + AV (6 )+ f)f) ,

ot mM
where M is the total mass of the system and f = f(¢,z,v) is the density of particles.

[3 S.-Y. Ha, E. Tadmor (2008). S.-Y. Ha, J.-G. Liu (2009).

@ M. Hauray, P. E. Jabin (2015). P. B. Mucha, J. Peszec (2015).
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From micro to meso: the mean field limit

The mean field limit N — oo

%—l—v.vzf—%Vzp.va:divv (%vf+§v,,f+%((¢%)*f)f),

where M is the total mass of the system and f = f(¢,z,v) is the density of particles.
[3 S.-Y. Ha, E. Tadmor (2008). S.-Y. Ha, J.-G. Liu (2009).

@ M. Hauray, P. E. Jabin (2015). P. B. Mucha, J. Peszec (2015).

Adimensionalize the system
I t — X — v T = — f(t,l‘,’l)) T = w(tv‘r)
t= — T=— V= — t,T,0) = ———+ t,T) =
T? L? V7 f( ) ) ) fo ) w( ) ) 9
and link characteristic units to physical parameters as follows

L_lT _ N+ N
Tmezpo, M=V"L" fo.

David Poyato Singular first order Cucker-Smale model CSCAMM (UMD) 6 /26



From micro to meso: the mean field limit

The mean field limit N — oo

af VT 1 4oT . (T T TK ,, o
8—{+7v‘vz f%%w-vvf = div, (;var ;%vw% gl (C ) *f)f) .

[ S-Y.Ha, E. Tadmor (2008). S-Y. Ha, J.-G. Liu (2009).

@ M. Hauray, P. E. Jabin (2015). P. B. Mucha, J. Peszec (2015).
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From micro to meso: the mean field limit

The mean field limit N — oo

T T T T TK ,, o
%+V7v‘vsz%%w-vvf = div, (;vf + ;%vvf +—((¢ E ) f)f) .

[ S-Y.Ha, E. Tadmor (2008). S-Y. Ha, J.-G. Liu (2009).

@ M. Hauray, P. E. Jabin (2015). P. B. Mucha, J. Peszec (2015).

Define the scaled mean free path, mean thermal velocities, mass, range of interactions
and maximum strength of interactions by

VN i Vi m o

= : = = = — K:=7K.
o LT I Vv v M , 0 A T

=]
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From micro to meso: the mean field limit

The mean field limit N — oo
% + %v.vzf, %vqp.vvf: %divv (vaervaJr %((qﬁév)*f)f) :

[ S-Y.Ha, E. Tadmor (2008). S-Y. Ha, J.-G. Liu (2009).

@ M. Hauray, P. E. Jabin (2015). P. B. Mucha, J. Peszec (2015).
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From micro to meso: the mean field limit

The mean field limit N — oo

of
ot B M
[ S-Y.Ha, E. Tadmor (2008). S-Y. Ha, J.-G. Liu (2009).

@ M. Hauray, P. E. Jabin (2015). P. B. Mucha, J. Peszec (2015).

4 %v Vaf — %W Vof = % div, (vaerVuer Ko f)f) :

Assume the next hyperbolic singular scaling of the dimensionless parameters

a=1, 8= V=1, M=16=¢, K=¢ >

David Poyato
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From micro to meso: the mean field limit

The singular hyperbolic scaling

fs

+ev - V fg — V1/15 . vvfs S din ('Ufs =F vvfs a4 ((¢5 U) * fE)fE) )

1

where the scaled influence function is ¢ (r) = @t o
g Cr AT

[§ D. P, J. Soler (2017).
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From micro to meso: the mean field limit

The singular hyperbolic scaling

afE +EU V f ng V fs 7d1V'u (vf5+v fc' ((¢EU)*fE)fE)7

1
&+ cnar?)™

where the scaled influence function is ¢ (r) =

[§ D. P, J. Soler (2017).

The limit € \, 0 can be understood as a coupled limit where inertia vanishes and
singular interactions appear.
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From micro to meso: the mean field limit

The singular hyperbolic scaling

afE +ev-Vafe — Vabe - Vo fe = divy (0fe + Vo fe + (9 v) * fo)fe),

1
G

where the scaled influence function is ¢ (r) =

[§ D. P, J. Soler (2017).

The limit € \, 0 can be understood as a coupled limit where inertia vanishes and
singular interactions appear.

Formally, let us assume that f. would converge to f in some weak sense. Then,

=V - Vo f =dive (vf + Vo fr((Gov) * f)f).
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From micro to meso: the mean field limit

The singular hyperbolic scaling

afE +ev-Vafe — Vabe - Vo fe = divy (0fe + Vo fe + (9 v) * fo)fe),

1
G

where the scaled influence function is ¢ (r) =

[§ D. P, J. Soler (2017).

The limit € \, 0 can be understood as a coupled limit where inertia vanishes and
singular interactions appear.

Formally, let us assume that f. would converge to f in some weak sense. Then,
=V Vof =dive (vf + Vo fi((pov) * ) f).
It then entails that

f(t @, v) = (gf:)v;’% exp (7 v+ Vo + v(go Zp) — g0 (pu) )

)

where (p,u) is a solution to the macroscopic singular system (1).
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From micro to meso: the mean field limit

The singular hyperbolic scaling

afE +ev-Vafe — Vabe - Vo fe = divy (0fe + Vo fe + (9 v) * fo)fe),

1
G

where the scaled influence function is ¢ (r) =

[§ D. P, J. Soler (2017).

The limit € \, 0 can be understood as a coupled limit where inertia vanishes and
singular interactions appear.

In order to derive the rigorous limit we will assume the following hypothesis:

19 = fo«x,v) >0 and fE € C°°(RN x RN),
”ps“Ll(lRN) < Mo and p2 = p% in M(RY), (H1)
B2l L1 ey < Eo,

Ye € L2(0,T; WH(RN)) and ¢ € L2(0, T; WH (RY)),
Vpe(t,) € Co(RYN,RY) and Vi(t, ) € Co(RY,RY), ae t €[0,7), (Hz)
Vel 20,75 100 (N &Yy < Fo and Vipe = Vo in L1(0,T; Co(RY)),

David Poyato Singular first order Cucker-Smale model CSCAMM (UMD)



Hydrodynamic limit: hierarchy of velocity moments

The hierarchy of velocity moments

Density:  p<(¢, ) ::/ f=(t, z,v) dv,
RN

Current:  j.(t,x) := / v fe(t, z,v) dv,
RN
Stress tensor:  S.(t,z) := / v ® v fe(t,z,v) dv,
RN

Stress flux tensor:  T.(t,z) := / (v®v) ®ufe(t,z,v) dv.
RN
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Hydrodynamic limit: hierarchy of velocity moments

The hierarchy of velocity moments
Density:  p<(¢, ) ::/ f=(t, z,v) dv,
RN
Current:  j.(t,x) := / v fe(t, z,v) dv,
RN
Stress tensor:  S.(t,z) := / v ® v fe(t,z,v) dv,
RN

Stress flux tensor:  T.(t,z) := / (v®v) ®ufe(t,z,v) dv.
RN

- . js(tv 55)
Velocity field:  u(¢t,z) := ,
b0= o)
1

Energy:  E.(t,z) := %’I‘r(Se(t,x)) =3 /N [v|? fe (t, z,v) dv,
R

2 2

Energy flux:  Q-(t,z) := 1T]r(7;(t,x)) = 1/ vl fe (t, z,v) dv
RN
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Hydrodynamic limit: hierarchy of velocity moments

The hierarchy of velocity moments

Ope
ot

+ divg je = 0.
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Hydrodynamic limit: hierarchy of velocity moments

The hierarchy of velocity moments

9 .
;: + divg je = 0.
0je . ) ) .
65 + edivy Se + peVathe + je + (¢s ek ps)]s - (¢E *]s)Pa = 0.
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Hydrodynamic limit: hierarchy of velocity moments

The hierarchy of velocity moments

0,
;: + divg je = 0.
0je . ) ) .
65 + edivy Se + peVathe + je + (¢s ek ps)]s - (¢E *]s)Pa = 0.
0S- . ) . .
15 Bt +edivy Tz + 2Sym(je ® Vathe) + 28e + 2(¢e * pe)Se — 2Sym((¢e * je) ® je) — 2peI = 0.
v
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Hydrodynamic limit: hierarchy of velocity moments

The hierarchy of velocity moments

Ope

o + divg je = 0.

] . ) : )
E% +edivy Se + pe Ve + je + (¢E *ps)]s - (¢s *]s)Pe = 0.

dS . . .
a: +edivy Te 4+ 2Sym(je ® Vathe) + 28 + 2(¢e * pe)Se — 2Sym((¢e * je) @ je) — 201 = 0.

€
v

Formally, if we could pass to the limit in the nonlinear term of the current equation and
we had some a priori estimate for p., j. and Sc, then we might show that inertia
vanishes when € — 0 in the moment equation and we would success in closing a limiting

system in terms of p and j.

CSCAMM (UMD) 8/ 26
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Hydrodynamic limit: weak form of the moment equations

The continuity and momentum equation in weak form read
/ / (—ps+w Js) dmdt=—/ 22000, dz,
RN RN
/ /N ( 535 885V§0+p5v1,bgg0+]5g0> dx dt
R
[ / (e % )pe = (92 % pe)ie) pdodt = [ i2(0,:)da,
0 JRN RN

for every test function ¢ € C3([0,T) x RY).
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Hydrodynamic limit: weak form of the moment equations

The continuity and momentum equation in weak form read

T 8Lp ) o
[ (—ps +w-a6) dodt == [ o200, do,
0 RN ot RN
T . O .
/ / (—Ejg— — &SV + pe Ve + jgap> dz dt
o JrN ot

T
—/ / ((%*k)ps—(@*pe)ja)wda:dt:/ 700(0,) do
0 RN RN

for every test function ¢ € C3([0,T) x RV).

The nonlinear term can be restated as follows

L[ [ 30e( = (ol0:2) = 00,00) et 201 0:9) = pe 0,0 0,0)) oy

A,
H ' (t,@,y)
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Hydrodynamic limit: weak form of the m

The continuity and momentum equation in weak form read

T 8(,0 ) o
[ (—ps +w-as) dodt == [ o200, do,
0 RN ot RN
T . O .
/ / (—ajg— — &SV + pe Ve + ]€<p> dz dt
o JrN ot

T
—/ / ((qss*japs—(@*pe)js)wda:dt:/ 700(0,) da,
0 RN RN

for every test function ¢ € C3([0,T) x RV).

The nonlinear term can be restated as follows

T
[ [ [ 30ee = o) (olts2) = 0(t.) (et )ie(9) — pe(t e (t,2)) dody de
0 JRN JRN

A,
H ' (t,@,y)

@ Passing to the limit in the linear terms:

weak-* compactness of p. and j. along with a priori bound of E..
@ Passing to the limit in the nonlinear term:

strong compactness of the kernel H@’E and weak-* compactness of p: ® je — je ® pe.
© The value of X in the singularity plays a role.
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Hydrodynamic limit: a priori estimates

@ Estimate for p.:
<l Loe (0,71 @MYy < Mo.
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Hydrodynamic limit: a priori estimates

@ Estimate for p.:
<l Loe (0,71 @MYy < Mo.

@ Estimate for E.:
Taking traces in the equation for Sc we obtain the corresponding one for the
energy E.:

OE.

ot

+ Edivx Qe + je . wae +2F. + 2(¢£ * ps)Es - 2(¢€ *]s) . js - Npe =0.
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Hydrodynamic limit: a priori estimates

@ Estimate for p.:
||Pa||Loo(o,T;L1(RN)) < Mo.

@ Estimate for E.:
Taking traces in the equation for S: we obtain the corresponding one for the

energy E.:

OF. . ) . .
5 e + edivy Qe + je - Vathe + 2E: + 2(¢e * pe)Ee — 2(pe * je) - je — Npe = 0.

Then, integrating with respect to x we obtain the next bound of energy

||EEHL1(0,T;L1(1RN))
T
+/ /41\7 de(lz — y|)|v — w|2f5(t,x, v) fe(t,y, w) dz dy dv dw dt
o Jr

1 1
<ekp+ 5F0 + §M0~

CSCAMM (UMD) 10/ 26
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Hydrodynamic limit: a priori estimates

@ Estimate for p.:
||Pa||Loo(o,T;L1(RN)) < Mo.

@ Estimate for E.:
Taking traces in the equation for S: we obtain the corresponding one for the

energy E.:

OF. . ) . .
5 e + edivy Qe + je - Vathe + 2E: + 2(¢e * pe)Ee — 2(pe * je) - je — Npe = 0.

Then, integrating with respect to x we obtain the next bound of energy

||EEHL1(0,T;L1(1RN))
T
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Hydrodynamic limit: a priori estimates

@ Estimate for p.:
||Pa||Loo(o,T;L1(RN)) < Mo.

@ Estimate for E.:
Taking traces in the equation for S: we obtain the corresponding one for the

energy E.:

OF. . ) . .
5 e + edivy Qe + je - Vathe + 2E: + 2(¢e * pe)Ee — 2(pe * je) - je — Npe = 0.

Then, integrating with respect to x we obtain the next bound of energy

||EEHL1(0,T;L1(1RN))
T
+ / /41\1 de(lz —yD)|v — w|? fe(t, z,v) fe (t, y, w) da dy dv dw dt
o Jr
1 1
<eEp + 5F0 + §M0~
© Estimate for j.:

' 1 1 1/2
”JEHLZ(O,T;Ll(]RN)) S |:2MO (5E0 + §FO + gMO)] .

CSCAMM (UMD) 10/ 26
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Hydrodynamic limit: passing to the limit the linear terms

The above estimates for pe and je yield weak-* limits p € L>°(0, T; M(R™Y)) and
§ € L0, T; MRY)Y, ie.,

je =4 in L*(0,T; M(RY))N.
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Hydrodynamic limit: passing to the limit the linear terms

The above estimates for p. and j. yield weak-* limits p € L>(0,T; M(R")) and
§ € L0, T; MRY)Y, ie.,

je =4 in L*(0,T; M(RY))Y

This, along with the boundedness in L' (0, T; L' (R"™)) of S. allow passing to the limit
in the linear terms:

T

/ / (aﬁps + V- js) dx dt = f/ pee(0, ) dz,
0 RN Bt RN

/ / —eje—— — SV + pVibep + jep | dadt
0 RN at

//RN (¢e * je)pe — (¢ * pe)je) pda dt = /RJEQO( ) da,
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Hydrodynamic limit: passing to the limit the nonlinear

term

Recall that the nonlinear term can be restated as follows:

L L [ 500 = (olti) = ot ) (820 (00) = 0,01 2) iy

A,
Hkp E<t71vy)
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Hydrodynamic limit: passing to the limit the nonlinear

term

Recall that the nonlinear term can be restated as follows:

L L [ 500 = (olti) = ot ) (820 (00) = 0,01 2) iy

A,
Hkp E<t71vy)

We will now focus on A € (0, 1).

David Poyato Singular first order Cucker-Smale model CSCAMM (UMD)



Hydrodynamic limit: passing to the limit the nonlinear

term

Recall that the nonlinear term can be restated as follows:

L L [ 500 = (olti) = ot ) (820 (00) = 0,01 2) iy

A,
Hkp E<t71vy)

We will now focus on A € (0, 1).

@ Strong convergence of the kernel:
It is clear that

el xeod) Ae 2,0
|pe(r) — ¢o(r)] < Cx " = gl\% 1 H® = Ho Nl oo, 11,00 RN )) = 0
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Hydrodynamic limit: passing to the limit the nonlinear

term

Recall that the nonlinear term can be restated as follows:

L L [ 500 = (olti) = ot ) (820 (00) = 0,01 2) iy

A,
Hkp E<t71vy)

We will now focus on A € (0, 1).

@ Strong convergence of the kernel:
It is clear that

el xeod) Ae 2,0
|pe(r) — ¢o(r)] < Cx " = gl\% 1 H® = Ho Nl oo, 11,00 RN )) = 0

@ Weak-* convergence of p. ® j. — j- ® pe:
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Hydrodynamic limit: passing to the limit the nonlinear

term

Recall that the nonlinear term can be restated as follows:
L[ [ 306t = (66,0 = 00600220 020) — 090502 oy
R

A,
HR® (t,@,y)

We will now focus on A € (0, 1).
@ Strong convergence of the kernel:
It is clear that

|¢e(r) — ¢o(r)| < Cx

el ™2 e )

. A& A0 —
Yy | HE™ — HE oo, 71,002y = 0-

@ Weak-* convergence of p. ® jc — j- ® pe:
Using the a priori bounds of p. and j. along with the continuity equation one has

1ol Lo,

/2 .
3o w-t1@Ny = lpell oo (0,71 @Yy + ldell 20,7501 &YV Y) -
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Hydrodynamic limit: passing to the limit the nonlinear

term

Recall that the nonlinear term can be restated as follows:
L[ [ 306t = (66,0 = 00600220 020) — 090502 oy
R

A,
HR® (t,@,y)

We will now focus on A € (0, 1).
@ Strong convergence of the kernel:
It is clear that

|¢e(r) — ¢o(r)| < Cx

el ™2 e )
=

. A& A0 —
Yy | HE™ — HE oo, 71,002y = 0-

@ Weak-* convergence of p. ® jc — j- ® pe:
Using the a priori bounds of p. and j. along with the continuity equation one has

1 2 .
HPeHCo Yo w-11@N)) <7 lpell oo (0,71 @Yy + ldell 20,7501 &YV Y) -

By Ascoli-Arzela theorem in weak-* form one can show that
pe — p in C([0,T]; W1 (RY) — weak*).
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Hydrodynamic limit: passing to the limit the nonlinear
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Recall that the nonlinear term can be restated as follows:
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@ Strong convergence of the kernel:
It is clear that
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Hydrodynamic limit: passing to the limit the nonlinear

term

Recall that the nonlinear term can be restated as follows:

L L [ 500 =0 (olt.) = ot ) (820 (0.0) = 0,01 2) der iy

A,
Hup E(thqy)

We will now focus on A € (0, %).
@ Strong convergence of the kernel:
It is clear that

'™ el
=

|¢e(r) = do(r)| < Cx

. e 2,0 _
- glg(l)HHgo — Hy leo,m),00@Ny) = 0-

© Weak-* convergence of p. ® j. — j- ® pe:
ps = p in C([0,T]; M(RY) — weak*),
js i\] in .[/2(07 T,M(RN))’ )
= P ®je—je @p. 2 pRj—j®p in L*(0,T; M(RY)).
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Hydrodynamic limit: the critical exponent \ =

@ We can still pass to the limit in p: ® j. — jc ® pe.
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Hydrodynamic limit: the critical expone

@ We can still pass to the limit in p: ® j. — jc ® pe.

@ We cannot pass to the limit in the kernels.

1
Indeed, H3 'O(t7 x,y) may exhibit jump discontinuities along the diagonal points
x =y, but it is bounded and continuous outside such set and falls-off at infinity.

David Poyato Singular first order Cucker-Smale model CSCAMM (UMD) 13 /26



Hydrodynamic limit: the critical exponent \ =

@ We can still pass to the limit in p: ® j. — jc ® pe.

@ We cannot pass to the limit in the kernels.

1
Indeed, H3 'O(t7 x,y) may exhibit jump discontinuities along the diagonal points
x =y, but it is bounded and continuous outside such set and falls-off at infinity.

© Solution: absence of concentration for all A € (0, N/2).
Set Qr := {(z,9) € R* : |z — y| < R} and notice that

llpe @ je — je @ pell20,mme0p)) < (e + R*)M? M,

< ([ [, ote =

1/2
v — w\QfE(t,;L',v)fE(t,y,w)dtdxdy dv dw) .
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Hydrodynamic limit: the critical expone

@ We can still pass to the limit in p: ® j. — jc ® pe.

@ We cannot pass to the limit in the kernels.

1
Indeed, H3 'O(t7 x,y) may exhibit jump discontinuities along the diagonal points
x =y, but it is bounded and continuous outside such set and falls-off at infinity.

© Solution: absence of concentration for all A € (0, N/2).
Set Qr := {(z,9) € R* : |z — y| < R} and notice that

llpe @ je — je @ pell20,mme0p)) < (e + R*)M? M,

< ([ [, ote =

Thus, there is non-concentration in the following sense

1/2
v — w\QfE(t,;L',v)fE(t,y,w)dtdxdy dv dw) .

12%315 llpe ® je — Je ® pellL2(0,7;0m(025)) = O-
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Hydrodynamic limit: the critical exponent \ =

How does the non-concentration helps ?
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Hydrodynamic limit: the critical exponent \ =

How does the non-concentration helps ?

T 1 T 19
/ Hﬁ'g(ps®js—js®pe)—/ HZ (p@j—j®p)
0 R2N 0
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Hydrodynamic limit: the critical exponent \ =

How does the non-concentration helps ?
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Hydrodynamic limit: the critical exponent \ =

How does the non-concentration helps ?
T L . . T 1.0 . .
/ HV? (pe@]e_]s®ps)_/ HV? (p®]_]®p)
0 R2N 0 R2N
T le 10 o
[ [ e~ w )
0 R2N
T Lo . . .
+/ 2 [(pe ®je —Je ®@pe) = (p@J—J®@p)]
Jo Jr2N

@ The non-concentration result allows passing to the limit in the pink term even

1
though Hﬁ’o may be discontinuous along the diagonal points.
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Hydrodynamic limit: the critical exponent \ =

How does the non-concentration helps ?
T L . . T 1.0 . .
/ HV? (pe@]e_]s®ps)_/ HV? (p®]_]®p)
0 R2N 0 R2N
T le 10 o
[ [ e~ w )
0 R2N
T Lo . . .
+/ 2 [(pe ®je —Je ®@pe) = (p@J—J®@p)]
Jo Jr2N

@ The non-concentration result allows passing to the limit in the pink term even

1
though Hﬁ’o may be discontinuous along the diagonal points.

cl/2

V3r

@ For the blue term notice that |- (r) — ¢o(r)| < b= ()2
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Hydrodynamic limit: the critical exponent \ =

How does the non-concentration helps ?
T L . . T 1.0 . .
/ HV? (pe@]e_]s®ps)_/ HV? (p®]_]®p)
0 R2N 0 R2N
T le 10 o
[ [ e~ w )
0 R2N
T Lo . . .
+/ 2 [(pe ®je —Je ®@pe) = (p@J—J®@p)]
Jo Jr2N

@ The non-concentration result allows passing to the limit in the pink term even

1
though Hﬁ’o may be discontinuous along the diagonal points.

cl/2

V3r

@ For the blue term notice that |- (r) — ¢o(r)| <
Thus, it can be bounded by

T 1/2
2TV 0 (/ / |v—w|2¢5(\az—y|)f5(t,x,v)fg(t,y,w)dtdxdydvdw) .
Jo JR4AN

¢6(7")1/2-
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Hydrodynamic limit: the critical exponent \ =

How does the non-concentration helps ?
T 1. T 1
[ [ i wei-iem- [ [ #EGei-jon
0 R2N 0 R2N
T le 10 o
[ [ e~ w )
0 R2N
T Lo . . .
+/ 2 [(pe ®je —Je ®@pe) = (p@J—J®@p)]
o Jr2N

@ The non-concentration result allows passing to the limit in the pink term even

1

though Hﬁ’o may be discontinuous along the diagonal points.
1/2

@ For the blue term notice that |- (r) — ¢o(r)| < f/g b= ()2
r

Thus, it can be bounded by

T 1/2
2TV 0 (/ / |v—w|2¢5(\az—y|)f5(t,x,v)fg(t,y,w)dtdxdydvdw) .
Jo JR4AN

@ F. Poupaud, Diagonal defect measures, adhesion dynamics and Euler equation,
Methods Appl. Anal. 9 (2002) 533-562.
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Hydrodynamic limit

Under the hypothesis (H1) and (H2) and for any X € (0,1/2] the
macroscopic quantities p. and j. satisfy

Pe = Ps in C([OaT]a M(RN) - Weak*):

Je = Js in L*(0,T; M(RY))™.

where (p, j) is a local-in-time weak measure-valued solution to the Cauchy
problem associated with the following Euler-type system

Oyp+div j =0, zreRY teo,T),
pVY + = (¢o*j)p—(¢o*p)j, z€RY, te[0,T)
p(0,-) = p°, z eRV.

David Poyato
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Singular macro system: well-posedness in Sobolev spaces

In terms of p and u, the singular macroscopic system can be restated as

Oip + div(pu) = 0, zeRY, t>0,
p(0,2) = p°(x), z eRY,
u = ¢o * (pu) — (¢o * p)u— Ve, xRN, £>0,
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Singular macro system: well-posedness in Sobolev spaces

In terms of p and u, the singular macroscopic system can be restated as

Oip + div(pu) = 0, zeRY, t>0,
p(0,2) = p°(x), z eRY,
u = ¢o * (pu) — (¢o * p)u— Ve, xRN, £>0,

We will uncouple the problem into a transport equation for p driven by w and an
implicit equation for u for a given p, i.e.,
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Singular macro system: well-posedness in Sobolev spaces

In terms of p and u, the singular macroscopic system can be restated as

Oip + div(pu) = 0, zeRY, t>0,
p(0,2) = p°(x), z eRY,
u = ¢o * (pu) — (¢o * p)u— Ve, xRN, £>0,

We will uncouple the problem into a transport equation for p driven by w and an
implicit equation for u for a given p, i.e.,

Owp + div(pu) = 0,
{ p(0,2) = p(x), (TE)
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Singular macro system: well-posedness in Sobolev spaces

In terms of p and u, the singular macroscopic system can be restated as

Oip + div(pu) = 0, zeRY, t>0,
p(0,2) = p°(x), z eRY,
u = ¢o * (pu) — (¢o * p)u— Ve, xRN, £>0,

We will uncouple the problem into a transport equation for p driven by w and an
implicit equation for u for a given p, i.e.,

Owp + div(pu) = 0,
{ p(0,2) = p(x), (TE)

u = ¢o * (pu) — (¢o * p)u — V. (IE)
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Singular macro system: well-posedness in Sobolev spaces

In terms of p and u, the singular macroscopic system can be restated as

Oip + div(pu) = 0, zeRY, t>0,
p(0,2) = p°(x), z eRY,
u = ¢o * (pu) — (¢o * p)u— Ve, xRN, £>0,

We will uncouple the problem into a transport equation for p driven by w and an
implicit equation for u for a given p, i.e.,

Owp + div(pu) = 0,
by (TE)
u = o * (pu) — (¢o * p)u— V. (IE)

Then, we will study each problem separately and will try to find a solution via a fixed
point argument when p and u are taken in spaces with high enough Sobolev
regularity.
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Singular macro system: the transport equation

First, let us focus on the transport problem:

Op + div(pu) = 0,
{ om = e (TE)J
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Singular macro system: the transport equation

First, let us focus on the transport problem:

Op + div(pu) = 0,
{ om = e (TE)J

Q Ifuc LY0,T; WhH> (RN RY))
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Singular macro system: the transport equation

First, let us focus on the transport problem:

Op + div(pu) = 0,
{ om = e (TE)J

Q IfueL'(0,7;Wh (RN, RY)) ~ Caratheodory conditions.
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Singular macro system: the transport equation

First, let us focus on the transport problem:

Op + div(pu) = 0,
{ om = e (TE)J

Q IfueL'(0,7;Wh (RN, RY)) ~ Caratheodory conditions.

@ The characteristic system defines a bi-Lipschitz particle flow.
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Singular macro system: the transport equation

First, let us focus on the transport problem:

Op + div(pu) = 0,
{ om = e (TE)J

Q IfueL'(0,7;Wh (RN, RY)) ~ Caratheodory conditions.
@ The characteristic system defines a bi-Lipschitz particle flow.

© Forany 1 <p<ooand0<p’c LP(RY), there exists a unique weak solution

p = Dlu] € L=(0,T; L (RY)).
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Singular macro system: the transport equation

First, let us focus on the transport problem:

Otp + div(pu) = 0,
{ om = e (TE)J

Q IfueL'(0,7;Wh (RN, RY)) ~ Caratheodory conditions.
@ The characteristic system defines a bi-Lipschitz particle flow.

© Forany 1 <p<ooand0<p’c LP(RY), there exists a unique weak solution
p = Dlu] € L=(0,T; LP(RY)).

Indeed, the next estimate holds

1 0
||D[“]||L<>°(0,T;LP(RN)) < exp (17\|U|‘L1(0,T;W1m(mN,RN))) llp HLP(RN)-
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Singular macro system: the implicit equation

Second, let us concentrate in the implicit integral equation:

u = o * (pu) — (¢o * p)u — V. (IE) |
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Singular macro system: the implicit equation

Second, let us concentrate in the implicit integral equation:

u = o * (pu) — (¢o * p)u— V. (IE) |
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Singular macro system: the implicit equation

Second, let us concentrate in the implicit integral equation:

u = ¢o * (pu) — (¢o * p)u — V4. (IE) |
Let us set the next integral operator:
1
Clo,u] 3= do % (pu) — (9o * pu = ——[u, In-22]p- J
by
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Singular macro system: the implicit equation

Second, let us concentrate in the implicit integral equation:

u = ¢o * (pu) — (¢o * p)u — V4. (IE) |
Let us set the next integral operator:
1
Clo,u] 3= do % (pu) — (9o * pu = ——[u, In-22]p- J
by

~~ Harmonic analysis: Commutator of mildly singular integrals.

N
p N N N
pe L' (RY), ue BMORYRY), 1 <p < 1-—pr.
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Singular macro system: the implicit equation

Second, let us concentrate in the implicit integral equation:

u = ¢o * (pu) — (¢o * p)u — V4. (IE) |
Let us set the next integral operator:
1
Clo,u] 3= do % (pu) — (9o * pu = ——[u, In-22]p- J
by

~~ Harmonic analysis: Commutator of mildly singular integrals.

N
p N N N
pe L' (RY), ue BMORYRY), 1 <p < 1-—pr.

@ S. Chanillo, A note on commutator, Indiana Univ. Math. J. 31 (1982) 7-16.

@ D. Cruz—Uribe, A. Fiorenza, Endpoint estimates and weighted norm inequalities for
commutator of fractional integrals, Pub. Mat. 47 (2003), 103-131.

David Poyato
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Singular macro system: estimates of commutators

Based on Hardy-Littlewood—Sovolev theorem we obtain the next results:

Theorem (W1 regularity)

Consider 1 < p1 < p2 < oo with é <l1-2< é. Then,
||([UJN—2/\}P)||L1(0,T;W1w°°)

(1/p5—=32)/(1/p1=1/p2), (Z=1/p1)/(1/p1—1/p2)
< C”“”Ll(O,T;leOO)”p”LOO(Zo,T];VLpl) ! : |‘p|‘L£(O,T;2p2) ! .

Theorem (L* regularity)
Consider 1 < p1 < pz < o0 and 1 < s < oo with - <1 — 3¢ < L and s > 7. Then,

1([w, In—2x]p) I L1.0,7;2)

(1/ph—22)/(1/p1—1/p2) (2 -1/p1)/(Q/p1—1/p2)
< Cllullz o,rspoy Ipll S R /P12 ) G /w0 /=1 /m2)
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Singular macro system: the fixed-point argument

@ Restating the macroscopic system:

C|Dlu],u] — V¢ = u.
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Singular macro system: the fixed-point argument

@ Restating the macroscopic system:
C|Dlu],u] — V¢ = u.

@ Defining the fixed-point problem: Set ®[u] := C[D[u],u] — V1, then the system
amounts to the fixed point equation

Dlu] = u.
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Singular macro system: the fixed-point argument

@ Restating the macroscopic system:
C|Dlu],u] — V¢ = u.

@ Defining the fixed-point problem: Set ®[u] := C[D[u],u] — V1, then the system
amounts to the fixed point equation

Dlu] = u.
© Definition of Banach spaces:

Wk,p,q(RN) — (kal,p N Wk*l,q N Wk,oo)(RN)
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Singular macro system: the fixed-point argument

@ Restating the macroscopic system:

C|Dlu],u] — V¢ = u.

@ Defining the fixed-point problem: Set ®[u] := C[D[u],u] — V1, then the system

amounts to the fixed point equation
Dlu] = u.
© Definition of Banach spaces:
WEPIRNY = (WP Wb A ey (RY).

@ High regularity estimates of the operators: Consider A € (0, N/2) and
1<p; <p2§oosuchthati<1—%<%. Set any k € N so that

k> max{;% — 1, 2)\m} Then,

1
Dl 0.75270) < exp (17||u\|L1<0,Tgwl,m) 162

7

IClp, u]”Ll(O,T;lekPl’kIQ) < CHU’HLl(O T; W1 kp1.kp2)

(1/17’2*%)/(1/?1*1/172)” ” -1/p1)/(1/p1— l/pz)

X HpHLOO(O’T;L:Ul) L°°(0,T;LP2)
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Singular macro system: the fixed-point argument

Q Domain and codomain of ®: Consider A € (0, N/2) and 1 < p; < pg < oo such

22 _ 1 k
that - <1— 0 < .-. Setany k € N so that k > max{5 — 1 ,mp }. Then,

@ L0, Ty WPy — LY (0, Ty W TTRe),
and

||CP[“]||L1(0 T;W1kp1,kp2)

< o” 1/1)2 2/ /p1— l/pz)l 1/P'1)/(1/p171/p2)’{

0
lp ”Lpz I(HUHLI(o,T;lek'mkaz))

+ val|L1(07T;lekP1,kP2)’

|®[u1] — (P[UQ]”Ll(o,T;Wl,km,sz) <u1 — u2||[,1 (0,T;W1-kr1,kp2)

0
<110 sz 52 (10111 0 st ims im0l o pogprt ks ) ) -

David Poyato Singular first order Cucker-Smale model CSCAMM (UMD) 21/ 26



Singular macro system: the fixed point argument

Q Forany B> VY| 1o, w1 kpi kpay, Set
Br = {u € WHLERP2(RY RYY ¢ |lul| i1 kpy kpy < R}

and assume that p° € W*?1P2(RY) is small enough.
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Singular macro system: the fixed point argument

Q Forany B> VY| 1o, w1 kpi kpay, Set
Br = {u € WHLERP2(RY RYY ¢ |lul| i1 kpy kpy < R}

and assume that p° € W*?1-P2(RY) is small enough. Then,

o ®(Br) C Br,

David Poyato Singular first order Cucker-Smale model CSCAMM (UMD)



Singular macro system: the fixed point argument

Q Forany R > [[VU[p1 g, pap1kp1.kpa), Se
Br = {ue WHP P2 RY RY) ¢ lullyrkerhme < R}
and assume that p° € W*?1-P2(RY) is small enough. Then,
o ®(Br) C Br,

e ® becomes a contractive mapping.
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Singular macro system: the fixed point argument

Q Forany B> VY| 1o, w1 kpi kpay, Set
Br = {u € WH*Pr P2 (RN RY) ¢ |lullypkpy py < R}
and assume that p° € W*?1-P2(RY) is small enough. Then,
e ®(Bgr) C Bg,
e ® becomes a contractive mapping.

~~» Banach’ contraction principle.
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Singular macro system: well-posedness in Sobolev spaces

Let X be any exponent in (0, N/2) and 1 < p1 < p2 < oo such that

Consider any (large enough) positive integer k so that

N N
— —1 .
k>max{2)\ ’2)\;01}

Then, for any positive radius R there exists some positive constant r depending on R
such that the macroscopic system admits one, and only one solution

u e L' (0, T; Whkrrke2 RN RNY) - p e L°°(0, T; LP* (RY) N LP2(RY))

with |[ull 1o 7w 1kp1 kp2 @8 gNy) < R, as long as the external force F' = —V1) and the
initial datum p° are taken so that they fulfil the next conditions

0
||vaL1(0,T;W1»kP1J°P2(]RN,]RN)) <R and |p ”kaPlvPZ(]RN) < r.
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Singular macro system: applications

(Soaring)

Figure: Flock of vultures soaring in a thermal. (Click here to Youtube)
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soaring.mp4
Media File (video/mp4)

https://www.youtube.com/watch?v=D1d72Xp7GH8&t=1s

Conclusions

@ From microscopic description to mesoscopic.

@ Singular hyperbolic scaling (there are others) of the kinetic equation.
© First order hydrodynamic and singular limit for 0 < A < %

@ Regularity estimates of the commutator of mildly singular integrals.

© Well-posedness of the macroscopic system for 0 < A\ < %
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@ From microscopic description to mesoscopic.

@ Singular hyperbolic scaling (there are others) of the kinetic equation.
© First order hydrodynamic and singular limit for 0 < A < %

@ Regularity estimates of the commutator of mildly singular integrals.
© Well-posedness of the macroscopic system for 0 < A\ < %

@ D. Poyato, J. Soler, Euler-type equations and commutators in singular and

hyperbolic limits of kinetic Cucker-Smale models, Math. Mod. Meth. Appl. Sci,
27(6) (2017), 1089-1152.
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THANK YOU!!
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