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Context: alignment of self-propelled particles

@ Unit speed, local interactions without leader
e Emergence of patterns
Purpose of this talk : alignment mechanisms of (kinetic) Vicsek

and BDG models.
Focus on the alignment process only : no noise, no space !

Images @ @@ Benson Kua (flickr) and @
Nov.-Dec. 2016 2/24
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http://www.flickr.com/photos/bensonkua/
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(klnetlc) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
n t m PDE: aggregation equation

Toy model in R”

Velocities v;(t) € R”, for 1 < i < N. Each veIOC|ty is attracted by
the others, with strengths m; such that ijl m; = 1.

d, N
Y ij(vj vi)=J—v WhereJ:Zm;v,-.

i=1
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(klnetlc) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
n t m PDE: aggregation equation

Toy model in R”

Velocities v;(t) € R”, for 1 < i < N. Each veIOC|ty is attracted by
the others, with strengths m; such that ijl m; = 1.

d N
v, Z mj(v;i —vj) =J —v; where J = Z mjv;.
i=1

Conservation of momentum : J is constant. We get

V,'(t) =J+et aj, with a; = V,'(O) —JeR" and ZIIV:]_ mj;a; = 0. J

Amic Frouvelle Alignment processes on the sphere Nov.-Dec. 2016 5/24



(klnetlc) Viesek mechanlsm : aggregation Particles : ODE’s on the sphere
s t mode PDE: aggregation equation

Toy model in R”

Velocities v;(t) € R”, for 1 < i < N. Each veIOC|ty is attracted by
the others, with strengths m; such that ijl m; = 1.

d N
V’ Z mj(v;i —vj) =J —v; where J = Z mjv;.
i=1

Conservation of momentum : J is constant. We get

V,'(t) =J+et aj, with a; = V,'(O) —JeR" and ZIIV:]_ mj;a; = 0. J

Gradient flow structure

If € = 5 325 mimjllvi — vI|?, the” £ =% millv; — J|I%.
Then V,, & = —2m;%, and so W =-2> m,|d > = —2€.
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(kinetic) Vicsek mechanism : aggregation ODE's on the sphere
E n t m aggregation equation

Coupled nonlinear ordinary differential equations

Velocities v;(t) € S, the unit sphere of R”, for 1 <7 < N.

Each velocity is attracted by the others, with strengths m; such
that ZJ'-Vzl m; = 1, under the constraint that it stays on the sphere.
If v €S, we denote P,. the orthogonal projection on the tangent
space of Sat v. So P,iu=u—(v-u)v, for any u € R".

. N N
f:P‘,Lij(VJ—VI):PVlJ WhereJ:ZmiVi-
= ! i=1

: dlv;
We indeed get =

|2

—=2v;- P, J=0.

No more conservation here !
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: ation equation

Same gradient flow structure

Define as in the toy model :

LN N
&= > omimjllvi—vil? =Y mimi(1—vi-v)=1—|J7>0.
ij=1 ij=1
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: ation equation

Same gradient flow structure

Define as in the toy model :

N
Z mimjllvi—vi|> = Y mimj(1—v;-vj))=1—[J2 >0

Ij 1 ij=1
Notice that we have V(v - u) = P,iu, (for ve S, u € R, and
where V, is the gradient on the sphere). So

dv;

&= —QZ:m,-ijviLvJ- —2m;— dat
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: aggregation equation

Same gradient flow structure

Define as in the toy model :

meJHv, vJ||2 mej v,--\/j):1—|J|220
’J 1 ij=1
Notice that we have V(v -u) = P,.u, (for v €S, u € R", and
where V, is the gradient on the sphere). So

dv;

&= —QZ:m,-ijviLvJ- —2m;— dat

d& d|J|2 N N
e <_ I > Z = =2 mi(|JP—(vi-J)?*) <.
=1 =1

Then |J| is increasing, so if J(0) # 0, then J(t) # 0 for all ¢,

and Q(t) = % is well-defined.
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: ation equation

Convergence, relatively to Q

Hence |J|? is increasing, bounded and with bounded second
derivative (we compute it and get that everything is continuous
on S). Therefore its derivative must converge to 0 as t — +oc.
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: aggregation equation

Convergence, relatively to Q

Hence |J|? is increasing, bounded and with bounded second
derivative (we compute it and get that everything is continuous
on S). Therefore its derivative must converge to 0 as t — +oc.

“Front” or “Back” particles

vi(t) - Q(t) = £1 ast— +oo, forl<i<<N.
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(kinetic) Vicsek mechanism : aggregation i ODE's on the sphere
a ation equation

Convergence, relatively to Q

Hence |J|? is increasing, bounded and with bounded second
derivative (we compute it and get that everything is continuous
on S). Therefore its derivative must converge to 0 as t — +oc.

“Front” or “Back” particles

vi(t) - Q(t) = £1 ast— +oo, forl<i<<N.

Convergence of Q(t) ? dQ = PqiMQ, with M(t) = XM, m;P, L

(a n x n matrix). Easy to show that | | is L2 in time, but L! 7 .
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: ation equation

Case with all v; “at the front”

If vi - Q — 1forall i, then [J] =Y ; mjv; - Q — 1. We have

L =
2dt

v,—i—vJ

i — 2
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: aggregation equation

Case with all v; “at the front”

If vi - Q — 1forall i, then [J] =Y ; mjv; - Q — 1. We have

1d Vi + v
5 acllvi—vil2 = -l 1

Exponential estimates

The quantities (1 —v; - v;) = 3|lvi — vj||?, 1 = [J]?, 1 — v; - Q
and |P,.Q> =1 — (v; - Q)? are all bounded by Ce™2t.
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: aggregation equation

Case with all v; “at the front”

If vi - Q — 1forall i, then [J] =Y ; mjv; - Q — 1. We have

1d Vi + v
5 acllvi—vil2 = -l 1

Exponential estimates

The quantities (1 —v; - v;) = 3|lvi — vj||?, 1 = [J]?, 1 — v; - Q
and |P,.Q> =1 — (v; - Q)? are all bounded by Ce™2t.

We then obtain

dQ N —3t
E = Zmi(l — V- Q)PQLV,‘ = O(e ),
i=1

which gives that Q(t) — Q € S.
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: ation equation

Asymptotic behaviour of each v;

After some computations, using the previous estimates, we get

d2V,‘ dV,' dV,'

de2 = dt  |dt

This gives that % = aje" '+ O(e 2t) for some a; € R". Using it
with the expression above, we obtain a better estimate for v;.

2
Vi + O(e_3t).
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(klnetlc) Vicsek mechanism : aggregatlon Particles : ODE’s on the sphere
n PDE: aggregation equation

Asymptotic behawour of each v;

After some computations, using the previous estimates, we get

d2V,‘ dV,' dV,' 2

de2 = dt  |dt

This gives that d"' = aje" '+ O(e 2t) for some a; € R". Using it
with the expressmn above, we obtain a better estimate for v;.

Vi + O(e_3t).

Theorem (if all particles are “front”):

There exists Q. €S, and a; € {Quo}+ C R, for 1 < i < N such
that Z,N:l m;a; = 0 and that, as t — 400,

vi(t) = (1 — [3j]°e ) Qo + e ta; + 0(e3F) for1<i<N,
Q(t) = Qoo + O(e73Y).

We see that Q(t) acts as a nearly conserved quantity, and we
recover results asymptotically similar to the case of the toy model.
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: aggregation equation

Only one can finish at the back

We denote A > 0 the limit of |J| (increasing). Recall that
1d

If vi(0) # v;(0), we cannot have v; - Q — —1 and v;- Q — —1
(repulsion). Up to renumbering, only vy is “going to the back”.

We then get [J| = XM ' mi —my =1 —2mpy = X (so my < %)
Same as before: ||v; — v;|| = O(e™*) (for i,j # N).
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(klnetlc) Vicsek mechanism : aggregatlon Particles : ODE’s on the sphere
n PDE: aggregation equation

Only one can flnlsh at the back

We denote A > 0 the limit of |J| (increasing). Recall that

If vi(0) # v;(0), we cannot have v; - Q — —1 and v;- Q — —1
(repulsion). Up to renumbering, only vy is “going to the back”.

We then get |J|HZ O m,—mN—l—QmN—A(so my < )
Same as before: ||v; — v;|| = O(e™*) (for i,j # N).

Convexity argument

If all v; are in the same hemisphere, they stay in it.
Therefore vy € —Cone((vi)i<i<n)-

At except

We then get the same estimates (with et replaced by e
the one in O(e~3t) for ¢ dt , since 1 — vy - Q does not converge to 0).
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(kinetic) Vicsek mechanism : aggregation i : ODE's on the sphere
n equation

Faster convergence of vy

After some computations, we get

d2VN dVN dVN 2

de2 — dt dt v+ 0(e).

Therefore we get dt\d"’\’| |va| + O(e —3>\t)_
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(kinetic) Vicsek mechanism : aggregation i ODE's on the sphere
a ation equation

Faster convergence of vy

After some computations, we get

d2VN dVN dVN 2

a2~ dt |de| W O(e™).

Therefore we get dt\d"’\’| |va| + O(e —3>\t)_

Lemma: Tail of a perturbed ODE (exponential)

If x € CY(R), such that & = x + O(e~**), with o > 0.
If x is uniformly bounded, then x(t) = O(e~%*).
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(kinetic) Vicsek mechanism : aggregation i ODE's on the sphere
a ation equation

Faster convergence of vy

After some computations, we get

d2VN N dVN dVN 2

vy + O(e_3>‘t).

de2 ~ dt | dt

Therefore we get dt\d"’\’| |va| + O(e —3>\t)_

Lemma: Tail of a perturbed ODE (exponential)

If x € CY(R), such that & = x + O(e~**), with o > 0.
If x is uniformly bounded, then x(t) = O(e~%*).

Therefore dd";" = O(e*3>‘t)_
This gives that |PqLvy| = ﬁ\%| — O(e‘3>‘t)_
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(klnetlc) Vicsek mechanism : aggregatlon Particles : ODE’s on the sphere
n PDE: aggregation equation

Asymptotic behawour of each v;

Same method to get % = O(e~3*), except for the term
in (1 — vy - Q)Pqivy for which we use the previous analysis. We
then get the same kind of asymptotic expansions.

Theorem (if vy is the only “back” particle):

There exists Qu €S, and a; € {Q}+ CR”, for 1 <i < N such
that Z 1 m;a; = 0 and that, as t — 400,

vi(t) = (1 — |aj]?e ) Qo + e M a4+ 0(e3M) fori #N,
vn(t) = —Q2oo + O(e™),
Q(t) = Qoo + O(e™3M).
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: aggregation equation

Aggregation equation on the sphere

PDE for the empirical distribution

Define f(t) = 22N, dv;(t) € P(S) (a probability measure on the
sphere), then f is a weak solution of the following PDE:

Bf +Vy-(FP,iJs) =0, where Jf:/vdf(v). (1)
S
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(klnetlc) Viesek mechanlsm : aggregatlon Particles : ODE’s on the sphere
E s PDE: aggregation equation

Aggregatlon equation on the sphere

PDE for the empirical distribution

Define f(t) = 22N, dv;(t) € P(S) (a probability measure on the
sphere), then f is a weak solution of the following PDE:

Bf +Vy-(FP,iJs) =0, where Jf:/vdf(v). (1)
S

Theorem

Given a probability measure fy, there exists a unique global (weak)
solution to the aggregation equation given by (1).

Tools: optimal transport, or for this case harmonic analysis (Fourier
for n = 2), which gives well-posedness in Sobolev spaces.
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
E n the t mode PDE: aggregation equation

Properties of the model

Characteristics

Suppose that the function J(t) is given, we define ®.(v) the
solution of the following ODE:

dq)t(V)
dt

= Po, () J(t) with $o(v) =v.

Then the solution to the (linear) equation 8;f + V, - (f P,.J) =0
is given by f(t) = ®#f (push-forward): if ¥ € C°(S),
then 5 9(v)d(®:#h)(v) = Js w(Pe(v))dfo(v).
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
B n m : the t mode PDE: aggregation equation

Properties of the model

Characteristics

Suppose that the function J(t) is given, we define ®;(v) the
solution of the following ODE:

dq)t(V)
dt
Then the solution to the (linear) equation 8;f + V, - (f P,.J) =0
is given by f(t) = ®#f (push-forward): if ¥ € C°(S),
then 5 9(v)d(®:#h)(v) = Js w(Pe(v))dfo(v).

= Po, () J(t) with $o(v) =v.

We can perform computations exactly as for the particles:

jtJf _ / P, Jsdf(v) = (P, ) = Mg Jy.
S

Increase of |J¢(t)], integrability of Jr - M¢Jr. All moments are C°.
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: aggregation equation

Convergence of Q(t)

We have Q = dt = Pqi M¢Q, which is L2 in time, but L! ?
After a few computations, we obtain

ddt|s'z| = Q1 - Q- MQ — ((u- Pgrv)?)y)
+2|J{(1 = (v-Q)?)u - Pgrv)s,

Q

where u = B (when it is well-defined, 0 otherwise).
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
PDE: aggregation equation

Convergence of Q(t)

We have Q = dt = Pqi M¢Q, which is L2 in time, but L! ?
After a few computations, we obtain

ddt|s'z| = Q1 - Q- MQ — ((u- Pgrv)?)y)
+2|J{(1 = (v-Q)?)u - Pgrv)s,

where u = |%| (when it is well-defined, 0 otherwise).

Lemma: Tail of a perturbed ODE (integrability)

If ‘j—’; = x + g where x is bounded, g € L}(R,),
then x(t) € LY(Ry).

Therefore we get that |Q] is integrable, and then Q(t) — Q. € S.
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(kinetic) Vicsek mechanism : aggregation Particles : ODE’s on the sphere
E n t m PDE: aggregation equation

Convergence of f

Proposition: unique back
Suppose that J(t) € R" \ {0} is given (and continuous),
with Q(t) = % converging to 2o € S. Then there exists a

unique vhack € S such that the solution v(t) of 9 = P,. J(t)
with v(0) = wpack satisfies v(t) = —Qq as t = +o00.

Conversely, if v(0) # vpack, then v(t) = Q as t — oc.
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(klnetlc) Viesek mechanlsm : aggregatlon Particles : ODE’s on the sphere
E e s PDE: aggregation equation

Convergence of f

Proposition: unique back
Suppose that J(t) € R" \ {0} is given (and continuous),
with Q(t) = |J§t;| converging to 2o € S. Then there exists a

unique vhack € S such that the solution v(t) of 9 = P,. J(t)
with v(0) = wpack satisfies v(t) = —Qq as t = +o00.

Conversely, if v(0) # vpack, then v(t) = Q as t — oc.

Convergence in Wasserstein distance to mo_q_ + (1 — m)dq,_,
where m is the mass of {v;} with respect to the measure fy. In
particular, if fy has no atoms, then f — 0q_

No rate ...
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Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Toy model in R™: midpoint collision (sticky particles)

vitv;

Speeds v; € R” (1 < i < N), Poisson clocks: vj, vj ~ =5

Kinetic version (large N) : evolution of f;(v) € P»(R")

Ocfe(v) = . fr(v +w)fe(v — w)dw — f(v).
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Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Toy model in R™: midpoint collision (sticky particles)

vitv;

Speeds v; € R” (1 < i < N), Poisson clocks: vj, vj ~ =5

Kinetic version (large N) : evolution of f;(v) € P»(R")

Befilv) = /]R"XR" 8, (v) dfi(ve)dfi(vL) — (£, V).

2
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3 Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Toy model in R™: midpoint collision (sticky particles)

Speeds v; € R” (1 < i < N), Poisson clocks: v, vj ~ %3%.

2
Kinetic version (large N) : evolution of f;(v) € P»(R")

Befilv) = /]R"XR" 8, (v) dfi(ve)dfi(vL) — (£, V).

2

o Conservation of center of mass v = [pa vdf(v).

@ Second moment my = [pa |v — V|2 df(v): %mz =T

Exponential convergence towards a Dirac mass

Ws (£, 87) = Wa(f, 65)e 4.

Amic Frouvelle
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3 Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Toy model in R™: midpoint collision (sticky particles)

vitv;

Speeds v; € R” (1 < i < N), Poisson clocks: vj, vj ~ =5

Kinetic version (large N) : evolution of f;(v) € P»(R")

Befilv) = /]R"XR" 8, (v) dfi(ve)dfi(vL) — (£, V).

2

o Conservation of center of mass v = [pa vdf(v).

@ Second moment my = [pa |v — V|2 df(v): %mz =T

Exponential convergence towards a Dirac mass

Ws (£, 87) = Wa(f, 65)e 4.

o Decreasing energy: E(f) = [pnygn |v — u|?df(v)df(u) (equal
to 2my), no need for v in this definition.
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3 Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Midpoint model on the sphere

Kernel K(v, vi, v,): probability density that a particle at position v,
interacting with another one at v, is found at v after collision.

Bifv) = [ K(v.ve, V) (v )AR() — ().
X

When v, # v, K(-,vi, V) = 0y,
Vit Vv,
vVl

where v, =
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Collisional kinetic model

0 :
BDG mechanism : the midpoint model Stability of Dirac masses

Midpoint model on the sphere

Kernel K(v, vi, v,): probability density that a particle at position v,
interacting with another one at v, is found at v after collision.

Bifv) = [ K(v.ve, V) (v )AR() — ().
X

When v, # v, K(-,vi, V) = 0y,
Vit Vv,

flvatvill -

where v, =
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etic) Vicsek mec s sregat Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Link “Energy — Wasserstein”

Useful Lemma — Markov inequalities

For f € P(S), there exists v € S such that for all v € S:

Wa(f, 65)° < E(F) < 4 Wa(f,5,)%

For such a v and for all kK > 0, we have

df(v) < iE(f),

/{vES; d(v,v)>k} K2

d(v,7)df(v) < —E(f).

=

»/{VESQ d(v,v)>k}
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onal kinetic model
BDG mechanism : the midpoint model Stablllty of Dirac masses

Evolution of the energy

1jE(f)—/ a(vs, vi, u) df (vi) df (v;) df (u).

d(vi, u)? + d(v., u)?

oV, v, /d (v, u)*K(v, v, vi)dv — >
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3 Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Evolution of the energy

Vi, 0)? + d(v., u)?
> :

avs, v, u) = /Sd(v,u)zK(v,v*,vi)dv— d(

Configuration of Apollonius:

27b2+b’2

a(ve, v, u)=m 5
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3 Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Evolution of the energy

d(vi, u)? + d(v., u)?
> :

avs, v, u) = / d(v, u)zK(v, Vi, v ) dv —
S

Configuration of Apollonius:

27b2+b’2

a(ve, v, u)=m 5

Flat case (we get —a°):

1
a(vi, vi, u) = —Zd(v*, v,i)z.
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3 Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Error estimates in Apollonius’ formula

Lemma: global estimate (only triangular inequalities)

For all v, v, u €S, we have

%1

1
a(vi, v, u) < *Zd(v*, v,i)2 +2d(vi, vi) min (d(vs, u), d(v., u)).
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etic csek mec s sregat Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Error estimates in Apollonius’ formula

Lemma: global estimate (only triangular inequalities)

For all v, v, u €S, we have

%1

a(vi, v, u) < *fd(v*, ,1)2 +2d(vi, vi) min (d(vs, u), d(v., u)).

Lemma IocaI estimate, more precise

For all k1 < 2%, there exists C; > 0 such that for all K < k1, and
all vy, vi, ue S with max(d(vs, v), d(vi, u), d(v«, v)) < K, we
have

a(vi, vi, u) < —fd(v*, V)2 4+ G k% d (v, V)2,

Spherical Apollonius: 3(cos b + cos b’) = cos acos m.
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@ nal kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Decreasing energy — Control on displacement

We set w :={v €S, d(v,v) < %/ﬂ}, and we cut the triple integral
in four parts following if vi, v, u is in @ or not.

3
EiE(f)Jr 1E(f) < CKRAE(F) + pE) + 24
4 —_—— K

E(f)
2 dt '

K2

Local lemma ) bal lemma + Markov

(and Cauchy-Schwarz)
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3 Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Decreasing energy — Control on displacement

We set w :={v €S, d(v,v) < %/ﬂ}, and we cut the triple integral
in four parts following if vi, v, u is in @ or not.

3
EiE(f)Jr 1E(f) < CKRAE(F) + pE) + 24
4 —_—— K

E(f)
2 dt '

K2

Local lemma ) bal lemma + Markov

(and Cauchy-Schwarz)

Same kind of cut to show that v(t) satisfies Cauchy’s criteria
(for t — o0) and converges with the same rate as /E(f).
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c ek me s re Collisional kinetic model
BDG mechanism : the midpoint model Stability of Dirac masses

Decreasing energy — Control on displacement

We set w :={v €S, d(v,v) < %/ﬂ}, and we cut the triple integral
in four parts following if vi, v, u is in @ or not.
1d E(f)?

1 E(f)3
- - < 2
5 E(F) + JE(F) < CR2E(F) + 12— 7= 24—

Local lemma ) bal lemma + Markov

(and Cauchy-Schwarz)

Same kind of cut to show that v(t) satisfies Cauchy’s criteria
(for t — o0) and converges with the same rate as /E(f).

Theorem: local stability of Dirac masses

There exists C; > 0 and 1 > 0 such that for all
solution £ € C(R4, P(S)) with initial condition fy
satisfying Wh(fo, dv,) < m for a vg € S, there exists vo € S such
that .
Wa(ft, 0u..) < GiWa(fo, 8yy) e 5"
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Thanks!
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