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REGULARITY OF THE BOLTZMANN EQUATION
IN CONVEX DOMAINS

Y. GUO, C. KIM, D. TONON, A. TRESCASES

ABSTRACT. A basic question about regularity of Boltzmann solutions in the presence of physical
boundary conditions has been open due to characteristic nature of the boundary as well as
the non-local mixing of the collision operator. Consider the Boltzmann equation in a strictly
convex domain with the specular, bounce-back and diffuse boundary condition. With the aid
of a distance function toward the grazing set, we construct weighted classical C! solutions
away from the grazing set for all boundary conditions. For the diffuse boundary condition, we
construct WP solutions for 1 < p < 2 and weighted WP solutions for 2 < p < co as well.
On the other hand, we show second derivatives do not exist up to the boundary in general by
constructing counterexamples for all boundary conditions.
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INTRODUCTION

Boundary effects play an important role in the dynamics of Boltzmann solutions of
OF +v-V.F=Q(FF), (1)

where F(t,x,v) denotes the particle distribution at time ¢, position x € Q and velocity v € R3.
Throughout this paper, the collision operator takes the form

Q(F1, F>) = Qgain(F1, F2) — Quoss(F1, F)
= [ [ o o) [ R ~ )R] avan

where v/ = u+ [(v —u) - wjw, v = v—[(v —u) - wjw and 0 < k < 1 (hard potential) and
0 < go(0) < C|cosf| (angular cutoff) with cosf = o] W

Despite extensive developments in the study of the Boltzmann equation, many basic questions
regarding solutions in a physical bounded domain, such as their regularity, have remained largely
open. This is partly due to the characteristic nature of boundary conditions in the kinetic theory.
In [8], it is shown that in convex domains, Boltzmann solutions are continuous away from the

grazing set. On the other hand, in [11], it is shown that singularity (discontinuity) does occur for
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Boltzmann solutions in a non-convex domain, and such singularity propagates precisely along the
characteristics emanating from the grazing set. The boundary of the phase space is

v = {(z,v) € 0Q x R?},

where n = n(x) the outward normal direction at x € 9. We decompose 7 as

v- = {(z,v) € 00 x R? n(x) - v < 0}, (the incoming set),
v+ = {(z,v) € 9Q x R : n(x) - v > 0}, (the outcoming set),
Yo = {(z,v) € 9Q x R3 : n(x) - v =0}, (the grazing set).

In general the boundary condition is imposed only for the incoming set v_ for general kinetic
PDEs [11, 3] [6], [§].

Throughout this paper we assume that €2 is a bounded open subset of R® and there exists
€ :R?® — R such that Q = {z € R3: {(z) < 0}, and 9Q = {z € R?: {(x) = 0}. Moreover for all
£(z) < O(therefore z € Q = Q U 99Q) we assume the domain is strictly convex

D 056(x)GG = Cel¢P (2)

2%

We assume that VE(z) # 0 when [€(z)] < 1 and we define the outward normal as n(z) = <o

In this paper, we consider the following basic boundary conditions on (z,v) € vy_
(1) Diffuse boundary condition:
F(t.o) =) [ Ft.au)(n(e) - u)du
n(z) u>0

where ¢, fn(z)_u>0 ww){n(x) - updu = 1.

(2) Specular reflection boundary condition:

F(t,z,v) = F(t,z, Ryv),

where Ryv := v — 2n(x)(n(x) - v).

(3) Bounce-back reflection boundary condition:

F(t,z,v) = F(t,x,—v).

For (z,v) € Q x R? we define t(z,v) be the backward exit time as
to(z,v) =inf{r > 0:2 — sv ¢ Q},
and xp(v) = z — tpv.
The characteristics ODE of the Boltzmann equation () is
dX(s) dV (s)

Before the trajectory hits the boundary, ¢t — s < tp(x,v), we have [X (s;t,x,v), V(s;t, z,v)] =
[ — (t — $)v,v] with the initial condition [X (¢;¢,z,v),V (¢;t,2,v)] = [z,v]. On the other hand,
when the trajectory hits the boundary we define the generalized characteristics as follows:

Definition 1 ([8]). Let (z,v) ¢ 7o.
(1) Let (t°,2°,0%) = (t,z,v) and define the stochastic(diffuse) cycles, £ > 1,

(4L 2 ) = (# — (2, 00), o (2, 00), ot ).
(2) Let (t°,2°,0°) = (t,z,v) and define the specular cycles, £ > 1,
(L 2 Y = (#f — 1 (2, 0°), o (2f, 0Y), v — 2n(2h) (V! - n(2h))).
(3) Let (t°,2°,0°) = (t,z,v) and define the bounce-back cycles, £ > 1,

(tZJrlv lerl’ ’UZJrl) = (te - tb(xza UE% Ib(xza UE% _’Uz)'
2



Then for £ >1

1—(=1)* 1+ (=1)*
th =t — (0= Dtp(2*,0"), 2' = (2 L + +(2 ) 2%, vt = (1)

(4) We define the backward trajectory as

Xa(s;t,x,v) = Zl[t2+17t2)(5){$2—(tl—S)ve}, Va(s;t,z,v) = Zl[teﬂ)tz)(s)vl.
¢ ¢

Note that if G(¢,z,v) solves ;G + v - VG = 0 with boundary conditions then
G(tv xz, ’U) = G(Sv XCI(S; ta €T, 1}), VCI(S; tv xz, ’U)),

where [Xc1(s), Vai(s)] is defined respectively([8]).

In this paper we establish the first Sobolev regularity away from the grazing set 7y, for Boltzmann
solutions in convex domains. One of the crucial ingredient is the construction of a distance function
towards the grazing set vy to achieve this goal.

Definition 2 (Kinetic Distance). For (z,v) € Q x R3,
a(z,v) = [Va(s) - VE(Xa(s))]* = 2{Var(s) - VZE(Xa(s)) - Ver(s)}E(Xa(s))-
Due to @), a(x,v) is zero if and only if (x,v) is at the grazing set vy. We observe that
v Vea = {20 VE(@)[v- V- 0] — 20 - VE(x)[v - VZE - 0] — 20{v - V3¢(x) - v}E()}
= —2v{v- V°¢(2) - v}(2),
which is bounded by |v|a(x,v) since {v-V2£(z)-v} « |v|? from (@)). This crucial invariant property
of a under operator v - V, is the key for our approach. On the other hand, unless V3¢ = 0 (for
example the domain is a ball or an ellipsoid), a growth factor |v| creates a geometric effect which

is out of control for our analysis. We introduce a strong decay factor e~ ("t with sufficiently
large w > 0 to overcome such a geometric effect :

e~ Wta(z, v). (3)

A direct computation yields
{0; +v- Vi e ™Wia(z,v)] = —w@)e oz, v) — e 200 - V3¢(2) - v}

< (—w + 0¢ (1)) (v)e == Wa(z,v),

20{v-V3¢(z) v}

o) represents the geometric

where we used the convexity of £ in ([2). Here O¢(1) =
effect. Throughout this paper we assume

20{v - V3¢(@) - v}

a(v)

(4)

Remark that if £ is quadratic (for example the domain is a ball or an ellipsoid) then we are able
toset w=0and {0 +v-Vz}a=0.

The important technique to treat o along the trajectory is based on the geometric Velocity
Lemma :

w > max

Lemma 1 (Lemma 1, [8]). Let Q be convex [3). Along the backward trajectory we define
a(s;t,z,v) := a(Xal(s;t,z,v), Va(s;t,x,v)).
Then there exists C = C¢ > 0 such that, for all 0 < s1,50 <t

e_CIUHSl_SQ‘a(sl;t,x,U) < afsgst,z,v) < ec‘””“_sﬂa(sl;t,x,v).

v|2
We denote F' = i+ /uf(f could be large) where p = e isa global normalized Maxwellian.

The perturbation f satisfies

hf+v-Vof +v(F)f = Kf =Tgin (f, f)-
3



Here

V(F)(v) == ——=—=Qoss(F, /1] ) (v /R L B(v — u,w)F(u)dwdu

Vi ( ) (5)
= [, [ Bl = w0 + il ()
and the (non-local) linear Boltzmann operator is given by
Kf(v) = Kaf(v) = Kif(v)

(@1, VD) + Quain (VT )] (0) — —=uoss (Vi 1)),

1
:ﬁ N

and the gain part of the nonlinear Boltzmann operator is given by

Pyt (1, f2)(0) = ngam(\F i1, \/if) (v / /g (v — w)v/al@) f1 () fo (0ol

The boundary conditions for f are
(1) Diffuse boundary condition:

f(t,z,v) = cuv/p(v s ft, z,u)v/ wuw){n(z) - uldu, (6)

(2) Specular reflection boundary condition:

f(t7 x? U) = f(t7 x? R:EU)7 (7)
(3) Bounce-back reflection boundary condition:
f(t,fL',’U) :f(t,(E,—’U). (8)

1. Diffuse Reflection

We denote || - ||, the LP(Q x R3) norm, while ||, is the LP(9Q x R3;dy) norm and |- |,, , =

|1, |,p where dy = |n(z)-v|dS,dv with the surface measure dS; on 9. Denote (v) = /1 + |v|2.
We define

0¢f(0) = 0 fo = —v - Vafo — v(Fo) fo + K fo + Tgain(fo, fo)- 9)

Theorem 1. Assume that fo € WIP(QxR3) and ||0; follp+ |V folloo + |V folloo + ] (¥)¢ fol oo <
+00 for ¢ >4 and any fixed 1 < p < 2, and the compatibility condition on (x,v) € y_,

(z,v) = cpv/ p(v folz,u)y/ p(u){n(x) - ultdu, (10)

n(x)-u>0

then there exists T = T(|[{(v) fol|so) > 0 such that f € L3 ([0, T); WHP(Q x R®)) such that for all
0<t<T

¢
1B FONE + IV fOI1F + Vo fF DI + /0 [10uf )+ Vaf ()5, + IV f ()5 ] ds
St 10cfollp + [IVafolly + Vo follp.
Furthermore, if || (v)? fol|loo < 1, then T can be arbitrarily large, T = 4oc.

(11)

There can be no size restriction on initial data. We also remark that, from [8],[2], the assumption
|[{v)¢ fol|lso < 1 without a mass constraint [, ps foy/idvdz = 0 ensures a uniform-in-time bound
as SUPg<i<oo [0 F(t)]|oo < 1|(0)P folloo (not a decay). We also remark that this estimate is a
global-in-z estimate which includes the grazing set 4o and the constant grows exponentially with
time. Moreover, in Lemma [I0], the estimate of (T1]) in Theorem [l for p < 2 is indeed optimal even
for the free transport equation 9y f + v -V, f = 0 with the diffuse boundary condition. In fact, the
boundary integral blows up at p = 2. We therefore conjecture that f ¢ H! in the bulk.
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We now illustrate main ideas of the proof of Theorem [II Clearly, both ¢ and v derivatives
behave nicely for the diffuse boundary condition as for (z,v) € v_,

Of(t,x,0) = cu/pulv O f(t, 2, u) v/ p(u){n(z) - utdu, (12)

n(x)-u>0

Vof(t,z,v) = ¢, Vo / flt, zu)y/ p(w){n(z) - u}du. (13)

(z)- u>0

Let 7 (x) and 72 (x) be unit vectors satisfying 71 (z) -n(x) = 0 = m2(x) -n(x) and 7 () x 12(x) =
n(x). Define the orthonormal transformation from {n, 7,72} to the standard bases {ei, ez, €3},
ie. T(z)n(z) =e1, T(z)r1(z) = €2, T(x)m2(x) = ez, and T~! = T*. Upon a change of variable:
u' = T (x)u, we have

n(z)-u=n(x) Tz =n@) T (z)v = [T(z)n(@)]'v =e -u =uj,

then

¢/ (o) / Flta, ) /() n(e) - uddu = o /p(0) [ Flta, THa)u')y/mlw){ul o',

(z)-u>0 u} >0
so that we can further take tangential derivatives 9,, as, for (x,v) € vy_,

O f(t, 2, v)

cuV / Or, ft, 2, THz)u') + Vo f(t, 2, TH(x)u') o7 (97'1 }\/ N{u) o’
= /i) | o P ) () il 1)
+ v/ p(v) Vo f(t,z,u) 87—1 uy/ p(u){n(x) - uldu.

n(z)-u>0

The difficulty is always the control of the normal spatial derivative of 0,,. From the general
method of proving regularity in PDE with boundary conditions, it is natural to use the Boltzmann
equation to solve the normal derivative 0, f inside the region, in terms of d;f, V, f, and 0, f as:

2
8nf(t,:v,v) = —ﬁ {atf + Z(U . Ti)anf + V(F)f - Kf - Fgain(fv f)} ’ (15)
i=1

at least near 9f2. Unfortunately, this standard approach encounters a severe difficulty: ﬁ

¢ L}, in the velocity space (a L° bound is desirable for any W1? estimate).

The first new ingredient of our approach is to use [I3) not inside the domain, but at the
boundary 9€). Using special feature of the diffuse boundary condition and (I2), (I3) and (I4), we
can express O, f at (z,v) € y_ as

Onf(t,z,v)

————{ Vi / 00 (6, u) Al () - w}
)-u>0
—i—Zv Ti)V 1 / Or, f(t, 2, u)/ p(u){n(z) - u}du

(z)-u>0 (16)
+ Z VTN / u>0 ft,z,u) 8Tt uy/ p(u){n(z) -uldu

V(F)f — Kf ~ Tgun/. f) }
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Due to the additional u integral in (I6) and the crucial factor |n(x) - u| in the measure dy on the
boundary 7, it is clear that the singularity |0, f|?|n - v| in ([I6) is roughly of the order

1
{n-v}p-1’
so that its v integration is precisely finite if 1 < p < 2, and indeed its v integration is uniformly
bounded with respect to z.
However, in order to control 0;f,V,f and 0.f for p < 2, a new difficulty arises. It is well-
known from [8, [2] that a crucial boundary estimate for diffuse boundary takes the form of a

L?—contraction:
/ h2d7§/ h2dy.
v- T+

Unfortunately, this is not expected to be valid for p # 2, so it is impossible to absorb the incoming
part 7y_ solely by the outgoing part v4 part.

Our second new ingredient is to split the v, integral into near grazing set 45 and the rest for
p # 2 for our boundary representation for derivatives (I2)), (I3), (I4), and ([I6]). For small ¢ > 0
we define 77, the set of almost grazing velocities or large velocities

v ={(z,v) €74 :v-n(x) <eor|v] > 1/e}. (17)
Denote 0 = [0, V, V,]. We can roughly obtain

P
/ OfF < / (/ |3f|u1/4{n . v}dv> + good terms,
v 00 \Jn-v>0

p p
S / (/ 0f |t/ *{n - U}) + / (/ |0 f]ut/*{n - v}) + good terms,
o0 {vi(zw)ens} o0 {vi(z,v)ev+\V1}

p/q
< sup (/ p?*{n - v}dv) /
z {v:(z,v)eri} g

p/q
It is important to realize that sup, (f{'u'(z et ) p/4n - v}dv) has a small measure of order
HZ, +

|0f[Pdy + / |0 fPdy + good terms.

< Y+\7E

g, for p > 1, so that it can be absorbed by the outgoing part fw' Fortunately, the outgoing

boundary integral fw\vs can be further bounded by the integration in the bulk and initial data
+

by Lemma [ with a crucial time integration. On the other hand, such a process produces a large

constant in the Gronwall estimates and leads to a growth in time. Of course, such approach breaks
down at p = 1.

Theorem 2. Assume the compatibility condition (I0) and recall @) and 0 < k < 1.

For any fited 2 < p < oo and % < B < p2—;1, if [PV zofollp + [[@)efF follow <
0o for some 0 < 0 < 1,0 < (, then there exists T = T(|[(w)e?!F folloo) > 0 such that
e~ T WtaBY, f e NPV, f e WtaPY, f € L2 ([0, T); LP(Q2 x R3)) such that for all0 <t < T,

loc

t
e =®afY, . FOIE + / == afY, . ()P, ds
0

St 110" Veaa folly + P fol1%),
where P is some polynomial.
If||a1/2Vt7m7vfo||Oo+||<v><ee‘”|2f0||00 < +00 for some0 < 0 < %,¢ >0, then e~ mWa/2y,  f €
Lo([0,T); L=(22 x R?)) such that for all 0 <t < T,
le== a2V, 4o f()lloo St 11022V a0 folloo + PI0)” folloo)-
If 'V fy € CO(Q x R?) and
v-Vafo+v(Fo)fo—T(fo, fo) = cuv/it {u-Vefo+v(Fo)fo—T(fo, fo) }vifn - u}du, (18)

n-u>0
6



is valid for y_ U, then f € Ct away from the grazing set .
Furthermore, if ||(v)$e?!* fo||so < 1 then T can be arbitrarily large.

There can be no size restriction on initial data. Remark that ||(v)¢e?!*” fo||so < 1 ensures a
uniform-in-time bound supg<;<., (@)l £(1)]o0 < [[(0)Se?1F fol|os due to [8) 2]. We remark
for w # 0, df(t) ~ e so that in terms of solution f(t), such an estimate not only creates
an exponential growth in time, but also creates less integrability in velocity. Furthermore, when
w # 0, we crucially need a strong weight function e¢I"I” to balance such a factor e~ =Wt which
produces a super exponential growth ¢t” in time in controls of the non-local collision operator.
We suspect that it is impossible to obtain a uniform in time estimate especially when w # 0.
Distance functions « play an important role in the study of regularity in convex domains for Vlasov
equations ([0l [I0]), which can be controlled along the characteristics via so-called the geometric
Velocity Lemma(Lemma [). However, such an approach has not been successful in the study of
Boltzmann equation due to the non-local nature of the Boltzmann collision operator, which mixes
up different velocities so that their distance towards 7y can not be controlled. In addition to the
key boundary representation, we establish a delicate estimate for interaction of e’w<”>ta(:v, v) and
the collision kernel e_w<”>ta(x,v)6K(W) in (@) for 8 < %. An additional requirement
8> % is needed to control the boundary singularity in ([@9). These estimates are sufficient to
treat the case for 8 < 1/2, but unfortunately these fail for the case § = 1/2, which accounts for
the important C! estimate. In order to establish the C! estimate, we employ the Lagrangian view
point, estimating along the stochastic cycles [8] 2] or Definition [II

Our fourth new ingredient is the dynamical non-local to local estimates(Lemmal2]). Even though
e—w(v)ta(x, 1))1/2K(

m) is impossible to estimate directly due to severe singularity of

PRV in the velocity space, along the characteristics,

1 1 .. .
= Wta( = a(e—s0,0)1/Z 1S integrable in

time for a convex domain. Therefore, the integral

t
— (v} (t—s) 12 g /
/0 /R% e Oé(l'a’U) (e—w<v>(t_5)a(x — (t — S)’U, ’U)l/2)

can be controlled by first integrating over time, and we can close the estimate.

2. Dynamical non-local to local estimates

Lemma 2. Let (t,x,v) € [0,00) x Q x R3.
(1) For 3 <B <2 and0< k<1 andr € R and £ >0, we have

tp(z,v) —0|lv—ul? T
/ / e K (t=s) 5 c (w) Z(s,x,v)duds
0 R3 |U - u| _H[a(‘rb - (tb((b, ’U) - S)’U7’U,)]B <U>T
N CIC0) kel 71k
~ c T, v z —1(v) (t—s)
59,7“ min 5 sup {6 Z(S,.I,’U)} (19)
{ [ {e(z, v)} =t ClE 5€10,t0(2,0)]
1 tb(m,v) Cl
—Cl{v)(t—s)
+ e2{a(z,v)}p-1/2 /o e N0 2 (s, 7, 0)ds,

where tz = sup{s : Z(s,xz,v) # 0}.

(2) Let [Xa(s;t,x,v), Va(s;t,z,v)] be the specular backward trajectory or the bounce-back tra-
jectory in Definition [1

For%<ﬁ<% and 0 < k<1 andd>0and1> 0 >0 and r € R, there exists | >¢ 1 and
Ciger >0, 0575#3 > 0 such that



— S 7'U.2 ks
/t/ o) (t—s) € OlVer(e)—ul™ ()7 Z(s,x,v) duds
o Jrs [Ver(s) — ul?=" (v)" [a(Xcl(s;t,x,v),u)]B

C50(3) + G500~
~E,T B—1/2
() [a(z,v)]

The control of K(7) is addressed throughout such so-called non-local to local estimates. We
discover that the non-local u integration does not destroy the local property, upon a crucial
time integration along the characteristics. The proof of such non-local to local estimates are a
combination of analytical and geometrical arguments. The first part is a precise estimate of u
integration which is bounded via In this part of the proof we make use of a

(20)

up efclﬂv“@)(t*s)Z(s,x,v)}.
0<s<t

1
[o]2P g (@—vt)[F-1/2
series of change of variables to obtain the precise power. The second part is to relate W

back to é Clearly,
1 1 1
(@ —vt)? a0 VE(r— ot} +{(z —vt)|v)
for |¢||v|? is larger than |v - VE|. On the other hand, when |v - V&| dominates, this can only be

achieved through a crucial use of time integration and geometric Velocity Lemma(Lemma [I), by
connecting

dg
lv- V¢l
and recover « as in the bound of ¢ integration through the geometric Velocity Lemma(Lemma [T]).
The more striking feature is that not only our estimates retain the local structure for «, but
they gain /a order of regularity. Such a precise gain of regularity is exactly enough to balance
out the singularity in « appeared in 90X (s;t,,v) and OVe(s;t, x,v) in both the specular and
bounce-back cycles. In order to squeeze out a small constant for |v] > 1, we need to use the decay
of e=H¥)(t=%) This requires a precise regrouping of the cycles according to the time scale of

dt -~

tlv| ~ 1.

Within such an important time scale, Ve (s;t, x,v) stays almost invariant due to the Velocity
Lemma(Lemmal[Il). We then are able to obtain precise estimate for the number of bounces within
tlv] v~ 1 and extract smallness from e~ "*(¢=%) for t — s > L. On the other hand, for t — s < ‘ L

the smallness comes from Lemma

3. Specular Reflection

Recall the specular reflection (@) and the specular cycles in Definition [[I Our main theorem is
as follows.

Theorem 3. Assume fo € WH2(QxR3) and0 <k <1 forl<fp < %, 0<¢ 0<80,andbeR,

H 8hH+W” 8M\+Mhm+wwwwmu<m

(v)?
and the compatzbzlzty condition on (x,v) € v_

fo(z,v) = fo(x, Ra(v)). (21)
Then for T = T(||(v)$e?"F fol|so) > 0 we have for all0 <t < T

/2

%&,j(tmo@ + 10 f ()l

5hH-H@M@+PMM%WWMM-

8

B
o —wv
<Wm%ﬂmwﬂk o

%
Sea |17 0e ol + 1=

| |e—w(v>t

| | (22)

>



Furthermore, if fo € C! and satisfies

[v- Vi fo+v(Fo) fo — K fo—Tgain(fo, fo)l(@,v) = [v- Vi fo +v(Fo) fo— K fo — Tgain(fo, fo)](z, Rzv)
(23)
is valid for v_ U~y then f € C' away from the grazing set .
Moreover, of Q) is real analytic(¢ is real analytic) and ||(v)Se?l’l” fo||oo < 1 then this theorem
holds for the arbitrarily large time.

There can be no size restriction on initial data. We remark from the local existence theorem,
T > 0. The analyticity is a crucial assumption to ensure global stability in [8]. We also remark
that the specular theorem is drastically different from the diffusive theorem: in addition to the
loss of moments, there is a loss of regularity of o with respect to the initial data. This makes it
impossible to use the continuity argument to choose small time interval to close the estimates. We
need to use large w in e~ @) to extract a small constant to close, which requires extra precise
estimates. We note that in 3D case, 8 > 1/2, due to the failure of the proof of the non-local to
local estimates for the critical § = 1/2(Lemma[2). On the other hand, in 2D, due to boundedness
of Oy, f, which is rather direct from the symmetry, we are able to estimate 0,['gain for the critical
case 8 = 1/2 by Lemma [TH

In additional to the dynamical non-local to local estimate, the second important ingredient for
the specular reflection BC is the following crucial estimate for the derivatives of specular cycles
[Xal(s;t,x,v),Val(s;t, x,v)].

Theorem 4. Assume () is convex [@). Then there exists C = C(2) > 0 such that for all
(s;t,2,0) € R x R x Q x R3,
10, Xa(sit3,0)] < eClle—s 1L
1
10y Xa(s;t,z,0)| S eClI0=9) —
]
3
0 Var(s: 8, 2,0)] < eClol—9) 1
alx,v)

D, Var(s ty,w)] < eClles 1

Va(z,v)

Our estimates are optimal in terms of the order of é, and e€1?I(t=%) relates to the |v| growth
in the Velocity Lemma(Lemma [). We remark that these precise orders of singularity, play a
critical role for our design of the anisotropic norms. In fact, if |0, Xea(s;t, z,v)| « é, it would
have been too singular for the half power gain of o from the dynamical non-local to local esti-
mate, and our method should fail. Moreover, it is also crucial to have precise |v| growth in both
10, Xa1(s;t, 2, 0)|, |0, Ve (s; t, 2, v)| to be controlled by e~= (¢,

We remark that |0, Xa(s; t, z,v)| « ﬁ is unexpected. Even after one bounce, 9, X1 (s;t, x,v) «
7a
of ﬁ number of bounces. However, via direct computations in 2D disk, we discover that even

though

1

7a and it is natural to expect 0, Xa1(s; ¢, z,v) picks up additional power of in the accumulation

1 1
Opt’ v —, and Opa* « —,

@ @

but surprisingly
1
DuXai(s;t,z,v) = Ozt — (' — s)v°] 7a !

Clearly, certain cancellations take place in the disk, which is difficult to even expect for general
domains.

The proof of our theorem is split into nine steps, and it is the most delicate proof throughout
this paper. We first remark that, due to the ‘discontinuous behaviors’ of the normal component
of v - n at each specular reflection, it is impossible to apply the standard techniques for ODE to

9



estimate |0Xc(s;t, z,v)| and |0Vea(s; ¢, z,v)|. We have to develop different strategies to overcome
several analytical difficulties to finally complete the proof.

Topological obstruction and moving frames. It turns out that we only need to consider the
most delicate case in which all the bounces are almost grazing and staying near the boundary for
rf = % < 1. It is important for us to introduce the spherical co-ordinate system to cover the
whole cycle and transform it into the ODE ([I4). Unfortunately, due to ‘hair-ball’ theorem in
Topology, such a change of coordinate system (or any change of coordinates) can not be smooth
everywhere in the 2D surface 0. In the case of a ball, all the trajectories are confined in a
plane, so that one may choose a single chart to cover the whole trajectories. However, in other
convex domains except the ball case, with large ¢ for the specular reflection case, trajectories are
extremely complicated, which can reach almost every point so that choosing a single chart is all but
impossible. On the other hand, a ‘sudden’ change of a chart may create new order of singularity
of a from the matrix P as in ([I42]). which will ruin the estimates. It is therefore important to
design a ‘continuous’ changes of charts associated with the almost grazing bounces. Given n(x),
we need to construct another globally defined, orthogonal, and continuous vector field. This would
have been impossible if we were to seek it only in the physical space, in light of the ‘hair-ball’
theorem. The key observation is that, we need continuity not from just 952, but from the phase
space 02 x R3. In fact, for almost grazing bounces, the velocity field v is almost perpendicular
to n(x), which provides a natural choice for construction of the desired moving frames. These
continuous moving frames cost manageable errors for each bounce, which are controlled by the
next method.

Matriz Method for normal parts of 0Xe(s) and OVa(s). With such a well-defined moving
charts, via the chain rule, one can represent 0Xei(s; ¢, z,v) and dVei(s;t, ,v) via a multiplication
of Jacobian matrices (t/,z¢,v*) — (t*~1, 271 v*~1) in the spherical coordinate system. The
‘matrix method’ refers to the study of each discrete Jacobian matrix and precise estimate of their
multiplication (ﬁ of them!). One important step is to bound such a matrix by J(rf) in (I38)

which can be diagonalized as J(rf) = P~'AP, with a diagonal matrix A. Based on the crucial
cancellation property (I41]) we extract crucial second order of r’ < 1 appeared in J(r*). Therefore,

N
over the interval t|v| «~ 1, we are able to estimate I1,”% J(r?) ~ ﬁ Together with ﬁ from the

initial bounce, we expect a < for X (s;t,x,v) and OVa(s;t,x,v) as in (I5I). Even though such
estimate is too singular for our purpose, upon a closed inspection, we can improve that for the
normal component of X¢(s),

1
|amXJ_(Svt7 x, U)l S ﬁ7

which is based on the fact v{ ~ \/a via the Velocity Lemma(Lemma 1, [§]). Unfortunately, the

tangential part 0, X||(s;t,z,v) « é is still too singular.

ODE Method for tangential parts of 0Xe1(s) and OVei(s). To improve such estimate, we observe
that given the estimates for the normal parts [ X, (s;t,z,v), V1 (s;t,x,v)], the sub-system of ODE
for [X(s;t,x,v), V| (s;t,2,v)], enjoys much better property. In fact, at each specular reflection,
(X (s;t,2,v), V|| (s;t,2,v)] are continuous, unlike the the normal V| (s;¢,z,v). Upon integrating
over time as V (s;t,z,v) = XJ_(s;t,:v,v) (position X (s;t,x,v) is still continuous at specular
reflection), we are able to derive an integral equations of [X| (s;t,z,v), V) (s;t,2,v)] without
broken into small discontinuous pieces (I59) at each specular reflection. In other words, we can
use the standard ODE theory to estimate these tangential parts. Our ODE method refers such
ODE (Gronwall) estimates (I55]) which lead to the final conclusion of the theorem.

10



With such crucial estimates, we are able to design anisotropic norms in terms of singularity of
1 50 that along a specular cycle of [Xci(s), Vei(s)], very formally, around |v] « 1,

t t
0PV foo| < g00d+/ a5|8IXC1K(|sz|)|+/ P |0,V K (Vo f)]
0

t
< g00d+/ A= 1/2|K |Ha'3V f|| /a6_1|K( 51 |H p-1/2y, fH
0 af=1/2

‘aﬁ*vaf‘ < good—|—/ ‘aﬁfl/QavXclK(me)‘—F/ |O/371/2(9UVC1K(VUf)|
0

t
< g00d+/ A= 1/2|K |Ha'3V fllo /a6_1|K( 51 |H p-1/2y, fH
0 o /2

Thanks to fo K ()] < a/?7% and fo |K(=27z)| < a'~F from the dynamical non-local to local
estimates for 5 > 1 we have exact cancellations of the power of « in the coefficients on the right
hand side, and we are able to close. For |v| either small or large, more careful analysis is needed.
In particular, it is important to use the weight function of e == ()t in @) to control both the growth
in Theorem [ as well as |v| in front of 9, X¢ and 9, V.

4. Bounce-back reflection

We recall the bounce-back reflection boundary condition (8) and the bounce-back cycles in
Definition 1 Our main theorem is

Theorem 5. Assume fo € WH(Q x R3) and 0 < k < 1 for 6 >0, > 0,
102 fol e + 1190 folle + 1) 01 follso + [10) "1 fol | < o0,
and the compatibility condition on (x,v) € y_
folz,v) = fo(z, —v). (25)
Then for T = T(||(v)¢e?1V” fo||o) > 0 we have for all 0 <t < T

—w(vyt & efw(v>t|v|al/2 0\l
lle <U>281f(t)lloo +I BE O f (1)l + |[{v) 9 f ()]l (26)

Sell(©)0z follso + 1100 folloe + P10} €01 folloo) + P(IIw)¢ e’ fol ).
Furthermore, if fo € C' and satisfies
[0V fot+v(Fo) fo— K fo—T gain(fo, fo)](z,v) = [v0-Va fo+v(Fo) fo— K fo—T gain(fo, fo)](x, —v) (27)

is valid for y_ U~o then f € C' away from the grazing set .
Moreover, if || (v)¢e?l"l” fol|oo < 1 then, this theorem holds for the arbitrarily large time.

There can be no size restriction on initial data. We remark that the bounce-back case enjoys
the advantage of explicit expression of 0Xe(s;t,x,v) and Vg (s;t,x,v). Since 9,t¢ ~ é and
g’ ~ T’ a new difficulty arises in the estimate

1
anCl(S; tu x, ’U) ~
«
which is too singular to control by the non-local to local estimates. Roughly speaking, the new
difficulty is exactly the opposite to the specular case, dz¢ and dv’ are in desired form but not

0. Xe1(s;t, z,v). The crucial observation is the following:

11



Lemma 3. In the sense of distribution,

tJ

Be{ flra?d —(t7 — T)Uj,Uj)dT}

tit1

J+1

7
:/ [Betj,ae:vj + Taevj,aevj} Vi (T, ) — (7 — 1) v)dr
t

lim [0 P — Vel lim [0t/ it — Py )],
+71¢13[ [l —( T)v,v)]JrTiltggl[ flra? = (7 = 1)’ 7))

The key idea is to make a change of variable to transform
0z Xea1(s;t, ,v) ot + 9,2t

while 0,t¢ captures the worst singulairty of é Fortunately, 0,t¢ is paired with 0, f, which is
bounded, rather direct from the time-invariance of the problem and we are able to close the
estimate.

5. Non-existence of V2f up to the boundary

In the appendix, we demonstrate that, our estimates can not be valid for higher order deriva-
tives. Otherwise, if 92 f exists up to the boundary, we observe that from taking second derivatives
of the Boltzmann equation:

2 2
00 f = =0 f = (Opv3) 0 f — Z On(vr,)0r, f — Z V78, f — V(EF)On f + K(Onf) + Onl gain(f, f)-

i=1 i=1
If |Onf] > %, then at the boundary we have

0,11 > ¢ LL (R

|vn |

«
all diffusive, specular and bounce-back cases, we are able to identify initial conditions such that
|On f| > ﬁ for some future time.
Remark that by the trace theorem(Lemmal[7]) our negative results imply that second derivatives
can not exist up to the boundary, so that they can only exist in the interior of 2. Due to the

transport property of the Boltzmann equation this is highly unlikely with non-flat boundaries.

so that K(9,f) is not defined. Since |9, f| is expected to behave at least as bad as % for

1. PRELIMINARY

For the hard potential 0 < k < 1 and the global Maxwellian p(v) = e~ 2,

Kg:= /]R3 ko (v, u)g(u)du — /]R3 ki (v, u)g(u)du,

where
[0]2+]u|? v —U
ki(u,v) = |lu—0vl"e”" =2 — - w)dw
1 0) = fu— ol [ = -
2 Clig—p|2— L Qul®=]v[®)?
ka(u,v) = P i PR (28)
u—"v u—v
o I L G e em R e ) N (L T
(u—v)=0 |’U,—1}| —|—|w| |U—’U|

where ¢ := (45 - I:ﬁ_l)ﬁ See page 315 of [7] for details.
12



The gain term of the nonlinear Boltzmann operator equals

Fgain(glv 92)(0)

|UH| |UH +UL|”_1 Jap +vtug |
=C [ du / duy g1(v+ui)ge(v+u))g - 4 ,
w1 S0 H 0(|U|| +ul |wyl
|UH| |UH +UL|”_1 luj +otug |2
=C [ du / duy go(v+ui)gr(v+u))g - 4 ,
w1 S0 H 0(|U|| +ul |wyl

k—1
ug —ol Juymvtun T e
e 4

)

)

=C du”/ dur g1(v+ui)ga(u)q (
R3 (u)—v)-urL=0

|uH—v—|—uL| |uH —’U|

u—v+u AL e ?
I 1 _ly
) e,

lu) — vl
(29)

uy — vl

:C/ du / dug go(v+ui)gi(uy)g
R?’ ” (qu'L))"U.J_ZO H 0 ( |u” —v + UJ_|

where g (cos§) = 29 Thig is due to two change of variables (37),(38) and page 316 of [7].

| cos 0]
We define the convenient notation

1

|[v — u|2—*

Lemma 4. Recall (28) and the Grad estimate [9] for hard potential, 0 < k < 1,

K. o(v,u) = e &lo—ul?, (30)

2 242
1 2_ 1 (vl*=lul%)
A )2 — L UvlP—u|®H)?
1 (w2 —ju|$H? e i =1 [v—ul?
87 Ju—ul

Ly —ul?=
k)l S o=l + o - 2pe 5 o=

For p >0 and —2p < 0 < 29 and ( € R, we have for 0 < k <1,
(v)Cellvl® B
‘/]RS kn)g(v,u)mdu 5 <’U> 1.
Proof. The proof is based on [8]. Note that
Ceblvl?
% < L+ o — uf2e0Uul =10,
u)se’lv

Set v —u =n and u = v — 7 in the integration of (3I]). Now we compute the total exponent of the
integrand of BI) and (??) as

2 2 2
n°—2v-n v
— elnl” - 9% — 0{v —n* = [v|*} = —20[n* + 4o{v -1} - 49' |77|2| — 0{Inl* —2v-n}
2
U .
— (-0 - 20) o+ {40+ 20) 0y — 101

Since —2¢ < 6 < 2p, the discriminant of the above quadratic form of || and 1\}_771\1 is negative :
(40 + 20)* + 160(—0 — 20) = 402 — 160% < 0. We thus have

2 2 2
n*—2v-n Ul
~elal? = 2L gy o) So o
Therefore, for 0 < kK <1

(12 —1ui)? (1)< eflvl?
{|v —ul"+ v - u|_2+"‘}e_9|”_“|2_9 v—ul? Lezdu
R3 <u><e‘9\u|

_ _ 2
S [ il e el Sy 1,
R

Therefore, in order to show (BIl) it suffices to consider the case |v| > 1. We make another change
of variables 7, = {17 . \_ZI} rop and n1 =7 — 7, so that |v-n| = |v||n| and |[v —u| > [nL|. We can
13



absorb (n)¢, |n|(n)¢ by e=Ceol and bound the integral of @) by
—C,, MJFVJ' ‘ g
/]RS {1 + |77|72+'/”}e 6{ 2 K }dn < / {1 + |77| 2+K}6 z |77|2 g,ﬂ”"ﬂdn

ng _ v
< [smapege wnr { [ ecotmiggy | ap,
R R
_ N, Wi _Co.0 <
e mgree s LT e comagYan, = lollm).
R 0

O
Lemma 5. (1) Forp € [1,00),
KRl Sp IRl [IVoERlp Sp [[Rllp + [[Vohllp,
and
1 1 p—ul?
|0uk(v, u)| + |0uk(v,u)| <k, _1)%(U,u)=me s lv—ul”,
(2) Forp € [1,00) and (i,j) = (1,2) and for (5,) = (2,1)
] [ Tentongolandods| S 110 alloclss bl sor ¢>2
QxR3
Cain(on o)l S 100 il [ K glenmlgdn, for 00, ¢ 0.
R‘
For(>2,0>0,
Tgain (91, 92) ()] < ()~ |[(0) g1 lool () g21| oo,
Tyain(91,92)(0)] S ()™ @0) ¢ gy |oc [ (0) T g5 |,
|
and for all (,0 > 0,
(i + Vig)gl Sco (14 1)’ gl loo) [ (0) s .
(8) For ¢ > 2,
’//ﬂ » Vol gain (91, 92)gadvdz| < 1[(0)  g1llol[Vugallpllgslly + [(0) g2llsel[Vugillpl|gs]lq-
YR
Define
Fgaln v 91792 /]RS /S2 v —u, w (\/ﬁ)(u)gl(u/)gz(v/)dwdu,
where u| = (u-w)w and u; =u — (u - w)w
Then, for ¢ > 2,0 > 0,
Cgain,o(91,92) (@) S (0) 1) g1lloo]|(v) g2/l
Dgaino(91,02)(0)] S ()P 0)¢e? gy ||oc] [ (0) 1 go oo
(4) For 6, >0,
0K g(s, X, V)|
= ‘8/ k(V,u)g(s, X, u)du
RS
(31)

s / {10VI10.K(V, ) ) =< e 0 [ (w) e go oo + K(V:0)[0X |02 g(5, X, )] fdu
R3

(‘/7 u)lawg(sa Xcl(S), U)| |(9X|}du

1
2

—0lul? ol2
S [ (e Ve )5 gl fov] + ,

14



For ¢ >0 and 6 > 0,

|argam 9, g )|
/S/ ulao (o -0 )e L XV - ww)g (X, V A+ — (4 w)w)dwdu

= | galn(aX vmgvg)(Xa V)| + |Fgain(gaaX : Vzg)(X, V)|
#EeOV T ) V) Enls, V- Fug) X, V)

+‘/Sz ]R3|u|nqO | : )( Yu+V)-0Vy/u(u+V) (32)

X g(X,V+[u-ww)g(X,V+u—(u-ww)dwdu

2
S 1OX10)" gl [ 0. V)]0n5(X, 0]

2 —¢ —Blvl? ot
VI gl [ 16 g0 V)10 0+ 0V (o) e () g 2

where we have used u —V > u.

Proof. (1) Since |Kh(v)] < (f [k(u,v)|du)"* x (f [k(u, v)||h(w)[Pdu)"?,

1/q 1/p
ixcnll, < s ([ Ikteoan) s ([ o) bl < )

where we have used (31)).
For the second estimate we use a change of variable u = v — u in the integral (28) : K f(v) =
J k(v —u,v)f(v—u)du, so that

V. (Kh) = Ra{Vuk(v —u,v) + Vyk(v — u,v) }h(v — u)du + /11&3 k(v — u,v)Vyh(v — u)du

{V.k(u,v) + V, k(u,v) }h(u)du + Khy, = Kyh + Khy,.
R3

From (28) we have

Vuki| + [Voka| < CVpu)/u(o)(Jul = + [o*F),

so that sup,, ([ |Vuki|+|Voki|du) and sup, ([ [Vuki| + [Vyki|dv) are finite. For ko, we absorb

2— 2 . . .
the terms in |w + ¢, in |[u — v| and in % in the associated exponential terms to have

- lu— (ul?—v|H?
[Vuko| + [Voka| S lu |3e o lu—vl®— 5 o
—v
u—"v U—v B )
X/< ) o fu—oP +wP o)l o = o) 2w,
w-(u—v)= —

This expression is of the same shape as the expression of ke up to some constants in the exponential
terms. The proof of the Grad estimate (31)) is also valid for this expression, so that

L (v12=1ul?)?

2
IVaks (v, 0)] + [Voko(v, 1)) S {Jo—uls" + v — u| 3+5}e 0l =50 5=

and we deduce that sup, ([ |Vuka| + |[Voke|du) and sup, ([ |Vuks|+|Vokz|dv) are finite for
0<kr<1.
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(2)(i) First we use the first equality of ([29),
[ Pl )01 (01

C 7‘“1‘2“2‘2
=/ d d d ¢ (ua)te
[ v sl [ dus oo+l [ dur )€l e

_ lugtugl?

<[ 4 d d ¢ ¢ 5
< [ vl [ dus oo+l [ dur Gun)lanton) ot
Ju

S [ @] [ ) Cloato+ e} 2]l

R3 R2
< ¢ q 1/‘1 —¢
SUE lloe | Ngsllug [ [ 1o (v +uz)irdo] " (u2) ~<duy

R

Se 1(0) golloollgnllzallgsll e

112

8

e
lur = (v + u2) P~

dusdv
Ll
uy

u u 2
where we have used (ug)~¢L!(R?) for ¢ > 2, and Zfiz < (ug +up)s < o5
Clugl?
e 8

and < (v +uz)~2* < 1. Then we integrate over the domain  and

Jur —(v+ug)[2~F Lq({u1€Rg})
use Holder’s inequality in space to conclude one side of estimates. For the another side of estimates
we use the second equality of ([29)) and follow the same proof.

ii) From the definition, 0 < ¢ < (therefore \/p(v) < e~¢IvI°
2

2
1)< g loe
Vi

v C60|v\2 1|foco —
R G )

SN gl [ [ B - ww)valwe 1 oo (v dudu
SN gl [ [ B ww)e e 0 g0/ dud,

Then we follow the Grad estimate([7, [9]) to have

/ / (0 — u,0) 74‘ uf? ,— %] /|2|gz(v/)|dwdu§/ kn)%(v,u)|gQ(u)|du.
R3 S2 R3

The proof of another side is same but we extract ||e¢1*° g5||s first and then follow Grad estimate.

(#i) From (29)

Qgain((v) e~ /1, \/Higo)

Lgain(91,92) <

\u1+u2\ |’U—’U,1|2+|’U,2|2 %71
O (01,20 < 1) a0l ([ LB o mP ] © g,
where
\u1+u2\ [|’U—U1|2+|’U,2|2}~T71 <v><du2 e,\“1+4u2\2du1
// (v 4 u2){up)¢ |[v — uq] S/Rz (v 4 u2)¢ /]Rs (ug)Clv — uyg|2=*

_lugtugl?

w 2
</ (v)¢dus / e” 1 dug 7/ (v)¢dus / et
~ R2 <’U+U2>< R3 <’U,2>C|’U —’U,l|2_N - R2 <’U+’U/2><<UQ>< R3 |’U+’U,2 —’U,l|2_"i
¢d
5/ <v><+21i2 ¢ :/ +/
r2 (U + u2) ~(uz) lua| <12l Sjup|> 18l

<’U>< dusg @ #
S e /R w2 " ) /R CERNTEEE
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u u 2
where we have used Eu ; = <<_u112>>< S+ ur +ual?)e/2 < e

If the weight function is (v)¢e?!** then
I‘gain(@)_ce_elv‘z (v)~Ce 0l //B (v —u,w) )%(u')ce_elulﬁ<U’>Ce_‘9‘”,‘2dwdu
= p(v)** //B(v — wyw)p(w) 2 T2 () (v ) dwdu.

Then we follow page 315-316 in [7] to have

r—1
)¢ —(5=0)|uituz|? —ul?+ 2=
(0} M Dgain (0) S0P, (0) =0T // e L L S

(v 4 u2)S {u)¢ v — |

Note that 0 < 0 < %. Then We follow the same proof of (v)¢—weight case(only changing the
constant in the exponent from —3 to —(§ — 6)) to have

()Seflv l T gain ((0) S0 () =Ce=010) < 1,
(iv) Directly
v(p+ Vig1)ge < //B(v — u,w){ () + /() () e ()1 gy (1) oo } dwdugs (v)
< (14 [1{0) e gy (1) | oo) (0] g2(v)]-

(8) We compute the velocity derivative of I'gain after the change of variable u := v — w:
vvrgain (917 92) = Fgain(glu vvg2) + Fgain(vvgla 92) + Fgain,v (glu 92)
= Fgam 91, vaz) + Fgaln(vvgh 92)

/Rg/ Vo(vVi) (v —u)g1(v —ui)ga(v —uy)|u|"qo(0)dwdu,

where v = (u-w)w and vy = u — (u-w)w. The two first terms are estimated directly with (2).
Since |V, (/) (v —u)| < C\/ﬁl/2 (v — u), the last remaining term is estimated as (2).
(4) The proof is due to direct computation and (1), (2), (3) of this lemma. O

Lemma 6 (Local Existence). For ¢ > 24k and 0 < 6 < 1/4, if ||(0)¢e?!* fo||oe < +00 then there
ezists T > 0 depending on ||(v)Se?""l” fo||os such that there exists unique F = j+ Vitf solves the
Boltzmann equation () in [0,T) and satisfies the initial condition and boundary conditions (@),

(@), (8) respectively, and f satisfies
sup_[|(0)<e? £ (#)]|oo < [1(0)¢ T fol oo (33)
0<t<T

and F(t,z,v) >0 on [0,T] x Q x R3. Moreover if fy is continuous and satisfies the compatibility
conditions (I0), (21), (28) respectively then f is continuous away from the grazing set .

Moreover, for ¢',0'" > 0, if ||<v><l€9w”|28tf0||OO = ||<v><Ie(9,‘”|2 7U'VIF°+%F°’F°)7”||OO < 400
then 5 2 2
sup 0 POl S 1 Sl + P lle)

Furthermore for the diffuse and bounce-back boundary conditions if ||(v)¢e?!* fol|os < 1 then
the results hold with arbitrarily large T = 4+00. For the specular reflection boundary condition, if £

is real analytic(§ is real analytic), and if||<v><ee|”‘2fo||oo < 1 then the results hold with arbitrarily
large T = 4o00.

Proof. We use the positive preserving iteration([8, 11])
OHF™ v Vo F" 4 p(F™) P = Qgain(F™, F™), F™'i—g = Fy >0, (34)
which is equivalent to, with F'™ := u+ ,/pf™,

atfm+1 +v- szm+1 + V(Fm)ferl -Kfm"= Fgain(fmvfm)a fm+1|t:0 = fo. (35)
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The starting of this iteration is F* = Fy > 0, f° = fo and let F~™ = FO, f=™ = f9 for all
m € N. This iteration scheme is evolved with boundary conditions accordingly:
(1) Diffuse reflection boundary condition, on (x,v) € y_,

)l = /il [ o VR ) u)du (36)

) u>0
(2) Specular reflection boundary condition, on (x,v) € y_,
el = (e Rev), (37)

where Ryv = v — 2n(x)(n(z) - v).
(3) Bounce-back reflection boundary condition, on (z,v) € v_,

e, 0)), = (@, —v). (38)
For details see [8], 2]. O

2. TRACES AND THE IN-FLOW PROBLEMS

Recall the almost grazing set 45 defined in ([I7)). We first estimate the outgoing trace on vy \v5.
We remark that for the outgoing part, our estimate is global in time without cut-off, in contrast
to the general trace theorem.

Lemma 7. Assume that ¢ = p(v) is LS.(R3). For any small parameter € > 0, there exists a

constant Ce 1.0 > 0 such that for any h in L*([0,T], LY(Q x R3)) with Oth + v - Vi h + ph is in
LY([0,T], LY(Q x R3)), we have for all 0 <t < T,

t t
/ / (hldrds < Cerg [ ||h0||1+/ [0 + |10 + v - Vi + glh(s)]], s
0 Jyip\vg 0

Furthermore, for any (s,x,v) in [0,T] x Q x R3 the function h(s + s',x + s'v,v) is absolutely
continuous in s’ in the interval [— min{tp(z,v), s}, min{tp(z, —v), T — s}].

Proof. With a proper change of variables (e.g. Page 247 in [I]) we have

T
/ // h(t, z,vd)dvdzdt (39)
0 QxR3
0 min{7T,ty (z,—v)}
= / // MT + s,z + sv,v)dvdads + / // h(0 + s,z + sv,v)dvdads
— min{T,tx(z,v)} QxR3 0 QxR3

T 0 T min{T—t,tp(z,—v)}
+/ / / h(t+ s,z + sv,v)dsdydt + / / / h(t + s,x + sv,v)dsdydt.
0 Y+ < — min{t,tp(z,v)} 0 0

For (t,z,v) € [0,T] X v+ and 0 < s < min{¢, tp(z,v)},

0
h(t,z,v) = h(t — s,z — sv,v)e ?V)% 4 / e?OT[Dh + v - Viuh + @(0)h](t + 7, 2 + Tv,v)dT.

—S

. T 0
Now for (t,2,v) € [e1,T] x v+ \ 75, We integrate over [ fw\vi fmin{t)tb(w)v)} to get

T T
min{ey, e} ></ / |h(t, z,v)|dydt < min {t, to(z,v)} x/ / |h(t,x,v)|dydt
e1 Jy\vg ] a1 Jr\g

[e1, TIx[v+\ 75

T 0
< / / / |h(t + s,z + sv,v)|dsdydt
0 Y+ 7 — min{¢,tp(z,v)}

T 0
+T/ / / 0ih + v - Vh + oh|(t + 7,2 + Tv,v)drdydt
0 Y+ 7 — min{¢,tp(z,v)}

T T
S [ @t + [ 1100+ v Va4 (o],
0 0
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where we have used the integration identity (39), and (40) of [§] to obtain ty(z,v) > Cq|n(z) - v|/|v]? >
Cqe? for (z,v) € 74 \ 75. Now we choose e1 = £1(£,¢) as

g1 < Cae® < inf th(z,v).
(@,v)€v4\7vL

We only need to show, for e; < Cqe?,
£1 €1
] htmoldvdt Sace llholl + [ 180+ 0- V2 + holhet
Y+ \7% 0

Because of our choice € and €1, tp(z,v) > t for all (t,2,v) € [0,e1] X 74 \ 75. Then

t
[h(t,z,v)| < |ho(z — tv,v)| +/
0

[Or +v -V + p@)]h(s,z — (t — s)v,v)|ds,

where the second contribution is bounded, from ([39]), by

[
0 Y+\7vg Y0

Consider the initial datum contribution of |hg(z — tv,v)| : Assume 0,,&(xg) # 0. By the im-

plicit function theorem 9 can be represented locally by the graph n = n(x1,x2) satisfying

5(:'[:17 fL'Q, 77(:'[;17 ./L'Q)) = 0 a'nd (6I177(:I;17:E2)7 6I277(:E17:E2)) = (_6:615/6LE3§7 _6$2§/6:63§) a't ($1,$2, 77(:'[:17 ./L'Q))
We define the change of variables

(v)]h(s,z — (t — s)v,v)

dsdrydt < / 1100+ v+ Vo + o) h(0)] |1 dt.
0

(z,t) €0QN{x ~ w0} X [0,61] >y = —tv €Q,

= ~Vigog ~ V2g,¢ — Vs Therefore

_ 8115 2 8I2§ 2 1/2 _ 115 81725 _
|n(;v).v|d5wdt—(n(;v)-v)[l—i—(amg) +(am3§)} dxldxgdt—[ 15t gy v dnduadt = dy,

and fosl fw\ﬁm{mwm} |ho(x — tv, v)|dydt Zcey.zo ffsszS |ho(y, v)|dydv. Since 99 is compact we
can choose a finite covers of ) and repeat the same argument for each piece to conclude

€1
[ e —towiandt Socer [ fhotu o)y
0 Jys\ng QxR3

Lemma 8 (Green’s Identity). Forp € [1,00) assume that f,0,f +v-V.f € LP([0,T]; LP(Q x R?))
and f,_ € LP([0,T]; L*(y)). Then f € C°([0,T]; LP(Q x R®)) and f,, € LP([0,T]; L*(v)) and for
almost every t € [0, :

t t
sng+ [ 15, =15+ [+ [ [ oo

See [g] for the proof. Now we state and prove following propositions for the in-flow problems:
{at-FU'Vm-i-V}f:H, f(o,,’E,’U):fo(CE,’U), f(tvxavﬂ’Y— =g(t,;v,v), (40)

where v(t,z,v) > 0. For notational simplicity, we define

d

ath = —U- szo - VfO + H(O,LL’,’U), (41)
2 2
n
Vg = ﬂ{ —8tg—;(v~7'i)8ﬂg—ug+H} +;naﬂg. (42)

We remark that 9, fo is obtained from formally solving @), and [#2)) leads to the usual tangential
derivatives of 0;,g, while defines new ‘normal derivative’ d,g from the equation (0.
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Proposition 1. Assume a compatibility condition
fo(z,v) = g(0,2,v) for (z,v) € y_. (43)
For any fized p € [1,00), assume

Vafo,Vofo,—v-Vafo—vfo+ H(O,z,v) € LP(QxR?),
1
<’U>g, atga vvga aﬁ'gu m{_atg - Z(U ! Ti)an'g - V(U)g + H} € LP([O, T] X 7—)7

and, assume 1/p+1/q=1 there exist TCp ~ O(T) and ¢ < 1 such that for allt € [0,T]

’/ /QXRg OH (t)h(t)dzdy

Then for sufficiently small T > 0 there exists a unique solution f to {{0Q) such that f,0.f, V. f, Vo f €
C°([0,T7; LP(Q x R®)) and the traces satisfy

8tf|’yf = atgv va|»y, = V.9, me|»y, =V.9, on v_,
Vof(0,2,v) = Vafo, Vof(0,2,0) =V fo, 0:f(0,2,v) = s fo, in QxR?,

where Oy fo and Vg are given by (1) and {{2). Moreover

t t t
o0l + [ s, < Nakllz+ [ ook e [ [ amlesr )
0 0 0 QXR3

t t
IV foll2 + / Vagl? 4 p / // VL HIV o P, (46)
0 0 OxR3

t
IV fol 2+ / Vogl?,

< Cr||h(®)llq-

(44)

A

IN

t
IV FOIE + / VLA

t
IV FOIE + / VI

IN

o [ Ve - Vniv

Proof. We apply the trace theorem to the derivatives of f by explicit computations. Denote
v(s) = v(s,x — (t — s)v,v). First we assume fo,g and H have compact support in v € R3. We
integrate the equation (@) along the backward trajectories. If the initial condition is reached
before hitting the boundary (case ¢ < ty), we have

¢
ftz,v) =e oV folx —tv,v) + / el VH(t — 5,2 —vs,v)ds.
0
If the boundary is first reached (case t > tp), we have
th tb s
Flt,z,v) =e 9" Vgt — ty, zp,v) + / e o VH(t — 5,2 — vs,v)ds.
0

Let us rewrite it

Ft2,0) =Lgcnye I folw = t0,0) + Lpsi,ye™ " Vg (t = th,20,0)
min(t,tp) " (48)
—|—/ el VH(t — s,z —vs,v)ds.
0

We take derivative of f with respect to time, space and velocity for ¢ # t,. Recall the following
derivatives of x1, and tp (see lemma 2 in [q]) :

t t
Vatb = 7n<xb) , Viytp = —7bn(xb) , Verp=1-— 7n(xb) v, Vyrp =—tpl + 7bn(xb) ®v
v-n(zp) v-n(rp) v-n(rp) v - n(xl(,) )
49

Since g is defined on a surface, we cannot define its space gradient. We then use directly the
gradient in space of g(z1). Regarding g(t — tp, 1 (7, v),v) as function on [0, T] x Q x R3 we obtain
20



from (49])

vm[g(t - tb,.’L’b, ’U)] = _thbatg + vmxvag = - n(xb) 8tg + (I a o U) v"'g
v-n(zp) n-v
n(zp)

= 718719 + Tga-,—zg — m {6159 +v- 7'167-19 +v- 7'267-29} s

V’U[g(t - tb7 Tb, U)] = _tbvw[g(t - tbu T, U)] + vvga
where 71 (x) and 72(x) are unit vectors satisfying 71 (z)-n(z) = 0 = ma(x) -n(z) and 7 (z) X 2(x) =

Therefore by direct computation for ¢ # ty,, we deduce

Orf(t,x,v) sty = —lpcnye Js "[vfo+v-Vafo— Hyo)(x — tv,v) + 1y ye” Jo® YOrg(t — tp, Tb, V)
min(t,ty) .
+ / e o YOLH(t — s, 2 — vs,v)ds,
0
Vaof(t,z,0)1gzey = Lycpye Jovw, fo(z —tv,v)

+ lgseye —h® ”{Zﬁ 719—7{59-#2@ 7i)0r g +vg — H}} — th, Tp, V)
=1 =1

min(t,tn)
+ /0 e Jo YW H(t — s,x — vs,v)ds,

Vof(t,z,v)1ir,y = 1{t<tb}e_f0t”[—tv fo+Viufo—tVyv(v )fo](x—tv v)
— Lpspgtbe Jo® {Zn g —7{&94—21; 7:)07,9 + vg — H}}t—tb,xb, v)
+ Lpsue B "{vvg@—tb,xb, ) = 16V (v)g(t — t, 2, 0) |

min(t,tp) .
+ / e 1o Y{V,H — sV .H — sVvH}t — s,x — vs,v)ds.
0

We, first, show that 0f1g~,,) € LP and Of1;<4,} separately. Now we take LP norms above
with the changes of variables in Lemma 2.1 of [6] and using Jensen’s inequality in [0,¢]. More
precisely, for ¢ € L with ¢ > 0,

//QX]R3 lippweyd(z —tv,v) = /R3 [/Q 1 wenyd(z — tv,v)dx] dv < //an@ o(x,v),

// (51,3 0(t — to(,v), 76 (2, v) / / (s, z,v)|n(z) - v|dS,dvds,
{QXR3}NB((z0,v0);6) OO XR3
(50)

where for the second inequality we have used the change of variables for fixed ¢, v,
= (t —tp(x,v), zp(z,v)). (51)

In fact, without the loss of generality we may assume 9,,&(zp(z, v)) # 0 for (z,v) € B((zo,v0);0)
so that xp(x,v) = (Tb,1, T2, 7(Th,1, Tb,2)). Using [@J), we compute the Jacobian

—Vatp —(v-n)"1n ¢ 5 -1
det | —Vzap1 = det Vb1 = |—v; Oy — Uy Ors + o3| .
_vmxb,2 _vmxb,Z m3§ 135
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Therefore dxdv = ’—Ul gzlg Bzzg +us
r3 3

changes of variables, we obtain
t
[ taparas
0 Jr-

t 1/p
00| [ agas]
0
100 f )1 gittoyllp < llv-Vafo+vfo—H(O,- )|,

t 1/p t 1/p
[ [ ogparas| e U ||atH|§ds] ,
0 v 0

1/p
£ ezenyllp < 1 follp +

and
”vwf(t)l{t#tb}up

t 1/p
< IV follp 4+ ¢e=1/p [/ ||VmH(s)||§ds]

P 1/p
// Zn ﬂg—i{ather 7i)0r, g + vg — H(Oxv)}}(t—tb,xb,v) dvds ,
=1
(52)
and
”vvf(t)l{t;étb}up
¢ 1/p
<tV follp + Vo follp + Cllfoll, + Ct /0/ |g|pdvd81
77
t 2 (z1) 2 P 1/p
n(Tp
t/o/, {271-871,9—m{atg—i-gl(v.Ti)aﬂ.g—i—yg—H(O,x,v)}}(t—tb,xb,v) dwds}

1/p t 1/p
+t + ¢ 1/p [/ |vzH|gdS}
0

1/p

t 1/p t
+ / / IV, glPdyds / / () g Pdryds
0 Jy_ 0 _

t 1/p t
oD/ [/ |VUH|gds} o1/ [/ |H|gds]
0 0

From our hypothesis and assumption on fy, g and H to have compact supports, these terms are
bounded, therefore

Of Lty = [0ef Lty VaS Lieznnys VoS Ligseny] € L([0,T]; LP(Q2 x R?)).

On the other hand, thanks to the compatibility condition, we need to show f has the same
trace on the set

M= {t =ty(z,v)} = {(tp(2,v),2,v) € [0,T] x Q x R3}. (53)
We claim : Let ¢(t,z,v) € C((0,T) x Q x R?) and we have

/ //QXR3 fo¢= / //QxR Of Lz} 9 (54)

so that f € WP with weak derivatives given by 9f1yz, -
Proof of claim. We first fix the test function ¢(t,z,v). There exists § = d4 > 0 such that ¢ =0

for t > %, or dist(x,09) < 6, or |v| > . Let ¢(t,z,v) # 0 and (t,x,v) € M. If follows that

t = tp(x,v) so that xp, = ¢ — tpv. Hence |z — 2p| = tp|v| and
dist(x, Q) < |z — ap| = tp|v].

Since tp < %, this implies that
1)
o] > = > 82
133
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Otherwise dist(x,d) < ¢ so that ¢(¢,z,v) = 0. Furthermore, by the Velocity lemma and this
lower bound of |v|, we conclude that there exists 6’(d,2) > 0 such that

v - n(:tb)|2 Zalv- Vmﬁ(:vb)|2 = a(t — tp;t,x,v) > efcﬂmtba(t;t, x,v) > eiCQ<”>tng|v|2|§(:C)|

~

> p—Cad 2~ s4 : _ 98 '
>e Ced disc(g}gslz)za |€(x)] =26"(6,2) >0

In particular, this lower bound and a direct computation of ([@9) imply that {¢ # 0} N M is a
smooth 6D hypersurface.

We next take C! approximation of fi, H'!, and g' (by partition of unity and localization) such
that

1fo = follwie =0, [lg' = Ilwro o 1%y \7y = 0, |H' — H| w10 (0,1] xxs) = 0-
This implies, from the trace theorem, that
fi(@,v) = fo(z,v) and ¢'(0,2,v) = g(0,z,v) in Ll(w_\vi/).
We define accordingly, for (¢, z,v) € [0,T] x  x R3,

. . min{t,tp } .
Pt 2,0) = Lpaye o0V fi(e—to, )+ Ly e 07 Vg (t—to, 2b,0)+ / e~ Ji Y ! (t—s,2—sv,v)ds,
0
(55)
and fL(t,z,v) = l{tgtb}fl. Therefore for all (z,v) € vy_,

Fi(sim +sv,0) — fL(s, o+ sv,0) = e W g0, z,v) — eV fl(2,v).

Since {¢ # 0} N M is a smooth hypersurface, we apply the Gauss theorem to f! to obtain

/// Do fldzdvdt = //[fl+ — Lo e-npydM — {// - ¢ O fL dadvdt + // - ) 8efldxdvdt} ,

(56)

where Oe = [0, V., Vo] = [0r, 001,000, Onsy Ovy s Ouy, Ouy] and mpyy = €1 € R7. We have used
(s, + sv,v) and (x,v) € y_ as our parametrization for the manifold M N {¢ # 0}, so that
n(xp(x,v)) - v > 26" is equivalent to n(x) - v > 26’. Therefore the above hypersurface integration
over {t # tp} is bounded by

1
5
Cos / / |£4 (5,2 + sv,v) — fL(s,@ + sv,v)|dS,dvds
0 n(z)-v>24"

Ses / |gl(0,x,v) — fé(s,v)|d5wdv —0, asl— oo,
n(x)-v>26"

since the compatibility condition fo(x,v) = ¢(0,z,v) for (z,v) € y_. Clearly, taking difference
of (B5) and [@R), we deduce f! — f strongly in LP({¢ # 0}) due to the first estimate of (52)).
Furthermore, due to (52)), we have a uniform-in-I bound of fL in WP ({t = ty,, ¢ # 0}) such that,
up to subsequence,

8efi - 6ef1{t>tb}7 (9efl, - aefl{t<tb}7 weakly in LP({¢ # 0}).

Finally we conclude the claim by letting | — oo in (B6).

Now notice that from its explicit form (@8], and since all the data are compactly supported in
velocity, f is itself compactly supported in velocity. Recall d = [0;, V., V,]. From this and the
LP bounds above, we conclude

{0 +v- Vo +1}0f =0H —Qv-Vof —vf € LP. (57)

By the trace theorem (Lemmalfl), traces of 0;f, V. f, V, f exist. To evaluate these traces, we take

derivatives along characteristics. Letting ¢ — ¢p and t — 0, we deduce (44). From the Green’s

identity, Lemma 8] we have ([@H), {@6]) and (@T), and therefore we conclude df € C°([0,T]; LP).
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In order to remove the compact support assumption we employ the cut-off function y used in
@). Define f™ = x(|v|/m)f then f™ satisfies

{0:+v-Vie+v}f™ = x(v|/m)H, (58)

J™0,2,0) = x([vl/m) fo, f™|y- = x(v]/m)g.
Note that V,[x(Jol/m)g] = x(|o]/m)Vog-+gVux(vl/m) and x([vl/m) fo(z,v) = x(Jol/m)g(0, 2, v)
for (z,v) € y—. Apply previous result to compute the traces of the derivatives of f™. Tt is

standard (using Green’s identity) to show that 0;f™, V,f™ and V, f™ are Cauchy and we can
pass a limit. (I

We now study weighted WP estimate. Recall @). We first define an effective collision fre-
quency:

Ve p(t,z,0) = w(v) — B’ (v - V,a). (59)
Clearly ve g(t, z,v) ~ B(v) from our choice ), and from the definition, it is easy to verify that
[0+ v Vo + v gl(e” ™l ) = el [0, + v - V. (60)

Proposition 2. Let f be a solution of {{0). Assume {{3) and (v)g € L>([0,T] x v-),{(v)H €
L*([0,T] x Q x R3). For any fived p € [2, 00|, assume

e_w<”>ta68tg, e_w<”>ta'8VTg € L*=([0,T); LP(y-)),

=P |V, g] + (19:g| + Vgl +|HI) } € L2(0, T L7 (v-)),

_
n(x) v
e_w<”>ta6| —v-Vafo—v(©)fo+Ho| € LP(QxR?),

and assume 1/p+1/q =1 there exist TCp = O(T) and € < 1 such that for all t € [0,T]

[ e=eratomon)| < crinll, + clinla)
xR3

Then f(t,z,v) satisfies

I @lle < ollse + smp llg(s)lee + | /Otms)dsHoo

Recall 0 = [0,V ., V], then

O+ v-Vie+veptePof] = e FWPIH — dv- e TPV, f — du(v)e TP,
{ B
eTTPAflimo = e FWPAfy, e TWPASf|, = e TP agl, |,

where [0g|,_] is given in ([{4]). Moreover, recalling {{1]) and ({{3), we have for 2 < p < oo,

t t
/ |e*W<”>taﬁaf(t)|P+// ul,ﬁ|e*W<v>taﬁaf|P+// lem=WtaBafP (61)
QxR3 0 JOxR3 0 Jyt
t
</ le™= ﬁ3f0|p+// le== a0l oglP
QxR3

/ / e NGPOH — v - e NPT, f — due” T NP fllem TP g P
QxRS

== 53f( oo S [le” a0 fo|oo + [le™ P Dg |

/ lle= = aPOH — dv - e TPV, f — duve TP fl| o, for p =00
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Proof. First we assume fo,g and H have compact supports in {v € R3 : [v| < m}. We estimate
Of in the bulk. From the velocity lemma (Lemma [II), we have
e—w(v}taﬂ

e~ =t (z v
sup e ol (w,v) < ePmst sup < eFmisto
t<tp 04'8 (.’I] — t’U, ’U) t>ty e*w<”>(t*tb)aﬁ(xb, 1})
—w(v)t B
c e < eFmss,

su
max{t—th,)O}gsgt e~= (=) q(x — sv,v)P ~

Multiply e~ {*a? by the above direct computations and use the above inequalities to get
e P10, f(t, 2, 0)|
< eOmrte™WaP [y fo + v - Vo fo — Hyzol(x — t0,0)|Lrcry)

+ eCm,ﬁtbe_tbl/e—w<’l)>(t—tb)a68t |g(t —tp, Tb, v>|1{t>tb}
min(t,tp)
+ / ec’"’ﬁse_s”e_w<”>(t_s)a6IBtH(t — 8, — VS, U)‘ds,
0

e =Wl |V, f(t 2, v)]
2
< eCm*Bteft”aﬁ’szo(:E — tw, 'U)‘]-{t<tb} + eCmste ety Z Tiefw<v>(t7tb)aﬁ|8ﬂg(t — b, Tb, V)| L1}
i=1
e~ = Et)0f (1) v)

v n(zp)]

2
+ eFmsto e =tolp (g, ’{&eg + Z(U - T;)0r,g + vg — H}(t — th, T, V) | L{t>1,}
i=1
min(t,tp)
+ / ecm’ﬁse_s”e_w<”>(t_s)a6’VmH(t — 8, — VS, ’U)‘dS,
0
(62)

=PIV [ (8, 2,0)|

< ecm’ﬂte_t”aﬁl[—tvmfo + Vo fo =tV (v) fo](z — to, v)}l{Ktb}
2
+eCmatoemor N "rem= )00, g(t — by, 21, 0) 1151,
i=1

e—w(v) (t—tb) CYB

2
+ eCmstoe=toln (g Hatg + Z(U - 7;)0r, 9 + Vg — H}(t —tb, T, v)‘l{t>tb}
i=1

v n(zp)]
+eCmato ey e @G 1T, gt — th, 2, 0)| + [t6 Vo (0)||9(t = b, 26, 0) [} L0,
min(t,ty)
+ / ec’"’ﬁse_sye_w<v>(t_s)a6|{VUH —sVoH — sVvH}(t — s, — vs,v)|ds.
0

Following (50) and (&1 of Proposition 1 and using the condition of Proposition 2, we deduce

t 1/p
e~ BBy St 11610 - Vi fo+ o — HO, - )]llp + [ / ||€‘w<”>sa68t9(s>“g*’d5}
t 1/p
+ { / ||e‘w<”>5aﬂ8tH(s)||§ds] ,
0
2 t 1/p
e 0Py f ()]l Stamos 16°Vafollp + D [ / ||ew<”>5aﬁ8ng<s>lli,pds}
=1

» 1/p
ds}
¥,

t =@ ()t
" [/o “%{8‘59"'2(”'Ti)ang—i—l/g—H}‘

t 1/p
+ { / ||eW<v>Sa5vzH(s)||gds} :
0
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2 t 1/p
o= POl St 07Tl + 3 | [ 1080, g0)E 5|+ sup lohg(ol
i=1 8%

wv)taB /p
+ /H {Btg—i—Zv 7i)0r, g + Vg — H}H ds]

1/p
+ /||e_w<”>saﬂvvg(s)||£ds}
LJo

— 1/p
+ IIe"”<”>5045VUH(S)II5+||6"”“”aﬁVmH(S)IIﬁdS} + sup [[{v)H(s)]|o-
LJo 0<s<t

By the hypothesis of Proposition 2 and assumption on fy, g and H to have compact support, the
right hand sides are bounded and hence e~ {089, f, e ==tV f and e~ =PV, f are in
L°([0,T); LP(2 x R3)).

Since fo, g and H are compactly supported on {v € R? : [u| < m}, the derivatives e~ = (")taf 0, f,
e~ TPV, f and e~ 7PV, f are compactly supported on {v € R? : |u| < m} and hence from

D) and (5D
{0 +v- Vo +us}e ™V Paf] = e = OPIH — v - e PV, f — du(v)e =P f.
Moreover, from the general definition of traces, by choosing a test function multiplied by

e~®tal we deduce e~ a9 f has the same trace as e~ Wtaf[Of|,].

Now we can apply Lemma [ to have (6I) which does not depend on the velocity cut-off.
Therefore for the general case, we use (B8]) and pass a limit to conclude the proof. ([l

3. DYNAMICAL NON-LOCAL TO LOCAL ESTIMATE

The main purpose of this section is to prove Lemma [2] and its variants

Lemma 9. Let (t,z,v) € [0,00) x Q@ x R? for d = 2,3. Let 4 = u if d = 3 and @ = (uy,uz,0) if
d=2.
(1) For £ < <1 and 0 < <1, we have

to (z,v) —Oo—u .
e - o] )" dud
L T G e ] o 2 i

___00) 1w (t—s)
~0,r _ Sup {6 Y ? Z(S,.I,’U)} (63)
[v]2[a(, v)]P1 5€[0,tp(,v)]

CS tp(z,v) ) (1)
- W 0 € Z(S,J/',U)ds.

(2) Let [Xa(s;t,z,v), Va(s;t, x,v)] is the specular backward trajectory or the bounce-back tra-
jectory. For% <pf<land0<k<landd>0andl>36>0 andr € R, there exists | >¢ 1
and Cyger > 0,C5 5 5 > 0 such that

/t/ =) 1O ol () Z(5.2,0) duds
_ 2—kK T B
- [Ver(s) = ul>= |ul (0)" [a(Xa(s;t, 2, 0), u)]
C50(6) + C5,;0(71)
~&,r B_lﬁ

(v} [a(z,v)]

For the specular cycles and the bounce-back cycles it is important to control the number of
bounces,

(64)
sup {670“5@”(”)(“5)2(5, z,v)}.

0<s<t

C(s) = Lu(s;t, v, 0) €N if 5T <5 < the,
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Here we prove ty,(x,v) ~ afz,v)/?/|v|?. Recall (40) of [§] or (2.4) of [2]: if Q is bounded and
0Q(i.e. &) is smooth then for (z,v) € v_

alz,v
to(o.0) 20 Y2 (65)
It suffices to prove tp(z,v) 20 % For = € 01 there exists 0 < § < 1 such that

sup w < max |V2(z)].
yeIn |z — yl :
|z—y|<d |z—y|<d

If |x — y| > & then % <672 (xz —y) - n(z)| Ss.a 1. By the compactness of Q and 9Q we
have |(z—y)-n(x)| < Jx—y|? for all z,y € 9. Taking the inner product of z —zp (x,v) = tp(x,v)v
with n(z) we have

to(z,v)|v - n(@)] = |(z — 2p(2,0) - n(@)] < o — zp(z,0)|* = Colv]?[te (2, v)[%,

and this proves (65)).
If © is convex (@) then for (z,v) € v_

to(z,v) S¢ TR (66)

It suffices to show tp(z,v) <S¢ % Since &(z) = 0 = &(z — tu(z,v)v) for (z,v) € v—, we have
tp(z,v)
0=¢&(x —tp(z,v)v) = &(x) + / [—v- V. €(x — sv)|ds
0

tp(z,v) ps
= [—v - Vi&(@)|tn(z,v) + /0 /0 {v-V2¢(x — Tv) - v}drds.

By the convexity of £ in () we have [v - V. £(2)|tp(z,v) > WC@MQ, and therefore this

proves (Ga)).

An important consequence of Velocity lemma is that for the specular cycles
a(Xcl(S; tv Zz, ’U), ‘/cl(sv ta €T, 1))) 2 e*@\v||t75|a(x7 ’U),

and therefore for the specular cycles

[t — s [t — s]
é*(sa t7x7v) < MiNg<g<r (s |tg — tg_;’_ll 5 ] (2,00
Ostst (st MiNo<e<e, (sit,w,0) = T2 (67)
o S||v|2e€|v\(t75)'
ax,v)
Remark that for the bounce-back cycles we do not have the growth term e®*I(t=), This is because

of the fact a(Xei(s), Var(s)) is either a(zt,v!) or a(z?,v?), and the fact |t — t2| < 2[t! — 2] < %
for the bounded domain.

We are ready to prove several versions of the non-local to local estimates. The first one is for
the stochastic(diffuse) cycles:
Proof of (1) of Lemma [2. Since Ezgi < {1+ |v — u2}E and (Vg(s) — u) e Vals)—ul® <
G_CS’TIVCI(S)_UI2, it suffices to consider r = 0 case. We prove ([[9). Step 1. We show that

efe\vfu\z 1
du < . 68
/R3 [v —ul?>~*la(z — (tp(z,v) — $)v,u)]? v [v]28-1|¢|A~2 (68)

For fixed s € [0,p(z,v)) and therefore fixed Xci(s) = = — (tp(z,v) — s)v € Q.
Firstly, we consider the case of [{(x)] < dq. From the assumption, we have V{(x) # 0 and

therefore there is uniquely determined unit vector n(Xe(s)) = %. We choose two unit

vector 71 and 73 so that {71, 72,n(Xa(s))} is an orthonormal basis of R3.
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We decompose the velocity variables u € R3 as
u=upn(Xe(8)) + ur -7 = upn(X —i—Zu”ﬁ

We note that u, € R? and u,, € R are completely free coordinates. Therefore using the Fubini’s
theorem we can rearrange the order of integration freely. Now we split, for 0 < s < tp(z, v),

679\1) u| 1
/ du
ke [0 —ul>™" [a(z — (to(z,v) = s)v,u)]’
6—9\1) ul?
S/ / BdunduT
B2 JR o — u2% [Jun]? + €(Xa(s)]ul?]

B /qu5|v " /u|§; + /Zslugmv = (I) + (II) + (III).

For the first term (I) we use, for |u| > 5|v| (therefore |v| < I“‘),

2 [u®
2

Jul®
po el oo Ll U P TR
100

2> |y[? 2
- e 2 - Ll 2 Jof? + JuP,

|lu—wv

and we use [|u,|* + |§||u|2]ﬁ > [lunl® + 25|§||v|2}ﬁ 2 [lunl® + |§||v|2]5 for |u| > 5|v| to have

—Clu, |2 —Cluy,|?
I) < e Clvl? du i du e~ Clunl
~ N, NE 218
Un|? + [€]]0]?]

L ({ur € R?}) for £ > 0 we first integrate over u. is finite. Then

. 1
Since = €

e—C’\un|2

2
mgeorr | _
R [Jun|? + [€|[v]?]

—cpzf [T e~ Clunl* 10 dun|

¢ Qﬁ d|un|+ ﬁ
10 [un? 10, > 101 0 [lunl?+ [¢][v]?]

1 10 dfun| —Cl? < ~Clol (4 10 d[j¢)z v tan 6]

(1+ 3)6 ~ € (1+ Blul28(1 t26‘3)
0 [lun|? +[¢]|v[?] o [€Pv[*P (1 + tan® 0)

e=ClvP? (1 1 m(cos 9)23—%19) < Ol (1 + ##)
PP P Jy . EREERE

A

A

A

—Colv|?
<€ 61v 1
S T g

where we have used a change of Variables lun| = [€]2|v] tan @ and dju,| = |€]Z |v] sec? 6d0 and
(C080)2ﬁ 2 € Lloc({9 € [ ]}) for ﬂ > 2
For the second term (II)7 we use |v — u| > ol = |u| > v — IU‘ > IU‘ from |u| < I , and apply

the change of variables u — |v|u to have

1 e Ol qy, d -
(I < —— / o
0P~ St 1< 250 [Jun]? + €] ur 2]

- 1 / e—Clvl? |v]duy, |v]?du,
0P ol <5 [[0]2 w2 + 1€] 0] [ur]2]°

e—Clvl? / / 1 upd
UnpAUr .
[P~ Jpu, 1< |uf|<1 Iunl2+|€||u7|}




Now we apply the change of variables |u,| = |£|2 |u, | tan 6 for 6 € [0, 7] with du,, = ¢ 2 |u, | sec? 0d6

to have
I < e=Cll? q b |€]2 |ur | sec? 0d0
an = |v[28—r—1 , T 2 a2 218
PHES o [|llurl? tan® 0 + [€] u- |?]

7C\v|2 d /2

e U

< 77/ cos 0)?$—240
N yRER-Ligp1/2 /uT|<; [PRECEA ( )

< e_C‘UIQ
> PPl

where we have used W,— € L ({ur € R?}) for B < 2 and (cos6)?°~2 € L ({0 € [0, Z]}) for
8>3

For the last term (III), we use the lower bound of |u| (Ju| > %) to have [|u,|* + |§||u|2}6
[lwnf? + 16157 2 Tlun? + [€l[of?)” and

— S |vr—u,|? 5v
/ 5/ %duf/ : 3
Lol <ju|<5]v| 0<|ur |<5|v| [Vr — Uz 0 [|un|2 + |§||v|2]

5[v] 1
< / ﬁdun,
0 [lun|? + [¢][vf?]

where we have used = ‘2 - € Li (R?) for K > 0. We apply a change of variables: |u,| =
€]Y/2]v| tan @ for 0 € [0, 7/2] with d|u,| = |¢]Z |v] sec? df. Hence

S‘UI 1 % 9 28—-2 1 1
(1) 5/ ~dun, :/ (cos 6) A0 S 51 T
0 [lunl? + [&][v[?] 0 Ifl"*flvlw—1 [0]20=1 v

where we used (cos0)?’~2 € Ll ({0 € [0,3]}) for B > &. Overall, we combine the estimates of
(I), (IT) and (IIT) to conclude (GS).

Secondly, we consider the case of |£(z)| > dq. Then we can choose any orthonormal basis, for
example standard basis {71, 72,n} = (e1,e2,e3), to decompose the velocity variables u € R3 as
U = ure1 + Ugee + U3e3 = Ur 161 + Ur 262 + UpE3. Then

a(Xa(s),u) = u- VEXa(s))]” — 26(Xa(s){u VZE(Xals)) - u}
> 2[¢(Xa(s){u - V2E(Xa(s)) - u}
= [§(Xar(s)){u - VZE(Xar(5)) - u} + [§(Xer(s))[{u - VZE(Xar(5)) - u}
= 0aCelul* + [§(Xer(s)[{u - V2E(Xa(s)) - u}
2 Junl? + 1€(Xer () |uf.
Then we follow all the proof with the same decomposition for v := v, 1e1 + v, 262 + vpe3 as well
to conclude ([]) for [£(x)] > dq.
Step 2. We first assume v - VE(z) > 0 and

r € 0N
We claim that there exist 01,02 > 0 such that

v VE(x — (tu(@,v) — s)v)| 2 Va(z — (ts(z,v) = s)v,0)
for all s € [0,01] U [tb(z,v) — o2, th(x, v)],

(69)

and |v]y/—€(z — (tw(z, v) 2 Va(z — (te(z,v) — s)v,v) for all s € [o1,tp(z,v) — 02]. The
mapping s — &(r — (tb( ) s)v) is one-to-one and onto on s € [0,01] or on s € [tp(z,v) —
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o2, tp(x,v)]. Moreover this mapping s — &(z — (tp(z,v) — $)v) is diffecomorphism and we have a
change of variables on s € [0,01] or s € [tp(x,v) — 02, th(z,v)].

dle| _ dle|
IVE(x — (to(@,v) = 8)v) -v] ~ (Jale — (tw(z,v) — s)v)
Firstly we prove ([69). It suffices to show
[v- VE(x — (to(z,v) — 8)v)| > [v]v/—E(x — (tu(z,v) — 8)v), s € [0,01] U [tu(z,v) — o, tp(z, )],
lv-VE(x — (tp(z,v) — s)v)| < |v|/—E&(@ — (tu(x,v) — 8)v), s € [01,tp(z,v) — 03).

ds = (70)

If v =0o0rv-VEx) = 0 then (@) holds clearly. Therefore we may assume v # 0 and
v - V&(z) > 0. First we choose t* € (0, tp(x,v)) solving v - V&(z — (tp(z,v) — t*)v) = 0 uniquely

due to the mean value theorem and the facts v - |§§§m§\ >0 and v - % < O(this is due to

the Velocity lemma and v - |§§§m§\ > 0), and due to

C% (’U ' V§($ - (tb(I, U) - S)U)) =v- v2§(XCI(S)) U2 CS|U|27

from the convexity of £. Clearly we have v - VE&(z — (tp(z,v) — s)v) > 0 for s € [t*, th(x,v)] and
v-VE(r — (tb(x v) —s)v) <0 for s € [0,t*].

Define ®(s) = {|v- V&(x — (tu(x,v) — s)v)[* + |[v|*&(z — (tu(2,v) — s)v)}. Since 2(v - V2E(z —
(tp(z,v) — s) ) v) + |[v|> > 0 we have

d

ds(I)( s) = (v V&(z — (to(z,v) — s)v)){2(v - VZ(z — (tp(z,v) — s)v) -v) + |v|2},
is strictly negative for s € [0,¢*] and is strictly positive for s € [t*,¢p(z,v)]. Note that ®(0) > 0
and @ (tp(z,v)) > 0 from v - |V£§w§\ > 0 and v - % < 0. Note that ® is continuous
function on the interval [0, tp(,v)] so that it has a minimum. If minyg , (z,.)) ®(s) < 0, there exist
01,09 > 0 satisfying

Bty (2,0) + 01) = Bty (z,v)) + /Ogl ;icb( Jds = 0,
tp(z,v)
D(tp(z,v) — 02) = P(tp(z,v)) — /t oy % (s)ds =0,

then o1 < t* and tp(x,v) — o2 > t* and there is no other s € [0, {p(z,v)] satisfying ®(s) = 0.
Moreover we have ®(s) < 0 for s € [o1,t(z,v) — 02]. If mingg 4, (2,0)) P(s) > 0, there does not
exist such o1 and o9 then we let 01 = t* and o9 = tp(x,v) — t*. This proves (69).

Secondly we prove (). Together with the above proof and

dig| __d _
- = —d—sf(x — (tb(z,v) — $)v) = —v - Vz&(z — (tb(x,v) — s)v),
and the inverse function theorem we prove ([Z0).

Step 3. For small 0 < § < 1, we define

B _ va(z,v) _ . ~va(z,v)
g1 = mln{Oj,éT}, 09 = mln{o’g,&T} (71)
Then both of (69) and (70) hold on s € [0, 1] U [tb(x, v) — &2, tb (2, v)] without constant changing.
Moreover, if s € [0,51] U [tp(z,v) — F2, tp(z, v)] then
< v
mac{ €]} = max a5 3% (72)

s€[0,61]U[tp (z,v)—b2,tb(z,v)]

On s € [61,tp(z,v) — o] we have the following estimate with d—dependent constant:

[u]/—€(x — (tn(z,v) — s)v) ¢ (5)_2\/a(:v — (tp(z,v) — 8)v,v). (73)
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The proof of ([72)) is due to, for s € [0, 1],

€@z = (to(2,v) = s)v)| < /0 v VE(z = (to(,0) — T)v)|dr

5 V Oé(.I,’U)|S| Smln{\/atZ7|i%} = B7

where we have used a(Xa(7), Va(7)) Se a(z,v) from the Velocity lemma(Lemma [Il). The
proof for s € [tp(z,v) — G2, tb(z,v)] is exactly same.

Now we prove (73)). Recall that t* € [0,¢p(z,v)] in the previous step: v - V&(x — (tn(z,v) —
t*)v) = 0. Clearly |£(Xa(s))| is an increasing function on s € [0,¢*] and a decreasing function on
s € [t*, tp(x,v)]. This is due to the convexity of ¢:

d2
(s — () = $)0)] = v VE(z — ((a,0) — 8)0) - ¢ ol
and v - VE(z) > 0 and v - V&(zp(z,v)) < 0.
Therefore

(74)

—£(x — (tp(z,v) — s)v) = =&(x) — /ts v Vé(x — (tp(z,v) — T)v)dT

b(z,v)
to (z,v)
= / v-Vé(x — (tp(x,v) — T)v)dr
(to(z,v) = s)(v - VE(z — (tp(z,v) — 5)v))

Galv - V&(x — aav)| for s € [t*, tp(z,v) — G2,

—&(z = (to(2,0) — 8)v)

~€(an(e0) - | "0 Ve — (o) — )
0
v Ve — (o — 5)0)|

>
> a1|v - VE(ab(x,v) + d1v)| for s € [0,¢7].

Hence, for s € [51, tu(z,v) — 53],
6@ = (t = 5)0)| = min {|¢(@ — 720)], [§(an (@, v) + 510)| |
> min {62|v VE(x — G20)|,61]v - VE(zp(2,0) + &1v)|}.
From the definition of 1 and G in (7I)) we have
ol — (t(@,v) = s)o)| = 3/ale, o) min {|v - V(@ = 520)], v Ve(wp(@,v) + 10)] |-

Without loss of generality we may assume |[v-VE(z—62v)| = min {|v-VE(z—62v)|, [v-VE(zp (z,v)+
&1v)|}. Then by the Velocity lemma we have \/a(z,v) Z¢ [v||é(z — G2v)['/2. Then we choose
5 = tp(x,v) — G2 to have |v]2|€(z — G20)| > 8|v||€(x — G2v)|V/2 X |v- VE(z — G2v)| and

[o]|€(z — 320)[/2 28 x [v- VE(z — 520)].
The left hand side is the lower bound of |v|?|£(z — (tb(z,v) — s)v)| for s € [G1, tp(z,v) —52] and the

right hand side is bounded below by the Velocity lemma: e~¢/*I®(@) (2 v) >¢ a(x,v). Therefore
we conclude ([73]).

Step 4.  We prove (I9). From (G8])

tp(z,v) efe\vfu\z
/ / e~ (t=s) Z(s,v)duds
0 RS v — ulfa(r — (tb(z,v) — s)v,u)
<

tb(LE,’U) 1
< / e =) 7(s,v)ds.
: ol
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According to (7I]) we split the time integration as

to (z,v) th (z,v) to(z,v)—&2
/ e—l(v)(t—s) dS — / / / )
0 ClEes 1|€|ﬂ“ (2,0)—52

tb
) v)

For the first two terms (IV'), we use the mapping of ([70)
€ [Oa &1] U [tb(xvv) - 5'25 tb(I, 1))] = |§($ - (tb(.f,’U) - S)’U)| € [07 B)v

where the range of |¢] has been bounded in (72]), and B is given by (74]). By the change of variables
of (70)

1 O djé]
IV) < sup et 7 (5 v 7/
( ) Ogsgtb(w,v){ ( )}|v|2'8_1 0 |£|ﬁil/2 Oé(.I,’U)
1 1 37161=B
S sup e M=) 7(5 [ _'6"'5}
Ogsgtb(w,v){ ( )}|U|2'8_1 Oé(.I,’U) |€| |€]=0

where we have used 8 < 3. The lemma follows with B given by (Z4).
For (V) we use \/a(Xa(s)) S¢ 5 [v]v/—€(Xa(s)) for s € [G1, tp(x,v) — 72, from (6], to have

1 1 < 1

V= 3 S I ERT

Finally

1 ty (x,v) 0O(1 1
ﬁ/ e =9 7(s v)ds < (—)1/2 sup {e K= 7(s 2, 0)}.
0

(V)< [a(z, 0)]? (WY a(z,v))? 0<s<t

Now we assume x ¢ 92. We find z € 99 and ¢p so that

— (tp(z,v) — s)v =7 — (tp, — 5)v.

Therefore, by the Step 1 and the fact T € 0f), we have

28 e—0lv ul?
/ / ) (t=s) — ﬂZ(s,v)duds
R3 [v —ul2~*[a(Z — (Ib — $)v, )]

e—C|'U—u|2
< / PR e —— /RPN
: BRI

e=Clvl? 1

S20 0(8) sup {e !0 Z(s,0)} (@, v)] 7P + (@, 0172

T
- fl<v>(th)Z( )d
e s,v)ds.
0<s<tp |v]? /0

We then deduce our lemma since a(Z, v) « a(x,v) via the Velocity Lemma with the fact tp|v] <o
1. O

Now we prove a variant of (1) of Lemma 2] with extra %

Proof of (1) of Lemma[d We prove (G3). Due to Step 2 and Step & in the proof of (1) of
Lemma[2] it suffices to show

/ lole0lv=ul"dy < 1 ' (75)
# o — uf2=*ul [a(e — (tb(2,0) — s)o,u)]” ™ [028-YE(@ — (tw(z,v) — s)0)| P~

As Step 1 in the proof of (1), for fixed s and z — (tp(x,v) — s)v, we decompose v = ur; 17 +
Ur 2T + upn where {11, 72, n} is the orthonormal basis that we chose in the proof of (1).
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Now we split as

/ |1}|679|v7u|2du < / / |v|679|v7u|2dundu7
~&
5 o — e ful[ae — (i, 0) — 0]~ S22 Jx o — [ + e (X))

o) R
lul>1ed <l

5

For the first term, we have % < 5 so we reduce it to the previous case (G8])

5

/ < / e~ 0v=ul® qu, du,
v ~ — K ﬁ,
ul= Bl B o — w2 { |un 2 4 [€(Xa(s))[[ul?}

which is bounded by W

Now we consider the case of |u| < % For fixed 0 < k <1

| |

—1+
|’U—U|27'{ ~ |’U|27’L€ S |U| Na

and we have, from |v — u|? = % + @ > 2%;2 [v]? + 4—22|u|2,

e—0|'u—u|2 < e—Cg|v\2e—Cg\u|2'
. _ 1
We split [, du = f\unlzléll/z\uf\ +ﬁun|§|§|1/2|ur‘ to have (Note 5 < < 1)

—Clof? —Colus? plol/5
e e _ _ 2
/ S Tofw / / |~ el dlu, [ dur
funl>1€11/2u,| [V r2url  Jigpszju

[v]

< 76_01}'2/ el (1+/T un )du
— T
T Sy fud €112 ur | |tn]

e=Clol? du 1
s {eleprn [ Sy [ el e
g furl <l [r ] [€1P72 Jjuri<ty)
1 1
< —Cv)?|,, |k
<e )" {1+ |U|23_1(1+ |§|ﬁ7%)}

2
e—CI’U‘

= gt
Clf? ~ColurI?
(& (&4
< e ' dup,du
/un<£1/2uT| o=+ /|uf|<% (€18 urPPlur] Sy i<iep iz

e—C’\v|2 e—Ce\uTP
5 1—k / » B—1/2 28 dur
|v] ur <2l €] |ur|

|v|726+n+1676‘|v\2 670\v|2
~ |£[B—1/2 N f2A-1gps
Therefore, combining the cases of |u| < ‘%I and |u| > ‘%I, we conclude ([73]).

Now we proof he non-local to local estimate for the specular and bounce-back cycles.

Proof of (2) Lemma[2 Tt suffices to consider r = 0 case. We consider the specular BC case
first.
For fixed (z,v) we use the following notation a(s) := a(s;t, z,v) = a(Xa(s; t, z,v), Va(s;t, x,v)).
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Firstly we consider the estimate (20)) for |v| < . Using (67)),

—0|Ver(s)—ul?
! / / el (t=s) Tt 2(s,2,v) duds
{MS‘;} 0 Jrs Var(s) = uP~" [a(Xa(s; t, 2, v),u)])”

«(05t,2,v) 79‘1)[7“‘2 7
5 Z / / Y- (5,2, 0) Bduds
te+1 JR3 — ul [zt — (¢ — s)vt u)]
t 2 Ctd O 5 s
S |’U| 58 { - ( )e — sup {6 ) (t— S)Z(S, z, ’U)}
[z, v)] Y v e, 0)]P 7T pericocre

CgthJ £t s
i W/tl+1e Z(Sa$7v)ds},

where we have used ([J). By (65]) and (G6]) and the Velocity lemma(Lemmalll) we have [t —1] <,
V"‘(m Yettlol <, T(I ¥) ¢€% and hence we bound @0) for |v| < § by
5—|—l 1) 2¢ts 1) (t—s)
sup e VTV Z(s,x,v) .
{\ |<5}/ (x v)]ﬁf% 0<52t{ ( )}

Now we consider |v| > §. We split the time interval as
[tlv]]+1

1 1 1
0,¢] = [t——1 U t=G+D 5t =il (76)
o U ERT
Consider the first time section [t — \_11)|’ t]. Due to ([61) we bound
1 2 Q‘TIM'U‘ ¢
prlvle |v]e
Sup 6*(S;t,$,’0) 55 ~ )
selt— oz, )2 oz, )12

and for s € [t — 7,1, e Ca(z,0) < a(Xa(sit, z,0), Va(s;t, z,0)) S eCaz,v), and [t* — 71| <

(.0} 2 Then we use ([[9) to have
[v]? :
—0|Vai(s)—ul?
/ / R - 2‘7,{ Z(s,v) ﬂduds
t—1/[v] Jr3 Ver(s) = ul*™ [a(Xa(s;t, 2,v), u)]
Ot;E'u oot
/ / ol (e—sy € Z(s,z,v) duds
1 JRs [ — u|2=r [a(;vé — (¢ — S)vé,u)]'g
C&|U| 0(5)e
S v)(t=s) 7
~ Jalz, )72 *P ToPlaz, )P tufgquz{e (s,2,0)}
0. (0,t,x,v) C o
Coe (o) (t-s)
_ Yse o(t-s) q
" ; [a(z,v)]P~1/2 /tm € (s,2,v)ds

O(S) —Cl — CS t B
< Vv () (t=s) 7 7£/ Clw)(t—s) q
~ lla(@,v)]P-1/2 Oiligt{e (5@ 0)} + [z, 0)]F172 J, © (s, 2,v)ds

0(5) Cs.e

< ’ (0)(t=5)
- (Ivl[a(x,v)]ﬁ 1/2 <v>[o¢(x7v)]671/2) Oiugt{e (s,2,v)}.

Now we consider time sections [t — (j + 1)%, t— ]|71\] for j > 1. Assume that

it — (j+1)ﬁ,t

and [t — (G + 1)t — G A0 =2, 05071 = 0 and [t — (G + 1) &t — g ] 0 69,4571 = 0,
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Note that for all s € [t — (j + 1) & ol —lel‘]

e “a(t) S als) S e“alt),

and
TIPS A it i P LY
J J o~
e al)
T lE
and for £ € [€j+1 - 17€j]
g < P Valt) o
~ |v|? ~ ol

From (3), for all £ € [£;11 — 1, 4]

t[+1/ U) i S G\Vcl(s)—uP 2(57;[;71)) d d
uds
tt R3 |Vcl( ) —uf* [a(Xcl(s;t,x,v),u)]ﬁ

5 1 ¢
< {v)(t—s) VA _l<v>(t_S)Z
~ ToPa(t — j /o)) [tfﬁ%{e L Y Ve / ’
is bounded by
5ecﬁj L eCei L ¢ i
= o3 st-s)y1 . © 7 -4 —z()(t=5) 7
PEap 1 TS, e I S / i
—Cl_]
_ - - v) (t—s)
sup {e” 3 7
S ParT S, ()},

where we have used the fact ¢t — s > j|71‘ forset—(j+ 1)ﬁ,t —jﬁ].
Therefore

—ing — s)—ul?
/t JToT e*l(’U)(tfs) e 0| Vai(s) | Z(S,I,U) duds
t—(+1) 1k JR2 [Var(s) = WP [a(Xar(si o, 0), )]
t@+1
S — 45 sup
Lj41<L<L;
ol eq o )(t-9)
—— sup {e =) Z(s, 2,0
S e’ TPamr o<s‘2t{ (32,0}
e*C lj (—s)
<_° L)(t-s) '
S Pla@p i o te T T A a0
Now we sum up all contributions of [t — (§ + 1)%, t— ]ﬁ] for j>1:
tol /ol (R— "
<N sup {e 29 7(5,2,0)}
=1 /t—<j+1>/v| = la(t)? 2 o<

(v)(t—s
< —|U|[a( e Os<1;];<)t{e 5 )Z(s,x,v)}.

tl| —c'lj _ —C'i ot -0l —C'l
where we used > .7 e =e djene <e ©h .
These prove (20]). For the bounce-back case we set € = 0 and we have same conclusion.

The proof of ([G4]), (2) of Lemma [lis a direct consequence of (78l and the proof of (20])
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4. DIFFUSE REFLECTION

4.1 W'P(1 < p < 2) Estimate

Consider the iteration ([B4]) with (B6) and with f° = fo, and with the compatibility condition for

|2
the initial datum (I0). Remark that the normalized Maxwellian is pu(v) = e~ . From Lemma
[6] we have a uniform bound for 0 < T « 1

sup sup [[(0) f"(B)lloo S [1{0) folloo (1 + 1[(0) folloo),
0<t<T

m

for ¢ + k > 2. We apply Proposition 1 for m = 1,2, ... with v(F™) >0

H=—Kf"+T(f" "), g=co/al0) [ f(ta,w)V/a@in() - u}du.

n-u>0

Recall 0 = [0}, V4, V,]. Then 9f™ satisfies
{0y +v -V, +v(FE™}of" =g™,  9f™TH0,2,v) = dfo(x,v), (77)
where
G = —[0v] - Vo f™H = O (F™)] f™ T — O[K f™ — Tgain (f™, f™)];
G™ S V" 4+ K[ Veu f™ + [D@F™, f™)] + D™, ™) + (Vi F™) [ f7 1 (78)
Huo(F™ ™ 4 Ko f™ ] + Cgaino (F™ F™)],

with v, (F™) and K, f™ and Tgain,o (f™, f) defined in (3) of Lemmal[5l Furthermore using Lemma
yields

o (F™)|[F™ ] + [ Ko f™] + [Cgain,o (F™, fm)|
S IV (F™)|(0) ™7 + Ky (0) 7] + [Ty (v "I follos (79)
S W) 7P11(0)” folloo (L + [1{0)? folloo)-
For (z,v) € k_, from (7)) and [@2)), the boundary condition is bounded by
ol £ en/mm (14 ) [ ol Vi) ulda
In(@) - v ) Ja(e)uso

T P
o I LK P D77 57 &)

L (@) |pt Hn(x) - uldu
< VI (14 ) [ o ) -

)-v
+ 0 ol (0 1) fllc)

where we used the boundary condition for f™*!|, again, and (79) and LemmalBland (u)+/p(u) <
p(u)E. Set D0 = [9,f°, V. f°, V. f] = [0,0,0].
Now we are ready to prove Theorem [T}

Proof of Thoerem [1l We claim that for 1 < p < 2, if 0 < T, < 1(therefore, for § > 4
from Lemma [6 sup,, supg<,;<r ||<v> F® oo < 11{0) folloo (14 [[{v)? fol|=0)), and the compatibility
condition (I0) then uniformly-in-m

T,
sup ||3fm||5+/ 0™ 5 Ser. 18 follh + 11(0)” fol B (1 + [1{0)” fol | )P (81)
0

0<t<T,

Recall that the time derivative of the initial datum is defined as 9, fo = —v-V, fo—L fo+T'(fo, fo)-
We remark that the sequence ([34)) is the one used in Lemma [6] and shown to be Cauchy in L.
Therefore the limit function f is a solution of the Boltzmann equation with the diffuse boundary
condition. On the other hand, due to the weak lower semi-continuity for LP in the case of p > 1,
once we have (8I) then we pass a limit 9f™ — 0f weakly in sup,cio | - |} and 9f™[, — Of],
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in f I » to conclude that df satisfies the same estimate of (BI]). Repeat the same procedure
for [T, 2T ] [2T,3Ty],- - -, to conclude Theorem [Il

We prove the claim (M) by induction. From Proposition [, 0f' exists. Because of our choice
OfY the estimate (BI) is valid for m = 1. Now assume that 9f? exists and (BI)) is valid for all
i=1,2,---,m. Applying Proposition[lto show that 9 ™" exists and to get ([@H) — ([@T), we have

6 m—+1 p / 6 m+1|p
Oigr;tII N 11 S A (75 Sl F
t
S losly+ [ ormi.,
o (2)
[ [ {0 4 P70 4 Lain @™ ] o4
0 QO xR3

+1 sup ||<9f’”+1(8)||§+||<U>Bfo||oo+||<v>ﬂfo||oo/ o™ P,
0<s<t R3

where we have used (I22)) and ([79) and

//Qx]R Y1) folloo|OF™ P~ dw <||(v ﬁfO”oo{// 5dv+//<v>’5|8fm+1|f’}
o) fol oo {1+ //Ms 9™ Pdv)

Firstly we consider K and I'gain contributions in (94)). Use Lemma [ and Lemma [5] to have
t
L[] {0 4 ™, 0 4+ [Lusnl@f™, s 08 ™1
0 QxR3

t t t t
< / 165™12 + / ||afm+1||§+cv,p,ﬂ||<v>ﬁfo||oo<1+||<v>6fo||oo>{ / 105™12 + / ||8f’”+(1||§)}-
83

Secondly we consider the boundary contributions. Recall ([IT). We use (80) to obtain

/0 t / o
“5(/ VG (m- o+ e )d>
x / /a ) [ / oy Pl )

+ sup ( / <v>Pﬁ|n-v|1pdv> < ) folle
y—

€N

! P
Sp / / [/ |6fm(5=$’u)|ul/4(u){n'U}dU1 ds,ds
0 JoQ [Jun(z)>0

+[(0)” fol B (1 +11(0)? folloo )P
Now we focus on f(f Jo0 [fu»n(z)>o 0™ (5,2, u)|u/* (u){n - u}durdSmds. We split the {u € R3 :

n(x)-u >0} as
t P t t p
/ / [/ |8fm|,u1/4{n~u}du} Sp/ / [/ du —|—/ / [/ du] .
0 JoQ LIn-u>0 0 JoQ (zw)€v+\ 75 0 JoQ (zw)€vg
(84)

37

p
dS,ds




We use Holder’s inequality to bound

p p—1
[ / du] < l | e u}du] [ [ ermamapin) - ubd|.
(zw)€vg (z,u)€75 (z,u)eys

to bound the second term of (&4l

/ot/asz l/(z,u)€7+ u} S E/ 0™ (s) ) pd (85)

For the first term (non-grazing part) of (84]) we use Holder’s inequality and Lemma[fland Lemma
@ and Lemma [ for f™ to estimate

' p
R
0 Jo | J(zu)ev\ 75

t t
<c ||6f0||§+/ ||8fm(s)||§ds+/ // [0 +v - Vo +v(F™)]0f™]|0f™ P~ dadvds
0 o JJoxrs

<. sl + / 10F™(s)I (6)

/ //Q R3 ﬁ+’y||< >ﬁf0||oo+|8fm|+|[(afmf1|
galn(fm 1 ,Of™™ 1)|+|Fga1n(afm 1 e 1 |}|8fm|p .

Se 0FollE + (L +11(0)” folloo (L +11{0)” fol ) / 10F($)I15 + t11(0)” fol B (L + [1{v)” fol | )P-

i=m,m—1

Putting together the estimates (83), [B3), (86) and (B3], and choosing sufficiently small ¢ <«
1, T, < 1,, we deduce that

sup (05" DIl + / o

0<t<
1 )
<O o {l10foll} +PUI0) follo)} + 5, max { swp (07 0)lE + / o5, )

To conclude the proof we use the following fact from [2] : Suppose a; > 0,D > 0 and A4; =
max{a;,a;1, - ,0;——1)} for fixed k € N.

1 1 2
If amy1 < gAm—FD then A4,, < ng—l— (g) D, for%>>1. (87)
Proof of (87): In fact, we can iterate for m,m — 1,... to get
1 1 1 1
am < gmax{—Am_g—l—D,Am_g}—i—Dg —Am_2+(1+§)D
1 1 1
< gmax{ Ap_3+ D, Ay 3}+(1+8)D< Am 3+(1+8+82)D
1
< a4 1D
=03 k+7
Similarly am—; < §Am—k + D for all i = 0,1,--- ,k — 1. Therefore if 1 < m/k € N,
1 8
Ay = max{am, tm_1, - ,am_(k_l)}ggAm,k—l—?D
1 8 1 1 8 1 1
< —A,._ =(1 D< —A,._ 1 D
< @ 2k+7(+8) o 3k+7(+8+82)
1\ [#] 8\ 2 1\ # 8\ 2 1 8\ 2
< | = A im - ) D<(=] A4 - ) D < A — ) D.
< (5) At (5) 2= (5) 40+ (3) 2 = 500 (3)
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This completes the proof of (8T).
In (B7), setting k = 2 and

@ = sup lof'(t ||p+/ 0F15, p» D= Cr.a{llofollh + P([(v)" follsc) }

and applying (IEZI), we complete the proof of the lemma. O
The following result indicates that Theorem 1 is optimal :

Lemma 10. Let Q = B(0;1) with B(0;1) = {x € R? : |z| < 1}. There ezists an initial datum
folz,v) € C® with fo CC B(0;1) x B(0;1) so that the solution f to

Ohf+v-Vaof =0, flimo=fo, f(t,z,0)l,. =cuVp / - [tz u) v/ p(u){n(z) - updu, (88)

satisfies

1
[ ] 1Wattsnmpars =+,
0 Jyo
so that the estimate (I1]) of Theorem 1 fails for p = 2.

Proof. We prove by contradiction. Suppose fol f% |0f (s, 2,v)|>dyds < +00. Then

Ouf (b ) = ——{ = 0f — (1 0)0n ] — (r2 )0 S}, for (0) €7,
We use the boundary condition to define :
000k = GV/E0)AlD) =i | oy uldn
Or f(t,z,0)ly. = cu/u(v)Bilt,x)
= cu/p Or, f/u{n - ubdu+ ¢y /10

n-u>0 n-u>0

“Luy/p{n - u}du.
We make a change of variables v, = v - n(x), v, =v-11(2), V7, = v-T2(x) to compute

/ ds, / dvn / / dv,, v, —){(A) + (05,)2(B1)? + (vs,)2(B2)? + 20, AB; + 2v., ABy + 2uﬁv723132}
a0 R2 v

\Wn\

:/ dvn = / dS,{(A)* +2n(B1)* + 2m(B2)*}.
0 Un a0

Note that the integration over 9f2 is a function of ¢ only (independent of v). Since fooo ‘1}& = 00,

we conclude that A = By = By = 0 for (t,z) € [0,00) x 0§2. In particular from A(t,z) = 0 we
have for all ¢t > 0

/( e @tz u)y/ p(u){n(z) - updu = /( § >0f(0,$,u)w/u(u){n(:v) -u}du. (89)

We now choose the initial datum to vanish near 02 :

fo(@,v) = ¢(|z[)¢(|v]),
where ¢ € C>([0,00)) and ¢ > 0 and supp¢ CC [0,1) and ¢ = 1 on [0, 1]. Clearly

/i) [ o Folr G n(e) ) =0

Hence f(t,x,v) > 0 from fp > 0 and the zero inflow boundary condition from (89) and the
above equality. Moreover followmg the backward trajectory to the initial plane for t € [% 3 4] and
(z,v) € y4 and |v — \w\| < &1, and |v] € [3, 1],

ft,z,v) = fo(z —tv,v) =1,
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which contradicts to c,\/u(v) [, _o f(t,z,u)\/plu){n(z) - u}du = 0 for (t,z,v) € [0,00) x 7_
from (B9). O

4.2. Weighted WP (2 < p < co) Estimate

We now establish the weighted WP estimate for 2 < p < oo with the same iteration (34).
From Lemma [ for ¢ +x > 2 and 0 < 6 < 1, we have a uniform bound (B3). Recall the notation
0 = [0¢, Vi, Vy]. Then e~ [a(z,v)]P0f™ satisfies

[0+ v+ Vo + v g + v(F™)]e = a(w, )]0 = e a2, 0)] PG,

[z, v)]POf™ 10, 2,v) = oz, v)]P D fo(, ). (90)
Here
Verp = @) — Balz,0) 10 Vaa 2 (o) {0 — CeB, (o1)
and G™ is defined in (I22]). Using Lemma [4] and Lemma [§l and Lemma [l we have
e_w<”>to<(x, U)B|Qm|
< e = afe,0) e P(||(0) e fol )
+ e =Wt (z,0)P0, fm ) + P(||<U>Ce‘9‘”|2f"Ilw)e_w@)ta(:t, )P /]R'a k. g/2(v,u)|0f™ (u)|du.

For (z,v) € 7, from ([@2) and (80), the boundary condition is bounded for 8 < p2_;1 by

e~ a(a,v))? |0 (¢, 0))

< ew<v>t[a($7v)]gﬁ(l+%)/. ot )l E{n - uldu (©92)
e = a(z, v)]

@) o)

B 9112 2 2
e H (W) ol [oo P (I (0) X" folloo)-

Set fO = fo and 0f° = [0, f°, V. f°, V., f°] = [0,0,0]. The main estimate is the following :

Proof of Lemmal[2 Fix p > 2,p2—;2 < B < % and w >q 1. We claim that there exists

0 < Ty < 1 such that we have the following uniformly-in-m,

T
sup [l = alofmb)|E + / o=@ afamp
0<t<T, 0 ’

Sar (L4 P(|(0)e””F folloo))l[e® 0|2,

(93)

where P is some polynomial.
Once we have ([@3) then we pass to the limit, e~ ("0l f™ — == (0P 9 f weakly with norms

sup;eqo.r. I - |5 and e==Wtabofm|, — e==taPof|, in [T p , and e~ NP f satisfies
[@3). Repeat the same procedure for [Tk, 27|, [2T%, 3T4], - - - , up to the local existence time interval

[0,7*] in Lemma [6] to conclude Theorem
We prove ([@3) by induction. From Proposition Bl df! exits. More precisely we construct
Oift, V. f! first and then V, f1. Because of our choice of 9 the estimate (@3)) is valid for m = 1.
Now assume that df? exists and ([@3)) is valid for all i = 1,2,--- ,m. Applying the weighted inflow
estimate(Proposition ) we deduce that 9f™*! exists. From the Green’s identity(Lemma B]) we
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have

t T
sup ||e—w<v)sa66fm+l(s)||g+/ |e—w'<v)sa66fm+lp +/ ||<,U>1/pe—w(v>sa,eafm+1||p
0 0

Yo op P
0<s<t +

t
5”04'8(9]00”2—1—/ |e—w(v>saﬂafm+lp
0

Y—P

+{t+e} sup [[e==aPfm ()| + tP(|[(v)¢e”T fol[R,)
0<s<t

! —w(v)t m . m m . m em m -
e [ e {0+ (7,08 + (@™ ™) 05 "
94

Step 1. Estimate for KOf™ and I'gain: The key estimate is the following : For 0 < 8 < pz—;l,
0 <6< 1, and some Cy 5, > 0,

—ZF ()t -
sup/ k. o(v,u) ¢ alw,v)l” du <qg <v>%ecw,5,pt2. (95)
zeQ Jr?

Recall the function ki ¢(v,u) in @0) and remark that if ¢ = % then ky ¢(v,u) > k(v,u). First we
assume |{(x)] < dq so that n(z) := Iggg;\ is well-defined. We decompose u,, = u-n(z) = u-lgg—g;‘

and u; = u — upn(z). For 0 < k <1 is bounded by

— ZP ()t
8 1 se po1(Y) 1
o[22 / SR A du
R

o e L Vg ()|

2 _
Sa |v|%/ |U—u|*2+“e’M6%””7“‘|un|%du
R3
br o 2 otk _Colv—ul? _Br
Sq |v|pTev=sr / duT/dun|v—u| e T |up| P T
R? R
<o Cm|v|%ecwﬂ~?t2.

where we have used

wBp 2 Cylvo—ul?
tlv—u C t -
epr—1 ‘ ‘ /S e~=B.rt x e 1 , (96)

for some C g, > 0. Furthermore we split the last integration as f‘u |/2< 0n —tun | —l—fl
Both of them are bounded by

Un | /22> |V —Un|”

7C9\Un*un\2 7C9\Un*un\2
8

e 8 e _ B
Cl| — = dun+ | ———Fdun| S (o) 77 +1.
|t |P=T [vn, — up|P=T
If |§(:E)| Z 5(2 then
az,v) > 2(x){v - VZE(x) - v} 2 dalv]? Z dalvsl?,
where v = (v1,vg, v3) is the standard coordinate. We set v3 = v, and v, = (v1,v2) and follow the

exactly same proof. Therefore we conclude (95)).
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In order to estimate KO f™ contribution in ([@4]) recall, for 1/p+1/q =1,

e =W a(x,v))’|KOf™|

< o= ate0))® [ k(. w]jof" w]du
. =M (W) |0 ™ (u)
= ¢ @ [a(x,v)]ﬂ/|k(v,u)| —w(u>t[a(;v E du
< </|kvu :gz;zzz ) (/|kvu|‘e F (2, u)] 0™ (u )‘ du>P
< @t ([ iwne = ate ) orm) du)p

The KOf™ contribution in (@4) is therefore bounded by

/// [e= % (Wsa)PP| KA ™0™ P~ dudads
QxR3

< [ ] @kt ([ wlle T oo wia)’
0 QxR3
x(o) e F 0] Dot )
! E
< PCa5.05% () Bl[e— F (W5 018 F (1) P {v)
< o[ [ eome e s saporm ([ kel deduds
—I—E/ // BleF Wa)%|g ot Pdzduds
QxR3
t
- O/ // eCWWZ<v>"|e*w<">3a"afm|p+e/ // (v)e = satg frrtyp
0 QxR3 0 QxR3
<

CteC=" sup // o= a
0<s<t QOxR3

+(6+¢) max /// e~ =SS fip, (97)
i=m,m+1 QxR3

where we used (v)? < Cs 4 6(v) and (3I) in Lemma [ and eC=-#+%" factor comes from (@3).
Now we consider I'gain contributions. Recall ki g(v,u) in B0), (2) of Lemma B and @5). In
order to estimate the nonlinear terms in (@4]) we apply (@) to have

&0 [y (F™,0F™) | + [T (OF™ F™) (5,7, 0)
S0 S e | [ e, w0 ()

5 (u)s 189 1 1
2 e # q —w{u)s m P
So 1 o [ st Esriizian) ([ st wlle= 0 orm wpau)

e a]ﬁq

So S Pl ([ ot =t ),

R3

where at the last line we used % <p< % so that (v)? < (v).
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Therefore the nonlinear contributions in (94) are bounded by

/ // =3P P Dyain (f, ™) + Tgain (O™, f™)||0f™ 1P~ dvdads
< ot (e ) swp [ e satopmy %)

O<s<t

L+ )P 0y)  max / // WSS fip,
me“ QxR3

where we have used Lemma 1.

Step 2. Boundary Estimate: Recall (I7). We use [@2)) to estimate the contribution of vy_

/ [ 1= ata, 00 s, 0,0

S / et PR (1 gy <<13> ) [/n(z).mIafm<s,x,u>|ul/4{n-u}du (99)
+ P10} follo) // T ) g g,

(x) - v|P

Using e~ ®Wsa(x,v) < e’wﬂvm{(x) -] for & € 0, the last term is bounded by
t
cgzp(||<v><e"\”|2fo||oo)/ / In(x) - |77 e F dvdS,ds Sopc tP(1(0) e folloo),
0 Joo Jrs

for 8 > pQ_;Q so that 26p —p+1 > —1.
For the first term in ([@9) we split as

p
[/ d] < V - du
n(x)-u>0 (zu)evs

The +5 contribution (grazing part) of (@9) is bounded by

@/M[M e o) Py (- ol + )

{n-upt/1pt/t

—w(wsq(z, u)p
San [ [ a0 (ool + ) v
p/q

X V [ew<”>sa(u)5]”|5fmlp{n-u}du] [/ [e=® ()P~ 99 n - uddu|  dvdS,ds,
(@ u)Ers (zu)ers

p

+

p
/ d] |
(@, u)€v4\vE

p

X dvdS,ds

du

/ e~ =Wz, u)Pafm™{n - u}l/p
(z,u 6'y+

t
Co 2 —
Saupm,p 7m0t / =Wl o fr(s)|p ds,

where we used [e=F (" %a(z,v)] < |VE(z) - v] o |n(z) - v| and, for > B2

[eW(v)sa(%v)ﬁ]p(m.w_i_%)\/ﬁp

<q (|n($) [P 4 (0)P|n(x) .U|(/3—1)p+1> W) € L' ({v € R3)),
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and, here, a > 0 is determined via, with ijl = %,

= j2 P (u>5 pﬁfp »
/ e F(u)sa(‘%u)]*%uupfl) {n-uldu <q / { Blwe u- VE(x )|} 16—44(p71)’|U\2|n ~uldu
,YE

14
+ T+

59/
g

Sape® eCwppt”

W P |yl? 2 _Bp  __ P 12
| - n| = P02 WS o~ 3y 14 gy, <a eCw.5.p8 / |un|1 21 e 5D 14 qy

€
+ T+

for some a > 0 since 1 — % > —1.

On the other hand, for the non-grazing contribution v, \v5, we use a similar estimate to get

/t / ==z, >1PW(1+| (<)> a) [/ . Iafm<s,x,u>|u<u>l/4{n<x>~u}durdvds

NQ/ [ [ e=ate o (ol + S0 v

1/q 1/4 P
. l [ e ate e n-up 2 du] v, ds
w\w

=T alz, w)?

= /0/ (e, 0) P (jn - o] + %)\/ﬁp

y vas == 30z, u) PP |0 f7 P {n - u}du] l/ﬂ

p/q
[e™ = Wsa(a, u)?] =t/ {n - U}dul dvdS;ds
2 t
< Ot / / e~ (z, u) 0™ (s) P dyds,
0 Jyi\vg

—2 —1
where we used p2—p <p< p2—p and

/ [e—w('u,>soé(‘r7 u),@]—q‘u(u)Q/4{n(I) . u}du

[ e a0 P ) 0 (- abdu S O
Y+

By Lemma [7] and ([@0), the non-grazing part is further bounded by

[/
0 Jyp\vg
t t t
55/ ||0‘58f0||£+/ ||€7w<v>saﬁafm||g+/ //Q i |{8t+v.vm_|_<v>}(e*ﬁ'(v>5a53fm)p|
X 3

/||aﬁafo |p+/ le==ts ﬁafmnu/// —= s o] KO fm1 9 fm P

w [ [fe= oo rer o
+t sup [le™aPafm(s)[[2 + (1 + t)P(||()el fol|oo)-

0<s<t
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In summary, for small T}, < 1, the boundary contribution of (94]) is controlled by, for all 0 < ¢ < T,
t
/O =W afam(s)ds
T

" T,
< / la(w)?follr + < / o= WsaBafmp

+T. max  sup |le"=OPaf )L + P(|| ()’ o)
i=m—1,mo<<T,

Ty Ty
+Cor{ [ le=ratoprip [T [le=oratpigar oy

T
[ et 08 + (0™ Bl

Applying ([@7) and [@]) to the boundary estimates for m — 1, then putting together the estimates

(I00), (@7) and (@8) we deduce from (94)

T
sup ||efw(v>taﬁafm+l(t)||g+/ ||<U>1/pe*w(v>saﬁafm+1||g
0

0<t<Ty

T,

+/ le== sl mttip  ds

0

< Cr.oflle”dfolls + P(1|(w)¢e” ™" folloo) } + {e +0 + T TIAP(|[(0) el fo 2,
Ty Ty
B A fi D aPort 1/p ,—w(v)t B4 ri||p

< max { s Jolori+ [ e =ator v [ e ety

Recall Cy g from (@5). Choose Ty <« 1, and ¢ < 1, 6 < 1 and hence

T
swp [l = et o+ [ e = atop
0

0<t<T,
2
< Orofllad’0follh + P(I[(v) e’ folloo) }
1 _ T,
- —@(WtBH Fi(1)|IP / taBo }
g { sw llem=Wtorily+ [l ttalory,
Set
(v)t B 1 o of 1p
a; = su e Tty rmtl(y p—i—/ e~ WtBy i
Ogtng*H 1 ; | WA
2
D = Oroflla®0fol[5 +P(I[(w)e” folloo) }-
Apply 1) with & = 2 to complete the proof. O

4.3. Weighted C! Estimate

We start with the same iterative sequences () with 8 = 1. For (z,v) € 7, note that y/a(z,v) =
[n(z) - v|. From (EZZI) with 8 = =, we have, for (z,v) € y_,

oz, v) 8fm+1(t,:1:,11)|
Yeu/ p(v) e~ oz, w)[0f " (t, @, u) e D u)y/p(u)du (100)

n(z) u>0
2 2
+e 1P| (0) eI fol[oo).-

Recall the stochastic cycles in Definition [l : For (¢,x,v) with (z,v) ¢ 7o and let (t°,2°,0°) =
(t,z,v). For v n(z**1) > 0 we define the (¢ + 1)—component of the back-time cycle as

(t€+17x€+1’U€+1) _ (L‘k _ tb(xé,vé)ij(xé’vf)’vé-i-l)'
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Lemma 11. Ift' <0 then
t
e ta(z, 0) 2o f ™ (b2, 0)| S o, v)20 fol oo +/ N (s, = (t = s)v,v)|ds. (101)
0

Ift' > 0 then

== aa, 0) 2o (E 2, v)]

t

[N s = (= 9o, 0)lds TP fol )

-1 ) S
/26fm+1 z( 7t tl’UZ,’UZ)| dEf‘l

l
lez 1

Lyt coeys / N (s, 2t — (1 — s)v',v?)| ds dEiT?
/f IVJZZ; R (102)

y
/ E 1{t1+1<0}/ N (s, 2t — (1 — s)v',0')| ds AT
[ lv 1

J =1
-1

1 i—1)2 v _
m/ S 1prcape 4T P 0) e folloe) A

712

+

1 L—1y 0
1 —w (v ) ¢ 4—1 1/26 m-+1—¢ Z dzé 1
e /nwj wsoyle afa o) 2O oY) asy,

where V; = {v7 € R3 : n(z7) -v? > 0} and

and
asi ! = {I2L p()euln(a) o [do? Huw@)em 0 ) 2o do’ I ()2 (07 )do |,

Remark that dEf_l is not a probability measure!
Proof. For t! < 0 we use ([@0) with 3 =1 to obtain
¢
ez, 0) 20 Mt 1z, 0) S a(x—tv,v)lmafo(:v—tv,v)+/ e V=AW= N (g g (t—s)v, v)ds.
0

Consider the case of t' > 0. We prove by the induction on ¢, the number of iterations. First for
¢ =1, along the characteristics, for t!' > 0, we have

e—w(v}ta1/2afm+1 (f, z, ’U)
t
< e_”w*l(t_tl)e_w<v>tlal/26fm+l(tl, x17 v) + / e_Vw,l(t_S)Nm(S, x — (t — s)v,v)ds.
t

1
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Now we apply (I00) to the first term above to further estimate

€7w<v)ta1/2|afm+l(t T ’U)|
< e rma == gl) ><e9‘v'2fo||oo<1+||<v><e9'v‘2fo||oo>

+e—uw1(v )(t— t! \/— tl 1/2|8fm( JJ ’U |€ \/—d’U

t
N / e OIS A (5, — (1 — s)o,v)[ds
tl

(103)
< o glvl? Chlvl? ¢ Hlvl?
S e [0 e folloo (14 [[(v)* ™™ folloo)
+ Cu / 67w<v1>t10¢1/2|8fm(t1,:El,’Ul)|6w<v1>tlw(v1)<1}1>2u(1}1)dvl
w(v) Jy,
t
—i—/ IN™(s,2 — (t — s)v,v)],
1
where w(v) is defined in (ITI)). Now we continue to express 9 f™ (¢, 21, v1) via backward trajectory
to get

—w (vt

a(at,oh)2(ofm (¢ 2t o)
41
< 1{t2<0<t1}{a1/2|afm(07$1 - tlvl7vl)| +/ |Nm_1(87$1 - (tl - S)vluvl)|ds}
0

tl
—|—1{t2>0}{e*w<vl>t2a1/2|8fm(t2,:1:2,vl)|—|—/ N (s 2t — (= s)vt v )|ds}
t

2

Therefore we conclude from (I03) that
ez, 0) 2o f (1t @, v)]

t
< / IN™ (5,2 — (t — s)v,0)[ds + e~ T | (0) 1T F™)| o (1 4 [[(0)¢e?F 7|0

t1

1 1y,1
47 L Licocmale =10t o) R0 fulat et o) e (et (o 2o
1
1
+

tl
1y,1
—/ 1{t2<0<t1}/ VT (s, = (- 5)U17U1)|d36w<v )t w(Ul)<Ul>2CuN(U1)dU1
w(v) Jy, 0

1 ¢
—|——/ 1{t2>0}/ N (s, 2t — (1 — s)ot, v!)|dse™ >1w(v1)<vl>zc#u(vl)dvl
w('U) V1 t2
+— / Liesope = a(a?, o )Y2 (0™ (12,22, 01) e w(vh) (u!) 2, (vt do?,
w(v) Jy,

and it equals (II0) for £ = 2.
Assume ([II0) is valid for £ € N. We use (I00) and express the last term of (I10) as

l{t[>0}€7w<v[’l)tla($£ v )|8fm+1 k(tf I ’UZ 1)|

< <’U£71>CM /M(,Ug_l)/ 1{tl>0}67w<v N a1/2|8fm+17(k+1)(t£,xe,v£)|ew<”[>t2<vl> u(vé)dve
Ve

Our |2 o2 v|?
+ e~ 1117 W) fol oo (1 4 (| ()€1l fo]oo ).

(104)
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Then we decompose 1{tzz>0}e_w<”[>teal/2|8fm+1_(€+1)(té, 2t v")| = Ly cocpey+1 o150y, Where
the first part hits the initial plane as
Lericoepye = O Q12| proti=(E+1) (4l 28 48|
" (105)
< a0 fo(a’ — 0" ") + / VT (5, 2t — (2 — s)o’, o) ds,
0

and the second part hits at the boundary as

1{t2+1>0}€ w(v)t 1/2|afm+1 (ZJrl)(tE UE)|

i+
5 e—w<vf>t£+1a1/2|afm+1—(€+1)(té+17xf-ﬁ-l’UZ)' +/ |Nm+1—(€+2)(87 xé _ (té _ S)’Ué, ’Ué)|d8.
t2+1
(106)

To summarize, from (I04]) upon integrating over Hf;} V;, we obtain a bound for the last term of

[0 as
1

v TN 172 5 pmt1—4
T/’f l{te>0}|e Wal/2g fmat=tl of ot “Hdxi-

1
< 1 —4lv
~ UI(U) ‘/l_Ifiv {tl>0}€

J

1 .
. | Lyl
j=1"J

@12

1)l folloo (14 [[ (W)l fo oo )AEETE

w(v)
where by ([I08) and (I06), the last term is bounded by

ﬁ/ © v, e/ ot Dy o)) !

£—2
CIVE I . . _ b1yt _ _ _
> H{ew(v Yt <v3>2c#,u(v])dv]}{w(v€ 1)6 ( Vt <’U€ 1>2'LL(,U€ 1)dvé 1}
j=1

tl
x {1{t1+1<0<t5} {a1/2|8f(0, zt — tht vh| + / N2 (5, 28 — (8 — s)f, vé)|ds}
0

4
+1{t@+1>0} {e—w<v’3>t€+1a1/2|8fm—é—l(t€+1, xé-i-l, ,Ué)l + / |Nm_é_2(8, 2t (té . S)’Ué, ’Ué)|ds} }
t

241

Now we use ([IIT)) to conclude Lemma [TT1 O

Lemma 12. There exists o(c) > 0 such that for £ > £y and for all (t,x,v) € [0,1] x Q x R3, we

have
1\ Y5
01
/“V Lttt 0015004871 S <§> :

j=1 Vi
Proof. The proof is based on Lemma 23 of [8]. We note that, for some fixed constant Cy > 0,
ATt < w(' eI 2, u(v“mﬁ;iew@”” (W) 2eppu(v?)dvt . vt
< IZHCO O p?) ) dot L def T < {Co Y T (v ) E o
Choose § = §(Cp) > 0 small and define
V9 ={vl €Vl n(af) =4, |7 <57,
where we have fvj\vf Cop(v?)3 < 6 for some Cy > 0. Choose sufficiently small § > 0.

On the other hand if v/ € V) then by Lemma 6 of [§], (t/ — /1) > §3/Cq. Therefore if t* >0

then there can be at most {[ } + 1} numbers of v™ € V? for 1 <m < £ —1. Equivalently there
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are at least £ — 2 — [§2] numbers of v™ € V,,,\V3,.. Hence from {Co}* = {Co}™ x {Co} 1™,
we have

/—1
Lte(t,z,0,01 0 0t=1)>03 A2

:l\°

J;i VJ'
[52]+ -1
/44
< { there are exactly m of v, € V,‘i” } H Cop(v?) " dv?
m=t and £ —1—m of vy, € Vi, \V, J 7=
[%}+1 m f=1-m
< ( -1 ) {/ Cou(v)1/4dv} / Cop(v)/*dv
m=1 m v V\V$
Ca [Sg] 41, sy e—2- (2] [l AN
< il _ 53 - ?f 1/4 < ~ [ =
< ([S]+1) - nl#r @B [ awornal ™ < pent (5)
¢ ¢ N2 ’ N *g_02+3
, [ I\N [ ¢\ Nz Y, W(—W‘*‘?’) 1\ =~ ¢ 1\ ¢
< ~(— — < (= <[ — <[z
et (3) (5) =5 =m0 <0G
where we have chosen £ = N X ([%] + 1) and N = ([%} + 1) >C > 1. (I

Now we are ready to prove the weighted C! part of the main theorem :

Proof of weighted C' part in Theorem [2 First we show W1 estimate. Recall that we use
the same sequences ([@0) with 8 = 1 used for the weighted W? estimate (2 < p < 00). We
estimate along the stochastic cycles with ([0I) and ([[I0). For ¢! < 0, the backward trajectory
first hits ¢ = 0. From Lemma [Tl and Lemma [ for ([@2]), we deduce

sup_ ||1{t <ope” T2 ()] o

0<t<
2
< ||a1/28fo||oo + P([(0)° """ folloo) + Tnsup [le™ = al2ofm (1)
0<t<T.
a(z,v)/? 2 ol m
s [ e ) S s P ol mas s [l 20 7 )
tt JR3 oz, u) mo0<t<T,
where we have used (I66]). Note that, for any 8 > %,
1 1
< 1 107
alz,u)t/?2 ~ a(z,u)b + (107)
We apply ([[J) to bound the underbrace term as, for 1 > 8 > 1
3_
{1 a(:b,v)%"’%_gt% P 41 e Pa(x,v)z } oz, v)z
IR e MR oPalz, v T T w(v)tale,0)f (108)
1

where we used a(x,v) < |v|*

to (z,v) —0|'u—u|2 r
/ / V) (t=s) — c — <u>r Z(s,x,v)duds
R3

v = ul**[a(z - (to(z,v) = s)v,u)]’ (v)

S CICA) k)
£2 a\xr,v
Seo,r  min ; : £ sup  {e W= 7(s 2, 0)}  (109)
| {|v|2{a<x,v>}ﬁl TR PR

1
e2{a(z,v

PO e
)}51/2/0 e Z(s,x,v)ds.
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where tz = sup{s : Z(s,z,v) # 0}.

e a@, ) 2o (E 2, v)]

t
N (5,2 — (t — 8),0)[ds + e~ TP ()P fol|0)

tl
1 -1
1/2 5 pmA-1—i i i i -1
ti
o / Lpricoces / N (s, 2t — (¢ — )t 0t ds A8
e 1VJ; v <o (110)
tt
/e Zl{t”ko}/ N (s, 2t — (= s)v',0t)| ds dBETT
1
VJ 1=1
1 -1 .
— 1y Fl D ¢ pblol? ané-1
+w<v>/ 2 T cope” BP0 fll) a00
1 L—1\,¢
1 —w (vt C o t=1y1/2 9 pmtl— gt ant-
w(o) /n wole SCATI R M G S [y

where V; = {v/ € R® : n(27) - v > 0} and

and
Azt = (2L a0 euln(@?) o7 do? f {u(o)e™ 0 () 2ot )dv’ T e (1) 26, u(07)avd |.

If t*(t,z,v) > 0, the backward trajectory first hits the boundary, then from ([I0) we have the
following line-by-line estimate

|1{t >0}6_w<v>tal/28fm+l (tv xz, ’U)|

/ [ = g Vi (s), Tt T
R3 (

a(Xal(s),u)

Nl=

~

2 quds [le==2a1 /20 f™ () oo + P(|I(0) ™" fo o)

=

Ct2\¢ m+1—1¢
+{(Ce )1<Iglgg<1lla23f oo

~—
~—
=

duds

UG m// (K, g (Ve s), ) 2B

a(Xeal(s),u)

M

w(v)t 1/26 mt+l—iy
x| Jnax 10sg;;it”e a’=of ()]s

+2(CeCT) P(||(0) 1" fo o)

£
1 e —Tw (V)8 m -
(5) s e o)

0<s<t

where we have used [@0)), Lemma [I2] and Lemma[Bl for (@2]) and (I66). For the underbraced terms
we apply ([I07) and (I08). Therefore

1114, >0}€7w<v>t V2 fmid(t, ,v))|

S GO 10 4 ) < e "0 )

_t
co? ; 1y ° ;
+ CC max (a0 + <§) Jmax, sup [le” =020l 29f(s)] oo
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We choose a large ¢ and then small ¢ and then small € and then finally large w to conclude

—w (v m 1 —w (v 7 v|?
sup [le” = 2O (1) oo < g, max  sup |l A2 (0)loo + 020 fol oo + P(I[(0) 0 fo]|oc)-
0<t<T, m—L<i<m <t<T,

Set D = [|a/28 folloe + P([|(v) e’ fo||oc ),

a; = sup ||6_w<v>tal/28fi(t)||oou Al = max{ai, Qi—1," " 7ai7(571)}7
0<t<T.

then we have a,,+1 < %Am + D. Use (87) to conclude

—w(v v|?
sup [|e™ =020 f (1)]|oo < [1a!20folloo + P(I1(0) e foloo)-
0<t<T.

The existence and uniqueness and the estimate in Theorem [2] are clear for short time T, > 0. We
follow the same procedure for ¢t € [T, 27%] to conclude

—w (v —To(V) 1% v]?
sup_le™ 020 £ (1)]loe Sar. Ile” IO (T oo + P fol oo
T, <t<2T.

Then we conclude the weighted W part of Theorem [P following the same procedure for
[T, 2Ty], [2T%, 3Ty], - - - .

Now we consider the continuity of e~ @("*a!/29f. Remark that for each step e~={Wtq1/29 fm
satisfies the condition of Proposition 2. Therefore we conclude e~("*a1/29f™ € C1([0, T.] x Q x
R3). Now we follow W1 estimate part for e =@ {ta/2[9 fm+1 -9 f] to show that e~ = (W)ta /29 fm
is Cauchy in L. Then e~ a /29 f™m — == ()a1/29 f strongly in L™ so that e~ @{ta!/20f €
CO[0,T.] x Q x R3). O

5. SPECULAR REFLECTION

We denote the standard spherical coordinate for w € S?
w = (cos B(w) sin ¢p(w), sin B(w) sin p(w), cos p(w)),

where ¢(w) € [0,7) is the inclination and 6(w) € [0, 27) is the azimuth. We define an orthonormal
basis of R?

F(w) = (cosf(w)sin p(w),sin O(w) sin p(w), cos p(w)),
H(w) = (cosB(w)cos Pp(w),sin B(w) cos d(w), — sin p(w)),
O(w) = (—sinf(w),cosf(w),0).
Moreover
ixd=0, dxO=% Oxi=¢, and Oyt =singh, i = ¢.
Lemma 13. Assume 0 € Q and Q is convex (2). Fix
p=(z,w) €90 x S* with n(z) w=0.

We define the north pole N € 9Q and the south pole Sp € 9 as
Np = |Np|(é xw) €00, Sp= —|Sp|(é X w) € 99,
and the straight-line Ly passing both poles
Lp={TNp+(1—-7)8p:7€R}.
(1) There exists a smooth map
M+ [0,27m) x (0,7m) — OQ\{Np,Spl,

X||p = (X1, X||,,2) = (X)),
51
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which is one-to-one and onto. Here on [0,2m) x (0,7) we have 0;np := BxH - # 0 and

Onp Onp
X
0%y, 1 ) 0%, 2

—(xy,) # 0. (112)

We define
np :=non:[0,27) x (0,7) — S%.

(2) We define the p—spherical coordinate:
For 6 >0, 6 >0, C >0, we have a smooth one-to-one and onto map
p 1 [0,C8) x [0,27) x (§1, 7 —01) x Rx R? = {z € Q: |é(z)| < 6}\Bes, (Lp) x R,
where the §—neighborhood Bes, (Lp) := {x € R : |z —y| < C&; for some y € Lp}. More precisely

X1, [=np(x),)] + 7o (x),)

(I)P(Xva X”p7 leavllp) = VJ_p[_np(pr)] + v”p . vnp(x”p) + xJ.pVHp . V[—np(x”p)]

(113)

where Vi = (D111p, Oa1p) = (92—, e22=) and Vnp = (9inp, danip) = (o2, 552=)

) )
Ox|, 17 OX|, 5 X 17 Ox|, 4

We fiz an inverse map
Stz e Qi fé(x)] < 0P\Bos (Lp) x R* = [0,C8) x [0,27) x (51,7 — 61) x R x R2,

In general this choice is not unique but once we fix the range as above then an inverse map is
uniquely determined.
Denote

(XL Xl 1 X 20 Vs Vi 15 V] 2) = @ (2,0).
(8) For [{(Xea(s;t,z,v))| < d and | Xa(s;t,x,v) — Lp| > Cd1 we define
(Xp(s;t,z,v), Vp(s;t,x,v)) == @;1(Xc1(s;t, x,v), Va(s;t, z,v))
= (x1, (85t 2,0), %), (s;8, ,0), Vi, (538, 2,0), v, (5, 7,0)).
Then |v| =~ |Vp| and
X1, (st x,0) = v, (s, 2,0),

XHP(S; t,x,v) = V”p(s;t, x,0),

114
‘.’Lp (S; t,CC,’U) = FLp (XP(S; t,CC,’U),Vp(S; t,CC,’U)), ( )
Vi, (st 2,0) = F (xp(s;t, 2,0), vp(s; t, x,0)).
Here
Fi,=Fi (X1, v,)
2
= ) Vi kY O0kme(x),) - p(x),) =X, ZVHP (V) - V)Okmp(x,) - mp(x,),
J,k=1
(115)
where
2
D Vi kVipi %0kme(xy,) - np(x),) Se vy [,
J k=1
and

Fy = Fjp (XL X5, Vi, v,)
(=1)

B Z s X ) Y B (1) % D (1)

X {2V, vy, - Vnp(x),) = Vi, - Ve (x),) - Vi, + X1, vy, - Vonp(x),) - vy, b {np(x),) X e (x),)
(116)

where a smooth bounded function Gy ij(x1,,X),) is specified in (122).
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(4) Let q = (y,u) € 02 x S? with n(y)-u=0 and p ~q. Let x ~y ~ z and

Dy (X s Xy Vigs Vi) = (2,0) = Pg(X1 gy X|jgs Viig, Vi)

Then
0 0 O
0 1 1 035
a(xl 5X||paVL aV||p) 1 0 1 1
= = =Ve_'Vo, =1dgs + O — 117
8(XLQ7XHq’VLq’VHq B ’ " £(|p q|) 8 |O| |O| 8 (:B (:B ( )
v v
0 Jo| o]0 1 1

z
[z] z [z
We define the rotational matrix which maps {ﬁ, w, 757 X w} — {e1,eq,e3}:
#2
B =
z z
Op = = We m) + wy m)

w
zZ

Z X w
[2] 3x3

For z € 0Q with « # N, and = # Sp we define
N T
(X||p,1ax||p,2) € [O, 271') X (O,ﬂ'), such that I'(X”p)l,X”mg) = Op(—)

Now we define Ry, : [0,27) x [0,7) — (0, 00) such that
E(Bp (X)p.1,X1,,2)Op £ (X1, X .2)) = 0.
We also define 7y, : [0, 27) x [0,7) — 0 such that
Mo (X115 X .2) = Bp(X),,1,X),,2)Op ' E(X)), 1, X, 2).
Directly, with fixed p = (z, w),

OR,
x|, 1

—sin(x), 2) Rp VE(p (x|, 1, %), 2)) - Op 10, 1., 2)
VE(Ip (X1, X)1p.2)) - Op B, 15X, 2)
—sin(x, 2) [Rp (X .1 X.2)* VE(p (X 1, X).2)) - Op () 1, % ,.2)
VEMp (X1, X5.2)) * Tp(X||p,15 X1, 2)

IRy =R (X115 X)1,2) V€I (X)15,1: X 2)) - Op ' 0(X )1, X, 2)
(X515 X)p,2) =

(Xp,15X)p,2) =

)

P VE(p (X515 X,,2)) - Op (X, 1. X ,.2)
_ [Be 10X 2)*VED (X),1X)1p.,2)) - Op 10Xy 15 X 2)
VES (Xijp, 15X lp,2)) o (X,15 X]),2) ’
and
il ORp 1. 14
= o R,0;'0
ax”p-,l (X”P71’X||p;2) ax”p.l P r+SIH(X”p72) »Op ,
(977p 6Rp i -
ax|‘p_’2(x|\p,1,x||p,2) By 5 Or O é

Directly we check a non-degenerate condition (I12)

677;0 X anp (X”p) =R —aRp 071

OR, -
x| F— -
o, T OX),

0] sin(x|‘p72)R§O;1f‘ #0.
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Proof of (2) of Lemmalld We fix p = (2, w) and drop p—index in this step. Define
P, [0, OO) X [0, 271’) X (O,TF) — Q\Ep, @1(XJ_,XH) = XJ_[—I’I(X”)] + 77(XH).

Note that this mapping is surjective: for any = € (2 there exists Xj| = miny coo lz —n(y))[? (02 is

compact) and therefore (z — n(xj)) - az—L(XW) =0 for i = 1,2. Since Vn(x|) # 0 from (I12) and
£(n(x))) =0, we have 0 = VE(n(x))) - 837@ (x)). Due to (II2), we conclude %ﬁi%;‘ = [-n(x})]

and z = n(xj) + (z = n(x}) = n(x}) + |z = n(x)[[-nxj)]-
Since 7 and &(therefore n and n) are smooth, the ®; is smooth. The Jacobian matrix is

01 (x1,x)) ey (x1) a3 1)

= | = ] 53 118
B = | e LT WA e

)
3Ix3

= (x))) = (x))
where [ — n(XII)]a in I (x)} [ o2

} are column vectors in R?. By the basic linear
Ix
I

31 7222 (x))
Il.2
algebra, the Jacobian(a determinant of the Jacobian matrix) equals
—n- (817’] X 8277) +x,n- (8111 X 827’]) +x,n- (8277 X 8211) — |xl|2n . (81n X 8211).

We use the facts V(x) # 0 and £(n(x))) = 0 and

0= VE0) - o) = V()] (i) 52 )

X|i x| 4

and therefore
on on )
—n(x) - X)) X b'q 0, for all x; € [0,2m) x (0,7),
() <8x||11( ) ‘9XH72( 1| # | € [0,2m) x (0,7)

to conclude that there exists small § > 0 such that if [x | < § then

OPi(xrxy) _ (O O .
det( A(x1,x|) >_ &) (8x|71( 1) x 8X||,2( I)) + O¢(|x1]) # 0.

We use the inverse function theorem and we choose an inverse map
;1 @,([0,6) x [0,27) x (0,7)) — [0,6) x [0,27) x (0, 7).

Note that in general there are infinitely many inverse maps.
If x € ®1([0,6) x [0,27) x (0,7)) then

®!(z) == (x1,x|) and =z =n(x))+xL[-n(x))
Since @1 is surjective onto Q\Lp, for x € Q\Lp and x; > 0,

§(x) = E(n(x)) + xL[—n(x))])
= ctaep) + | 9 e ney) + sl—m(x)])ds
o ds

= /OxL [—n(x))] - VE(n(x)) + s[-n(x))])ds

:/OM{[—n(xu)]-Vé‘(n(xn))Jr/0 n(xn)-Vzg(n(XHHT[—n(x”)])-n(x”)dT}ds,

and by the convexity of { we have the following equivalent relation:
For all z € € there exists(not uniquely) (x1,x)) € [0,00) x [0,27) x (0,7) satisfying & =
x1 [-n(x))] +n(x)). Then for all (x1,x)) with z = x| [-n(x))] + n(x)) we have

Vet )+ G2l < je(a)) = fetmieg) + 30 -nie )
o (119
< [V€Caloq )|+ sup [V26() 5
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Therefore there exists 0 < Cy < 1 such that if |¢(z)| < C16 then |x,| < ¢ and hence there exists
unique (x1,x)) and all the above computations hold.
Next we define

‘I)(XL, X” sV, VH) = < XJ‘[_H(XH )] + 77(X”) > .

vo[=n()]+ vy Vi n(x)) = x0v) - Vi n(x))

The Jacobian matrix is

0P (x1,%x)) 0
A(x1,x)) 3,3
0P(x1,x|,vL,v)) —VimT (i) —Vime; (i)
- . on . o 0P (x1,x))
OCeL, X vi,vi) | vy Van(x)) ViVt T ada e | Sras
XLV Ve e (1) XLV Vi gt ()
(120)

The Jacobian(a determinant of the Jacobian matrix) equals

det (%(Xl’x”’”’v')) - (det <78®1(XL’X”)>)2 £0,

a(XJ_,X”,VJ_,VH) 6(XJ_,X||)

for |¢(z)| < d(and therefore |x | < C§). By the inverse function theorem we have the inverse
mapping 1.

Proof of (3) of Lemmal[I3 From v = 0 and the second equation of (I13) equals
0 =vi(s)[-n(x(s))] = 2v.L(s)v) - Vn(x)(s)) + Vv (s) - Vn(x(s))

. (121)
+ VH . V277(x”) . VH - XJ_VH . Vn(x”) + XJ_V” . VQI’I(XH) . V||.
We take the inner product with n(x(s)) to the above equation to have
\.’J_(S) = [V” . V217(X||) . V||] . n(x”) + XJ_[V” . V2n(x||) . V”] . n(x”) = FJ_(VJ_, V||,X||)7
where we have used the fact Vn 1 n and Vy L n.
Since 0 = £(n(x))) we take x| ; and x| ; to have
0 =0, [ D Onbdyime] =D 010m&0x, ;1m0 ik + Y _ Ol O 1Mk
k k,m k
we have from (2]
V),i0k§0i0jnkv) 5 {v1,:0i7m } Ok Om E{ Djtim v 5 }
VRARIREDY v T oe = Se—lvyl”
4,9,k i,9,k,m

Define a;;(x)) via

[ an a12 ] B { Oin-0in Oin-don ] { oin-om OO |

asi aze | | Oom-0in Jon - Oon O - 01 Oam - Oom

where det(9;n - 9j1) = |01 x d2n|? # 0 due to (II2Z). Then Vn is generated by Vn:
—8in(x||) = Zaik (X”)ak?](X”)
k

We take the inner product (I2I)) with (—1)""!(n(x) x d;n(x))) to have

Z(aki + X1 i) V)| &

k

_ (—1)+

— —n(x)) - (Qin(x)) x dan(xy))

X { — 2VJ_V|| . VI’I(XH) + V|| . V277(XH) . V|| — XJ_VH . V2n(x||) . V||} . (—H(XH) X ai+177(X||)),
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where we used the notational convention for 9;417, the index ¢ + 1 mod 2 . For [{(z)] < 1(and
therefore |x | < 1) the matrix dy; + X1 a; is invertible: there exists the inverse matrix G;; such
that >, (ki + X1 ari(x))))Gij(x1, X)) = dx;. Therefore

o s (_1)1'-1—1
s ;Gw( L ”)—n(XH)'(am(XH) X Oam(x)))

% { = 2vivy - Vnl) + v Vi) - vy = x0vy - VPnlxg) - vy - (-ne) X an(xg)

= By (L, %), v, vy)-

Here
Gu Gi2 | _ 1 T+xi1a2 —xyia12
Ga1 G2 1+ x5 (a11 + a22) + (x1)%(a11a20 — ar2a21) —xja2 1+xian

|: a12 ] 1
|011|?02n|* — (O1n - Dan)
{ |811?|92n|*> — (O1n - Don)
(810 - Oym)|0an|* — |Dom]?

2

o - don)  —|0mm|*(01n - Oam) + (O1n - Bom)| 1|2 ]
O1n-9m)  —(Oin - 9om)(d1n - Dan) + |9m|?|01n]?
(122)

—~

Proof of (4) of Lemma I3 Let q = (y,u) € 99 x S? with n(y) -u = 0 and p ~ q. By the
definition (I13)

XJ_p = XJ_qu
e (X)) = Na (X)), (123)
VJ_p = VJ_qu
Vi - Viip (X)) = X1, Vi, - Vip(X),) = Vg - Via(X)q) = X 14Vl - VDq(X|),)-
From the above second identity and (11
B(X)1q,15 X q.2) = OaOp T, 1. X),.,2)-
Therefore for i = 1,2,
or Oxlq.j or
2 O 071
2 axy; M) g Qa0 g )
J:172 a» P> P
and
. . . N R 0 | Opp
= sin(x)q 2)8(%)q) | sin(x)q,2)00x),) | 2(x1q) | | 7o, [ Xla
’ Bpr %3
= 0q0," | 031 | sin(x), 2)0(x),) | d(xy,) |
where we used 6 x & = —T.
Directly
0 0 0 -1 3 T
0 Oxjqn  OX|qn sm(xlqu)l’:(an)T . . R R
o1 ip2 | = | s ?Xla)” | OaOp | 031 | sin(x, 2)0(x),) | 6(x),)
0 OXig2  OXjq.2 2 T
apr’l 6pr12 ¢(X|‘q)

_ Here O = Op + Og(lp — al), and sin(x, 2)0(x),) = sin(x),2)0(x,) + Oc(lp — al) and
(b(x”p) = (b(an) + O¢(]p — q|). Therefore

[5an

< Idaa + O¢(lp — al)
axlpr
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From the third equality of (I23])

0 0
14] q(X 16) q (X 1,2
[ —ng(x),) ‘ 174 (X)) ‘ 2Ma(Xq) } [ Vo ] = [ 051 | Z1 | Z2 ]7

7x1_q81nq(xuq) *XJ_q62l’lq(xHq) 0211 o,
p

8)(”(] m

where Z; = E?:l (™ anzl (Bmajnp — XJ_pamajnp) (577”' - 8X\|,;,i ) Therefore

0 | 012 1
021 | 75, ] " g - ([0171q — X1,010g] X [0a7]q — X1, 0o0g))
(O1ngq — X1,01nq) X (O2ngq — X1 ,0o14)
X (D27q — X1,02mq) X (—nq) { 03,1 | Z1 | Z2 },
(—nq) X (O1ng —x1,01nq)
and hence
e <mile-al
Xy Jaxa ™ ”
Again from the third equality of (I23)
0 0
[ —mql) | L0 | 2t (T 0 g e

Viag:2  ZVigq.2

0

o O1mp( pr O2Mp pr)
- |: _np(X”P) ‘ 7x1_p81np XHP) 7XJ_p82np(XHp)

OVip1  OVip,2

Since
O1mp (x),) O2mp (%) _ O011Mq(X||q) 0214 (x| )
|: —l’lp(X”p) ‘ —XLpé;)lonX”p ‘ —XLpapzonXHp) :| - [ _nQ(X”q) ‘ —XanqlanlXHq) —quaqganxHq) +05(|p—Q|),
h
so that vion  Ovin
o I5]
vy ovita | =Id22+ Oc(lp —q).

av“p 1 (?VHP

We are ready to prove Theorem [t
Proof of Theorem [j] First consider the case of ¢ < tp(z, v). In this case
(Xa(s;t,z,v), Va(s;t,x,v)) = (x — (t — s)v,v).

Directly
O(Xa(s;t,z,v), Val(s, t,z,v)) —v Idss —(t—s)Idsgs

(t, z,v) | 031 033 Ids s 6x7

where Id,, ,, is the m by m identity matrix and 0., is the m by n zero matrix.

Now we consider the case of ¢ > tp(x,v). We need several steps:

Step 1. Moving frames and grouping with respect to the scaling t|v| = L¢, with fized 0 < Le < 1.

Fix (t,z,v) € [0,00) x Q x R3. Also we fix small constant ¢ > 0 which depends on the domain.
We define, at the boundary,

o LD Iona] _ Valtst ) - n(ts )| o)
|v] ] |v]
Bounces /(and (¢, 2*,v")) are categorized as Type I or Type II:
a bounce ¢ is Type I (almost grazing) if and only if R® < v/, (125)

a bounce £ is Type II (non-grazing) if and only if R > v/6.
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Let s, € [t“T1,¢"] such that [£(Xa(ss;th, 2% v))] = maxseric < [E(Xa(r;t, 2, v"))]. Since
g‘l’l;{( als;th zt ve)) = d;{(xe —(tt - s)vl) = vt V(2" — (¢ — 5)v*) - v* > 0 there exists a
umque s solving 4 Le(Xals;th z0h)) = vf - Vo&(Xa(s;th 2, v")) = 0 which is s.. Note that

¢ VE(2t — (t° — s)v?) is monotone in elther (t"*1)5,) or (s, f) Therefore

€(Xar (4t 2", 0" |—‘/ Vet — (18— s)f, ot ‘—‘/ / (2t — (" — b ) ot
C e ( [v* n(Xa(s ))|)2
—£ —¢ )

sup
2 se[tet1,t] |’Ué|
where we used (65) and (66) and the Velocity lemma(Lemma [I).
Therefore if a bounce £ is Type I then maxet1<, < |{(Xea (738, 2,v))| < C6. If a bounce £ is
Type II then |£(Xea(T;t,2,0))| > C6 for some 7 € [t/ 4]
Now we assign a coordinate chart for each bounce ¢ (moving frames).
For Type I bounce £ in (I25), we assign p* € 0Q x S? and p’—spherical coordinates in Lemma

and ([II3): we choose p* := (¢, w’) on 9N x S? with n(z*) - w’ = 0 such that 2’ and w’ do not
depends on (¢, z,v) and

() | (126)
| - (v* (Zf))n(zé)l '
Note that, by the definition of Type I bounce, [v* — (v* - n(2*)n(z))|? = [v]2 = |v’|? 2 [v[?(1-0) =5
|v|? and hence w’ is well- deﬁned
Moreover, for |v][tf — s| < 155 mingeaq |,

| Xeai(sst,x,v) — Loe| 2 Cs > 0, (127)

|26 — 2t <2, |w

/\
f%

This is due to the fact that the projection of V¢(s) on the plane passing z¢ and perpendicular to
n(z%) x w* is at most |v| but the distance from z* to the origin(the projection of poles N¢ and
Sp¢) has lower bound 15 mingeaq |z|.

For Type IT bounce £(t', z¢,v%), we choose p’ = (¢, w’) with |2¢ — 2| < v/§ but we choose
arbitrary w’ € S? satisfying n(z%) - w* = 0. We choose p’—spherical coordinate in Lemma [[3] and
(II3) with this p’. Note that unlike Type I, this p‘—spherical coordinate might not be defined for
s € [t**1 ¢] but only defined near the boundary.

Whenever the moving frame is defined(for all 7 € [t*1, /] when £ is Type I, and 7 ~ t* when £
is Type II) we denote

(Xe(7), V(7)) = (31, (1), %, (1), v, (1), vy, (7)) := @ (Xaa(7), Vaa (7).
Especially at the boundary we denote
(xﬂe,xﬁe,vﬂ[,vﬁ[) = (Xﬂpe,xﬁp[,vﬁ vﬁpe), with Xﬂ[ =0.
Now we regroup the indices of the specular cycles, without order changing, as
{0,1,2,- - £ = 1,6} = {0} UG UGy U - UGrisiion) U Gpie=ciivly o
Le Le

py’

where [a} € N is the greatest integer less than or equal to a. Each group is
gl = {1; o 761 - 1761}7
g2 = {gluﬂl + 17' o 762 - 1762}7

(128)

g[“’;ﬁ”“‘] = {g[\tfli\u\]il,g[\tfl:;\\u\]il +1,-- 75[\tf;§\\v\] - 176[\#;&\\“]},

g[\t—;yu\]ﬂ = {f[\t—;yu\],f[u—;{uv\] + 1, b},
where (1 = inf{¢ € N : [v| x [t° — | > L¢} and inductively
6 =inf{ e N: |v| x [t" — 5+ > L¢}, (129)
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and we have denoted ¢, = é[\tf&uu\]_ﬂ.

By the chain rule, with the assigned p’—spherical coordinate(moving frame), for fixed 0 < s < t,

(s, Xar(s;t, x,v), Va(s; t, z,v))
ot,x,v)
9(s, Xa(s), Var(s))

. £
Ot 0, v, Vi)

from the last bounce to the s—plane

[lt=alel O(#ti+1 0, Lit1 £z+1 Lit1 0;+1 0+l li+1 ;41
* X \4
( Ile, Legiq? ey a(t 0, thz +1 VL@ i+1) ||el-+1)
X (Q)(tglJrl 1 ,0,x Lit1— 1 vf1+1—1 Liy1—1 ) Koo X a( O X Vé Vé )
i=1 ey Legpr—17 VMl H/z Lo Ve,

i—th intermediate group

whole intermediate groups

1 1 1 1
8(t 707X“17VL13V||1)
O(t,z,v)

from the t—plane to the first bounce

(130)

Step 2. From the last bounce £, to the s—plane
We choose s* € (th%,tg*) C (s, t**) such that |v|[t5 — s* «—spherical coordi-

nate (X, (s°), Vy, (s%)) is well-defined regardless of the Type of ¢, in (I25). Notice that s** is
independent of t’* so that g::* =0.
By the chain rule,

9(s, Xa(s), Vcl( ))

(9(tf*f,0,xH VLZ Y )
_ 8(5 Xcl( ) (5)) a(sz*aXLe* (Se*)vaz* (Sz*)aVLe ( E*)7VH£* (Sz*))
a( Xé ( ) *(Sé*)) 8(tz*,07xﬁ2*,vﬁj£ ’ ﬁz*)
_ O, Xa(s), Vals)  9(s", Xa(s™), Va(s™)) 9(s™ x1, (s"), %, (%), v, (%), vy (s™))
9(s%, Xar(s'), Var(st)) O(st, Xe, (%), Vi, (s5)) O(th, 0, %" v, Vi) '
Firstly, we claim
0 01 3 01 3
I(s, Xea(s), Va(s , ;
s AT | V) O+ ol —s) Ol —sf | (131)
AT T 03,1 O¢(1)[v] O¢(1)
Since
Xa(s) = Xa(s™) — (s = s)Va(s™), Va(s) = Va(s™),
we have

0 013 013
9(s, Xea(s), Va(s )
_ Z( l(g) 1( )2 _ o 01(5&‘) Ids 3 _(Sé* _ s)Idg,g
o Xals™) Vals) | o) g T
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Due to Lemma [I3]
(5™, Xa(s%), Va(s))
A(st, Xy, (s%), Vi, (s5))

1 0173 01,3
O1ne, Oane,
03)1 ny, +x1,, O1ny, +x1, O2ng, 0373
- Vi, N e, Vi, -VOane,
0 \V4 +v* oin +v* Oanl O1me. Oane,
31 | V], * Vx, D, L, 01, Lo, P2 Ng, 4xy, 6ing,  4x1, Oan
* +ng*V\|e*'va1ne* +xJ_£*vH£*.V82n[* * * [

where all entries are evaluated at (X, (s*), Vy, (s
gives (I31)).
Secondly, we claim that whenever p’—spherical coordinate is defined for 7 € [s, /]
a(sf, X1, (Sl)v X, (Sl)v Vi, (Sl)v Vi (Sl))

A ¥ L 0
ot ,O,x”e,v“,v”e)

*)). The multiplication of above two matrices

0 0 01

2 0 01,2 132
—viH | o O¢(1)|v)? \t@fsewz Oe()[tF = 7| Og(M)lv ol[th — 72 (132)
=| —vys | 021 Ida,2 + Oc(W)|v PItf =42 | oe(w Htf—sfﬁ O ()|t — s*|(Idg 2 + |v][t* — 5°))
ocM> | o Og (D[l NG 1+ 0:(Mv][t7 = 7] Oc([v[|tF — 57
Oc(Mv]? | 021 O (1)|v|2[t* — &°| O¢(D)]vl|t? — &°

Idy 2 + Og(1)|v]|t4 — s
In this step we just need (I32)) for £ = .. In Step 8 we need ([I32)) for general ¢.

For the first column(temporal derivatives), we use the fact that the characteristics ODE (I14])
is autonomous:

%(Xf(sla tla Ievvl)vvf(sl;tea Iea vf))

a(ig (Xl( te;ovxlave)avl(sl _te;ovxlvvl))

- _ai(Xf(Se; tlvxlvvl)vvf(sl;tea Iea ve))
S

= — (Vs 15 2b 0h), F(Xo (s 8, 2t b)), V(b 1 2f uh)).

For the remainder, firstly we show for t“*! < 7 < t* where 7 is independent of ¢ and the
p’—spherical coordinate (X(7), V(7)) is well-defined and

L
[0kt X(7)] S eCeITEl <,
2

1001 Xe(7)] S |7 — t]eCelNT =41 < |7 — 4],

")
Ok

< £1,CelvllT—t'] < 1,12 e (133)
0 Velr)] < Jol  Jollr — #]e S ol =)

0y Ve(r)] £ eI <,

where 8 e = [8 ﬁ ’a"ﬁ ]
£
From (EI:EI) and (EIE) x|, = V|, X

1, =vi,and vy, = F, and v|, = F), in (IT6). Hence,
for 0 = [

OVLZ’ Bv‘[ ’

d

d—Tlane(T)l < ollvy (0%, ()] + vy, (1) P10% 1, (7)] + [0]|0vy, (1] + vy, (D]|8v L, (7))
S 1ol (10%L, (7)] + 0%, (1)) + [0|(|0v L, ()] + [9vy, (7)])

d%la"ue(f)lﬁ (Vi (D + v, (Dllvy, (D) (10, (7)] + 101, (7)])

+ Vi (DNOV L ()] + [v]|dvy, (7)]
< [P (10%L, ()] + 10, (7)]) + o] (|0v L, (7)] + |0vy,(T)]).-

Hence

0%, ()| + |0x,(7)] } <4 { 0 1 } [ 0%, (7)| + 0%, (7)|
OvL, (D +10v), (D] |~ [ P ol ] [ 10ve, (7] +[0vy,(7)]
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We diagonalize the matrix as

0 1 _ 1 1 1+—2\/5|’U| 0 _12_\/\%5 \vl\/g — ppp-1
> ol | T [ 5w 580 0 =8 o5 - '

Now

|0 (7)| + [0x ()| Celr—t'|D p—1 |0 ()] + |9x 1 ()]
[ OV (T)] + [0V L(7T)] } =P P [ Ov) ()| + [ov L (t9)] }’

and by matrix multiplication

- -~ el Ce VB —
_1=vE O BB ulir—tf| | 11vE Ce 15 ol ir— ] T P el L B f\vurftf\}
< 5 25 NEE
Mecg%‘\f—t@\{ecg%ngur—t‘\ _ E*Cg\/Tg\vHT*t[\} 145 Ce LB ol ir =] _ 1-vE Ce 158 ol im— ¢t
L V5 25 2V5

0% (t°)| + [0x L ()]
. [ j0v) (t9)] + [ov L (1)) ]
eCelllm =L ax (t9)] + |0x L (t9)|} + |7 — t8]eCelP Tt 11 g ()] + |av 1 (¢9)]} ]

< 4t T
[P — #eCel T o (¢9)] + |0x L (t9)[ } + eCel I |avy (1) + [ov 1 (8]}

and this proves (I33]).
From the characteristics ODE (I14)) in the p‘—spherical coordinate,

Se T

¢ £l 4b Y A /
x1,(s") = vi,(s —lf)-i—//Z ) F(s5t0,%),, vy, v, )ds'dr,
i Ji
Sl T
o 0 €t T A /
x|, (s) = %, +v|,(s t)—l—/t’Z /te Fy(s'5 7, %), v, vL,)ds'dr,
SZ
‘ ¢ T A
VLZ(S) = Vl[+/[ FL@(T7t ,)(”27‘f”£7‘fj‘e)(:17-7
t
SZ
AN Y
vy, (s = v”[—i-/z Fy, (57, %), vy, v, )dT.
¢

aXl Sé L0
L)< CluPlst 0+ ol — e g o5t £,
Ile
O0x,,(s*
L)t ] 4 Calolls” — #1201 + ol — #1715 [sf — )
ovi,
aXl Sé 040
L)< Calulls — P+ Rols? — eI S ol — ],
Vil
ox (S) L4t
g < Tdao £ CaluPls’ — 1 P(Lt ol — el ) < Tda s + On(1)[o]s” — P,
lle
ox (S) L4t
L < Cals’ = Plol(L+ Jolls” — el T Sg folls” — ¢P2,
ovi,
oxy, (s
1) < Jot 411 {Tda s+ Calolls” — #1(1 +Jolls* = et ~1)
BVHE
< st =t Ida 2 + Oa(1)|v]|s" — t]%,
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£ ¥4
o, < Cals" = t'|oP(1+ ol |s* = t“])ell =0T <q Jol?)s” — ¢,
Xlle
v, (s
L’}( ) <1y Cals® — t4||v|(1 + |v||s* ¢ [)el”l1= =1 < 1+ Og (1)]v]|s¢ — t4],
8VJ_£
ov Sé L_ 40
AT < gt — 1 ol(1 4 Jolls” — el T Sg ollst — 14,
Vile
ovy,(s%) o
S < Cals' =0+ Jolls” = D Sg o’ — ],
Xile
ovy,(s%) .
HL’@ < Og)|$é—t€||v|(1+|’U||Sé—té|)6|UHS t|§Q |U||S€—t€|,
8VJ_E
ovy, (s
a”ég ) Idy 5 + Cols® — t||v|(1 + |v]|s* — t€|)e|vHS'Z—t'Z\ < TIdys + Og(1)[v]|s* — ],

Ile

and this proves the claim (I32).

Step 3. From t—plane to the first bounce

We choose s € (tl,tl%) C (t',t) such that |v||t'! — s'| < 1 and the polar coordinate

(X1(s1), Vi(sh)) is well-defined. More precisely we choose 0 < A such that |v|[t — A —t!| < 1
and define

sti=t—A.
Then, by the chain rule,
8(t1,0,xﬁ1,vﬁ_l,vﬁl)
o(t,z,v)
90,5 vE V) B(s", Xa(sY), Va(s'))
a(slaXcl(Sl)v‘/cl(Sl)) 8(t,$,’0)
_ a(t',0, x|, vi ,vi ) A(s!, X4 (s), Va(sh)) 9(s!, Xer(sh), Var(s1))
8(515XL1(51)7XH1(Sl)vvll(sl)aV||1(Sl)) a(slaXCI(Sl)v‘/Cl(Sl)) 8(t,$,’0) '

We fix p' —spherical coordinate and drop the index of the chart.
Firstly, we claim

B(tl,O,xﬁ,vi,vﬁ)

(st x 1 (s1),x)(s1), vi(sl),v(s!))

T 1 [o[2]s! —t!|? |s'—¢'] olls’ =t >
Vil Vil Vil Vil
0 0 01_]2 0 01,2
1,41
ol 0o | A2+ Ief2lst — 11 Tdos o+ foljst — o] | BRI g ) (st
2 2
0 | o +loPlst =t g+ loPlst = | T fllst — ¢ jollst —#1|
| O | oy + [of2lst 2] |v]2]s! — ¢ 1+ Jvf|s' — ] Id + [v]|s" — '] |
(134)
The t! is determined via x, (t') = 0, i.e.
Sl Sl
0= x1(s1) = vi(s!)(s' — 1) + / / FL(Xa(7), Vaa(7))drds, (135)
t1 s

where X1 (7) = X (7581, Xa(sts t, 2,v), Va(stit, z,v)), Va (1) = Val(r; st, Xa(st t, z,v), Va(st t, x,v)).
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Recall that

1

vl = —limv,(s) = —vi(s )-i-/S Fy (Xa(r), Va(7r))dr,

slt!

x| =x(s") = (s = t")vy (s / / Fi(Xa(r

1

Vi =vy(sh) - /; Fj(Xe(r), Ve (7))dr.

Ve (7))drds?,

1
We use the fact that the ODE is autonomous to have %—t: =1, 6(’55’

min{ 'W .t} from (B5) and (155]) and (I33) to have

ot
aXJ'( {1 i /tl / axJ_ Fi(Xa(7), Va (T))des}
e Vil L| {1+/t1 / [1+ |v|(s ﬂ|v|2€0§|v(517)d7—d5}

¥) = 0 and |st — 1 <¢

1
Se {1 [1+ |v||s H|U| |S t1|2 Celvl|s' —t |} <er ,
[V T
ox(sh) Va(r))drd
‘9XH VL/ / ax” Xa(7), Vai(7))drds
S / [1+ Jol(s* — 7)) ol2eSeC* ~Ddrds
|VJ_| t s
_ 1 2|1 —tl 2
Se == [1+ vl|s" = '] v]?s" —t1|2@cs|v\\sl—t1| <eu [v|*[s 1 | ,
Ivi| , VL]

8t1 1 ) . st st 8
m - q {(t -5t /tl /S WFL(Xcl(T)qu(T))deS}

1_ 41 1 st st
Se - 1 | I / / [0 [1 + [o]|s* _THGCHUI(SI_T)des
V1| e Js
I tl 1 —tl
<e le +]o||s" —t1|eC£|vHslft1|} <, =t
Vil Vil
6t1
= 'V drd
8VH VJ_ ~/tl / 8VH 51 (T) CI(T)) Tas
_ v|(s' =7 | 1| sl
Se |Vi_| /t1 / |U|[1+|U||31 _T”eCd I( )drds <¢ v i| [ ||s ¢ |605\ v]|st—tt]
vllst — t1]?
<o, ol —t 7
Ivil
and
oxl ol st pst P
I 1
= = F] Xc ,Vc drd
ox (s1)  oxy(s) | +/t1 / %L (s)) 1(Xar(7), Ve (7))drds
|v] |v] wllsl— v |
Se Wi + (1 + —1|) [1+ [v||s" = t!{][v]*|s" — t1|?eC%l |ls*—t"] e o +lof?lst — 12,
+ Vi
= . Xa(r), Va(r)drd
2,2+v 7), Vo (1))drds
% (+) e R A ey :

sg,t1d2,2+(1+|' )15t = S Tdaa+ [osh =11
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oxl
6VL(|\81) 6‘& i+ / / avL Xo1(7), Vi (7)) drds

! —f [lv]

Set +[sh =t vl
[vi|
™ // Xa(r), Ve (r))drd
= — 22+v T), VellT TAS
(9V|| (81) ” (9V|| aVH
1
55—(51—t1)1d2,2+|v||| |'| Ist t1|+|v||s PR+ folfst — ]
L
vI2lsl — ¢!
Sealst = (14 PEE T < gt 1,
vl |
and
1 ~Fi(a'v)  Ful Fo( ' OF | (Xa(7), Ve
ov, L(iﬂ ) LI v/ / LOF( (T))deS+/ OF | (Xa(1), 1(7))dT
0% (sh) v 8XJ_ ) o 0% (sh)
F 1
SM (l |+ (1 )l || 1 t1|)[1+|v||81_t1|]|v||sl_t1|605\v||51_t1\
lvi [vi|
2
< PP st ),
~ vl
ovi —F\ (zt,v) S
= ’ —— ¢ \Y% d
0x(s") vl n Oxy(sh) 1(Xa(r), Va(r))dr
F 1
S | J_(xl 7U)| +|U|2|Sl—t1|(1+|v||81 |) Celv ||s — | S |U| +|U| |S |
|V¢ | ¢|
ovi (st — 1) Fy (2}, v) FL (z1,v) ' 9F | (X V(7)) " OF, (Xa(s), Va(s))
1 -1+ T — ds
ov(s) v aVJ_ ) s ov(s1)
l—tl F 1
< -1+ |S ||LIJ_($ 'U)|{1+|,U||S t1|605\v||s —t \}+|v||sl_t1|605\y||51_t1|
iR
551+Ivllsl—t1|
1 —F\( Fu( " OF L (Xa(r), Ve
3‘@1 Lx v / / OF | ( (T))des_/ OF . ( 1(7),1 1(7))dT
(9V||(S ) (9V|| ) st aVH(S )
l—tl 2
< P ' B —t1| ol + [s* = £]lo] S [o]]s" t1|(1+w)5|v||sl—tl|,
| 1l Vi
and
ovi ot s
I 1
- F - —  F(Xa(r), Va(r))d
Oxy(s')  Oxi(sh) (@) /tl 0% (sh) |(Xa(r), Va(r))dr
Fy(at,
Se | |||(:v | )|{1+[1+|v||81—t1|]|v|2|51—t1|260£|v\\517t1|}+|v|2|31—t1|[1+|v||81—t1|]ecﬁ|v\\slft1\
iR
v
<o L e g,
Vil
ovi ot! g
I 1
= F - —~ F(X A% d
By(sT) oy () 1Y) /t gy 1) (et V()
|FH(I1’”>| 1 1 2.1 112 .C 141 211 1 1 111.C 1_41
Sﬁ[uwns — tH]Jo)?[st — tHPeCel s = 4w 2[st — ¢ [[1 4 [v)|st — ¢![]eCellle =
1

Se [u*[st — 1],
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ovj otk Sy
” Fy(atv) - /t _ 9 P (Xa(r), Va(r)dr

dvi(s)  Ovi(s)) L ovi(sh) !
L 1 ly)2
S w + |’U||Sl —t1| S 1 + |’U||Sl _t1|,
Ivil
6V1 8t1 st 8
|| X

=M v - ——F(Xa(7), Va(r)d

vy (sh) 2T GG (&) /tl dv(s) |(Xa(r), Va(r)dr
vf?|st = t[? 11 1 1,1
51d2,2+ |V1| +|S -1 ||U|[1—|—|v||s —t |] ,SE.,t Id2,2+|v||$ ¢ |
1

Secondly, we claim

A(st, X1(s1), Vi(st))  a(st, Xi(st), Vi(st)) a(st, Xa(sh), Va(sth))

o(t, ,v) (st Xal(sh), Va(sh)) a(t, z,v)
1 013 013 7
%ﬂLOE(MItI—slI) O¢ (|t — s')
0.1 | SR + (il — s')) Oc(lt — ') 36)
= aa i + Ol —5') Oc(lt = s') ,
O¢([v]) Oudanl ™ 1 Og(Jul |t — 5)
03,1 O¢(|v]) Gy O (ol ~ s))
I O¢([v]) SO Og(Ju]t — s]) |

where the entries are evaluated at (X;(s'), Vi(s')). Note that [v|[t! — s'| <¢ 1.
Clearly

0s/0(s", Xar(s'), Var(s') 1| 016
0Xai(s1)/0(s", Xa(s), Va(s)) | = |70 [ 0XKaGLVal) | -
OVea(st)/0(st, Xa(st), Va(st)) 6,1 | B(Xer(sT), Ver(sh))

Now we consider the right lower 6 by 6 submatrix. Recall, from (I20)

I Xa(sh),Va(s') _ 92(Xa(s'),Va(s)) [ A|0s3 <. | € 1053
I(Xa(s'), Va(sh)) B I(Xa(s'), Ve(s)) o [ B | A ] X [ D| C }

Note that, from ([[I8) and (I12),

det(A) =det| [-n(x))] I ,n(x)) I ,n(x)) } = [=n(x))] - (O, . 1(x)) X O u0(x))) # 0,
1

AT =
[_n] : (8x\|,177 X 83(\\1277

) [(5x|,177 X axH,277)T= (axH,277 x [_n])T7 ([_n] x aXu,ln)T :

Since

det(A +x, C) = [-n(x))] - (010 +xL[~dn]) x (821 + x 1 [~O2m]))

=[—n] - (01m x 02m) + O¢(x1) #0, for |x.|<q 1,
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the matrix A + x, C' is invertible for |x, | < 1 and directly

1 ((01n + x1[-01n]) x (3277+XL[ 211]))
(Atx.0)7 = (8o + x4 [~Bsm]) x ])
d t( + lC) ([ ] (8177+XJ_ )
(3177 x 9am) " + Og(x1)
B 1 O¢(x1) T
- { [—n] - (O1n x dan) - [-n - (91 x 3277)]2} [ E%Z]Xx[ 317BT ]
(1 x Oam)T

B 1 —n))T
" [-n] - (819 x am) [ (((?f?li[am])T

=A"! +O£(XJ_), for |x.|<q 1.

+ Og(x1)

From basic linear algebra

det d(Xa(s"), Va(sh) \ _ dot | AT+ x.C | 033
O(Xei(st), Vea(st)) B+x,D|A+x.C

= {0 - (@10 x 92m) + x[-n] - (B1[n] x B2m)

} = {det(A +x,0)}?

3. [n] - (9 x o[ n) + (1) 0] - (O x o) |
={[- 8177><8277} + O¢(x1), for |xi]|<al,

and (%) is invertible. By the basic linear algebra

I(Xa(s'), Va(s) _ {8<Xd<sl>,vcl<sl>> } _ [ A+x,0 | 0s ]
I(Xa(s!), Va(sh)) — [0Xal(s!), Va(s)) B+x,D|A+x,C
_ (A+x.0)7" 03,3 }

T -A+x O T B+x D)A+x.C) | (A+x.0)7T
A1 + O¢(x1) 03,3

| —A1BA-1 4+ Og(XJ_) A4+ Of(fL’J_)

[ A7 (x)) + Oc(x1) 033
| +Oe(x1)  A7Nxy) 4+ Og(x1) |’

(137)

and we obtain
0,3 013 i

)

A1x0an) L
%75%277#0&(&)

1
0
(O =N
1 1 1 0 - n2]n(>6<177><3277) +O£(Xl) 03’3
d(s', Xa(s'), Va(sh)) —lo ([=n]xon)T
0
0
0

+ Og(XJ_)
—n]- (0 2] S
8(81; Xcl(sl)v ‘/Cl(sl)) [=n]( 127)>< 21) ((9177><8277)T 10)
c(D)(Jvl) Tl @< e(x1)
O —n
O¢(1)(Iv]) E et + Oc(x1)
—n]xd
i Oc(1)([v]) RO + Oc(x1) |
From Xe(s1;t,z,v) =2 — (t —s1)v =2 — A x v and Vg(s1;t,z,v) = v,
1 013 01,3
0 X \% ’ d
- 80(115(8;)71))01(81)) = | 031 Idss —(t—s')Idss
" 031 033 Ids 3

Finally we multiply above two matrices and use |x, (s')| < |v][t! — s!| to conclude the second
claim.

, 011 41 _04+1 0+ ¢ 0ol
Step 4. Estimate of 9(t*T1,0, X,y VLe+1’VHz+1)/a(t ,O,X”e,VLE,V”e)
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Recall rf from ([24). We show that there exists M = M, > 1, which is only depending on €,
such that for all £ € Nand 0 < ¢/T! <t/ <t and v € R?,

8(tl+l 0 Xf-i—l 041 {+1 )
s Uy

g . lex1? Vleyr? Vileqa
A 7 T ol ol
ot ’O’Xlle’VLe’Vlle)
00 0 0 0 0 0
010 1 +Mr€+1 Mrf-{-l |M ‘Mrf-i-l |Mr€+l
<lo0]0 Mrttt 1+ Myttt % ﬁr“l Wr“l (138)
010 M|r™hH?2 M| )2 |1+ M1 MEH)?2  M(x*F)?
010 Mlorttt M|v|rtt? M 1+ Mt Mttt
L 0|0 Mlu[rtt! M|v|rtt? M Mrt 14 Mttt
_ J(rEJrl)
——

Definition of J(rft1)

Note this bound holds for both Type I and Type II in (I25). We split the proof for each Type:

Proof of (I38) when R* < v/§ and R**! < /5: Note that p’—spherical coordinate is well-defined
of all 7 € [t*+1,#*]. Due to the chart changing

0+1 041 0+l et 0+1 041 01 041
ot ’O’XHHNVJ-HNVHHI) = { L | O ] i 707X”’-’ ViV, )
‘ 7 L 7 - ‘ —I ‘ 7 L 7
o(t ’O7XHZ7VJ-E’VHZ) 06,1 V(I)P'Z Vopen ot ’O7XHZ7VJ-E7VHZ)

e
Note that
|pé _ p€+1| < |Z€ _ Z€+1| + |ué _ u€+1|
S |Z€ _x€| + |$é _x€+1| + |Z€+1 —$é+l|
N p ot — (Ué . n(zé))n it — (,Ué-i—l -n(zg""l))n(zé"'l)
ut —
o — (o n(z))n T — (0P (D)) n (04|
LIVl VT Jollzf — 2]+ foljet Tt — 2
vt = (v - n(z%))n(z9)]

) -

Sg I‘é.

where we have used rf < Cv/d(therefore[v? — (v* - n(29))n(z%)| = (1 — v/9)|v|) and (I26) and (G3).
From (II7)

1 013 013
1 0 0
1| 016 Fo+1 e Cg’r“l Cr“j 0.3
= J, < 0 Crttl 14 Crftt
06,1 | VO VPyess 5 5 5 : 5 5
0310 Cr'fljy]  Crftlpy] |0 1+Crt Crttt
i 0 Crl| Crfll |0 Crfft 14Ot
< J(Crth.
Therefore in order to show (I38) it suffices to show that J; ™ is bounded as (I38):
Jit < J@Etth. (139)

In the proof of the claim ([[39), we fix the p’—spherical coordinate and drop the index ¢ for the
chart.
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The t**! is determined through

0=vi@" - / / F1(Xa(7), Va(r))drds. (140)
tl+1
Now we use
s tt
vﬁ_“ = — lim {VL —|—/ FL(Xcl(T),VCI(T))dT} = —vﬂ —I—/ F (Xe(7), Va(r))dr,
sltt+1 2 041

and [t¢ — 1] <¢ 4 mln{‘ e 71} and (I33) to have 2 =1 and

at’»’

ot o
— = Xea(7), Ve drd
3Xﬁ é—i—l /[ . 8XH Fi(Xa(r) 1(7))drds

|t€ | |’U€|2|té té+1|2
N “Tlvél [1 4 [0 |t" — £ < W Set |

ovh vej 1

tf
{1 + |v6||t6 _ tl+1|}|

t@+1

/ %FL(XCI(T), Vc1(7)>d7'd$}

e OVY
t5+1| |tf tl+1| 1

A

|e+1| ~Et |é+1| 55¢W7

6t€+1 / |U€||t€ _ té+1|2 |V€+1|
= = Xa(7), Ve (7))drds < ————— <
Ove g+1 e ), ( cl( ) Cl( )) |Vﬁ_+1| &t T o |v|2

Cl.

Oxlt1 Vﬁ-i-l s (o1

Il
——F—=1d cl V. drd
I’ 2,2+Vz+1 /tf y 8x F1 (Xa(7), Va(r))dr 5+/

¢ ¢ ax

F” (Xcl( ) VCI(T))deS

o] v
§Id22+(1+ e+1|)|t“1 20" < Idgo + |¢|
HH1 e o
= Xa(7),Val(r des}v
{ V +1 €+1/t 1 aVJ_ l( 1( ) 1( )) I
t2+1

+ [ [ o AXaln), Va(n)irds
e tt VL

v
| €+1|

[y

Sl = el el e <

| €+1| U|
Oxt1 é+1 o1

Il _ (041 Z
t XC T), VC T d7d
9 ﬁ —( €+1 /[ y 9 i ( 1( ) 1( )) S

t@+1

//f ) 3VH Fi(Xa(7), Va(r))drds

y4
Sltl t6+1|+(1+ | | )|tf_tl+1|2|vll[1+|,UE||tE_tE+1H

| Z+1|
1 41
< — | & (1 " |z+|1 >|té _ Rt < - v
v ol vl
Since v = —lim, 441 v (s) and

vi(s) = FiL(Xa(s;th, x5, v, Va(s;th, x, vh) = FiL(Xa(s; 7 x v Vg (st x
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we have

0= E+1 t@-i—l / / FJ_ cl Tt £+1 X 1 f+1),Vcl(T;t€+1,X€+1 é+l))d7’d8
t2+1 tl+l

From

T

F (Xa(T; tl,xe,vl),Vcl(T; tl,xl,vl)) = Fl(xl,vl) —I—/ gFL(XCI(T; tl,xl,vl),Vcl(T; ¢, x!, Ve))d’?',
¢ T

4+1 41 0+1 +1 0+1
FL(XCI(T;t+ 7X+ 7V+ )7Vcl(7—;t+ 5X+

= Fl(x”l,vl) —|—/ 2FL(XCI(T;tl,xl,vl),Vc1(7';te,xe,ve))d7',

te+1 67‘

Vé-i—l))

3
T

we have
FL(Xcl(T;té,Xé, Vé),Vcl(T; tg,xg,vg)) = FL(XZ"H,VZ) + 05(1)|té+1 - t€||vé|3.
Therefore
0= v — ) 4 %(te 2R (x5 V) 1 Og(D)]EE — 1P,

so that
(tf _ t“l)FL(x”l, VE) _ 2Vi+1 + 05(1)“2 _ tl+1|2|’ul|3. (141)

Using ([[41)), we can find an extra cancellation in terms of order of t* — ¢/ to get

{41
ovit —0
ot
8Vﬁ+l £+1 tt 9
= V. drd —F (Xc , Ve d
3Xﬁ £+1 /te+1/ Ixl ” Xel(7), Var(7))drds + . 3xﬁ ' (Xei(7), Va(r))dr
(t —t“l)FL( k“,vl) ¢ a1y O y
= { e +1}(t —t )@FL(X )
o) C_ 12103 4 8 — PP e ’
+ Og (D) 7 = 7] + Vo |a L (x", v
||
t@ _ tf-‘rl 21,,£13 tf t@-‘rl 02
Se { —1+O£(1)% + 1}|t€ _t€+1||vé|2 + |t€ —té+1|2|vf|3{1+ | | é+1|||U | }
Vi
£ 142
S& |té _t€+1|2lvé|3 (1 + %) 5 |t€ _té-‘rl|2|vf|37
v
|VE+1|2
<
~&,t |’UZ| ’
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F (X (1), Vea(r))drds

lim iFL(Xcl(T)a Vcl(T))’ + [t - t‘f+1|2|vf|2}

Fi(Xa(7), Va(r))dr

7), Ve (7))drds

ovit ot ‘9
=—1- FL(x" v + —F, (Xa(7),Va(r))d
3Vﬂ_ avf_ LTV o1 3vﬂ_ L (Xea(7), Ver(7))dr
£4+1
. Fy(x+1, v (tl - tl+1) X1 /t
Vﬁ+1 E+1 tt 8VJ_
tﬁ
+ —ZFL(Xcl(T),VCI(T))dT
p+1 OV
|t€ _ t£+1|2|v6|3
=—14+2+01) wEs
1
FL( £+1 VE) (tl _ t£+1)2 o
— 5 {Eﬁ% T FL(XCI(T%VCI(T))+Og(1)|tz—tl+1||ve|2}
vy
0
(=t {lim o2 Py (Xa(r), Va(n) + Ol — 1o}
s Vi
tf _ thrl 3 tl _ thrl 3
:1+05(1){| or Ly By 157
Vi Vi sttt OV
¢ £ 414,012
v tt—1t v
51+|t€_t€+1|2|vf|2{1+ |g+|1 +| €+1|| | }
Vi v
Vi
e LT
3Vi+1 ~F)(x e+1 t 1 9
= V drds — —
6Vﬁ £+1 ‘/tul/ (9V ( ) CI(T)) Tas e+ 8Vﬁ
(t té+1)FJ_( {41 V) i b .
= +1} — L F (&,
{ —2vﬁjrl ( )8vﬁ LV
F l+1 £ tl _ thrl
U C e 1)
i
tf _ tlJrl ,Uf 2 Vé"rl 2
55 |tf _t6+1|2|v6|2{1+ | €+1|| | } 55715 | : 2| ,
Vi vt
8V5+1
[
ott 7
3Vﬁ+1 FH X!+, e+t
Ve drd
= YA 7 L (Xa () Va ()i
Y 1 — £ o2
[ o FiXa(), Vam)dr i - et {re LY
te 8X |VJ_ |
Se |t - t“lllvq? et VT,
avﬁ+1 _(te_tlJrl)FH(lerl vt F”( x+1, v s P
= ’ —F XC
vt Ve Vi /t o Bt Tl
t2+1 6
+/ — B (Xea(7), Ve (7))dr
tl avl
|v£| |Vé+l| |V€+1|
Sft (1+ /+1 )mn{|ve|7 |’jg| }SE,t 1+ | |
v
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tl+1

=1Ids s + F (Xa(7), Val(r))drds

(’“)vH ’ ”1
t@+1

+ —F(Xa(r), Va(r))dr
[, FerFiexatm.va

< L 41,0 o[t — ¢4
Seldop + |t —t ”UHHW}

L+1
v, F(x"'v") /

t 6V

€+1|
Set Idoo + —5— Tl

These estimates prove the claim (I39).
Proof of {I38) for either v’ > /5 or v'*t1 > /§5: Without loss of generality we assume rf > C'v/§
in ([27). Recall that we chose a p’—spherical coordinate as p’ = (z¢, w’) with [2¢ — 2¢| < v/§ and
any w’ € §? with n(z%) - w* = 0.
Fix £. Let Ay, Ay > 0 such that [v]|A; < 1 and |v][t“F! — (£ — A} — Ag)| < 1 so that
st=tr— Ay, sTl=s"—Ay=t' —A; — Ay,

satisfying [v|[t/T! — s = ||t — (t* — A1 — Ag)| < 1 and |v][t’ — s¢| = [v]|]A1] < 1 so that
the spherical coordinates are well-defined for s € [t"!, sT1] and s € [s%,#]. Notice that

ottt _ 8(Se+1 + A1+ Ay —tb(xe,vl)) _1 Ostt! _ 8(52 —Ay) 1 8_52 _ 8(# —Ay) _1
Osttl Osttl T 0st Ost Toott ott '
By the chain rule,
041 41 0+1 041
6(t 0, X||e+1 Vi ||e+1)
£ £
B(tf,O,x”e,vu vi,)
041 041 A+1 041
— 6(t 0, Xy Vie+1’v|\z+1) d(s o , X “1(5“_1) “1( K-H))
O () (5 )V (5 ) v ) D0, (57, V(57 1)
8(5€+17Xcl(5€+1)7‘/cl(sé—i_l)) 6(367Xcl(36)uvcl(5€)) 6(8é xJ—tz( ) XH[(Sé) VJ-Z( ) V||e(86))
8(S£7Xc1(52)7‘/01(5e)) 8(S£7Xp£(8e)avpe(sl)) 6(t 707Xﬁeuvﬁeuvﬁ£) '

Recall (I34) to have
1 | 0se(Wpyp | Ose(M)

[v]

2+1 AR RS AR
ottt OX|| V1 sV ) 0 0:3 0,3

O(s2,x1 (52),%x(52),vL(s2),v(s2)) ~E 021 | Ose(1) 05,5(1
03,1 | Ose(L)|v] | Ose(1)

From (I37)
1 01,3 013

)

J(s2, Xc1(52), Ver(s2)) < |0a T 01 055 |,
6(827Xcl(82)7vcl(82)) 031 05(1)|U| Og(l)

and from s = 51 — Ao, Xeci(s2) = Xei(s1) — (s2 — s1)Ver(s1), Ver(s2) = Vai(s2),

1 01,3 01,3
Olsz, Xals), Va(sz)) 031 Idss [s1—s2(ldss |,

(1, Xa(s1). Vals) ~* | o0 0”7 g

and from (I20)
1 01,3 013

Se| 051 Oc(1) 035 |,
st Xals), Valsn) ~ | o7 7 o)




Recall (I32) to have

1 0 0 0
O(s1,x1 (s1),x)(s1), vL(s1),vy(s 1,2 1,3
= L(azzz o”( el) eL(él)) 1(e) Se | 031 [0 Oc(1) | Oc()]t" — s
X VLV 0510 O(D)]o] O¢(1)
By direct matrix multiplication
CH1 0 O+1 041 ! 0 ﬁ ﬁ
£41 + + +
O 0 Xy Via Vi) See | oo o 12|
‘ 0 S0 ol INTR: 1
ot ,O,XHE,VLZ,V”E) 021027 1 To]
03_]1 03_]1 |’U| 1

Note that for Type II we have r'*! > /4§ so that from (I38)

1] o g 21 min{1,/5}
0 0 0 0
01y > 1,2 1,3 N
J(I‘ ) ~ 0271 02)1 M\/g % min{l, \/S} ~otg
031 | 031 Mlv|min{6,v/s} | M min{s, 3}

This proves our claim (I38)) for Type II.
Step 5. Figenvalues and diagonalization of of (I138)

3(té+l 0 XE+1 VE+1 Vz+1
P M1 T Leg? Ve

)

A L ¥ ¥
a(t*, 0, X[, Vi, VH[)

By a basic linear algebra(row and column operations), the characteristic polynomial of (I38)

equals, with r = rft1,

[1-X 0 |7M\r %r %
0 - 0 0 0
0 0 1+Mr—2A\ Mr %
det 0 0 Mr 1+ Mr— X ol
0 0 M|v|r? M|v|r? 14+ Mr—\
0 0 M|v|r M|v|r M 1+
| 0 0 M|v|r M|v|r M
= -2\ —=1)°A = (14 5Mr)].
Therefore eigenvalues are
MN=0 M=X=M=M=X=1
£4+1 |Vej1
Corresponding eigenvectors are
0 1 0 0 0 0
1 0 0 0 0 0
0 0 1 1 1 1
o1, 0f{,| -1, 0 , 0 , 0
0 0 0 —|v|r 0 0
0 0 0 0 —|v] 0
0 0 0 0 0 —|v|
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S

[k Dk
0 0
He i
ot Tol*
Mr? Mr?
Mr — X\ Mr
Mr 1+ Mr— X ]
(141)
1
0
|v]
Y
v[?r
|v]?
|v]?



Write P = P(r*

~—

as a block matrix of above column eigenvectors. Then

0010 0 0 0 1 ] ?é o o000
1 0 0 0 0 0 0 Blo]  B[v]  5Pr B2 5[v[?
0o o 4% —4 1 1 1
0 0 1 1 1 1 ] 5 : o BT Bl
P=|0 0 -1 0 0 0 |’U2| ,P1=10 0 ? ? 5‘_11,“ WZ‘ @
0 0 0 —|’U|I‘ 0 0 |1)| 21‘ 0 0 5 5 5lulr 5o 5o
0 0 O 0 —lv] 0 |v] 0 0 % % 5‘11)“ ﬁ ﬁ
0 0 O 0 0 = |? 0 0 -L L 1 1 1
- - L 5lv]  Blv]  B[v|?r  5lv[2  5v]|? J
(142)
Therefore
J(r) = P(r)A(r)P(r),,
and
Afr) = diag[O, 1,1,1,1,1,1+ 5Mr},
where the notation diaglai,--- ,an] is & m x m—matrix with a;; = a; and a;; = 0 for all ¢ # j.
Step 6. The i—th intermediate group
We claim that, for : =1,2,---, [“_L—SEHUI],
0; Lit1 Lit1 Lit1 Li+1 £;+1 £i+1 £i+1
. - a(th+1,0, x” SV a(th 10, X, +1 VI ”QH)
Jéw+1 1 Koo X Jé; = Y4 1 i+1— 1 f i+1— 1 é'+1—1 Koo X 0, é é
a(t w0, XHIZ llz+1 1’ V||Ei+1*1) 8(t 1’07 XHQ ’ VL% ’ V”@i)

< 7><n><A<ri>>%7>‘1<ri>' (143)
143

[v|[thi — thi+1] < C1 < 400 for all i. By the Velocity

IN

By the definition of the group, L¢
lemma(Lemma [T),

4 +1 Liv1—1 £i+1 4;
Qtie_%clréi < plitt = | | Vi plinl = V¢|7||’ plitl = |V|j| |7 _ |‘|’L;| < @ eSOl
1 v v v v
and define
P = Q:162CII‘
Then we have )
(@ )2 e_cclri S I‘j S r; for all €i+1 Sj S 61 (144)
1

From (I3]), we have a uniform bound for all £;11 < j < ¥;
T < J(r:) = Pra) Ar) P~ (xy).
Therefore
Ttk < T < P A @) TP (),
Now we only left to prove |11 — 4] Sq ri For any /;11 < j < /;, we have {(27) = 0 =
(@It = £(29 — (7 — 91 )wd). We expand &(z7 — (#7 — t7F1)v7) in time to have

it

) =€)+ [ %wd(s»ds
tJ+1 2
=€)+ Ve =)+ [ [ eatr)aras,
(t t]+1

0= v/ V&) — 1) + 5 (v - V2(Xa(re)) -v7), for some 7, € [tFT1 7],

and therefore

v - VE(aT) (4 i1y v VEE(Xa(r)) o
T = (t/ - e )|v] 2|2 ’
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From the convexity, there exists Cy > 1

iltj _tj+1||,U| < |I‘j| _ |Vi| _ |vj ) V{(m3)|
sy -

- < Colt! — 71 |u]. (145)
] |v]

Therefore we have a lower bound of |v|[t/ — t/*1|: |||t/ —t/+1| > Ci2|rj| > me_cclri, where

we have used ([44). Finally, using the definition of one group(1 < |v|[ti — t*+1| < C}), we have
the following upper bound of the number of bounces in this one group(i—th intermediate group)
o] [tt — thit1] o 1

1 —cC Se T
e ir; r;

1 — ligr] < — I
C ming, <j<e,q [ =0T T e

and this complete our claim (I43).

Step 7. Whole intermediate groups
We claim that, there exists C5 > 0 such that

[\f*LSHv\]
¢
£ i —s||v —
I 7> < i < () P (i )P () (146)
=1 3
From the one group estimate (I43)),
(=)
[T 7oy = xait
i=1

Ce¢
rot—s||v
< ,P(r[\tszv\])(A(r[\tfs“u\])) [ Le : P_l(r[\tfs\\v\]) X P(I‘[\Fsuu\]_l)
Lg Le Le Le

Ce
r[ t=slloly_, 1
Le P (I‘[\Fs\m]il)x
Lg

C

X oo ><7’(ri+1)(/\(ri+1))% P (ri41) x Pr)(A(r) ™ P (r) x Plrioa)
—_——

C CE

S Se
X oewe XP(I‘Q)(A(I‘Q)) r2 P 1(1‘2) X P(rl)(A(rl)) r1 P 1(1‘1).
—— —_———
Now we focus on the underbraced terms.
Note that
(1 0 0 0 0 0 0 i
001 0 —Jma g o
5]v] 5
71‘."1' 71+rf'i
0 0 1 tL 0 0 |y =
1 144 -
P (I‘Z‘Jrl)P(I'i) = 0 0 O il 0 0 4|’U| 51+1
—t —14
0 0O ;“ 1 0 v =
—5 I+
0 0O e (G 5"“
(000 1;;{1 00 ‘;il ]
Due to the choice of r; = €1e2C1rl in (I24) we have rlzl rﬁ% < C¢, where we have

. 1 —L0 4 1 b _glivr)_p. 0.
used the Velocity lemma and (G5) and (G6): e 2“'r%+ < e 2 lpbitn < b <
Cresti—titipliv < @ o5 Crpbita,
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Therefore for sufficiently large C¢ > 0, for all 4

100 0 0O 0
010 500 C
0 0 1 Cg 0 0 Cg|v|
Qit1,<Q:=[0 0 0 C¢ 0 0 C¢lv| (147)
0 0 0 Cg 1 0 Cgl’l)l
0 0 0 Cg 0 1 Cgl’l)l
000 500 Ce
Again we diagonalize Q as
Q=FAF~!
Lo 0 0 o o 0 rioo0 0 o0 o0 o
01 0 0 0 zécil 1 o 10 %m 0 0 2C§CE1
o o o o o zcg\u\ 1 0 0o 0 1 2;;51 0 o ;gj‘j’l‘
2Cy—1
=]o0 o 00—l |ol b 000 0 gt 1 0 i
2C¢ |v| 2Ce-1 20,1
0 0 0 0 e 0 - 0 0 o 22e o 1 ZSel
gczm 2C 20 -1 20, —1
00 0 0 1 0 30T ¢ 0o 0 o0 5ol 0 o0 5
0 0 0o 1 1 Lo o o T 0 o L
and directly
[t=slv] Lt=sllv]
Q[L—ﬁ] A[ Te | p-1
le—sllv]
—fdlag[l,l,l,l,lO@Cg)[ e ]} F
[1 0 0 0 0 0 0 i
[\f sllv \] [\f SH \]
0 1 0 ‘1|QC§ 1((205)‘ is‘ —-1) 0 0 chl(@c) ‘ H‘—l)
t—s ‘U] t—s ]
00 1z = 0 0 plgsect T -y | ()
(oo’ Te (209 e
ol 2\ Llvl 00 ol 2\ Llvl
t—s ‘U] t—s ‘U]
0 00 205 1((205)‘ LH\ 1) 10 |v|20 _1((2CE> L\E‘H _1)
00 0 525200 7 =1 0 1 lgds (200t T 1
[\tfl:sHu\] [\t LSH \]
00 0 ITH@CE)% 00 (205)%

Finally we can perform the matrix multiplication with special grouping as, with notation ¢ :=
t— s,

[\f*LSHv\]
3
IT 7oy <<t
=1
Ce Ce
r ﬂﬂ] r[m]71
< P ) [ )| P Qe o (A )] T T Qi sy X
e L L -1 [‘—;1—1 -1 -2
Ce¢ _Ce
X oo X Qivoit {A(riﬁ-l)} Qi i(A(r z)) Qu 1[ (ri—l)} TTNQ e %
Ce¢ Ce¢

- %X Q39 [A(m)} B Q21 [A(rl)} Tfp_l(rl)-
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Now we use ([[43]) and take the absolute value of the entries and then use (I47) and (I48)

Ce Ce
— r tlv| T il _
< Plrpi ) (L4 5Mr ) 76 QLA+ BMr ) T Qx-
Le Le Le
% Ce %
X e X Q(l =+ 5MI‘1'+1)”+1 Q(l =+ 5MI‘1) ri Q(l =+ 5MI‘1',1)”*1 Q X oeee
C C —~—
%% Q(1+ 5Mrz) ¥ Q(1 + 5Mr1) ™ P—1(r1)
[ )
Ce T A T
< ] A +5Mry) e X Plre )Q e P (r1)
i=1 be
S 1= I ) _
< [ sup (14+5Mr)~ X P(r[M])]—"A L Foip—1(ry),
0<r<1 L¢

where adopted a notation: For a matrix A, the entries of a matrix A is an absolute value of the
entries of A, i.e. (A)i; = [(A)s]-
Now we use the explicit form of (48] to bound

(1 0 (Co! (co! ™ 4 (Co! (Co!
[v] [v] [v[  r] [v]?
0 1 0 0 0 0
v tlv (o 1 (ce)™! (Ce)'l
0 0 (Ce)tlv! (Ce)tlv! TTLHM \ETLH N
P f|v i|v G 1 (ks (Ce)t”
< Ol | 0 0 (Ce)'”! (Ce)'”! o il B i
- [M] ~
00| [o](Ce) ez [0l(Ce) ™ rpapy| | (Ce)™ | CoM eyl (Co)M e |
3 I3 3 I3
0 0| [of(Co)™ [o](Ce)™ (Co™ iy (Ce)™! (Ce)'
L0 0] [ul(Ce)t 0] (Ce )" (Ce)l"l (Ce)'l”! (Ce)*
1 1 1
L0 (v | e
0 1 01,2 0 01,2
T T
< oClt=sllvl | 02,1 02 O¢(1) ] ‘71| : (149)
0 0 | v Ocl1 ok
021 021 | v Vi O¢(1) .

where we have used ([45) and the Velocity lemma(Lemma[I) and (63), (66) and r; = €12t <

. rJt=sllvl (Lezsllvl [7“7;&”1"]
<
eClt=sllvl Vil 414 Le  _x ¢ v, 1 | < @ eslvllt=s,
[o] r1 r [vil

Step 8. Intermediate summary for the matrix method and the final estimate for Type 11
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Recall from (I30) and ([I32)), (I49), (134),

8(86* s Xé* (Sl*)u VZ* (Sl*)) _ 8(52* y X1, (Se*)v X||e. (Sl*)a Vi, (Se*)v Ve, (Se*))
8(517X1(51)5V1(51)) 8(517Xl1(51)7x|\1(Sl)vvll (Sl)aV”l(Sl))
o a(sé*vxl-e*( é*) Xl\z*( é*)vvJ-tz* (Sz*)vvﬂe* (Sé*))
- £ -
o, 0,xj; v, v )
[h&] 4; Lit1 Lit1 Lit1 £;+1 L+l li+1 i+1
y 3 8(t +1.0, x” o VJ_,ZHIv Hli+1) .. a(f ,0, thz 0 Vil ”Q+1)
2 1 lig1— 1 lig1—1 ligt1—1 £; £; £y
1 O(thm—10, X EDATE ||ei+1—1) ot ,O,XHQ,VJ_Q,V”Q)
1 1 1
y ot ,O,XHI,VLI,VHI)
8(51,xl1 (Sl)vxﬂl(Sl)aVLl(Sl)avm(Sl))
< [@32) x ([I49) x [@34).
Then directly we bound
< (m) % CC|t—s||’u\
r 1 v] 1 1 1 o] 1_ 41 12 1 [s'—t'] 7
| potpipti=sl ptprptls 1) g+l pr+ g
0 0 02 0 01,2
x| 021 | il + ity lellst — 2 1+||vv1‘|2 pi st -t ol :
[v] 1 [vi]
0 ‘51 ‘ + |v] |VL| + v 1 \ULI
_02,1 |\|,‘|2+| 1|—|—|’U| |51_t1| | |+|v E ‘V1|+|v||51_t1| 1 |
(150)

where we have used the Velocity lemma(Lemmal[ll) and (I45]), (63), (©6) and

[o||t! —st| < min{|v|(tp (2, v)+tw(z, —v)), (t—5)|v]} <a mln{|

Again we use the Velocity lemma (Lemma[Il) and (I45]) , (63), (66]) and

1] , (t=9)|v|} <q CClt=sllv Imln{| il

o

. 1
olle — s e =2+ Je = sllol) o min L e = slll) S0 090 ming 1y,
v v
and v (s%)| < 1| to have, from (I50)
0 0173 0 01,2
1 [v] 1 L
Vil O+ g o
8(se*,Xg* (Sl*)avl* (Sl*)) < CC|tfs||v\ |’U| |Jﬁj|2 + |\I,’U1L‘| +1 |51 - t1| + |tl* — st + ‘VIT ﬁ
a(sl,Xl(Sl),Vl(sl)) ~
v v 2 v
i | i + 2 + 1ol O(1) + rii O¢(1)
(151)
Note that |s' — 1] < |  and [th —th| <S¢ oy
We consider the following case:
There exists £ € [(.(s;t,2,v),0] such that r’ > V/3. (152)

Therefore £ is Type I in (I25)). Equivalently 7 € [t*+1,¢] for some ¢, < ¢ < 0 and |((Xa(7;t, 2,v))| >
C4. By the Velocity lemma(Lemma [T]), for all 1 < ¢ < £.(s;t, z,v),

o~ Celvl(t=5) /5.

Vil o

]

r] = e Gl =l 2

7

X7



Especially, for all 1 <i < £,(s;t,x,v),

1 Celo|(t—s)
K| 2 e Cellt=a g, Lo |?i| < e
el vy Vo
Note that
t—
Lo(syt,x,v) S maxM <5 CCIVIIE=sl
Therefore in the case of (I52), from ([IE1)),
9(s™, X, ("), Ve, (5™))
a(sl,Xl(Sl),Vl(sl))
0 0 01,2 0 012 |
T T T T T
il 141—%1 IT 2y " [
< o9l || 1+5+ 5 45+% | v W
|v]? |’U|(1+%+%) |v|(1+%+%) 1+% 1
0 | 013|013
< oCio= [T 1 [ 2|,
] Il | 1
and using (I31)) and (I36])
(s, Xar(s;t, x,v), Va(s; t, z,v))
o(t,z,v)

[0 | 013|013 ] 1 1 1 1 1
<se COWIE=9) A(s, Xeai(s), Var(s)) IR (st x o (sh),x)(s1), vi(sh),vy(sh))
T L. ‘. L. [v]

(s, Xea1(s4), Val(st)) RORE ] a(t,x,v)
0 03 01,3 0 013 013 1 013 013
Soe CClIt=s) 1 |y 1 |s* — s [v] 1 \Tl| 031 1 |t—s!
031 [0] 1 L[> ol 1 031 ol 1
[ 0 013 013
Spe COPIED | ol 1L
L o ol 1
(153)
Now we only need to consider the remainder case of (I52), i.e.
For all £ € [(,(s;t,x,v),0], we have r;, < V3. (154)

Note that in this case the moving frame(p’—spherical coordinate) is well-defined for all 7 € [s, #].
In next two step we use the ODE method to refine the submatrix of (I51)):

Axy,, (s),v),. (s%))
A(x1, (1), x), (1), v, (s1), vy, (1)

Step 8. ODE method within the time scale |t — s||v| ~ Lg¢
Recall the end points(time) of intermediate groups from ([I28)):

' Cle=siloF1 Ljemsiiol) £ je=silol) , F1 0 ’ 1 L
s<th <t Te <t Te <t Te <ottt st it ht gl o)
~—_———— —_———  ~—\—
[\t*;HU\]Jrl [\t*LSHv\] i 2 1
€ €
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where the underbraced numbering indicates the index of the intermediate group. We further
choose points independently on (¢, x,v) for alli =1,2,--- | [‘t*L—S&H”l] :

thtl « g2 < b
thetl <« g3 < ¢l

thtl < gt < th < < thiitl <ol < i

i—intermediate group

Z[\t—s\\v\]"l‘l é[\tfs\\u\]"l‘l 14
o te <s le <t

t—s|lv]
7

We claim the following estimate at s*t! via s’

ox, (s axy, (s7Hh)
| ijl(sl) | | Bxull(sl) |
Bvulb(sl*l) BVHZF(SHFI)
| ijl(sl) | | Bx“ll(sl) |

axuei (Sl) wai (SI

)
1 ) 1
o[ Lo | el el e [ L " L
S T O AT T ol ol 1| l(1 ) () |
sT)

|6xLl(sl)| |6xH1( [vi vl
|alei (Sz’+1)| |8lei (Si+1)|
Ble(sl) Bvul(sl)
Bvulb(sl*l) BVHZF(SHFI)
| v, (sh) | | v, (s1) |

8X‘|e_(5i) axH[.(SI)
1 ) i 1
<s 1 Tol |6VL1(51,) | vy, (sh) | + eC‘UHt—S"\ 1 Tol
~0,€ |U| 1 8V”ei (Sl) BVH[,L» (SI) |'U| 1
|6vL1(51)| |6vH1(51) |

_ O
i)
—_

(155)

Within the i—th intermediate group, we fix p* —spherical coordinate in Step 8. For the sake of
simplicity we drop the index /¢;.
Denote, from ([I16]),
By, x), v, vy) o= D, x), vy)) + B(x, x), vy v, (156)

3_vector-valued function and E is a 3 x 3 matrix-valued function:

(_1)1'-1—1
n(x)) - (O1n(x)) x Oan(x))
X {V” . Vzn(XH) VH — XLVH . V2H(XH) V”} . (—n(x”) X 81'+177(X||)),

where D isar

D(x1,x),v|) ZZGij(XJ_axll)_

and
(_1)i+1
E(XJJX)V): Gi'(XJJX)
> Z ! 1 =n(x)) - (Oun(x)) x Pan(x))
where G(-,-) is smooth bounded function defined in (I22]) and we used the notational convention
i =1 mod 2.
From Lemma [I3] we take the time integration of (I14)) along the characteristics to have

X”(Si-i-l) _ X” (Sl) _/

sit

QVLV” . VH(X”) . (—n(x”) X 8i+177(x”)).

Si

V|| (T)dT,

V||(3i+1) =V (51) _ /j+1 {E(XJ_(T),XH(T),VH(T))VJ_(T) + D(XJ_(T),XH(T),VH(T))} dr.
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Note that v (7) is not continuous with respect to the time 7. Using (I14) we rewrite this time
integration as

/ E(x.(7), x (), v 1))V (7)dr = / 5 / /

then we use v (1) = %, (7) and the integration by parts to have

st £i—1+1
/[ N E(xy(7),x) (1), v(7))x1(7)dT + Z / E(x1(1),x)(7),v)(7))x1(7)dT
tli-1 ptp S

+ /Zerl E(XL(T),X” (T),V” (T)))'(L(T)dT

7

= E(SZ)XL(SZ) — E(tgi*lJrl)Xl(tli*lJrl) — /ts [VL(T),V” (T),F” (7’)] . VE(T)XL(T)dT

%ﬁ/—/o £i_1+1

£i—1+1 "
Zx €+1X £+1\ vi(T), vy(T ) - Ax 1 (P)dr
+e;_1{ ¢ \—L:/O—l B )\i(:t,o_l /tm[ (), vy (7), Fy(1)] - VE(T)x 1 (1)d }

+ E(tY) x, (t%) —E(s")x (s — /i+1 [vi(r),v) (), F(1)] - VE(T)xL(7)dT
= E(x1,x), v)(s")xL(s") — B(s)x 1 (s7) — / [va(m),vi(m), Fy(m)] - VE()x L (r)dr,
where we have used the fact Xq(t¢) € 0€Q(therefore x| (tY) = 0) and the notation E(7) =

E(x (1), x)(7), v (7)), D(1) = D(x1(7),x)(7), v (7)), F(7) = F(xL(7),x(7),vL(r),v)(7))
Overall we have

Si

X”(SiJrl) = X”(Si) — / VH(T)dT,

vi(sTh) = vy (s) = B(s)x(s) + B(s)x L (s77) (157)
- + [vi(m),vy (7). Fy(7)] - VE(7)x 1 (7)dT — + D(r)dr.

Denote
[ 0 0 0 0 ]
Ox (s1) Ox(st)  Ovo(st) Ovy(st)”

We claim that, in a sense of distribution on (s',x (s),x)(s*), v (s'),v|(s)) € [0,00) x (0, C¢) x
(0,27] x (6,7 — ) x R x R,

[8)@(5”1; 1,X(51),v(sl)) ax”(s”l' sl,x(sl),v(sl)), 8v|‘(si+1; sl,x(sl),v(sl))]
= Z 1 [te+1 te [aXJ_, 6X||,(9V||}

0= [axL(sl)a axH(sl)a BVJ_(SI)J avH (51)] =

8[VJ_ (st st x(sh), v(s'))x L (s st x(s1), v(sh))] = Z Lppern oy (s {Ovixy +viox. ],
(158)

i.e. the distributional derivatives of [x,x), V)] and v x| equal the piecewise derivatives. Let
(7' x L, x),vL,v)) € C2([0,00) x (0,C¢) x S* x R x R?). Therefore ¢ = 0 when x; < 4. For
x| > 0 we use the proof of Lemma I3 For x = n(x)) + x1 [-n(x))],

Ixi| Se &) = EM(x)) +xL[-n(x))]) Se [xL],
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and therefore £(z) Z¢ § and a(z,v) Z¢ |€(z)||v]* Z¢ |v]?6. Since we are considering the case

t—s > tp(z,v), from |v|tp(z,v) Z x1 > & we have |[v]| Z¢ % and finally we obtain the lower
3

bound a(x,v) Z¢ \ti—s\z > 0. By the Velocity lemma, for (z,v) € supp(¢)

1, 53
—Clvl|t'—t ‘O&(.I,’U) 25 670\v|(t75) >£,\t—s\,5,¢ 1> 0,

a(zf,v’) Ze e R

where we used the fact that ¢ vanishes away from a compact subset supp(¢). Therefore t¢(¢, z,v) =
te(t,xL,x”,vL,v”) is smooth with respect to x,,x),vy,v) locally on supp(¢) and therefore
M = {(7',x,v) € supp(¢) : 7" = t*(t,x,v)} is a smooth manifold.

It suffices to consider the case 7/ ~ t*(t,x,v). Denote 9 = [Ox, 5 Ox 13 Ox 5sOv s Oy 15 Oy ]
and naq = e; to have

/ [Oex 1 (:t,%,V), 0ex (T'5 1, %, V), Dev|| (T £, %, V)] p(7', %, v)dxdvd7r’
{(7’,x,v)€supp(¢) }

T/ <tt T/ >t

:/ ( lim [x, (77), X|| (), v (7] = lim [x (7), x| (), V| (7’/)])(}5(7’/, x,v){e - na pdxdv
M

T’Ttl .,./Ue

—/{ " )}[XJ_(T/),X” (7"), v (T")]0ep(r’, %, v)d7' dvdx
T/ £t (t,x,v

- /{ - >}[XL(T/)’X” (7)), v (7)) 0ed (7', x, v)dr' dvdx,
T' £t (t,x, v

where we used the continuity of [x, (7';t,x,v),x(7";t,x,v), v|(7';t,%,V)] in terms of 7" near
th(t, x, v).

Note that v (7';¢,x,v) is discontinuous around 7/ ~ t*.(lim,/ e vy (/) = — limqpe v (77))
However with crucial x, (7/)—multiplication we have x, (t*)v, (t/) = 0 and therefore

/ e|x1 (75, %, v)v L (T/5t, %, V)]p(7, %, v)dxdvdr’
{(7",x,v)€supp(¢)}

TI<tt TI>tt

:/ ( lim [x (7")v, (7")] — lim [x  (7/)v. (T/)])¢(TI, x,v){e na tdxdv
M

T'Ttl T/\Lte

— / [x1L (T v (7)) ed(T, x, v)dT' dvdx
{r/#tt(t,x,v)}

- _ / ) [x. (7' t,%x, V)V (T/5t,%,V)]0e (7', x, v)d7' dvdx.
{r/#t4(t,x,v)}
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We apply ([I58) to (I51)

BX” (SH_I aX” / BV”

8V||(Si+1) = 8E( Zle)XL( Z+1) + E( Z+1)8Xl(5i+l) + 8V|‘(Si+1) — a[E(XL,X”,V”)XL](Sile)

[ v B () + 9v(r) - Y Bl ()

n / ) {[axL(T)aME(T) + 0% (7) - Ve, B(T) + 0v) (7) vv”E(T)] v.(r)

i+1

+ B(r)VL(7) + %1 (T)0, D(T) + 0% () - Vi D(7) + OV (7)V, D(7) } - Vo, B(r)x (7)d7

+ /S {VL(T) [0x 1. (7), 0% (1), 0v)|(T)] - VOx , E(T) +v|(T) - [0x1(7), 0% (1), v (T)] - VVx E(T)

i+1

+ Fy(7) - [0x1. (1), 0x) (), v (T)] - Vvv”E(T)}XL(T)dT
+ /:H {VL(T)[)XLE(T) + v (1) - VXHE(T) + Fy(7) - VVHE }axL
- /;1 [8XL(7‘),8X”(T),8V” (7')} - VD(7)dr.

(159)

Now we use ([I&]]) to control [0x,,0v]. Notice that we cannot directly use (IE]]) since now we fix
the chart for whole i—th intermediate group but the estimate (I5I)) is for the moving frame.(For
clarity we write the index for the chart for this part.) Note the time of bounces within the i—th
intermediate group(|tfi-1 — t%||v| ~ L¢) are
it < g gl <ttt < <thit2 gl ogh o
Now we apply (II7) and (IZI) to bound
[v] °

v

|axJ-£i (T/)| S |6XJ-2 (T/)l <

0L, (T S 10vL, (7)) S
Ve Vi

Together with (I5I) we have (for clarity, we write estimates for each derivative d = [Ox , , Ox, Oy, , Ov,]):

e [

sit

[l

|Ox, v (5] Se + ol %L (73105, % (D) + | (8T 10, vy (8] + o]

|VJ_ |

s 4
+~/si+1{|V| w|1|+|v|| X+ ()= || o+ [0l105, v (7)] o

| 2

We use ([65)), (60) and (II9) and the condition [£(Xc(7))| < ¢ for all 7 € [s,t] to have,
x1 (13t,%,v) S¢ [€(Xa(T;t,2,v))| for all T € [s,t], and therefore

|’U|2|XJ_(T;t,X,V)| Se 28(Xa (73 t, z,0)){Va(rs t, z,v) - V2§(Xc1(7;t,:1c,v)) Val(rt,x,v)}
Se almit,x,v) Se eIV 2

where we used the convexity of € in ([2]) and the Velocity lemma(Lemmal[I]).
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Hence we rewrite as, for 0 < 0 < 1,

ox(sth) ox((s%) s ovy ()
P e 1 [ S e
1 sitl
aVH(SH_l) (9X||( H—l) (9V||(Si) s' X”( ) aVH(TI)
awits ) < VI )\ g (160)
e e B I (e R e )
+ |leClvlit=s""" 0 1 Kl '
v (14 1)
Similarly
R PO AT AT
(9X|| aXH git1 aXH ’
6v|‘(si+1) X”( ) (9V||( ) |v| C _ i1
e 7 el RSSO PG 2R 7 [vf[t—=s"T"]
1~ Ol =g Ses 15—+ 1ol (14 7 )e
. ox) (') vi(T) N\,
/. {||| e 07
ox(st1) ox((s%) oy ()
P e 15 [ R,
1 V] git1 V]
8V|‘(Si+1) 8X||(Si+1) 8V||(Sl) i1 s 8X( ) 8V (T/)
_ < Clollt=s"*1] | I\ I ’
22— afoll L S | e /Wl{m [+ bl S ar
8X” (SiJrl) 8X|| (Sl) s' 8V|| (T/)
< _wr 7 _wr 7 /
S 1S+ [ 1S e
aVH(SH_l) (9 ||( ) (9V||(Si) C il s' (9X||( ) aVH(TI)
il A PN, ) Jv]|t—s"t1] ovL7T) /
e el Ses |y~ e R (e~ Bl i

Now we claim a version of Gronwall’s estimate: If a(7),b(7), f(7),9(7) > 0 for all 0 < 7 < ¢,
and satisfy, for 0 < § < 1

[ S0 sl ]| e

-

56 e e ton+ 2o hyae [ |+ [ 25 The—n | 090

Define a(7) := a(t — 7),b(t) := b(t — 7) and A(r) := fOT a(t)dr’, B(r) := fOT b(7")dr’. Then

i [ 1) [0 | =L V00 el w150 ]+ [%EZH
]

2

iy
| —
—~
—

+ o
==
=

[S)
==
—_
| —|
|
S
=
= O
| I
| —
[Selis N
~ o~
N 2
N—
+
| —
D‘IQI

L A | P i s |«1)|]a“dthe“"ta“o“{gg”:{ 1[5

- { 38 } ¢ [ T ] { 28 ] " { ?28 ]
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. . || 1
We diagonalize [ (1+5)|v|2 |v] } as

(1+6)+\/mlv| 0
2

1 1
—l (1_5)+\/2(1+6)2+4|v| (1_6)_\/2(1+5)2+4|v| ] 0 <1+5>7\/m|v|
2
—(1=0)++/(146)2+4 1 1
[

v 24/(149)2+4 V(A+8)2+4 v
(1-8)+4/(1+6)2+4 1 1
2¢/(1+6)2+4 V(1+6)244 v
—(1-0)++/(1+6)*+4 1 1 N
A(r) | 2,/(1+9)°+4 V/(+0)2+4 [V A(r) )
Denote { B(T) ] = (176”\/@ i N B(T) to rewrite
24/(1+6)2+4 V(1+08)2+4 IVl
d A - A+9)+4/(1+6)2+4 \/2(”‘5)2+4|v| 0 A(7)
dr | B(r) | ~* 0 (1+5)7\/m|v| B(7)
2
—(1-8)+4/(1+6)2+4 1 1 _
n 2./(1+0)2+4 Jaro)zra vl g(1)
(1—8)++/(1+6)2+4 1 1 h(r) |’

2./(1+6)2+4 V(1+68)2 44 [v]

Therefore

2
[ 407 (Ces BRI iy 1)
&

B(T) 0515(1+6)7W|’U‘TB(0)
S 15214 , —(1-8)+4/(1+6)>+4 1 1
. T SMW\(TfT ) 0 2/(140)2 14 NG o]
0 0 e I () (100 F6)>+4 SIS
2y/(1+6)2+4 V(1+0)2+4 [v]

and then

500

A(T) 1 0 1 1
B = (175)+./(1+5)2+4|U| (175)7./(1+6)2+4|U|
2 2

Sl 1
W )

Ses / eCesllr=) (5(77) 4
0

Together with the first inequality(the condition of the claim)
a(t) | ~ 0 1 Alt—1) n gt —71)
b(r) |~ P @+0)| || Bt-1) Slvlg(t —7) + h(t —7)
g(t =)

seo [ o+ 5o [ ] [ " Db |

L ][ suplgl
< Clo||t—7] [u] P19
e [|v| ! Hsupw |

and this proves the claim ([IG1]). We apply ([IGI) to (I60) and we prove the claim (I5H]).

Step 9. ODE method within the time scale |t — s| ~ 1: Refinement of the estimate (I21)

claim that
BXH-(S) BXH-(S) axu.(s) BXH-(S) |’U‘ |’U‘
|68xi_(1)| |68xi‘(1 )| |88vi_(1)| |63vi‘8 | < CC‘U||t75| (1 + \vl ||) (1 + \vl |)
VH' S VH' S V”_ S VH' S ~ v v
e B e e B e [l + map) el )
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[v]
1

We

1
[

Jv
1
(162)
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where ¢ = ['th—s&”v‘] From (I17)

DxxH1 Dvxlll :| — M |: DxxHi71 DVX”i71
DXVH1 va”z 6(Xlli717v”i—1) vaHi—l valli—l
where
o(xy, . 1
Mgc[l O}SC{l v}_CB.
a(X||z’—17v|\i—1) v | 1 o] | 1
Denote
|Dxxy, (s)| - |Dvx, ()| } 0
Di S) = N i , G = .
O =L vl 1Devy ) ol (1 + At

Note that from (I55)
D;(s'"™!) < OBD;(s") + CBG.
Therefore
D[‘%‘v‘](s) < CD[H%M](T[M%W]) + CBG

< C2BD[\t7LSHU\],1(T[ )+CBG
3

[t=s]]v]
el

< CQBD[‘thngU‘]il(T[

lt=slloly_q
el

)+ C®*BG + CBG

|\

< C3B2D[\t—s\\u\]_1(7-[\tszv\]_2) + {C2B + Id}CBG
Lg Lg

< C4B3D[\t—;\\v\]72(7’[\thsHu\]iz) + {0332 +C?B + Id}CBG
3 3

Cllt=s|lol]
< Ol BClt=sllvlp, (r,) 4
=0

But direct computation yields B/ < C/B. Therefore

D[\t—sHu\](S) < CCIt_SIIU‘B{Dl(Tl) + BG}
Lg

1

Z C'*t'B'BG.

1| L
From (I33) we have Di(11) S [T—l%—] and we conclude our claim (I62).
v
With this estimates, we refine (I5]) to give a final estimate for the case of [{(Xe1 (T3¢, 2,v))| < ¢

for all T € [s,]:

(s, x (s%), X| (s%), v (s%), V| (s%))
(st x, (sh), X|| (s),vi(sl), V| (s1))

[0 0 01 0 012
1 [o] ol 1 i
[vil L+ L+ ol ol
SCc\UthS) |’U| 1+% 1+ “‘;}i‘ |t_8| |t_8|
2 | P ol o] o] [o]
[v] E + WH;L v E + ‘VH + vl | 1+ T 1
2 v v
L [l [l vl + ! !

(163)



and from (I31]) and (I36])
(s, Xal(s;t,x,v), Val(s; t, z,v))

ot,x,v)
0 0:3 03
< CC\U|(t—s) a(S7XCI(S)7 ‘/CI(S)) |’U| 1+ |\‘/L1| ﬁ
” O(st, Xa(s™), Val(s™)) | =5 LT T o
[l ol i + | 1
€1 1 1
L O xa(sh)xy(s1), v (s1), vy (s1))
ot,x,v)
0 01,3 01,3 0 017?0‘ 01’3 (164)
< O Clvl(t—s) v 1 |s% — ] 1—1—2“,—lL ; ol
01 ol 1 [of? | ol + g7 + oy | 1+ e
1 €1 €1
1 013 03
X 0371 1 |t — 81|
0371 |’U| 1
0 03 01,3
< cClolie—s) | o] 1+ 4 &
~ L
v 2 v 3 v
ol | 1ol + 7 + R | 1+
1 1 1

Finally from ([I53) and ([I64)) we conclude, for all 7 € [s, ]

o 1
O Xa(sit,2,0) Var(s:4,2,0) _ o opie—s) | 1Y) | 2 |
S ) |v [v] [v]
a(t, a,v) [of? | Jol + 87 + i | 14+ oy 6x7

From the Velocity lemma(Lemmal[I]),
Vil =0t [=n(h)]] = [Va(thit,z,v) - n(Xa(t't z,0))]
= VaXa(t), Va(t)) > eI la(z,0) 2 a(z,v),

and this completes the proof for the case (I52).

O

Proof of Theorem [3. The approximation sequence is fO(t,x,v) = fo(z,v) and f* = f° for all
n=-1,—-2,---,and forallm=1,2,---,
O f™ 40 Vo fH 4 v (F™) fH — Kf™ = Tgain (f™, f™),
TNt 2, 0) ]y = [T (@, Rev),  f7(0,3,0) = fo(,v).

where v(F™)( er fSQ (u—v,w)F™(u)dwdu = fs fSQ (u—v,w){p(w)+/p(w) [ (u) }dwdu.
Note that due toLemmalwehaveSUPm supg< < [|(0) 1 7 (1) |oo Ser (1+||< )<l folloo) 1)< e folloo
and df™ € L°([0,00) x © x r3) and the distributional derivatives coincide with the piecewise
derivatives(Proposition [Il and Proposition ). Especially the temporal (distributional) deriva-
tive 0y f™ satisfies the boundary condition and therefore supy<,<r 1) ef1°l* 8, £ (1) Sro

(1 + 1)< fol oo ) [ (@) ¢e” 1" Dt fo o
In the sense of distributions we have, for 0e = [0y, 9,] with e € {z, v},

Oef™ (t,x,v) = 1o + e + . (165)
Here

"t +(0) m—
To = e Jo T Tuewn ety VIS (X (0, OVea (0)] - Vi fol(Xen (0), Ve (0)),
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and
t f (S

—/ Z l[t“l tl f ZJ 11, tJ)(T)V(Fm ])(T)dT/ Z 1[“+1 tJ) [ (Fmij)(T, Xcl(T),Vd(T))]dT
0 ,_ s

x {Kfm’l + Dy (£, fm*%}(s,xcl(s),vd(s))ds

£4(0)

_/ Z 1t5+1 tf [ (Fm E)(S Xcl( ) V ( ))}ds X e fo £=0 [tl+11t[)(S)V(Fm*e)(S)ds fO(XCI(O)7‘/Cl(O))7
0 =0

¢ £+(0) ,
M, = / S Lpern ey (s)e 2 E55 Ly (v ET ) (e
0 r=o0

X Oe [Kfm—f(& Xcl(s)u Vcl(S)) + l—‘gauin (fm_gu fm—é)(& Xcl(s)u Vcl(S))] ds.
Recall the weights

e—w(v}t [O((.’L' U)] |6 f(t x ’U)| e—w(v>t|v|[ (LL' U)] |6 f(t T ’U)|

(v)* (v)?-1
From Lemma 24 and the Velocity lemma(Lemma [l) and Lemma [6l and F™ > 0 for all m
1
e~ @ ()t <U>2,8 [a(% v)]ﬁ I
—w(v 1 v ’
Ses e alXa(0). Vaa(0) t{%@mxcmo» Va0 + 510, ol Xa(0), Va (0)]}
a0l |+ 1l o000 Lo
and
67w<v>t <,U>|;)ﬁ|g_1 [04(33, ’U)]B 3 Iv
Ser ew<”>t<v>'2%[a<xcl<o>, Va ) eI 0 fo(Xa(0). Va0) | + %mvfo(xd(m,vd(mn}

ab~
Ser || e ot + W "0, fo [[ s

where we have used a(z,v) <¢ |[v]? and the choice of @ > 1.
From Lemma [l and Lemma [5] we have

t £.(0)
Mo S0 P(I0)" all) [ ds 2 Teane(s)e™ M
0 —

<[ = VeI uValole O + u = ol uw) X (9)]10: 7 5. Xan(). )
R3

Now we use Lemma 24 to have, for @ > 1,

L SWT:
<1}>2ﬁ[ ( ’ )] IIX

e—w(v}t

Sie P<||<v><e9v'2f0||oo>{e‘c”'Qe‘w<””<—1>[a<x,v>]ﬁ<v>~-1ﬁemvt

az,v)
—Clv—ul? e~ w (v)t i e, v 8 u— vl |U|eC\v|(t—s) ew(u)s s
/ ~/]RS < [ ( )] | | oz(a:,v) <U>71[Q(Xcl(5),u)]5d d

1

B m
X sup sup |le ———a” 0, s oo}.
up sup || ez =Gl

—w(v)s
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We first claim

e~ ()t @ (w)s vl (t—s) ,—C'|v—u|? <e” w;w(t—s)eC//(s+s2)e—C”\v—u\2' (166)
Using (u) =1+ |u] <1+ |v]+ |Ju—v|] <1+ (v) + |v — u| we bound the first three exponents as
—w(v)t+w(u)s+ Clv|(t — ) = —(w — C)(v)(t — s) — w((v) — (u))s < —(w — C)(v)(t — 8) + w|v — uls + ws.

Using a complete square trick, if 0 < o < 1:

2 2 2 2
ow 9 8 1 2 _ow 9 8
_ — —_ 2 s — _ < —_ Z
wlv — uls 5 v —ul* + 55 " 20 [s —ow|v—ul]” < 5 v —ul* + 5"
we bound the whole exponents of (IGH) by
— (@ = C))(t — s) + wlv —u|s — C'|v — ul* + ws
2 2
< —(@ = O))(t = 5) = (C = -)o —uf + 5= + s
< —(@ = O)u)(t — 5) = Comlv —ul* + Cf {s* + 5},
Here we use (I66) to bound as e~ (")t <v)12ﬂ [, v))? Ty Sig P([[e81°F fols0) X
¢ 1
_=0 (1) o (O)]a(z, )] - o’
1—|—//e 5 (t=8) o= Cllo—ul” VI 7]~ qyds x sup su e’ﬂ<v>5—amms 0o f-
U @(Xa(), @ 5P 2R T
(A)
For (A) we use [20)), (2) of Lemma 2 with Z = (v) [a(z,v)]ﬁf% and w = F and r = 1. Then

(A) S C50(8) + C5,,0(= ™).

Similarly, but with different weight e*ﬁ'(””(wg%[a(x, v)]P~ 2, we use Lemma 24] and (I66) to
have

e _1
=L oo,

See P folloo)

X {eC|v26w<v>t<U_>|;’ﬂ|_l [a(x,v)]ﬁa@wlia'z’i = cClult

t
1 ew(u)s
+// e~ Ol Hul®) == W)ty (0 (2, )] P Ju — v]F— eClvI(E=5) duds
0 Jr |v] (u)~Ho(Xer(s), u))?

—w(v)s aﬁ 9. fm
X T oo
sup g ™ s Oad Ol

Ste P10 follo)
(v)[a(z, v))? 3 af

¢
X 1+// e~ 5 (W (t=8) o =C'lo—ul? WD T~ ) 45 % sup su e~ @ _—__g fm(s OO},
s (0 (Xa(e) ) 1P 2l e %

(A)

where we used Ei;efcw’“ﬁ < (14 |v—ul)e Clv=ul® < e=C'lv—ul® - Again by (20),

v

(A) < C50(8) + C5.,0(w ™).
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From (BI) and (82) of Lemma [l and Lemma 24] and (I66])

1
e~ @t [z, )] PTII,

[y

e [a(z,v)]?{ Ex + Fx + Gx + Hy + My}
P([[(0)*e”" folloo) x

76"‘/01('S | 7w(v>t 1 3 —C |u‘2
A L varpe T et o)

—C\Vcl s)—u\ 1
— (v m—~
<[ / i 0 )10 (5, Xa (). )]0, X (o)

—~

/0 <v>23 [a(z, v)] el * |05 Ver(s)]|dsx
1

/ L0t L oo P10 Xals) | e pmet(s, X))
+ e @\ alz,v - Xel(s 10 " (s, Xa(s), u
; TR o Vals) —aP =

! —w(v)t 1 B 9.V, e*C\Vcl(S)qu 9 m—{ X
+/0 e W[a(%?})] |02 Ve (s)] RSW| b f (s, cl(3)=U)|}~
By Lemma 24l and ([I60) and Lemma [ for 0 < k <1,

1
oy

e—w(v)t

[z, v))” Ex

1 ~Clo—ul® ,Colv]®

t 3
¢ 610 —= (o)t 6 ,—Colol? Clol(t—s) ]
P fll) [ = s fa@a e s ([ e e jas

a(z,v

v|? i —w (v v|(t—s 1 —1 —Clv vl?
S P10 folloo) / e TN s ol e v e ds Sen PAI T folloo):

0
Similarly

= sl ) (B + Hr)

// MO im0 @)l
ws [Var(s) —ul2~r (w)~Ha(Xa(s),uw)l? \/alz,v)

1 2

—w(v)s B m—~{ ¢ 0v|

X sup |le a0, )| P(]|{v)5e 00

[l a0, )P0 o)

< P(||(v)Sef vl ) sup sup |le~ =)
(e folo) égmogsr;tll OE:

/ / N AN O I ) CICI0) B
R T R R T T

(A)

O‘ﬂawfm(s)noo

Now using (20, (2) of Lemma [2]
(A) £ C50(0) + C5,,0(@w ™).
By Lemma 24 and (I66) and Lemma @] for 5 > 1

1
(v)?

t 1 , 3
$ [ e et P e s P o)

, U
2
Set P(I1{0)%e” fol o)

e—w(v)t

[, v)]7 G
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Similarly, with [Pt < I L

e—w(v)tﬁ[a(z,w]ﬁMX

¢ 3
S A O e T (R
o—CIVa(s)—ul? em(ws |ul 2
X duds x [le” W L 0f=29, F"(s)]|o
/]RS [Var(s) — ul>~* Jul[a(Xai(s), w)] = ” (w2 m

|

2 —w(v)s -1 m
S P(II(w)*e”™ folloc) sup sup [le”= ) 720, 17 (5)] oo

0<0<m 0<s<t (v)28-1

— s)—ul? —
x/t/ T O Pla@ o))t
p— 2—kK 571 .
0 Jwo [Var(s) — uP* Julfa(Xa(s), )P}

(B)

B

For (B), let | = % and Z = |v|[a(z,v)] ~!'. Note that $<B—3<lforl<p<3 Weapply

[©4)) to have
(B) £ C50(0) + C5,50(w ™).

On the other hand,

— o {v |U| -3
e gyl )P 0L
S e Lo o) (B B+ Gy B4 M)

|
t —C|Va(s)—ul?
—wye_ 0 poy [ T g
x {/0 e mrlate )’ /R T = 10 Ve ()| duds

' —w(oyt_ Y 51 o~ ClVar(s)—ul? .
+/0 € — [a(;v,v)] 2 /]R'g Wlamf (S’XCI(S)7u)'lavXcl(S)|dudS

—w (v v -1 —Cylv
+/0 o >t<v>|2%[a(%v)]ﬁ L ATATBINE
t —C|V,:1(s)—u|2
—w(v)t |U| B—3 9. X € 9 m—{ X dud
+ [ e R ale 0 B0 Xalo)] [ S0, s X)) duds
t —C|Ver(s)—ul?
—w(v)t |’U| B—3% o. V. —6 o) m—£ X dud
+/O € <v>2ﬁ71[a(:v,v)] 2 | v Cl(s) RS |Vc1(5)—u|27'{| Uf (87 Cl(s)7u)| u S}'

By Lemma 24l and ([I60) and Lemma [ for 0 < k <1,

il
e sl o) B,

t —Clv—u|?> _Cslv|? Clo|(t—s)
< ¢ _0v|? —w(v)t |v] B—L —Cylv|? e € |v]e
S PUW lle) [ o0 e late ) E e ([ f e ) s

t
'U2 - — ’U2 — (Vv v —S
S P foll) [ girlate, o)~ O ttechit-g;

2
St P(I[(0)e” folloo).
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Similarly
—wyr Y _1
‘ " <v>2ﬁ71[a($77))]ﬁ 2 {Fv +Hv}

: —ClVa(s)-ul"  gmlwsgClul(t—s) |
< [ e =y [a(z,v))P 2 / ¢ —duds
/0 zo [Var(s) — ul>= (u)~Ho(Xa(s), u)]” [v]

1 2
—w(u)s B m—~{ ¢ 0|
X su e ——aP0, ) |ao P(|[{v)5e s
OSSI;H OEE T S oo P([[(v) follsc)
< P(I[(0)¢e”" fo[o0) ||em= (e o’ 9 f ()]
v)Ce ) sup sup |le 570" (5)||oo
~ 0 ogzgmogsrg)t (v)2-1

L e € VRO () L) [z, )] P2
e~ 2 (v)(t—s) uds
/ / Vaa(s) — alP—= (ay—T[a(Xa(s), W] "

(A)

where from (20))
(A) < C50(6) + C5.,0(w ™).

Similarly

t
— 1 _ 1 a2 |’U|
< e~ =Wt afz,v)]P~2eC o]
< [ e il g o) ——

Ser P10 fol o)

Similarly

—o(oyt Y] _1
=t a0

¢ Clv|(t—s)
5/ €7w<v>t|v|[o¢(x7v)]ﬁf%|v|c%
0 az,v)
e_C‘VCI(S)_uF ew<u>sec‘vl(t_5) 5 |’LL|
X x P(|[(v)¢elvl ) sup |le”@(ws
o ot = T PN fll) s e

|ul

2 —w(u)s -1 m
S P(II(w)*e”™ folloc) sup sup [le== 720, 17 (5)] oo

0<0<m 0<s<t (u)2p—1

t —C|Vei(s)—ul? 2 B-1
x/ / o5 (w)t—s) €A 2‘_ olfote, o™~ 44,
o Jr3 [Ver(s) = ul~" |u|[e(Xa(s), u)]P~2

(B)

where, from (64]),

(B) £ C50(5) + C5 ;0(w ™).
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Overall, for 1 < 8 < 3,

B
sup sup ||e_w ”>t[ oz, )] O f™(t,2,v)||oo +sup sup |le”%
m 0<s<t < > m 0<s<t

-

()t |v] [a(:z:, v)] =z

< >25,1 a fm(t € U)HOO

|v] [v]a o]0

1 ﬁ 2
S ||<v>2ﬁa"*581folloo+ll = >2ﬁ 6 f0||oo+||< 25 16 follso + 15 55— ()7 a folloo + P(I[{0)¢e”"*" fo| )

+ P(I(0) " folloo) [3te*" + C50(8) + C5.5 ,0( )] sup sup_ [le= = o O ™[] oo

m 0<s<t <’U>26
2 = — —to(v ke 2 m
P(I[{0)¢ e’ fo|o0) [0t* + C50(5) + Cj 5 40(w )] supos<u[<)t||6 <>|<|>2ﬁ o f™ [ oo

First we choose small § = 8(£, 2, ||e¢1*” fo||os) < 1 and then choose small § = &(6, Q, |[e€1*” fo||os) <
1 and then we choose large @ = @(3, 4,9, |[e¢I* fo||s) > 1 to have

e Loz, vﬂ"

1
2

w (o)t |v] [a(x,v)}ﬁ

sup sup [[e” 0u f™(t,2,0)||oo + sup sup ||e” D [ (8 ,)|oo

m 0<s<t (v)28 m 0<s<t <v>25*
et et af- et el
3—% 2481 2
< ||<j>ﬁawfo||oo+ ||'f'>25 O follos + P o).

We remark that this sequence f™ is Cauchy in L>([0,7] x Q x R3) for 0 < T < 1. Therefore
the limit function f is a solution of the Boltzmann equation satisfying the specular reflection BC.
On the other hand, due to the weak lower semi-continuity of LP, p > 1, we pass a limit 9f™ — 0f
weakly in the weighted L>°—norm.

Now we consider the continuity of e~ (v)"2afd, f and e==|v|af~20,f. Remark that
e~ @@t ()" LalP, fm and e~ =)t |y|aP 28, f™ satisfy all the conditions of Proposition 2l There-
fore we conclude

e L0l o, fm e CO([0,T%] x Q x R?), e = p|al 28, ™ € CO([0, T*] x ) x R?).

Now we follow W1 estimate proof for e~ (v) ~1af [, fm+t1 -8, f™] and e~ = ()t |p|af~ 2 [9, fmHl—
8™ to show that e~ () 1P 9, f™ and e~ = |p|af =2, f™ are Cauchy in L. Then we pass
alimit e~ ()Ll d, fm — e ) 1aP P, f and e~ Ot p|alf 29, f — e =) y|af 20, f
strongly in L so that e~ (v)~1afd,f € CO([0,T%] x © x R?) and e~ = |p|af~20,f €
CO[0,T*] x Q x R3).

(]

6. BOUNCE-BACK REFLECTION

We recall the bounce-back cycles from (4) of Definition I} (¢°,2°,0°) = (¢, z,v) and for ¢ > 1,

1—(=1)* 14 (=1)¢
th=t' — (= Dty (at, oY), 2= (2 )x1—|— +(2 )332, v = (1) e

Lemma 14. For all 0 < 5 <'t,
min{a(z’, v'), a(z?, v} <o a(Xal(s;t, z,v), Va(s;t, z,v)) <o max{a(z!, '), a(2?,v?)}.
For (,(s;t,x,v) € N(therefore t*+1(t,z,v) < s < t'*(t,z,v))
t— t— slv]?
Lo(syt,x,v) < i <a [t — sllv] )
to(z1,v1) afx,v)
92




For all 0 < s <t uniformly

R R R et
0y, t (8, 2, 0)| = étb(x,v)% + (0 = Dtp(z, —v) &hé(g =) ‘N“ a(r;tt,x,v)’
ool = [ - SRR - P - s+
Ol (@v) = %‘1)@( b (e, 0) {35~ Zaawvg((fll)) b Lt é—l)é(_tb(év, —o)){o - %}\
o o D
B0t = 0, [9yvf] = |(=1)0;] Sa 1,
out =1 =[RS e et
0, (8 — )] = ]tb(xvv)%”b@‘ >%’ ~ Ivll2
Proof. These are direct consequence of @) and Velocity lemma(Lemma [I). O

Now we prove the key fact: Assume lim, 4+ AT (1l — () —1)vd 7)) = limq4541 Am=UHD) (7 g+
(t — 7)v7,v7T1). Then in the sense of distribution,

Ly (s)
m—j J (45— P\ I
39[ ZO /mdx{s ey A (r,a? — (¢ — 1)/, v )d’?’:|
Ly (s)
Z / [0et?, 0e? + TV, 00| - Vi o AT (1,27 — () — 7)07, 07 )dr
=0 max{s, t1+1} (167)
Li(s

4 Z 8e[t —t]+1]Am_j(tj+17:Ej+l,vj)
=0

+ 89152*(5)147”4*(5)(5,3:3‘ — (7 = s)v?,v7).
Note that ([I67) is more general then Lemma [3
Proof of Lemmal[3 and (167). For each time intervals [t“*1, ] and [t/ 1, 7], we apply the change
of variables
2t — (" — st s e L] = 2b 4 sof, s e [—(tF — 11T, 0], (168)
ol — (=)™, e[t = 2l v, T e[t =TT, 0]

From (B4)) the piecewise derivatives equal distributional derivatives almost everywhere. Therefore
we prove Lemma [Bl Moreover

L. (s)

9>

§=0

E* s

/ A (4t 2T ol ’Uj)dT}
max{—(tJ—s),—(t —tit+1)}

0
/ Oe [Am I(r+t9, 27 + 707, vj)}d
x{ =t —s),— (7 —tIT1)}

+ Z Dot — AT (HFL I 7))

+ Optt+(8) gm—La(s) (s,xj — (tj — s)vj,vj).
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Then we apply the inverse of the change of variables in (I68)) to the time integration term:

£y (s)
/ [aetj, Do? + TV, 8evj] . VtyxyvAm_j(T, - (tj — T)vj, vj)dr.
=0 max{s,t7t1}

Now we are ready to proof the main theorem:
Proof of Theorem [3. From the iteration [B4) and (B8], for £, (0;t,z,v) = £, ( t>+1 <0 < t¥)
)

= e S Dicto ey VETTO@AT f0(0) Ly (0)4(0) 41 (0))

FaC tx(s) Fm—i
+D. / e T Bty Y (a7 K (s, at = (" = )0’ 0")ds
r—o Jmax{0,t¢+1}
O e £ (o) mej
+ / ~ R oy VDA et ety 0t - (1 — s)of, o )ds.
1—0 max{O,#*l}

where v(F™ ) (1) = v(F™ ) (1,27 — (7 — 7)v7,07).
From Lemmafand (I67), in the sense of distribution we have, for 9 = [0y, 9,] with e € {z, v},

e~ o it ) (VIO Xa():Vam)AT (X 1 (0), Vi (0))

£.(0)
X { - Z /m [8etj,8exj + T@evj,(?evj} ViwwV(F™ ) (1,27 — (7 — 7)o | 07)dr

7=0 ax{O,tj+1} T

£,(0)—1
+1 m—3\(4i+1 G+l 5\ g £.(0) m—£,(0) BT
Z Belt? — T p(F™ ) (¢ a7t o9) | — Bt Ou(F )(0, 27 tjvj,vj)r}

+e—f0 Zjl[tﬁl,tj)(T)u(Fm J)(T,Xcl(f),vcl(r))dTae [we*(o) €4 (0) ) (0) 04 ] Vawfo(Xe(0), Ver(0))
I

o r1g -G
S g

% [Kfm 4 + Fgain(fm7£ fmfl)](tlJrl, xEJrl’ ,UE)H
0t O Ji et ey (WWET )OI g pm—ta(0) 4 T (pm—ta(0) pm—ta(0))]( 5Ee(0) _ 4£4(0)+(0) -]

t —j
[ G p(s)e™ T B A
0

X [8ete, Do’ + 500", 8evl] . Vtﬁzﬁv[Kfmfe + Fgain](fmfe, fmfe)](s, xf - (te - s)vl, ve)dsHI

41 _ o o
)Jmax{te L gd (i i1y v(F ) (r+t? 2 4717 07 )dr

I

+/O Lpgess, o0y (8) K ™8 4 Diain (75, F779)](5, Xa(s), Ve (5))ds

ly(s)—1
{ Z o[t/ — /(P I 2l 0T) L= Bt D (F ) (s, Xai(s), Vea(s)),

£ ( s) 3
/ [Oet?, Dott? + TOV? , o] - Vt7w7vu(Fm_j)(T, ol — () — 1)l od)dr },
max{s,ti+1} I

(169)

Jj=

where we can rewrite it as
Oef™(t,x,v) = 1o + I + ITL,.
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Recall that we want to estimate
tOé(.I,’U) —wvt|v|a(xav)1/2
<’U>2 azf(tvxvv)v € () Ta’vf(ta xz, U)'
Using Lemma [[4] and Lemma [l and F™ > 0 from ([B34) and Lemma
efw<”>t¢x(v)[a(:1c, v)]ﬁ"Ix

S e T (v) [z, v)]

s {05 ol ()~ 1 4110y )

—=(v)

alz,v)
|v] tlol®
+ [+ o v)) * oz U)“amel
e o1+ 0 ol

w_tlvl?

0T folloo (14 [10) e olloo) (0)" 75

(1+ 1) folloe) }-
Therefore, with ¢ = (v)~2 and Bx = 1,

== 0y 2aT, < [1(0) e+ L0 fl 1 ()26 P ) e )
az,v)
AL+ 110)0s folloo} x PI10)¢ 1 foloo)-
Similarly
e*ﬁ'(vﬂd,vaﬁvlv
< ey (v) o, v)] >

¢ olf? —e_—oppz_teM* ¢ Olf?
X {||<U> e folloo (v) " Ce W@ (14 [[{v)*e™™" folloo)
1 ec|”‘toz(33,v)1/2 t|v|ec‘”|t
+ [(m BE (@, o)1 + t]10z fo| + |V fol
tel e ol Ol ¢ of?
W<”> 2 [[{)* "1 folloo (14 [[(v) €™V fo|loo)
¢ Bl (g1 C Ol ¢ 0P o _tellt ¢ 0lf?
+t{v) ‘e [[{0)* "1 folloo (1 + [[{v)* """ fol|oo) (V) WUHK@ e fo||oo)}-

Therefore ¢y = |v|(v) ™2 and By = 1/2,
e~ o|(v) 20Ty S |[|o](0) " 0u folloo + [ll0](0) 202V folloo + P(I[(0)e”" fol|c)
S+ 100D folloo + 110 folloo (I 0) T folloo)-
For II using Lemma
e~ =g aP<TI,
<m0 o

tjv|? 1
(2, 00172 a(z,v)

x {06 () oo~

tlv]? 1
a(z,v)!/? oz, v)/?

7O (1 + [T fol )

(o) e ()¢ folloo (1 + [0’ fol o)

tlv|? 1
(z, )12 afx,v)'/?
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and hence with ¢5 = (v)72 and fx = 1,
e =) "2aTL, < P(||(0)5e?F fol|oo).

Similarly using Lemma B with ¢ = |v[(v)~2 and 8, = 1/2

ERARAOWETs | 8
< e mWtg P x {<v>_<e_9|”‘2||<v><e‘9‘”|2f0||ooﬁi<v>“(l + ||<’U>Cee‘vl2f0||oo)
~ oz, v)t/2 |2

tlv|? 1

(o)~ e ()¢ folloo (1 + [1{0)e”™ fol o)

oG, 0) 7 o7
—¢_—0|v|? v|? tjv v
(o) e P ol = A L el

< P(1(0)5e?””F folloo)-
For III we have

=W e (v)[a(x, v)] P I,
1= e o (v) [, )] { Ey + FL + Go + o + Fo + Ge}

- <”>t¢e(v)[oe(x,v)]5"‘{<v>’<e""”'2||<v><e"'”‘2folloo}

[ Z Lorss,0) (5)|06t7 (0)"ds(1 -+ [|(0) €0, ol o)

+/ Z 1rer 1) (5){10e2’| + |00’ | }0(0: F™ ) (5, Xea(s), Ver(s))ds

te(o

/ Z L g9 (5)|0ev"| /]RS [Va(s) — u|"‘_1\/u(u)F’"_€(s,Xcl(s),u)duds}
v f¢1 @)la(@, ] {1+ (1 + @)@ fol o (1 + 11T fo]|oo) }

X {/0 Z 1[tf+1 tf |(9 t€|[|K(’3 fm €|+|Fgam(8tfm ‘ fm €)|+|Fgam(fm ¢ 5fm é)”

+/ Z 1[t“1 tf) {|8 33€| +t|(9 v£|}[|K(9 e €| + |Fgam( rfm_gvfm_gﬂ =+ |Fgain(fm_éaazfm_é)|]d5

+/ Z Lppern 40y (8)|Oev |[|vam7£| + [Cgain,o (™74 f™70)

+ |Fgain(fmieu avfmizﬂ + |Fgain(6vfmizu fmie)u ds}
We consider dqt/ —contribution, E, and Fe, first. Note that from Lemma [f]

sup ||(0)Se? T8 L™ (100 S 11(0)5€?1F 8, folloo + P10} fo|oo)-

0<t<T
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Then from Lemma [I4] and (2) of Lemma [ for S > 1 and ¢xe*9|”‘2 <1
“= O g (), )] B + Ex}

< == (w)a(a, 0) (o) S I ol (1 -+ (100”0 o)

alz,v)

@t ()@, v) = (1 + 1)]| ()" folloo (1 + [[{0) e fo o)
tlv)?

Xt ) (0) e[ 0) e, fo oo (1 4+ [|(0) 11D, fo [o0)

<o dx(0) [z, )] Le O P [[1(0)5 18, fol oo + 110”1 folloo]?
<o T+ [11(0)5e1* 8, fol oo + [1(0) e folloo] .
Similarly for 8, > 1/2 and a bounded ¢y
—= g (0)]alz, 0)) B, + By}
Sv dv (W)@, v)* = 2e= ol (W) D, fol oo + [1(0) e fol |0 ]
S 1+ (1060, fol oo + [1(0)e1” fol[oo] .

Now we consider F. and Fe which is the most complicated terms in bounce-back proof. We use
(2) of Lemma B and Lemma [I4] and (IG6)

=g, o, v))*{FL + Fi}
S (14 [l (w)e 9‘”'25tfolloo + 1)< fol1]®)

£, (0;t,x,v)

/ / “E O G (v) 0], v)P T2k, 0 (u, 00)]0p S (s, Xar(s), u)|duds,
te+1 JR3 =

S (1+ [||<v><e9‘ " Bufol oo +11{0) " follo]”) max sup Jle™= g0, 7 (s) oo

<e<m g<s<t
+ ls (Ot:cv) Ba—1
1 — 2 (v)(t—s) Px(v) |v|a(z, v)P>"2 —Colv—ul® 3,,ds.
/ w100 (8) / ’ () [Ver(s) — u?~ a(Xea(s), u)P= e

Note ¢x (v )/¢X( )— Taf <U —u> . By (@4,

S (14 (1), folloo + [10)e” folloo] ) omax sup [[e” 05 g0, 7 (5) oo

<m 0<s<t

C50(5) + C5 ;0(@w™)
(v)alz,v)P172
< [C50(8) + Cs.50(@w M (1 + [I1(w)¢ €8, fol oo + 1(w) " folle]*)

x max sup ||e” 5 a(v) 720, f™H(S) oo
0<t<mp<s<t

[v]a(@, )12

Similarly
“= Mg (e, 0)] {F] + o}
S (1 + [Il(w)Ce Watﬁ)”w + 1)< fol1oo] )

Otmv

1
/ L= o @)+ D) e )10, 7 (5 Xen (). ) s,

’U2 3 =AY m—
< (1+[||<v><69"3tfo||oo+||<v><69"folloo] ) max sup [l 6,00, (s, Xa(s), u)] oo
0=f<m o<s<t
«(0;t,z,v)

2 (o (1—s) B (o7 + Do, v)>
SR [t duds

Ox(u) [Ver(s) — ul>~ "oz, u)P
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Due to our choice of 5 and ¢, the integration is bounded by

— S)—u 2
/ / m e S) L (v)a(z,v)l/2 e=ClVals)—ul duds
o1 3 alz,u)  |Val(s) —u|>=* '

£ (Otmv)

By (20) this is bounded
v 2 v 2 3 —TWw(V)S m—
St(l—l— [||<U><60| | Ot folloo + ||<U><60| ‘ f0||00} )oglfg%oiugt”e (v) b0y f NOI
x [C50(8) + C5 ;0(@w ™).

Consider dsv* —contribution, G. and Ge. Note that G = 0 = Gx since 9,07 = 0. From Lemma
[[4 and (3) of Lemma [l

—= @t (0)alz, 0) {G, + Gy} S (1 + [0 folloo)® + [1(0)5 e fol oo
t £+(0)

X / D e (s)e =gy ()a(z, )™ [ Ky ga(Ver(s), w)|0s f™ (s, Xer(s), u)|duds
0 R3

£=0

S @+ [T folloo)® + 1) fol oo

t €
—w (v —w(u)s ¢V’UCY:E,’U'6" —9lv|?
x/o Z Ltesan () /R e m(@zgx(d(s)),u)me 1 ke 0/4(Ver (), w)duds

x sup max ||e” Ty (v)ala, u)® By f (s, @, 1) |so-
0<s<t 0<l<m

Now for 8y > 1/2 we choose any By +1/2> 8" > (3,
1 < |u|2(ﬂ/_6v)
[a(Xa(s),u)]? ~ [a(Xa(s),u)]P"

Now we use ([I66) and ¢y = |v|{v) ™2 to bound the integration by

tS 2ﬁ,710¢(3: v)1/? 2 2
1 o [ e—mwa-sl__ lul ) =010l o =ColVer(9)=ul gy,
/ 2 tiewnen ). Tul Vars) — wPa(Xat(o), 0)?

Now we use |u|??~1 < (v)27' =1 (u — v)27' =1 and we apply [©d) to bound this integration by
(C50(9) + C5 ;0(=m))(0) % !~ S [C50(9) + C5,0(~=)],
Hence,

=gy (w)ae, v)* (G + Gy
S+ foll)®+ 101 folloo sup e lle™= " gu()alz,u)™ 0 f" (5,2, )|

(001 Cis0
otz v)]7 172
SO+ e fol o)’
+[Cs00) + C3 g0 ) e folow sup e [le= "6y (), u) ™0, " (5.2,0) .

a(w,v) el 4 0@z 1)}

Now we gather all the estimates and choose small § > 0 and 6 >0 and large @w > 0 to close the
estimate. Then we follow the exactly same argument as the specular case and this complete the
proof of Theorem
O
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APPENDIX. NON-EXISTENCE OF SECOND DERIVATIVES

In the previous theorem, we consider the first-order derivative of the Boltzmann solution with
several boundary conditions. Now we show that the second order normal spatial derivative 92 f
does not exist up to the boundary in general so that our result is quite optimal.

Assume that D?f exist away from the grazing set vo = {(z,v) € 9Q x R3 : n(x) -v = 0} but up
to the boundary 92 x R®. Taking the normal derivative 9, of the Boltzmann equation directly
yields

2 2
Unananf = _atanf_(anvn)anf_z 8n(vri)anf_z Unananf_V(F)anf'*'K(anf) +6n1—‘gain(fu f)7
i=1 i=1 —
where we used v - V0, f = v,0,0, f + 23:1 Vi 0riOp f.
Inside K (O, f), one expects
1
8"fmn-v’ (168)
hence at the boundary 99, 9,,f has a non-integrable behavier in v so that K (9, f) can not exist
at the boundary. Consequently, 92 f does not exist at any boundary point so that a® D?f can
not exist up to the boundary in any L? and any (3, due to Ukai’s trace theorem.
First consider the diffuse reflection boundary condition. We prove ([IG8) will become valid for
a general class of initial data after some ¢ > 0, so that D?f does not exist. Theorem 2 plays an
important role in our proof.

Proposition 3 (Diffuse BC). Assume Q is convezr (3). Assume the initial datum is given by

folz,v) = 66‘"'”‘2X8(:v)h1v(v),
where xe, hy are non-negative smooth functions and x-(x) = 0 for dist(z,00Q) < e and x.(z) =1
for dist(z,99) > 2¢ and hy(v) = 0 for [v| € [0,N —2]U [N + 2,00) and hy(v) = 1 for |v| €
[N —1,N +1]. For some 0,1 € (0,00) chosen later, and t = 5 >0, N > 1, the solution of the
nonlinear Boltzmann equation with the diffuse BC satisfies

K(@pf) =00, (z,v) € 90 x R>. (169)

Remark that for 0 < § < 1, 0 <7 < + we have sup, |[e""F £(£)[|co < |l fo||oo due to [8, 2]
and [|a'/20f(t)||sc < 1 due to Theorem 2. Also remark that fo, 8%fo = 0 for all k € N near

A0 x R? and V, fo(z,v) ~ de"’e=1hy (v) for dist(z,0Q) > e. In particular, 92fy = 0 at the
boundary. The convexity of the domain is crucial in the proof especially at (I73)).

Proof. We first study the behavior of 0, f for n-v « 0 at 0€2. Recall the expression of V, f from
(G0) and its boundary identity ([[6). On v_ = {(x,v) € 9Q x R3 : n(x) - v < 0}, for n(z) - v < 0

[Onf(t7,0)] - = n(;)l,v{amg(v-manfww)f = Kf = Tgnlf N} (t0)  (170)
= s { V) A Vil ) - wja
S VI [ 0 Bt
+§(v 1)V (v) e Vo f(t,z, u)%—tT(z)um{n(x) culdu
FU(E)f(t,0) = K f(t,2,0) + Tgan(f, £)(8,7.0) }
= n(a_:)1~v X G(t,z,v) = n(;)1~v X jilGj(t,x,v).
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On the other hand, on the outgoing part v = {(z,v) € 9Q x R? : n(z) - v > 0}, for any ¢t > 0,
by the Velocity Lemma, tp > 0 for n(z) - v > 0, so that

[8nf(t,x,v)]+
= R 5 30 100 f + HF) = K = 1) (¢t 0 am)
—l—/o ’ e s n(z) - Vo {AKf+T(f, /)}t—s,z—sv,v)ds
= M{\//L(’U)/ O f(t — to, Tp, u)v/ p(u){n(zp) - utdu
v- n(Ib) n(zp)-u>0
—I—Z(v-n(xb))\/u(v) - >08 J(t = to, b, u)/ p(u){n(xy) - uldu
2 aT!
+ Z(U “Ti(2b))V (V) ot Vo f(t —to, zb, u) oy T (zp)u/ p(u){n(zp) - u}du
i=1 n(zrp) u> ?
FU(0) f(E = to, 2,0) = K f(E = iy, 0) + T(, )t~ o, m,0) |
+/ ’ e i Yn(z) - Vo {AKf+T(f, )}t —s,z—sv,v)ds
0
= _T;T ZG t —tp,Tp, V) —|—/ e J: "n(x) - Vo {v(F)f + Kf 4+ Taain(f, f)}t — s,z — sv,v)ds.

where G is defined in (I70).

Step 1. We first claim that up to a constant

[On f1+ + [Onf]-

e (172)

To establish [I72]), we first note that from the proof of Theorem 2, the last integral fttb in (I is
clearly bounded for n - v «~ 0. We now show as n(z) - v | 0,

G(t — tp, xb,v) = G(t,z,v). (173)

From our choice of fo, a'/20f € C°([0,00) x Q x R3) from our Theorem 2. Therefore the first
three terms of G converge correspondingly, as 0 < n(z) - v<d,

3
ZGj(t — tb,wb,v)
i=1

3
=3 Git,2,0) + 06+ 57 )|l 0l 20 oo

Jj=1

—— 1 W by et (f—
V) (w0)u>0, [u] <5 ld“VM(U){Wﬂwb)l tem e i) em =W te) g 120, £ (8 — ty, w1, 1)
n(Tp) u>o0, |u|<o0™

— V&) e e =20, f(t, 2, u)

2
+VE(ap) "l ) N (0 my(ap) e T 020, f(t — ty, o, )
=1

2
|v§ | 1 — u>tzv Tz <“>tal/28nf(t,x,u)
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L{u 2 t
+ |V§(xb)|_1e_%(t_tb) Z(v . Ti(mb))%,:'- ()T (zp)ue” P EIQA2G (4 — 1y, 21, 1)
i=1 i
{u 2 t
- VeI Y ) G T o a0
3 3
=Y Gilt,,0) + 0 + e 5[ 0ol + O(8) = Y Gy(t,2,0).
Jj=1 j=

For G;, for j =4,5,6, we use the continuity of f (see [8, 2, [11]). As 0 < n(x)-v <4,

5
ZGj (t — tb, T, 1))
j=4

5
=D Git,z,v) + 006 + e~ %) fol[oo
j=4

cuy/ 1(v) [f(t = to, zb, u){n(zp) - u} — f(t,z,u){n(z) - u}]/plu)du

[n(zp)-ul>6, |ul<s~1

+) (v, ) [f(t — to, 2w, ) — f (12, w)]du
[n(zp)-ul>d, |u|<s—1

5
=Y "Gi(tw,0) + O + e )| folloo + O(8) = Y Gy(t,z,v).

Jj=4 j=4

For Gﬁ, recall gain(f, f), v(F)f. For v(F)f we use the boundary condition to have

t-tb,l’b, )

/ / qo(0)|v — ul"F(t — tp, xp, u)dwdu
Xy /(0) £t~ th, 2wy 0) /(@) ) - )

n(zp) u>0

= Y(F)f(t,2,0) + O + e 37)|| fol %
+/ C|U _u| V [ [ t—tb,ZCb, ) f(tuxuu)}du X O(”en‘vlszHOO)
[n(zp)-u|>6, |u|<s5—1

+O(1e™F foloo)

XCH\/M(U)/( s, fulsn [f(t = to, zb, u){n(zp) - u} — f(t,z,u){n(z) - u}]/p(u)du
= w(F)f(t,z,0) + 06 + e 52)[|e"F fol oo + OB)O([[e™F folloo) = v(F)f(t, ,v).

For the gain term we consider the sets, for |n(xp) - v| < 4,
{(u,w) € R® x §? : |n(xp) - u'| < 20} U{(u,w) € R® x §?: |n(zp) - v'| < 26}

c {|n(a:b) : zz:(w)i[(u — ) (wo)i]] < 5} U {\(n(a:b) )= ) w]| < 5}

C {Z|nxb (w1) |<\/_}UU{|u—v CUJ_)i|<2\/S}U{|(U_’U)'CU|<5}

= 557
where (w, ); L wfori=1,2and |w,| = 1and, we have used n(zp)-(v'+v") = n(xp)-(u+v), and the
fact that if 21:1 [n(zp) - (wi)i| > \/_then either for i = 1 or ¢ = 2 we should have |n(xy)- (w1 );| >
Vo < 2V3, if [n(ap) - Yo (w1 )il(u—v) - (wi)i]] < 6.

5> and therefore |[(u —v) - (w1 )i] < T
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Therefore, for n(xy) - v ~ 0

Fgain(fa f)(t - tbuxbuv)

/)
(u,w)€Ss (u,w)ER3XS2\ S5

a0 D)) + OBl ff

X{f(t — tb,xb,vl)f(t —tb, Th, u')

O)|v — ul*v/p(u)

— [t 2, V") f(t,z,u) pdwdu
ain(f> 1) (2, 0) + O(VD)|[e™” fo| 2 + O(8) = Tgain(f, )t 2, v)
This completes the proof of (IT3).

To complete the proof of (I72)), recalling zp = = — tp(x, v)v we identify the main contribution
for (z,v) € 4 from

o) {1 ) )

(zp) -0 n(z)-v

n(z) - V&(x — tyv) (VE(x) - v) —

VE&(z)(VE(x — tpv) - v)
(V&(z) - v) Vf(x — tbv v)
to{ (n(z) - v

(
VIVE(z — 70)) (VE(z) - v) —

n(z) - VE(x) (v VZ(x — 7v) -v) }

- (VE(z) - v) (= VE(z — tpv) - v) (173)

— tb _(U-V2§(x—7~'v)-v) n(z) - lv- T — Tv

a (—Vé(svb)-v){ n(z) v + (n(z) - [v- V]VE( >)}

Ay

N n(x)-v+B(’ )
where for some 7 € [0,¢p]. From Velocity lemma(Lemma [I), A > 0 and from (38) of [§], tn, >
C vai‘ng)v so that

Alx, ’U)>Cg|| VZ(x — 7o) - |U| Zal, B(z,v)~q —

o]’
Therefore near the grazing set n(z) - v ~ 0
lim {n(z)-v}o.f(t,xz,v
i gn(a) -0}, /(62 0)

—G(t — tb, Tb,v) + A(z,v) X G(t — tb, Th, V)
—{n(x) - v}B(z,v) x G(t — tp, Tp, V)

+{n(x ’U}/b “n(x) - Vo {Kf+T(f, )}t —s,x —sv,v)ds
—G(t,z,v) + A(z,v) x G(t,z,v)

(li)mw{n(ac) v}, f(t, x,v) + A(z,0)G(t, z,v)
Since n(z) - v has the opposite signs in these limits, we deduce step 1
Step 2. We deduce from our choice of fo, G(&,%,v) v Ka(f)(5,2,v) # 0.
Recall the expression of G in (I70) and K f = K 1 f Ky f from (IEI) From Theorem?2

—w(v €
||le==¢ >to&l/Qaf(N)lloo SOy 1028 follso + €™ folloo }-
The first three terms G1, G2, G3 are therefore bounded by,
€ vI2 w2
C(N)@Wu(v){llal/Qafolloo+ €T folloo} ~ e 5 6(1+¢71)
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The terms v(v) f, K1 f,T(f, f) are bounded by, from sup, ||e"l** f(¢ )||OO €™ follsos
Lap/atem fol oo + @y P e fl 2}~ e="57 6 + (upe1l 62,

The main contribution is given by Ksf. Choose 0 < Cq < 1, which is independent on ¢, N > 0
such that

dist(az - %u,@Q) >2¢e, for |n(x)- -u| <Cqlul, uwe[N—-1,N+1].

Then for t = &, x € 09,
2 9
Kzf( ,v) > / kg(v,u){e_”(“)tée_"lu‘ Xe(x — NU)hN(’U,)
|n(@) 2 | <Ca.|jul-N|<2
+ /N e v(W(t=9) [Kf+T(f, f)](s,z — (i - s)u,u)du}
0 N
>4 6_8/ ko (v, u)hy (u)du —ié(l +9),
M <Cq, |jul-N|<2 N

()

where we used sup, ||e77‘”|2%)“(1€)||oO < ||e"‘”|2f0||oo.
Recall the definition of K» and ko to rewrite (*)

/ [ av(®le =i () [ ) g e o
1 <Ca, ||ul-N|<2 Js?
Define u) := u-w, uy = u—ujw. Then by the definitions v’ = u — [(u —v) - wjw = uy +v), V' =
v+ [(u—v) wlw=v +uy, for 0 <n< i

u%( ) —nl! | _ 6*77‘1"26777‘“'26(7i+n)|ul|2 _ efn|v\26777|u\2€(*%+77)|vu|26(*i+77)|ui_|27
b ()e —nlv'[* _ g=nlvl? g=nlul? J(—3+m) P p—nlvl® g—nlul® (= ) vs]? (= 3+ luy |
1 3 2 2
On €= {w682 ol " } 1 | — (g } i}awehaveuf( Nem 1P > el s = gm (vl +ul)
2. | u 1 L e P > o= =3 (o> +[ul?)
OnD:=qweS Tl ( ) _47 Tul 1 wehave;n(u)e Z e T :

Therefore Kgf(%, x, v) is bounded below by
§ e—ce(—Te—§mlvl? / / do(0)|v — ulre TN 4udy
1 <o, |jul-N|<2 Jeup
> 5 e N2~ Imlvl? o (- T —FmN?

Collecting terms, we finally conclude, at (x,v) € v,

G(t,z,v)1{jy|~N}y 2 (5{ e EN2e (53N’ —(14e e — §Ne ™ _ N(l + 5)}

Choose n = ¢ and large N > 1 so that N2e=(GHEMN" e*NTQ Then choose small ¢ such that
N2~ (5 +imN? >> §Ne~"™" Then choose small € > 0 so that N2e~ (s +3MN" 5 < ~(1+9).

Combining Steps 1 and 2, we deduce that 0, f has a non-integrable smgulamty ﬁ with no
possible cancellation. Hence (I69) follows. O

For the bounce-back case we identify the condition inducing non-existence of V2f up to the
boundary:

Proposition 4 (Bounce-Back BC). Assume fo € C' and |Vaofol <1 and ||(0)¢e?l*F follso < 1
and for x € 9Q and |v| ~ 1 with n(z) -v =0,

v - v'ufO(yvu) 7& 07 (174)
for (y,u) ~ (z,v). Then there exists t > 0 such that K (0, f)(x) satisfies (169).
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Proof. Step 1. We claim (173). On (z,v) € y-

w(v)t

— € —w(v)t
Onf(t,x,v) @) .Ue Va(z,v)o, f(t,z,v).
On (2/,v") € 4, Onf(t',2',v") equals
=n(z') - V. f(t',2',v")
=n(x') - {V ft —tp(2’ ), xb(a:/,v/),v/)efftt' v(F)(r)dr
t/

4 / e~ N V(F)(‘r)dT{Kme + Fgain(vzf, f) + Fgain(fa sz) — V(VmF)f}(S, - (t/ _ 5)0’7 v/)ds}.
t'—tp(z'0")

Note that the time integration term is bounded by

t ei‘v,f’““z
P(||<U><€9‘U|2fo||oo)/ / = | Vaf(s,2" = (t' = s)v',0")|duds.
t'—tp (z'v') JR3 |’Ul - ’LL|2_'7

If we use Theorem Bl and the non-local to local estimate(Lemma [2]) then this term is bounded term
in terms of .

On the other hand the main term can be decomposed as
n(z') - Ve f(t' —tu(2',0"), zp(2’,0"),v)

_—n(@) -z (@, 0))em @)

n(zp (2, 0)) - o' e~ @ —tp (2w ))\/a(x’,v’)anf(t’ —tp (2,0, xp (2, 0), )

+ Z T(zp (2, 0")0r, f(t' — tu(2',0), zp (2, 0"),0).

Note that n(z’) m(xp(z’,v")) = 0 as |n(a’) - v'| = 1. Therefore by (I3 we have for |n(x)-v| < 1

e~ =Wt Jo(z, v T,V
Oufls = [0uf)- ~ volz, )0t 2,0)

n(x) - v
Step 2. We use ([[69) and apply Theorem [ and Lemma [I4] to have
oo (5.0
—e Jo v(F)(t

)dT{[a"‘TZ*(O) - 8nte*(0)ve*(0)] . meO(Xcl(O)a Vcl(o)) + vl*(o) : vaO(Xcl(O)v Vcl(O))}
PUI0)F fol o) I =410 )0, o |
0]||loco Oé(.I,’U) tJO||oo

2 2 2 [} 2 2
I oo PG ol o) O et P01 )

+ P(|[{0)e”" folloo) sup [[e™=V ad f(t)]|
0<s<t

t Ot
X 1 s)k,. vl u ~ duds.
/0 /11%3; e,y (5 /4 )e—wW)Sa(Xcl(s),U)

(BB)
Here we use Lemma 20 and Lemma [[4] and ([{G8), for ¢ < 1

(BB) < e¥

—s) ; s
m/ /R3 k. 0/8(Var(s), )a(Xcl(S),u)d d
[v] 050(5) + CS,JO(Wfl)
a(z,v) (v)[a(x, v)]H/2

< Eew@)tm 1
~ (v) oz, v)’

< ew(v)t
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Now by the explicit computations in Lemma [14]

e~ fo' U(F)(T)dT{[anIe*(O) _ ante*(o)ve*(o)] . vme(Xcl(O), VCI(O)) + UE*(O) . vaO(Xcl(O); Vc1(0))}

—t{v)||{v Cee‘v‘zl 0|]oo n(x) } vg(xl) n(x) } v€($2)
> et foll {g*(o)iv ey T (C(0) =)= VE@?) }Vcl(o) * Vi fo(Xe1(0), Var (0))
- cg%wmfo(xcl(m, Var(0))] = Celvl| Vo fo( Xet(0), Van 0))|
> 6_t<v><U>Ceev2'f0m05(1)at(z}|i) Vcl(o) . meo(Xcl(O), Vcl(O))
- %wvm(xcl(o» Var(0))] = Celol [V fo(Xaa(0), Var(0)),

where we used (I73)

n(@) VE@) @) VEE) | nle) - VEE?)
O[S e e |t v

A(z,v) 1
= £x N * B 5 N
L)y + 0B v>+0(n(x1)-v)
tlv]? 1+t
oy, O thl)
a(z,v) ax,v)
Therefore
if(t X U) > e_t<v>||<v><€9‘u‘2fOIIooO (1) t|'U|2 V](O) . v f (X 1(0) V](O))
8:17n s Ly = 3 OZ(ZZT,U) c zJO c y» Ve
O¢(1 +tlv
= G119, (X (0), Vr (0)] — Celo| T fo( X (0), Ver (0))
ax,v)
2 t2|v|? 2 2
= PO follc) £ e 80 )0 fo
o2 oI2 1+ t)|v)? _0)p2 oI2
@ follow P I0) e o) L =101 b et o )
a(z,v
2 1
— P(|[{(v)¢e?l! =) Ssu e~ Nad, F(1)]]oo X sew@)tM .
(I40)e o) sup | Fo)l b
Now we choose ||(v)¢e?I"” fo||oo < 1 and 0 < t < 1 and choose small € > 0 and then finally we
choose small ~ OfiT’U) < 1 to have lower bound
9 _cy P |v]?
v > 1 ) >0,
G f,0) > O TE(0) - V. fo(Xa (0),Va(0) > Co s

Combining Step 1 and Step 2 we deduce that 0, f has a non-integrable singularity % with no
possible cancellation. Hence ([I69) follows. O

In order to show the non-existence of V2f up to the boundary for the specular reflection
case(Proposition [B]) we find the explicit lower bound of ([24]) with a simple domain, 2D disk.

Example 1. Let Q = {Z = (21,22) € R? : [1|> + |22|> < 1}. Define

1
r:=1/z?+22€10,1], 6€[0,2r) such that (cosf,sin@) = —

3 (xlv'rQ)v
T] + x5

Vyp i =11 COSH + va8inf, vy := —vysinf + vy cosh.
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We claim that as a — 0(therefore r ~ 1,v, ~ 0) asymptotically

_ _ t — 2 t — =12

|61~Xcl(5;t,$,’0)'TLL(Xcl(S;t,fL',U)” -~ |2 S||'U9|2 _ ~ | S||U| 7

\/vr—l—(l—r Jus \/a(:zr,v) (175)
|8‘7( t ) (X ( t ))| |t_5||1_)|4 |t_5||1_)|4
Ve (s;t, x,v) -n(Xal(s;t,z,v))| ~ ~ ,
! ! v2+ (1 —r2)vs a(z,v)
0 -1
1 _
where n— = 1 0 n.

Ezxplicitly x = (rcosf,rsinf, x3), and v = (v, cosd — vg sin 6, v, sin 0 4 vy cos B, v3), and

z* = (cos 0, sin 0, x3 — (t — t*)v3),

vt = (1/v2 + 03 cost, /v2 + v3 sin g’ vs),

rloel + (A = r?)vg + 07

th=t— o
oy rlog| 4+ (20 — 1)y/(1 — r?)v3 + v2
vZ + v} ’
and
(t—s)o*> rlor|

le(sit,x,v) < +1<é( t,z,v)+1
«\SL,T, V) > 5 (831, T,V ’
2/ (L —=r2)v2 +0v2  2/(1—r2)v2 +0v2 2

where, for £ > 1
=0, 0°=0—cos? (vi") — (20— 1) cos™" (&)

\/vg—i-v? \/vf—i-vg

00 = cos— (UTCOSO—vgsin@)7 W = 0 — 20 cos! (i)

N Voo

Therefore, if t'T! < s < 1,

and
r(s) = [Xa(s)] = & — (¢ - )7']
V Xai(s) 7 0 -1 Xc1(s)
’US:V]S = 7U05—V18- i 7
’r( ) [J ( ) |Xc1(5)| ( ) c ( ) 1 O |XCI(S)|
v3(s) = v3
Directly
89UT = Vg, aGUO = —Ur,
— TVg —g
O, cos ™ ( ) —
( \/U%—i—’l)g \/U%+(1—T2)’U2
dg cos™! (L) =1, 0Ogcos ( v ) rUr
vZ + 7 vZ + 7 2+ (1—r2)2
- v0 Yo — TV Vg
acosl( ): ; 3cosl( ): ,
e\ g T Ve T g
- Yo —r - g —Trv,
36031( ): , 36081( ): 7
v JoEtug/ il Ja i) i
O cos ! ('Ur cosf — vy sint?) v 5 cos=] (’UT cosf — vy sin0) vy
N Vvt g vitvg R vZ + 02’
9p cos™! ('U'r cosf — vg sin@) — 0 =0, cos”! (vr cos bt — vy sinH),

V2 + v} Vv + v}
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and

P i gy 0,00 = ——2 — (20— 1)~

o] ]2
gt < = sloPlocl o e (26— Do
4 ~ 2 1— onN,20 Ur = S —
02+ (1 —r2)v; Z (=)
and
891/16 < % ) ’(/Jé _ 2[’[}9
NU?‘F(l—TQ)vgu T Uf—}—(l—ﬂ)v%’
t— sl 1
Dy, Wt < | r <|t—s|, 9yt =—2¢ o)
92/1 ~ U%—f—(l_’f‘z)’ug'\" | 72/1 v%_i_vg g( )|'U|
and
o < 2¢/(1 —r2)vg +v2
- v2 +v§ ’
|t — s[|9]? r|v.| 1
K*S_ o +_§€*S +1,
N e TN e (A R
and
- 2
ot = . vy |2 4 (20— 1)— Ty 3
U U [D]2y/v2 4+ (1 — 7‘2)1)9
Opt! = —(20 - )vTvgr2 < It — s||ve|r?
|1_)|2\/U% 1—7“2 \/’02 1—T2 g
Ur 1+ [vlft — 5|
Oyt = —(20 -1 + O (1)— 0 — 51
r ( )|1_)|2 v?_—l—(l—ﬂ)vg g(1) 52
ot < o1yl o, ol ET
t 0]2\/v2 + (1 —r2)v; GE
(1 )|U9| | 9|
<= g|l—— 0Ly g O
Ny <9|v3+(1 )07 5+ | ||v|2
Ifr < g then (1= 120} + 07 > §10]* and Oyt < |t = sl3ft + [t = sl < |t — s\ Ifr >
and [ve] < |v,] then 9,,t" < 15lly] S”ve‘ + |t — Tl [t — SHUle. If r > % and |vg| > |v,| then
‘ (1—r?) v o] < lt=s]
Ouot” S 1t = S| 3 i+ Ty +|t‘S|W5 T
Therefore
8”9# 5 |t j S|.
]
Directly

- o0 —sing? ott [ cosypt ‘ 31/) —sin*
oK) = 0,0 () = Sl (et )~ -9l (o
- (20 — 1)} —sin@¢ — cosp*
T o2+ (L= r2)Z \ cosd —sing’

04 Ulsler_, (06 002l ol ey

(@)
+ ﬁMMW o)v/o2 + (L= 2)0p
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where O¢ (1) remainder is bounded by

< lt—s[o)? {Ivellvr |1 —r[|vj] vi+(1 —7“2)?)3} L o]

T+ (1= o o 0]
t—s||lv|(1+|v -

_ It slialg 'Q+u )

TV + (1 -1y ]
Now we use some trigonometric identities to have
sin 0 + cos ¢*

=sin f cos (cos_l(v—f) +(20-1) cos_l(ﬂ)) — cosfsin (cos™ (| |) (2¢ — )cos_l(%))

ol g
T 9_ i 9 T 9_ 9 . —
Uy COS - Vg SIN os(2€cos*1(T—))+Sln(cos*1(v cos § Vg sin )) s1n(—2€cos 1(@))'
ol ol o o
Here
_1,Vg —1,TVp —1,TVg
cos(cos Y=Y — cos™H(—=") + 2l cos (T))
o] ol ol
_1,0g —1,TVe —_1,TVe . 1,00 —1,TVe —1,TVg
:cos(cos =) — cos (T)) cos (2€cos (T)) —sm(cos (=) — cos (—)) sin (2€cos (T))
o] ol g ol vl ol

=cos (%COS”(%)) + 0¢(1)|1 = cos (cosfl(l%"l) —cos™H ()|

0]
. 1, Vg 1TV . 1, TV
—l—Og(l)‘sm(cos 1(?|)—cos 1(7|)) sin (%COS I(W))‘
2 2 2
_ _1,Tvg _Tug Ur (1-12) ’Ue TUrVs Ve (1—1r2) ”9
= cos (%COS ( E )) + 05(1){’1 EE |v|2 ’ BE |v|2 ‘}
_ 1TV (1 —rvg Vo7 + (1 =r?)e
= Cos (%COS ( 3 )) + O¢(1){ EE + 7] I
and
—1,V0 _ (o _1,TVg

sm(cos 1(a) 1(?|)+2€ 08 1(W))
=sin (cos’l(%) sfl(%)) cos (2600371(%))) + cos (cosfl(%) - cos’l(%)) sin (26005’1(%)))
o w (-n}  SETA—%
_sm(zecos (5 )) O (1){ rEa o 1.

Therefore

sin 0 + cosp’ = (1 — |v—_9|)sin6‘cos ((% —1)cos™ (—0)) (1- v 9|)c059s1n (2£COS_1(@))

ol o o g
A—rpd | JEFA=
+ 0¢(1) - -
({7 T
v+ (1 —r?)vs
ol

Since cos 08¢ — sinypt = sin(9* + ) + cos(v* + 3),

v+ (1 —r2)vg

cos 0 — sin )t ~

]

Therefore we conclude our claim for Or Xei.
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Using the same estimates

- B —rvg ( —sin@* Uy cos )’ 1+ |o||t — s
on Xats) = o0 {T (0 )+ Uz+<1_rz)vg(smw J 05—

L4 olft—s| 1

N

21 sin 6 4 cos ¥*
- ( — cos @ + sin o’ O¢(1) |9

o] i

Let l, +1 <0< /¥, then

t— ~12
8,0t = By pt(— ol sin i, [o] cospt, 0) = =IO 1ol

BTN =172 (—|7] sin ¥*, 7| coswz,O).
r 9

Therefore we conclude our claim for 0,V . Moreover

¢ 0] _ f |o)? _
g Xea(s)| < ollt —sl,  |0gVa(s)| S o||t — s|,
XA S bl ol 100Ta(9)] S el =
_ |7| _ - 1 - _
< — X < — < —
90,V 14—l sl 90 Kl S i 00V S 1+l o

(176)

Based on Example 1, we naturally consider the 2D specular problem. We consider the 2D
specular problem for f(t,z1,x2,v1,v2,v3) solving

Ouf + 0100, f + 0200, f +V(F)f :Fgain(fa 1), (177)

where v3 is a paramter. Here (z1,72) € Q = {z € R? : £(x) > 0} and the convexity (2)) is valid
for all ¢ € R2. We study ([I77) with specular boundary condition ([B). Denote v := (7,v3) =
(v1,v9;v3) € R®. We define

a(z,7) = v+ VE(@)* - 2{v - V*¢(2) - 0}€(2).

Note that VE(2) = (92,£(2), 0,€(2), 0).
The following estimate is crucial to establish the weighted C!—estimate(Theorem [6) and non-
existence of V2f up to the boundary(Proposition ).

Lemma 15. For 0 > 0 and for i =1,2,
9]

e*W<v>S®a1/2v5fHoo}. (178)

Proof. The key is to use my old idea of splitting u| 3 with respect to [0 + @ [\/a(? + @y ). From
[7] or (29) we note

8%. Fgain(f? f)
— 21—‘gai1’1(6’Ui fs f)
|u

—I—C’/}R3 du/u.w_odwf(v+w)f(v+u)q3(|u+w|

= 2Cguin (Do, f, ) + Og(L)e 11| () el 1 £ 2.

—Tw( (V)8 'U2 ’U2
™= %10, Lgain (£, )] < || flloo{llee' " Flloo +110us floo +

(5 (w+v+w)

lu+w[*™t  utvtw?
e 4

)

Jul

Denote the standard cutoff function x > 0: x =1 on [0, 1] and x = 0 for [2,00). We have

7\u”+uj_+u\2 |U”| |u” +UJ_|N_1

Fgain(avifaf) = ~/R'5 dqu(U—i—uH)/]Rz duJ_avif(v+uL)e 4 QS(
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We further split it into

G+, al/? e G (77| R DT S VA
/]RS dqu(’U—I—’U,H)/RZX (#) 8,Uif(v—|—’u,L)6 1 q ( Il ) I du,

0
ull3 g +usl”
v+ L] et/
[t [ s (i
R? R? .3
7\uH+v+w_\2 |u||| |u|| +’U,J_|K71
X Oy, f(v+ul)e 1 a5 ( du .
’ Jug +ucl”
For the first part, |u) 3| > [0 + @1 [*~a!/?~, and we parametrize u, as ui 3 = _717!‘.‘71: so that
auy = 1 gg
L= Uy,
|y 3l

and the first part equals

s dug f(v + ) fro ALy, f(o1 + i 1,09 +ul 2,03 — L)

1,3

fu

2 “I

« [ot+aL | " al/2" e_\u”+11:uL\ qo(‘u”ﬂu‘)
X u||,3 [ allu+u[T="

We now integrate by part in u ; for i = 1,2 to get
Juy |

ﬁ“aL) |6+’I_I,L|1*041/2* o \uHJrv:uJ_\ qO(‘uHJ’,uL') ||7ZdUL
* Jup 3y + ur [

- /R du||f(v+uH)/Rz Oy f(0+ 01,03 =

uy),3 w3

—/ du||f(v+u||)/ f(’lj—l—fu_,’v;;—M
R3 R2

U3

lugl N~
|6+1‘u|1041/2> o P qO(\uH+uJ_|) Il
— — e i .

|y 3wy +up[=F

x@uL,i X(

uy|,3

|uu|

Tan ] to conclude
1B

Directly we have |0, ,a(v 4+ @1)| < a(v+u1)"/? and |d1u 2] <

|(9 { }|N X/|17+17,J_|0—a1/2—-|-|’D+ﬂ,1_|1—a0—€_w ||q8||oo|’l_l,|||
U .
: U3 luy, sl +ur ]t

_ * _ * - |"7«H‘
A ooy g5l 22 ll%lloolwl<1+|u,3>}

luslPlug + w0 fuysPlup+ucPm 0 fuyslluy w7

7\uH+U+uJ_‘2 _
1 |17+m|1‘a0—} ey
o+ @J_| |“H73| |U||73||U|| +uy|t=r
» ) e~ |uH+’U+’U«L| .
{Jo4aL |t -al/2- <u”3}|uH3|2|u”+UL|1 K |U||—|-UL|2

5‘13 l{u\|,3~|17+fu [1-al/2-} {

Note that | (v +uy)] S e~C1 [l f]|, and

£+ 05 — L) g omClor Ol s m ) OF
.3
and
e*\u\|+u¢+v|26*0\v+u”\26*0|17+711.|2*C|v3+u¢,3(uu1711.)\2 < 6*0’\1426*0'\“1.\26*0|U+uu\2,
where v := =uv +uvL with = —" and

Ju

o+ + o+ ur P = oy +uy? + Jor[? + o +ud P+ Joy|? > ol
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The 9y, ,{ }—contribution are bounded by following three estimates: For the first term

N P B ik AN VR R dws  —cpop
e "1™ flI5 — |y [Fe™ T day \ Se
gz [0+u1| Jge wp g~ oL | ez |U|\ 3

For the second term we use f(0+u,,vs — %) < e_C‘U+UL‘2||eOI’U‘2f||OOW such that
’ 37 lu 3l
|_ _ |1 0 _ _ 7\u”+uj_+l’\2 _ |
V+uy | p-uy e~ T |u
v ) e o — -
|u) 3] ups oyt ud
— — 1_ O_ —
Se_lv‘2€_lv+u”‘26_‘UL|2||69‘U|2f||2 |U+’UJL| 0417|U||| 127 1 _ _
lu + w7 s g slf + [vsuy s — @y - uLlf
— — 1— . 0—
el e lohu P ol ool gz POl Ta ) 1L
g +ud JuysPoed | [E - gy ]
[0 ] I TaL

where we have used e~ v+l luy| S {luy + o] + |v|}e otu® < (1 + |o])e=ClFrul’ . Now we

decompose @ = @) o + @) = ) - 17 + (@) — T - 7i=) and bound as e~ ][IV f][2

— — 1— . 0—
/ dup s / di el [P L "o
wy a~lota [ ad " JR2 AT

_la e By 2 _ e 2
/6 [0t (v =v- )l duu,b/ dajqe” el
X —
77 1— = vsuj,3 u
R T R [0~ T — vl

(] (]
— — 1_ — — 0_
5/ dme_IMF/ , duys ot - ol erf:”
R2 upz~|ot+aL|tma2” |UL| |u|\73|

I
laL]

</ dﬂle_\m\2|v+w|l (U+UL)O_/ duy,3
™ Jre uLl® uy g+ 1ma |y 3>7¢

where we have used 4, — U)o — V- The ) 3—integration yields

o V=8 =6
S/ daLef\aL\2|U+UL| _Oé(v+1u) _ 1 11
R2 |u |° 0+ @ |1=9)1=0) (5 4 g, )(3-0)1-)
1-5
</ da, e~lal? |U+U_¢|E( ) 11 '
R2 lail® a4 uy )29

Note that a(o+@1)2~ > [n(z) - (0 +u.)]'" and |aL|® = [nt - aL]¢ to bound

5<“>/R[ i N /| ml ] < (o),

n-a); +n-o]l nt . UJ_|€

For the third term is bounded by ||(v)Sefll” | |2, x

—uy),5—vs|? (u >2e*0{\uu+v\2*\7u\2} 1

e

/ dUH/ diiy / ————duy 5 — s 1+ 3)
R3 R2 uy 5|>o+a. |1~ al/2= |U||3| |u—|—w| |’U4||+’LLJ_|

—Clurl® gz an)2e—Cllup+vl?} 1
< / i / e lduy | {m) o+ ),
R3 R2 |U+UJ_|1_CY1/2_ |uH +ul|1 k |U|| —|—’UJL|2

where we have used

/ e~ luj 3—vs| 1 1 e—lu,3—vs]
du du

1— 1 ||3~ — 1— II,3

|UH,3‘Z‘5+@L‘1760¢%76 |u|\73| € |u|\73| +e | +ul|(1 s)(1+5)a( —e)(1+6) R |u||)3| €

1
< -
~ _ 1— 1
o+ a, |t~z



We note that, by separating |¢] > & or |¢] < 6, we can write o'/2~ > {n - [0 4+ @,]}'~ and
0 -1

|0+ u '™ > {nt-[o+u,]}", where nt = 1 0

} n, x so that the inner 2D integral are two

convergent 1D one

2 _ _ 2,
e Cluil®qg | du | e Clusl gy |
1/2— + 5 |1—nl/2— + 5 a, |1—
|o+a, |>1 « |o+a, |<1,|nt{v+a,}|<1 |0+ uyL'~a [nt{o4a, }|>1 v+ a|

<1 / e~ Pduy / o du
B nt{otaiy<t o/ oty |<Lnt (otay y<1 [0+ Lt al/2m
e—C\ULPd@L
+/vz¢~[1)4rm}|§1 |o+uy |t
< +oo.

Similarly, the first term is bounded by

loa— 2 w(_lul -
e~ lvs—u 3l }qo(m)un,idiu lutotul?

2
10 Al il [ s [ -
= e T S alztorap-arra TP g + a5

and the same argument yields the same bound.
We now turn to

_ «(_|ul
- 1/2— e 40 (HAL
=0 s [ {1 () fun e S ()
R3 R2

uj| 3 luy[Ju + w|' ==

In this case,
v+ Tu|17041/27 > |uy.
We now parametrize du in two different ways. We decompose
u| = U+ 'ELHJLL =AU cn Ay nt.
If |uj 3| > [, |, then we use the same parametrization to get
Y-l

e~ @ (v)s @ (vtul)s / dqu(v + uH) / d@J_e*w(eruJ_)Sawf({) + U ,v3 —
R3 R2

uy|,3

|y |
11 <|1‘;+1—u|1_o¢1/2_) _‘“W;:M‘z qé(\“\ﬁ”“ﬂ)
X[I—x | ————— |]e —
)3 g sl + Lt
= 1/2 d— _CIULP —C‘U+u‘||2
2 _ (yje U e e
So NPT fll ool ———

— 0Oy, f(s / du / — .
@) 7 (8)[loo s I (oL |- al/2- w5 |0+ 1y ol/2 luy alluy +ul[="
First we integrate v, to drop W singular term for 0 < k <1

ef|vn+uH,n‘2 67‘”n+u\|,n‘2

du”)n < dul\m < 00,

|U’H - ’U/J_|1_N |u||,n - ’U/J_,n|1_’Ii

so that we only need to bound
q e—lﬂﬂ2—|v+uu\2d{”_ 1
U 1o+ L Fas]o + au == ad/2=< [uy| 3|[ug + L |'—*
L 1 1,311 1
< /d emlalPqy, | elvtuitusl®e=lotul®
= U — — — —K "
Il o+ arlFas [ Juy sy +ul"

The inner integral is finite, since o > |n - {0+ 41 }| = |0 - n + @ »|, and the integral is a 1D
integral:

- 2
—lu
e~lmenl"dg n

R MU+ UL
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Moreover, from [u| 3| > || ,+|, the outer integral takes the form

2 2
€7|qu3+v3‘2ei|vanJ‘+tu"L| duy| zduy e o=l stvsl? o= 1oy oty a1 g L duy 3
I, Int l>n I,

. <

T Ly | =+ luy 3132

We are done in this case.

We now consider the case |u) 3| < |u) .. We now choose a different parametrization. We
define
- - L
Ul n =UL N, ul7n¢.—UJ_-n .
UL nU||,ntUL 3U s
Now we choose u | , and u | 3 as parameters so that u, ,. = —% and
’ I,m
|yl
duy = duy pduy 3,
|| n |
so that we need to bound
UL ,pW||,n T UL,3Y|3
—Tw(V)s ’ 9 El I
e~ (V) / du||f(v—|—u||)/ dUJ_7ndUJ_738Uif(Un+UJ_)»,“'UnJ. - ,U3 + Ul 3
R3 R2 uH)nL

Juy |

o+ 0y | mal/27 Y, _reren® 460 Te)
X[l—x|————— |]e 1 -
uj| 3 JwyJuy +

o|lal/?8,, f
Directly this is bounded by ||<v)<ee|v‘2f||Oo||e_w<”>s‘|<#||oo><

— — s 2_ 2
/ du (0 +ay e lml =t dy, L duy 3 duy
Il S 1 yl/2 g
®3 o (1m0t /2 2y o |0+ wyfat/ L T T

_ _ s 2_ 2
< d (04 @ e [Brml —lvtuy] 1 4@
~8 Uy 5 leasln 4, |1—€ 1/27s| | Ul,n-
R3 oL [1-al/2= >|u 5] [0+ a,|faf|o+a, | ca Uj|

. *C\uL,3\2d
where we integrate u 3 first to drop fR ¢ IUH"I‘U/LP;U‘:_YS

In the case of [v4 @, | < 1, this is bounded

Vo Je oraFas Juy e luy st
U
~S RS Il |’EU_,77,+7777,|3€ |U||,ni-||UH,3|1_

< / d {/e_luL’"2duL»”} e~ vty l?
u
~s s [l |Tu_,n+?7n|3€ |U||,n¢||uu,3|1_’

—Cluy 314
< € > Ul .3
~ fR Juj,3tur s[T—F < Foo.

where the inner integral is 1D which is finite and bounded. On the other hand, from the assumption

luj,3] < | 1], the outer integral is

2 — -
/e_mu i) o d nduy 3

|} g |y 312

‘ﬁH,nL‘ duH3 e—|’Dn+ﬁH’n\2e_|"7nL+’aH’nL|2 B B
s / / T - )| 1 A
0 w3t | | : ’
67‘571.“1"&\\,71‘267|’Dni'+ﬁ“yni-‘2
< // — d@HnJ_d’ﬁH’n<OO.
R |)] 7t | ’
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In the case of |v 4 @ | > 1 we bound the integration as

W4 a ) (o+u )= elirnl’e=lviul®
/ / = NdﬁL,nduH
R3 |u”3|1 ‘5|’U+UJ_|1 €a2*5 |uH nL||U||+UJ_|

vn+uln 'U L> |uJ_ n‘ e*"UJr’u.H' d—
du TSI UL p-
R3 w3 77 [GLn + 0] e |

Again f‘ It ‘d% S lay, 22177 and hence the integration is bounded by
3

e~ nl® o—lo+ay 2 .
’ // CINIEL - < {00) (01 ) ()T (B) "0 S L
bl

i | -5 |UJ_,n + Un|1—2a

Our main result for 2D specular case is

Theorem 6. Assume that fo € WH and satisfies [3). Assume that
v 2
sup {[1(0)°e”" F(B)lloe + 100, f(Dlsc} < erc.g0 < H00,
0<t<T

then

« - |7

—w(v)t 1Y
Ve f ()lloo + lle @

<'>v folloo + 118us Flloe + PUI @)™ Folloc),

where P is some polynomial. If fo € C' and the compatibility conditions (Z1)) and (Z7) are
satisfied, then f € C' away from the grazing set ~o. Furthermore, if ||<v><€9‘”|2f0||00 < 1, and
OQ (therefore £) is real analytic, then T can be arbitrarily large.

VaVy f(t)lleo}

—w(v)t
su e
ogth{” 1+ |9)?

al/?
Sror || ) Vz f0||oo+|||

We remark that powers of singularity a and /a are barely missed in 3D case.

Proof. We repeat our program in 3D for the simpler 2D case, and we only point out the differences.
Lemma [A] is valid with easy adaptations. The new 9, f(t) estimate follows from taking the vg
derivative

{6t+vlaml +U2azg}av3 f+Kav3 f+Kv3 f+V(F)6v3f = —lyy (F)f+1—‘gain,v3 (f7 f)+1—‘gain(av3 f7 f)+1—‘gain(f7 6113 f)

Since

| Ky £+ [y (F) 1 + Tanin,ns (£, £ S P ),
—Clv—ul?

[K B, f| + [Cgain (s £, )] S P(||<v><69'”2f||oo)/ﬁ;—mlavsf(wldu

and for (z,v) € vy
Opy [ (t,2,0) = Dy, f(t, 2, Ryv),

then we follow the proof of Lemma [Blsimilar to 0;f proof) to conclude

190 F (t)lloo S 190s Folloo + P fllo).

The Velocity lemma (Lemma [I]) is valid with changing v to . The non-local to local estimates
(@) and @0)) are valid for 0 < k < 1 for ¥ = (v1,v2): In the proof of (I9) in Lemma 2 Step 1,
the claim (6]) is valid. Step 2, (69) and (TQ)is valid with «(z,?). In Step 3 we define &1 and &9
with changing v to . Then [@2), and () hold with changing v to v. We follow the same proof of

Step 4 to bound ftb(w v %Z(s v)ds. We use ﬁ | r to conclude ([[9). For the proof

of (20) in Lemma [2] we use the same time splitting of (76 with changing |v| to |7|. Then all the
proofs are followed and we conclude the proof using ﬁ < i
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The fundamental Theorem Ml is valid with simpler proof with changing all v to ©. In fact, due
to topological advantage, we can use a global chart 2 = ¢ in R! (such as the polar co-ordinates)
for the boundary as

n(z))) = [R(x))) coszj, R(z))) sinay]

(vector-valued function) with a global ODE for in the polar co-ordinate system near the boundary!
The proof of Theorem Ml follows step by step of the 3D case but with simpler argument without
changes of charts. The estimate of e~ @)t THo |2V f(t) exactly as in 3D case, valid for a. The

most delicate part is to estimate Oy, 'gain (f, f), where a weight stronger than /o, due to 5 > 1/2
in 20). It is important to know, that we are unable to establish (20) in the 2D case with 8 = 1/2.
However, we are able to close the estimate by using additional bounds on 0, f.

More precisely we follow the Proof of Theorem [ only except M, and M, contributions which
contains the term (B). Again we note that we cannot use the non-local to local estimate for
(B) with 8 = 1.(For 3D, 8 > 1) Here we use (I78)), Lemma crucially to control those
M —contributions: Using (24))

M, — contribution

A

t (v a,ﬁC,’lj = m— m—
/oe " §>2)|3ch1(5)||3vFgain(f LIm0lds

)|’U|3 C‘ 1t=s] w(v)s m—L£ pm—~
/ <’D>2 | a17Fgain(f ) f )|d5

t
/ =@ =9)|5|ds x { RHS of (I78)}

N AN
S S

1 ~wwys 0]
< ¢ 9|'U‘ 1 a H w (v)
S —P(I[v)* e folloo) {1 + 110v; folloo + @ b
where we used (24).
Similarly
M, — contribution
+ _
—wo(v a\z,v [/ m— m—
S [ e o) 00T in (7 s
0 (v)
t —12_C|o||t—s]|
5/ efw(v>(tfs)|v|ef|ew(v)saﬁl—\gain(fmffjfm7£)|ds
0 (v)
t
5/ e~ @09 |5|ds x { RHS of (IT8)}
0
< LP( ! folla) L+ [ folloe + | e i
~ w 3 <6> [e'e]
With these estimate for M —contribution we are able to close the estimate. O

Proposition 5 (Specular BC). Let Q be 2D disk. Assume fo € C* and |Veufol < 1 and
||<’U>C€9‘U|2f0||oo < 1 and for all x € O and |0 ~ 1 with n(z) -5 =0

n(@) - Vofole,v) 2 1. (179)
Then there exists t > 0 such that Oy f(t) satisfies (169).

Proof. Using the fact that weighted 9 f is continuous we follow Step 1 of Proposition to conclude

@z).

Now we claim (I69) We take the spatial normal derivation
F(ts,0) = e DD fo(Xaa(0), Ve (0))

+‘/0 e —Jiv F)(T){Kf+1—‘ga1n(f f)}(87X01(8)7V01(8))dS7
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to have Oy, f(t,z,v) = I+ II + III as (IGH). Note that
I= 0,Vai(0) - Vo fo(Xer(0), Ver(0))e™ Jo ()
+0nXa1(0) - Ve fo(Xa(0), Va(0))e™ o "7,
From the condition (I79), we use ([I73) to have for a(z,v) < 1

ol* ’
12 iy K)o Xa0) Va0 = —ZZ ¥l
o 4
> at<|x|v> In(Xei(s)) - Vo fo(Xer(0), Ver (0)].

Except M —contribution

¢
e PO, Ve 0T (. )5, Xar(5), Vea(s)) s,
0

we use the non-local to local estimates(Lemma [2]) and follow the proof of Theorem [3 to bound all

the other terms by

v 10 2
06) 0L 01y fol o).

a(z,v)

Note that the smallness O(e) is from the non-local to local estimate.
Now we use Lemma [[5 and (24) to bound the M —contribution by

t 3,C|v|(t—s)
/ |U|676w<”>s{RHS of @)} < e
0

oz, v)

t|’U|3 2
T Cl NPT I
o1 ol

Therefore we choose sufficiently small £ > 0 and [|(v)¢e?!*” fy||s > 0 we can let T dominate IT
and ITI. Hence for a ~ 0

a’n«f # 07
and combining with (IT2]) we prove (I69). O

Acknowledgements: This project was initiated on the study of diffusive reflection boundary
condition during the Kinetic Program at ICERM, 2011. We thank a referee for the constructive
remarks on this earlier work, leading to our study of specular and bounce-back cases included
in the paper now (carried out by Y. Guo and C. Kim). Y.Guo’s research is supported in part
by a NSF grant, FRG grant, a Chinese NSF grant as well as Beijing International Center for
Mathematical Research. He thanks Nader Masmoudi for earlier discussions on the same subject.
C. Kim’s research is supported in part by the Herchel Smith fund. He thanks Division of Applied
Mathematics, Brown University and KAIST for the kind hospitality and support and also he
thanks Clément Mouhot for helpful discussions. A. Trescases thanks the Division of Applied
Mathematics, Brown University for its hospitality during her visit during 2011-2012. The authors
would like to dedicate this work to the memory of Seiji Ukai.

REFERENCES

(1] Cercignani, C.; Illner, R.; Pulvirenti, M.: The mathematical theory of dilute gases. Applied Mathematical
Sciences, 106. Springer-Verlag, New York, 1994

[2] Esposito, R.; Guo, Y.; Kim, C. ; Marra, R: Non-Isothermal Boundary in the Boltzmann Theory and Fourier
Law. Comm. Math. Phys. 323(2013) 177-239.

[3] Desvillettes, L.; Villani, C.: On the trend to global equilibrium for spatial inhomogeneous kinetic systems: the
Boltzmann equation. Invent. Math. 159(2005) 245-316.

[4] Guiraud, J. P.: An H-theorem for a gas of rigid spheres in a bounded domain. CNRS, Paris(1975), 29-58.

[5] Guo, Y.: Regularity of the Vlasov equations in a half space. Indiana. Math. J. 43(1994) 255-320.

[6] Guo, Y.: Singular Solutions of the Vlasov-Maxwell System on a Half Line. Arch. Rational Mech. Anal.
131(1995) 241-304.

[7] Guo, Y.: Classical Solutions to the Boltzmann Equation for Molecules with an Angular Cutoff. Arch. Rational
Mech. Anal. 169(2003) 305-353.

[8] Guo, Y.: Decay and Continuity of Boltzmann Equation in Bounded Domains. Arch. Rational Mech. Anal.
197(2010) 713-8009.

116



[9] Glassey, R. T.: The Cauchy problem in kinetic theory. Society for Industrial and Applied Mathematics (SIAM),
Philadelphia, 1996

[10] Hwang, H-J, Velazquez, J.: Global Existence for the Vlasov-Poisson System in Bounded Domains. Arch.
Rational Mech. Anal. 195(2010) 763-796.

[11] Kim, C.: Formation and propagation of discontinuity for Boltzmann equation in non-convex domains. Comm.
Math. Phys. 308(2011) 641-701.

Division of Applied Mathematics, Brown University, Providence, RI 02812, U.S.A., Yan_Guo@brown.edu
Department of Pure Mathematics and Mathematical Statistics , University of Cambridge, Cam-

bridge, CB3 OWB,UK, C.W.Kim@dpmms.cam.ac.uk

Institut de mathématiques de Jussieu, case 472, 4 Place de Jussieu, 75252, Paris, France, tonond@math.jussieu.fr

CMLA, ENS Cachan, 61, avenue du Président Wilson, 94235 Cachan, France, ariane.trescases@ens-
cachan.fr



	Introduction
	1. Preliminary
	2. Traces and the In-flow Problems
	3. Dynamical Non-local to Local Estimate 
	4. Diffuse Reflection
	5. Specular Reflection
	6. Bounce-Back Reflection
	Appendix. Non-Existence of Second Derivatives
	References

