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Asymptotic-preserving schemes

[Jin '99]
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o Given f. — f, design a discretization £ for f, that converges to the
discretization " for f.

@ Asymptotic-preserving property: h does not depend on e.

@ Extremely powerful in solving kinetic systems with hydrodynamic
limits. B RICE
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When the limit is singular
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o Consider the case when f is singular, e.g. f(t,x,v) = p(t, x)dy—y(t,x)-

@ The discretization f/ can not be accurate. So £ is also not accurate
when € is small.

o ldea: Construct a family of invertible maps 7¢, so that 7.f. converges
to a non-singular profile.

o Main Difficulty: Find 7: that correctly captures the singularity. @RICE

Changhui Tan (Rice University) AP scheme with singular limit Ki-Net Conference, 2017.3 5/28



Outline

© Kinetic swarming models and zero-inertia limit
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Swarming

Three-zone models for swarms: [Reynolds '87]
o Long range:

@ Short range: Repulsion

o Middle range: Alignment
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Agent-based models on swarming

@ Agent-based interaction dynamics (based on Newton's second law)
).(,':V,', m\'/,-:F,-, I:1,,N

The interaction force F; depends on {x;}¥; and {v;}},.

o Attractive/Repulsive force: F;(t) = ——ZVK xj(t) — xi(t)).
JFi
N
o Alignment force: F; = NE;QS Ixi — xi|])(v; — vi).
J

[Cucker-Smale '07, Motsch-Tadmor '11, Vicsek '95, ...]
Flocking [Ha-Liu '09]

B RICE
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Kinetic swarming models

@ Vlasov-type kinetic equations

1

where f = f(t, x, v) is a probability measure in (x, v) space.
@ Nonlocal interaction forces:
FESEexv) = [ [ olbx =y = (e, v, v )y
FAR(F)(t, x, v) / —VxK(x — y)f(t,y, vi)dv.dy.

@ Two systems that we concern:

@ [ARR] Attraction-Repulsion-Relaxation: F = FAR —v.
@ [ARA] Attraction-Repulsion-Alignment(3 zones): F = FAR + FCS@RICE
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Zero inertia limit

@ Consider the limit when total mass m = ¢ — 0.

1

o A formal derivation of the ¢ — 0 limit (f, — f):
/VV<p F)f dv = 0.
p(v)=1: Op+ Vi (pu)=0.

p(v) =v: [ARR] u(x) = =(V.K*p)(x),
[ARA] [ ¢(Ix = y[)(u(x) — u(y))p(y)dy = —(VxK x p)(x).
o(v)=2%v—ulx [ARR] [|v— ulf(x,v)dv=0,
[ARA] (¢ = p)(x) [ |v — u|?*f(x,v)dv = 0.

= f(t,x,v) = p(t, x) Oy—y(t,x)- %'RICE
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f(t,x,v) = p(t, x) dy—u(e,x)-
e For [ARR], the limiting system is the aggregation equation
Otp + Vi - ((—VxK % p)p) = 0.

Wellposedness: [Laurent '07, Bertozzi-Carrillo-Laurent '09, ...]
Rigorous passage to the limit: [Jabin '99, Fetecau-Sun '15]

e For [ARA], the limiting system has an implicitly defined velocity u.
Otp + Vi - (pu) =0,

[ 6x = () = uly))oly)dy = ~(TK ).
Wellposedness: [Fetecau-Sun-CT '16]
Additional restriction: /p(t,x)u(t,x)dx: /po(x)uo(x)dx.

. - RICE
Rigorous passage to the limit: [Fetecau-Sun-CT '16] SRIC
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Velocity scaling: framework

ﬁ;(t,X, V) - p(t,X) 5v:u(t,x)-

@ The transformation 7¢: rescale f. <> (g, Ue, we):

v — ue(t, x)

1
fe(tyxa V) = Ege(taxag)a 5 = T

@ u.isth ic velocit (t,x) J vE(t, x, v)dv
Ue 1S € MacCroscopiC veloCIty: UL, X) = ~—F—FF———~ -
J et x, v)dv

@ we is the scaling factor.

Goal: choose w, appropriately so that g — g and g is not singular.
B RICE
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Velocity scaling: history

o Kinetic system with singular equilibrium.
f(t,x,v) = p>(x)dy=y, ast— oo.

@ Rescale f < (g, u,w):

f(t,X,V):w(th)dg(t,X,g), gz‘H;"jM

o Linear Fokker-Planck [Filbet-Russo '04], Granular gas [Filbet-Rey '13]:

w = 4/ Temperature.

o Kinetic flocking models [Rey-CT '16]:
Propose a new w and prove that g(t, x, v) = go(x, v) for spatially
“homogenous” system: 0:f + V, - (F(f)f) = 0. % RICE
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Spatially “Homogenous” system

1
Orfe + =V - (F(fo)f) = 0.

@ Rewrite the system in terms of g,

Orwe 1 1
018 = < ad + E-Ae) (58’6) + — <8t”6 BE) 'Vfgﬁ'

€ E

[ARR]:  Ac(t,x) =1, Be(t,x) = —ue(t,x) — [ VxK(x — y)pe(y)dy,
[ARAL: Ac(t,x) = [ o(Ix — y|)pe(t,y)dy,

Be(t,x) = [ ¢(Ix = y)(ue(t,y) — ue(t, x))pe(y)dy — [ VxK(x = y)pe(y)dy.
o It is easy to check O;u. = 1B(t,x).
o Take w,(t,x) = exp (_7 jo (s x)ds) Then dige =0 !
The exact scaling is valid for any initial configurations. Y RICE
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Scaling on the full system

o With free transport, the full system in terms of g. reads
8tge + (Ue + Wﬁg) : nge

_ <atw€ + (e + wef) - VxWwe

We We

1A Ve e

1 1
+ w. (afue + (ue + weg) - Vixue — EBE> : Vgge.

€

@ Exact scaling can not be expected:
@ The dynamics of u,:

€

1 1
O+ e Vo + V- (2P) = (B P /£®€ge(€)d£~

@ The choice of w,:

1
Orwe + ue - Vywe + E.Aewg =0. @RICE
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Scaling on the full system

o With free transport, the full system in terms of g, reads

0tge + (Ue + Weg) - V8
= (€ : vxWe) v-f : (gge)

+ ((f ) vx)ue) : vfge -

Do (vx : (WSPG)) : V.gge,

@ Exact scaling can not be expected:
@ The dynamics of u,:

1 1
Oetc + eVt + V- (WBP) = B, P = /£®€ge(£)d§.

Pe
@ The choice of w,:

1
Orwe + U - Viwe + EAEW6 =0. @RICE
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@ Asymptotic-preserving scheme
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Design asymptotic-preserving scheme

Recall the main idea to overcome singular limit

h—0 h—0
ff ———— 1, gl &
Te
e—0 e—0 e—0 e—0
T—l
h—0 € h—0
fh - f g’ —° . g

Two ingredients for the scheme to be asymptotic-preserving:
@ g. does not become singular as ¢ — 0.
@ An asymptotic-preserving scheme on (ge, ue, w).
B RICE
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Criterion for non-singular {g.}

o We call {g¢} is non-singular if g. neither concentrate nor spread out
in v, as € approaches 0.

méaXIge(tvx,é)l <G, and suppgd(t,x,§) C Br(0).
3
for all (t,x). G, R are independent with respect to e.

@ Goal: Prove that under our choice of transformation 7., the rescaled
family of solutions {g} is non-singular.

B RICE
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Spatial oscillation

@ Recall the dynamics of g.:

0t8e + (Ue + Weg) - V8
= (5 : vXWG) vf : (gge)

+ ((g : vx)ue) : Vﬁge -

(vx : (nge)) : vfgea

ewe

One major difficulty is to control the spacial derivatives
V&, Vxwe, Vxue and V4P uniformly in e.

B RICE
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Spatial oscillation

@ One major difficulty is to control the spacial derivatives
Vx&e, Vxwe, Vxue and VP, uniformly in e.

@ Take u. as an example. Recall its dynamics

1 1
Otte + ue - Vyue + —V - (wae) = ZBG.

€
@ Without pressure (P. =0): sup |[|Vxucl|ree < C.[Tadmor-CT '14]
0<e<ep
@ Limiting system (ue — u): ||Vu|| e~ < C.[Fetecau-Sun-CT '16]

© Note that u. — u weak-+ in measure. Therefore, the bound on the
limiting system does not imply uniform bound on ||V uc| -

B RICE
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Non-oscillatory assumptions

@ We assume that the solution does not have spatial oscillations:

|ng6(i‘, X, 5)’ SClge(ta X, 5)7
|Vxue(t, x)| <G.

@ The assumptions imply non-oscillatory bound for other quantities:

‘vxpe(tyx)’ SClpE(t,X),
|vxPe(t7X)’ §C1P€(t,X),

Ci(e©t —1) c
Moo </ 7/ —Zt).
[Vt e <7 = ep ()

B RICE
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Non-oscillatory implies non-singular

Theorem ([Chertock-CT-Yan '17])

Let (g, ue,w.) be the solution of the rescaled dynamics.
Assume the solution satisfies the non-oscillatory conditions.

Then, there exists a time T = T(g®) > 0 such that g.(t) is non-singular
for all t € [0, T].

@ If the solution is not oscillatory in spatial variable, the proposed
transformation based on velocity scaling resolves the singularity in the
original limit.

@ The non-oscillatory conditions can be verified numerically.

B RICE
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Asymptotic-preserving scheme for the rescaled system

@ For (ue,we), the stiff term is linear. Use standard IMEX scheme.
1 ) 1
Otte + U - Vyue + p—VX (wiP) = -8B,
e €

1
Orwe + Ue - Vywe + EAewE =0.

e For g, there is no explicit dependence on €. Use explicit schemes.
0t8e+Vx - ((Ue + we§)ge)

Ve | (e Vw4 (6 Tu— 2

eWe

(V- (2P) ) &

We use finite volume method, e.g. upwind.
Some corrections are introduced to ensure [ vge(t,x, v)dv = 0.
(Follow from [Rey-Tan '16]) % RICE
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e Numerical experiments
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Validation of non-oscillatory assumptions

Plots of maxy |Vxue(t, x)|, maxy |Vxpe(t, x)/pe(t, x)| and
maxy |V Pc(t, x)/pe(t, x)| for t € [0,1] and different choices of e.

max |V u| max |Vp / p| max [VP/p|
2 35 3.5
——e=1e-0
3 3 —e=tle—1
1.5 —c=1e--2
25 25 e=1e--3
2 —¢ = 1e——4
1 2|
1.5]
1.5]
05 !
05| 1
0.!
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
time time time

Initial condition:

g°(x,€) = PP (x)M(¢)

pO(X) =1+ 6720()(*]-)2 + 6720(x+1)27
W) = 0,
wO(X) =1. @RICE
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Consistency test

Comparison between solving f. and (g, ue, w.) for e = 1.
Snapshots of (p, u) at t = 0,0.3,0.7.

0.15
o1 t=03
0.05 t=0.7
>
t=0
o ~
—0.05
—0.1 = 5 5
x
f g

RICE
For t large or € small, f(t) is singular and the direct scheme fails. 3
26 / 28
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Asymptotic-preserving test

Snapshots of (pe, uc) at t = 1 for different e. When e becomes small, the
profile approaches the limiting system.

p

0.8

0.6
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f;h h=0 f; geh h=0 8e
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T—l
h €
fh — 0 f gh h—0 g

Thanks for your attention!
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