Quantitative estimates of propagation of chaos for
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Abstract

We derive quantitative estimates proving the propagation of chaos
for large stochastic systems of interacting particles. We obtain explicit
bounds on the relative entropy between the joint law of the particles
and the tensorized law at the limit. We have to develop for this new
laws of large numbers at the exponential scale. But our result only
requires very weak regularity on the interaction kernel in the negative
Sobolev space W12 thus including the Biot-Savart law and the point
vortices dynamics for the 2d incompressible Navier-Stokes.
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1 Introduction

1.1 Motivation

We consider large systems of N indistinguishable point-particles given by
the coupled stochastic differential equations (SDEs)

dX; :F(Xi)dt—l—%ZK(Xi—Xj)dt—l—\/ZUNdWZ, i1=1,---,N
J#

(1.1)
where for simplicity X; € II?, the d-dimensional torus, the W* are N in-
dependent standard Wiener Processes (Brownian motions) in R? and the
stochastic term in (1.1) should be understood in the It sense.

The interaction term is normalized by the factor 1/N, corresponding to
the mean field scaling. For a fixed N our goal is hence to derive explicit,
quantitative estimates comparing System (1.1) to the mean field limit p
solving

Op~+ div(p[F + K %5 p|) = 0 Ap. (1.2)

Such estimates in particular imply the propagation of chaos in the limit
N — oo. But precisely because they are quantitative, they also characterize
the reduction of complexity of System (1.1) for large and finite N.



A guiding motivation of interaction kernel K in our work is given by the
Biot-Savart law in dimension 2, namely

ot
K(x) :aw—i—f(o(x), (1.3)

where 2 denotes the rotation of vector z by 7/2 and where K is a smooth
correction to periodize K on the torus represented by [~1/2, 1/2]¢. If
w(z) € LP(IT%) with p > 1, then u = K %, w solves

curlu:curlK*mw:aQu—/ w), divu = div K xw = 0.
11d

If F =0, the limiting equation (1.2) becomes
Ow + K %, w - Vaw = 0 Aw, (1.4)

where we now write on w(t, x), using the classical notation for the vorticity
of a fluid. Eq. (1.4) is invariant by the addition of a constant w — w + C.
We may hence assume that [;,w = 0 and Eq. (1.4) is then equivalent to
the 2d incompressible Navier-Stokes system on u(t, z) s.t. w = curlu,

O +u - Vau = Vip + o Au,

1.5
divu = 0. (15)

The system of particles (1.1) now corresponds to a system of interacting
point vortices with additive noise. Because we present our method in the
simplest framework where particles are indistinguishable, all point vortices
necessarily have the same vorticity in this setting.

Our main result provides an explicit estimate quantifying that the system
(1.1) is within O(N~'/2) from the limit (1.2) in an appropriate statistical
sense. However the method that we develop is able to handle general kernels
K which are not necessarily singular only at the origin or may not even be
functions.

The rest of the introduction is organized as follows: We state precisely
our main result in the next subsection. We devote subsection 1.3 to a longer
discussion of various examples of kernels K that are covered by our main
theorem. While our main focus concerns systems with non-vanishing dif-
fusion, the tools that are developed in this article can also be applied to
settings with vanishing diffusion. We give an example of such a result in
subsection 1.4. The last subsection in the introduction sketches the proof of
our basic a prior: estimates.



Section 2 presents the proof of our main results, assuming that one has
two critical estimates, Theorems 3 and 4, which are sort of modified laws
of large numbers. We establish some preliminary combinatorics notations
in section 3. This enables us to easily prove Theorem 3 in section 4. The
proof of Theorem 4 is considerably more difficult; it is performed in section
5 which is the main technical contribution of this article.

1.2 Main results

We start by recalling the precise definition of the space W*LOO(Hd) which
is used both in Prop. 1 and in Theorem 1 and which is critical to our
applications.

Definition 1. A function f with [g. f = 0 belongs to W=Loo(11%) iff there
exists a vector field g in L>°(I1%) s.t. f = divg. Similarly a vector field K
with [ K = 0 belongs to W—Lo(1%) iff there exists a matriz field V in
L>(M%) s.t. K = divV or K, = Y5 05Vap. We then denote

IFl-se = nf gl =, with f = divg,

and similarly

|K s = i0f [V, with K = divV.

Following the basic approach introduced in [29], our main idea is to use
relative entropy methods to compare the coupled law pyn(t,x1,...,2N) of
the whole system (1.1) to the tensorized law

N
ﬁN(taxl""va>:ﬁ® :Hf\ilﬁ(tvx’l%

consisting of N independent copies of a process following the law p, solution
to the limiting equation (1.2).

As our estimates carry over py, we do not consider directly the system
of SDEs (1.1) but instead work at the level of the Liouville equation

N N N
, 1
dpn + Y divy, | pw F(l’i)JrN ) K(wi—x;) | | =Y onAspn,
i=1 j=1 i=1

(1.6)

where and hereafter we use the convention that K(0) = 0. The law py
encompasses all the statistical information about the system. Given that it



is set in TI4"V with N >> 1, the observable statistical information is typically

contained in the marginals
pN,k(t,wl,...,CL'k) :/ pN(t,xl,...,a}N) drgsr ... dey. (1.7)
md (N—k)

Our final goal is to obtain explicit bounds on py — ﬁ®k, where ﬁ®k =
Hi-“:l p(t,x;). Those bounds will follow from a relative entropy estimate be-
tween py and a solution py to (1.6). But for this, we cannot use any weak
solution to the Liouville (1.6) and instead require

Definition 2 (Entropy solution). A density py € L*(I1¢YN), with py > 0
and fHdN pn AXN = 1, is an entropy solution to Eq. (1.6) on the time

interval [0, T], iff py solves (1.6) in the sense of distributions, and for
ae. t<T

/ Nt XN log pn(t, XYY dXN + oy Z/ / M pN’ dx ™ ds
HdN
§/ p log pQ dX ™
e N

- 1/ /Hdzv div F(z;) + div K (z; — 2;)) py dXV ds,
Z]

(1.8)

where for convenience we use in the article the notation X~ = (x1,--- ,xn).

In general it can be difficult to obtain the well posedness of an advection-
diffusion equation such as (1.6) under very weak regularity of the advection
field K, such as is our case here. We refer to [11] for an example of such
study.

In our case though, we do not need the well posedness and it is in fact
straightforward to check that there exists at least one entropy solution to
(1.6).

Proposition 1. Assume that fHdN p?v 10gp9v <0, ony >0 >0, and that
F, divF € L*®. Assume finally that K € W1 with as well divK €



W1 Then there exists an entropy solution py satisfying
2
[Vaipn|” dxV ds

N
Ve,
[ o X tog e, Xy ax¥ + 250 [ [
¢ N 2 i1 0 JrenN PN
Nt| div K||
20

2
g/deﬁ{, log p% dXV + W22 L Nt || div F| oo
I
(1.9)

Moreover for any ¢ € L2([0, T], WhH(I1?%)) with [Pl 2100 <1
t Wz

1 t
K 100 / 2d P(t, 1, v2) K(v1 — 22) pn2(t, 71, 72) dz1 dvg dE
W-tee Jo Ju

9 t]divK|% _, 2l div Fll oo
§1+t—|—/ 2% log % dx N + | - 4 ¢ 24 Flir
NQ TN 2

i

(1.10)
so that the product K py is well defined.
Our method revolves around the control of the rescaled relative entropy

1 pN(t’XN)

= — t, XN log =
N o PV 108 )

Hn(pn [ pN)(E) dx®, (1.11)

while our main result is the explicit estimate

Theorem 1. Assume that divF € L®(I1%), that K € W~5%(I1¢) with
divK € W1, Assume that oy > o > 0. Assume moreover that py
is an entropy solution to Eq. (1.6) as per Def. 2. Assume finally that
p € L>=([0, T], W2P(TI%)) for any p < oo solves Eq. (1.2) with infp > 0
and [qap=1. Then

y 1
Hu(pn | n)(t) <eM IEIHIKIE (’HN(p‘}V )+
+M(1+t(1+ !K\Iz)\a—awl>,

where we denote | K| = || K||yi-1.00 + || div K||yj;—1.00 and M is a constant
which only depends on

_ o V25 L 1 .
M<d, a, inf p, [|pllwre, sup 1Pl N/ P log piy, ||d1vFHLoo>-
p>1 p mdn



Remark 1. There is no explicit regularity assumption on F' in the previ-
ous theorem. Nevertheless some regularity on F' is implicitly required, in
particular to obtain W2? solution p to (1.2).

Remark 2. While our results are presented for simplicity in the torus IT¢,
they could be extended to any bounded domain 2 with appropriate bound-
ary conditions. The possible extension to unbounded domains however ap-
pears highly non-trivial, in particular in view of the assumption infp > 0
which could not hold anymore.

The proof of Theorem 1 strongly relies on the properties of the rel-
ative entropy over tensorized spaces such as II?N. Those properties are
also critical to derive appropriate control on the observables or marginals
pNk- In particular the sub-additivity implies that the relative entropy of
the marginals is bounded by the total relative entropy or

gk 1 _
Hilong | 0%) = Z /Hdk PN,k log ';];,f dzy... dzg <Hn(pn | pn), (1.12)

for which we refer to [24, 38, 39] where estimates quantifying the classical
notion of propagation of chaos are thoroughly investigated.

It is then possible to derive from Theorem 1 the strong propagation of
chaos as per

Corollary 1. Under the assumptions of Theorem 1, if Hn(p% | p%) — 0 as
N — o0, then over any fized time interval [0, T

Hn(pn | pn) — 0, as N — oc.

As a consequence considering any finite marginal at order k, one has the
strong propagation of chaos

ok
lon g = P2 Nl oo, 70, £1(rmaryy — 0

Finally in the particular case where supy N Hy(p% | p%) = H < oo, and
where supy N |oy — o] = S < oo, then one hgs that, for some constant C
depending only on k, H, S, T and | K| and M defined in Theorem 1,

_®k C
o g = 2% Nl Loo (o, 77, L1 (mary) < ik (1.13)

Remark 3. The rate of convergence in 1/v/N in (1.13) is widely considered
to be optimal as it corresponds to the size of stochastic fluctuations. We
refer for example to [36] where entropy methods are used in this context for
smooth interaction kernels; see also the prior [1] and [3, 9].



Proof. Corollary 1 follows directly from Theorem 1 by using inequality (1.12)
and the Csiszar-Kullback-Pinsker inequality (see for instance [47]) for any
f and ¢ functions on IT¢*

1f = gl qary < V2EHE(f | 9).
O

The starting steps in the proof of Theorem 1, such as the relative entropy
and the reduction to a modified law of large numbers, had already been
exposed in [29]. However the present contribution expands much on the
basic ideas and techniques introduced in [29]: First we make better use of
the diffusion, which was instead mostly considered as a perturbation in [29].
This is the main reason why we are essentially able to gain one full derivative
in our assumption on K with respect to the K € L* in [29].

The main technical contribution in the present article, namely the modi-
fied law of large numbers stated in Theorem 4, is considerably more difficult
to prove than any equivalent in [29]. This has lead to several new ideas in
the combinatorics approach, detailed in the proof of Theorem 4 in section
5. Theorem 4 is also much more general and we believe that it can be of
further and wider use.

The importance of law of large numbers for the propagation of chaos or
the mean field limit has of course long been recognized, at least since Kac,
see [31] or [45]. We also refer to [20] for an example where the classical law
of large numbers is used but which is limited to Lipschitz kernels K.

The relative entropy at the level of the Liouville equation does not seem
to have been widely used yet with [48], in the context of hydrodynamics of
Ginzburg-Landau, being maybe the closest to the approach developed here.
We also refer to [15] for a different, trajectorial, view on the role of the
entropy in SDEs.

1.3 Applications

We delve in this section into some examples of kernels K that our method can
handle and discuss at the same time where our result stands in comparison
to the existing literature. In general quantitative estimates of propagation
of chaos were previously only available for smooth, Lipschitz, kernels K such
as in the classical result [37]; see also [1, 3, 9, 36] for more on the classical
Lipschitz case. Gronwall-like estimates with Lipschitz force fields, but a
fixed number of SDEs, were also at the basis of [27].



System (1.1) retains simple additive interactions, contrary to the more
complex structure found for example in [40, 41]; but it still includes a large
range of first order models, such as swarming, opinion dynamics or aggre-
gation equations, see for instance [2, 5, 10, 13] or [32]. The list of examples
given below is hence by no means exhaustive and we refer to our recent
survey [30] for a more thorough discussion of current important questions.

e The 2d viscous vortex model where K satisfies (1.3). As mentioned in
the introduction, the mean field limit (1.2) is then the 2d incompress-
ible Navier-Stokes equation written in vorticity form, Eq. (1.4). We
can write

—¢ arctan% + 0

K=divV, V= 0 qﬁarctan%—l—w ,

where one can choose ¢ smooth with compact support in the repre-
sentative (—1/2, 1/2)2 of I1? and (11, 12) a corresponding smooth
correction to periodize V. Therefore K satisfies the assumptions of
Theorem 1.

The convergence of the systems of point vortices (1.1) to the limit (1.4)
had first been established in [43] for a large enough viscosity o. The
well posedness of the point vortices dynamics has been proved globally
in [42]; see also [14]. Finally the convergence to the mean field limit
has been obtained with any positive viscosity o in the recent [16].

However those results rely on a compactness argument based on a con-
trol of the singular interaction provided by the dissipation of entropy
in the system.

As far as we know, this article is the first to provide a quantitative rate
of propagation of chaos for the 2d viscous vortex model.

e Hamiltonian structure. If the dimension d is even then the previous
example can be generalized to include any Hamiltonian structure. In
that case one has d = 2n, x = (¢,p) with ¢,p € II" and for some
Hamiltonian H : II?" — R,

K = (V,H, —V,H).

Theorem 1 now applies if H € L>°(II?"), though this may not be the
optimal condition (see the discussion below). The theorem provides
propagation of chaos for such systems with diffusion with much weaker
assumptions than any comparable result in the literature.



We are nevertheless somewhat limited by our framework here. One
would for example typically want to apply this to the classical New-
tonian dynamics where H = >, p?/2 + %Z” V(gi — gj). This is
formally easy by choosing the appropriate function F' in the system of
particles (1.1).

The first issue is that the momentum should be unbounded instead of
having p € II"; as we mentioned in one of the remarks after Theorem
1, such an extension of our result to p € R™ for example would be
non-trivial...

The second issue concerns the diffusion which for such models usually
applies only to the momentum. This leads to a degenerate diffusion
whereas we absolutely require it in every variable.

Collision-like interactions. We can even handle extremely singular
interactions where some sort of collision event occurs at some fixed
horizon. Consider for example any function ¢ € L'(I1¢), any smooth
field M (z) of matrices and define

K = div(MIg<o), or Ko(z) =Y 03(Mag(x) Ly)<o)-
B

It is straightforward to choose M s.t. div K € W1 or even div K =
0: A simple example is simply to take M anti-symmetric. As M Iy<o €
L, Theorem 1 applies. This particular choice of K means that two
particles i and j will interact exactly when ¢(X;—X;) = 0. An obvious
example is ¢(x) = |z|?> — (2R)? in which case the particles can be seen
as balls of radius R which interact when touching.

But in the context of swarming, one could have birds, or other animals,
which interact as soon as they can see each other; this is different from
the cone of vision type of interaction found for example in [6] where the
interaction is much less singular (bounded). Micro-organisms such as
bacteria may also have complicated, non-smooth shapes. In all those
cases {¢ < 0} is not a ball in general and may even be a singular set.

Since M (z) is smooth, one could interpret K as being supported on
the measure dg—g. But in fact we do not need any regularity on ¢, not
even ¢ € BV and here K may not even be a measure...

Gradient flow structure. The dual to the Hamiltonian case is to take
K = V1 for some potential ¥. This lets us see the system of particles

10



(1.1) as a gradient flow with diffusion and it endows the mean field
limit (1.2) with the derived and nonlinear gradient flow structure.

When % is convex, but not necessarily smooth, it is possible to strongly
use this gradient flow structure. This is in particular the key to obtain
the well posedness of Eq. (1.2), even without diffusion, as in [7, 8] and
in [2] for the mean field limit.

However it does not seem easy for our approach to fully make use
of such gradient flows. This is seen on the assumptions of Theorem
1 where having K € W1 is not very demanding, ¥ € L* would
be enough, while the condition div K € W1 actually forces us to
consider Lipschitz potentials 1. Of course any 1 convex is Lipschitz
so that Theorem 1 still extends the known theory for general ¥. But
it is clearly not performing as well as in the Hamiltonian case.

A very good example of this is the 2d Patlak-Keller-Segel model of
chemotaxis where one would like to have K = az/|x|?> + Ko(z). This
choice of K is just a rotation of 7/2 from the 2d Navier-Stokes kernel
given by (1.3). Therefore we still have that K € W1 by using a
rotation of the matrix V that we wrote in the Navier-Stokes setting.
But unfortunately div K is now one full derivative away from W1
and Theorem 1 cannot be applied.

By studying the specific properties of the system though, a conver-
gence result to measure-valued solutions was obtained in [26] while
the convergence to weak solutions was achieved in [17] (see also [18]
for the sub-critical case). We also refer to [35] for general Coulomb
interactions. Those results are not quantitative though and a major
open problem remains to find an equivalent of Theorem 1 in this case.

We wish to conclude this subsection about kernels K to which Theorem
1 applies, by discussing more in details the assumption K € W1,

We first come back to the vortex dynamics for 2d Navier-Stokes and the

kernel K given by the Biot-Savart law (1.3). Since div K = 0, the classical
way to represent K is by K = curlvy with

P(z) = a log |x| + Yo (),

with again 1y a smooth correction to periodize . Obviously 1 is not
bounded which at first glance suggests that K does not belong to W—heo,
This is incorrect as the “right” choice of V' above demonstrates but it means
that knowing whether K € W1 s not as simple as it may seem.

11



The distinction is rather technical but it is critical for us as it allows
us to handle the crucial example of the vortex model. It also turns out
to be connected with a fundamental difficulty in our proof. Our estimates
directly use a representation K = divV and the most difficult term would
vanish if V' were anti-symmetric, which is the case if we take K = curl.
The fact that we cannot take K = curly with ¢ € L is responsible for the
main technical difficulty in this article and in particular this is what requires
Theorem 4 whose proof takes all of section 5. We refer to the more specific
comments that we make in subsection 2.1.

In general the study of the K for which there exists a matrix field V € L
s.t. divV = K turns out to be a very complex mathematical question. This
can be done coordinate by coordinate obviously so the question is equivalent
to finding the scalar field ¢ for which there exists a vector field u € L™ s.t.
divu = ¢.

The difficulty is that for a given K, there does not exist a unique matrix
field V s.t. divV = K. Of course in dimension d = 2 if divK = 0,
then there exists a unique % up to a constant, s.t. K = curly. In dimension
d > 2,if div K = 0, there exists an anti-symmetric matrix V' s.t. K = divV.
The anti-symmetric matrix V' is not unique in general though with the well
known issue of the gauge choice for vector potential if d = 3.

But even in dimension 2, there is no reason why o € L™ if K € W1,
This is indeed connected to the fact that the Riesz transforms are unbounded
on L and the kernel K of (1.3) is the classical example of this. Instead one
only has in general that ¢ € BMO.

However even in this simple case, it is not known if v € BMO is equiv-
alent to K € W1, This question is connected to the classical representa-
tion of BMO functions in [12]. For any ¢ € BMO, [12] showed that there
exists 1o, U1, Y2 € L s.t. ¢ = Yo+ R1 Y1 + Rapo with R;, 1 =1, 2, the
Riesz transforms. If it were always possible to take ¥y = 0 then we would
have the equivalence but that seems (at best) highly non-trivial.

Instead the positive results that we have are much more recent and
limited. This line of investigation was started in the seminal [4] which proved
that if K € LY(II%) then K € W—1°°(II%). If K is known to be a signed
measure then this was extended in [44] to find that K = divV with V € L
iff there exists C' s.t. for any Borel set U

‘ /U K (dz)

This result in [44] hence has the direct consequence

< Clou|. (1.14)

12



Proposition 2. Ifd > 1 and K belongs to the Lorentz space L% (11%) then
K e Wb,

Proof. Assuming K € L% then for a constant C, we have that

C
{o T, K@) > M} < .

Decompose now dyadically

/ K(@)|de < U]+ 321 [{z € U, |K(z)] > 2}
u £>0

Define kg s.t. 27¢ (ko) < || < 27750 and bound
{z €U, |K(z)| > 2"} < |U] for k < ko,
C
o €U, IK(@)| > 24} < o e T, |K ()| > 2%} < o for k> o,

This leads to

/ |K (x)|dz < |U| + Z ok+1 U]+ C Z o(1—d) k+1
v kE<ko k>ko

< |U| + 20+2 U] + ¢ 20-D kot < o || T,

by using the definition of ky. By the isoperimetric inequality, there exists

a constant Cy s.t. |U\d%dl < Cq|0U]| so that we verify the condition (1.14)
which concludes the proof. O

Prop. 2 not only applies to K given by (1.3) but proves in general that
any K with |K(z)| < C/|z| belongs to W1,

The original result in [4] is not constructive, and it is even proved that
the V€ L* st. K = divV cannot be obtained linearly from K. The
development of constructive algorithms to obtain V' is a current important
field of research, see [46].

1.4 The case with vanishing diffusion

While we are mostly interested in Eq. (1.6) when the viscosity does not
asymptotically vanishes, a nice (and essentially free) consequence of the
method developed here is to also provide a result with vanishing viscosity.

The result is of course weaker and requires K € L with div K € L.
Obtaining an entropy solution to (1.6) in the sense of (2) is even more

13



straightforward in this case as there is no need for integration by parts.
Moreover we also directly obtain the following bound, which replaces in
that case the one provided by Prop. 1.

N ot 2
/ pn(t, XN) log pn (8, XN) dXN + oy Z/ / MdXN ds
4N i—1 J0 JIeN PN

< /dN 2 log p% XN + Nt (|| div K || oo + || div F| 1) -
11

(1.15)
Under those stronger assumptions on K, we have the following result

Theorem 2. Assume that divEF € L>®(II%), that K € L>®(II%) with also
div K € L>®(II%). Assume moreover that py is an entropy solution to Eq.
(1.6) as per Def. 2. Assume finally that p € L°°([0, T], WH(11%)) solves
Eq. (1.2) with [qap =1. Then

1

Hu(pn | o) (1) <eMe Kl (HN(PS)V | PN + N

+ My (14 || Kloct) o — UN|>,

where we now denote ||K||oo = || K|z + || div K|z~ and My is a constant
which only depends on

- _ [Viog pllrr(paey 1 .
M, (mlllogpllwlm sup pdz) / P log pit, || div F| e~ |.
p>1 D N 4N

Remark 4. The constant My is in the above complex form simply because
we include all cases oy — o > 0. For instance if oy = o, then My only

explicitly depend on
_ V 1o ;_) 5
Moy <S || g ||Lp(pda:)> .

p>1 p

For the vanishing viscosity case oy — o = 0, M> only explicitly depends on

- 1V 1og pll rr(5d _
M (sup , P 1 log pllwee | -

p>1

See the proof of Theorem 2 in subsection 2.6 for more details.
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Remark 5. To control the error caused by the difference |0 — on|, we need
Viogp € L>®(I1%). This can be replaced to moment assumptions like
|V log p(x)| < C|z|* so that the result can easily be extended to the whole
space R,

Theorem 2 is obviously mostly only useful in comparison to our main
result if oy — o = 0, including potentially the purely deterministic setting
where oy = 0 or cases where the viscosity is degenerate in some directions.
But it also requires less regularity on the limit p and could also be of use
in such a situation. In particular it does not require that infp > 0 and is
hence easy to extend to unbounded domains contrary to Theorem 1.

Because of its usefulness for degenerate viscosities, it is rather natural
to compare Theorem 2 to results for kinetic mean field limits based on the
2nd order dynamics

N

1 .
dQi =P dt, dP= > K(Qi — Q) dt + V2o dW. (1.16)

j=1

We refer to [19, 28] for an introduction to the mean field question in this
kinetic setting. The best results so far have been obtained in [23] for a
singular kernel K with |K(z)| < C|z|7%, |[VK(z)| < C|z|717 with a <
1; in [22] for Holder continuous K. The most classical case is again the
Poisson kernel K (x) = v4x/|2z|? which is unfortunately out of reach so far
(except in dimension 1 as in [25]). It is possible to treat truncated kernels
such as K(z) = vgx/(|z| + en)? with the most realistic ey obtained in
[33, 34]. However none of the techniques in those articles seems, so far,
to be able to handle any diffusion and especially vanishing or degenerate
diffusion as in (1.16). In the case of (1.16) where the limiting equation is
often called Vlasov-Fokker-Planck, we refer for example to [3] which requires
more regularity on K.

We remark that in comparison, the theory of mean field limits for purely
1st order systems without viscosity is much more advanced, with the limit
of point vortices already obtained in [21]. However as we noticed before, the
techniques developed there do not seem to be compatible with any (vanish-
ing) diffusion.

An obvious point of comparison for Theorem 2 is our previous result in
[29]. This previous result covered the case of (1.16) with the same assump-
tion K € L it also introduced the basic ideas for the method used here,
based on the relative entropy and combinatorics estimates.

However [29] was relying strongly on the simplectic structure of the dy-
namics in (1.16). Extending the method to general kernels K which may
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not even be Hamiltonian, as is done by Theorem 2, changes the scope of
the result. It has also been proved to be quite complex: From a technical
point of view, the whole combinatorics estimates of [29] can be summarized
in section 3 of the present article while the new estimates are considerably
longer, see section 5.

1.5 Sketch of the proof of Proposition 1

The proof follows very classical ideas: Consider a regularized interaction
kernel K.. Eq. (1.6) with K. now has a unique solution py . for any initial
measure p(}\,. The goal is to take the limit ¢ — 0, by extracting weak-*
converging sub-sequences of py ., and to derive (1.6) for the limiting kernel
K and the various estimates such as (1.8) and (1.9).

The only (small) difficulty in this procedure is to obtain adequate uni-
form bounds. For this reason we only explain here how to derive those
bounds for any weak solution py to (1.6) which also satisfies (1.8).

The first step is to prove from (1.8) that

o Ve, on|?
E;// ”“dXNdsgc/ p% log p% dX .
i—1 /0 JIeN PN N

Observe that if divK € W1, that is divK = dive with [[¢]|pe =
| div K| }j/—1,00, then

— / /HdN div K (z; — ;) py dXV ds
zg 1

t
< || div Kl yir-1.00 Z/O /HdN IV, o] dXN ds

On the other hand

t
Z// Ve on| dXV ds
—Jo JidN

¢ 2
oN |V, pN| N
< . 2 dXY ds
= 2| div K|y -1,00 Z/ /HdN PN
I div Klyir-1.00 / / N
dx* d
+ 20N Z HdeN s

N K| — N2
S t”le ||W 1,00 + : ON / / |V$110N| dXN dS.
20N 2||d1VKHW71,oo N PN
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This implies that

Z// div K (z; — ;) py dX ds
T1¢ N

z] 1
Nt| div K|?
<

. t 2
20'N 2 p 0 JIédnN PN

Introducing this bound in (1.8) shows that

N
N N N , ON ! |V:ciPN’2 N
pn(t, XV) log pn(t, X ™) dX™ + — E —— dX" ds
¢ N 2 0 JIeanN PN

Nt div K%

WL 4 Nt div F[pee,
20N

S/ P log pi dX ™ +
HdN

which since o > o exactly proves (1.9).
From [38] by convexity, we know that

t Vv
// | da: da:2<2// ’vzsz‘ ax™ ds.
0 JI124 ,ONQ md N

If K € Wb, e if K(z) = divV(z) or using coordinates K, (z) =
Zgzl 95Vap(z) with V a matrix-valued field, then for any ¢ € Wh>

K(z1 — x2) ¢(x1,22) pn2 dzy dzo

H2d
==/ V(z1 —22) (¢ Va,pn2 + Vi, ¢ pn2) dy dxo
I
V:p N 2 1/2
< [Vl IVl + [V 6]l ( / Warpnal’ dwz) |
I2d PN,2

which leads to (1.10) using that infy ||[V[[zec = || K|} -1,00-
Finally, we note that

To Loy d—ry
div— = = —,
Y \xw Y 2w T R
so that with the same approach it would be possible to derive the bound
1 v 2
/ 7PN,2 d.ilfl dl‘g S 5 / | xle,2| diCl dl’g,
n2d |21 — 2|7 (d—=7)? Juza PN
for any v < 2 if d = 2 and for v = 2 if d > 2, which has proved critical in

the previous derivation and studies of the 2d incompressible Navier-Stokes
for instance see [14, 16, 43].
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2 Proofs of Theorems 1 and 2

2.1 Sketch of the proof of Theorem 1

Our goal in this subsection is to present the main steps of the proof. For
this reason, we make several simplifying assumptions that allow us to focus
on the main ideas. First of all, we assume that

F=0, divK=0, Ko=) 0Vap with [[V]|zecqma) <5,
B

for § small in terms of some norms of p.

We also assume that p € C°° with inf p > 0 and that py is a classical
solution to (1.6) so that we may easily manipulate this equation.

Finally we assume that oy =0 = 1.

Following our previous discussion about the criticality of the assumption
K = divV with V € L*°, we refer the readers in particular to the end of step
2 after formula (2.3) and to step 5 in the following proof. That step requires
the use of Theorem 4 whose proof contains the main technical difficulties of
the article.

If instead one would assume that V' is anti-symmetric then the term Bin
step 5 vanishes and as we mentioned above, we would have a much simpler
proof. Unfortunately this would not let us handle our most important kernel
K = 2z /|z|? corresponding to the 2d incompressible Navier-Stokes system.

Step 1: Time evolution of the relative entropy. First of all it is straightfor-
ward to derive an equation on py from the limiting equation (1.2)

N N N
1
OpN + E N E K(x; — xj) “Vg,pN = E oAy, PN
i=1 i=1

=1

N 1 N

+ Z N ZK(JUZ —xj) — K%z p(x;) | - Vg, pN.
i=1 i=1

Combining this with the Liouville equation (1.6), one obtains that

%HN@N | on)(1)
R 5 oy dx
Sz Z /ndeN (K (2 = 2j) = K %0 p(@)) - Vi log o dXY 9 4
1 o pn |?
-5 Z-_Zl/w’w ’v 8 oy
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A full justification of this calculation is given later in the main proof in
Lemma 2.2.

Step 2: Using K = divV. As the kernel K is not bounded but we only
have that K = divV with V € L°, the next step is to integrate by parts
to make V explicit in our estimates

N2 Z /HdN 7$J’)7K*x ﬁ(xz))vxl log pn dxN
'L j—
N -
1 Vx-pN N
A2 V(i —xj) = Ve plai)) + —— dX
P /HMN (Vi =) = Voxe plai)) = =22

N
: 0 = PN N
i i%;l/ndw( (s = 25) = Voo pl@i)) : Vi @ Vi =0

Observe that we were careful in writing that
_ PN _
PN Va;l0g pn = =V, pN,
PN
so that after integration by parts, the second term involves a derivative of

pn/pn which can be controlled thanks to the dissipation term in (2.1). More
precisely by Cauchy-Schwartz

5 . = PN 1y N
N2 1]21 /HdN - xj) — Vg P(xz)) : Ve, PN ®Vziﬁ7N dX
1 > PN ? ﬁ?\/’ N
<= Vg, — | — dX
- N;/H«“V “pN| PN

N
’vxsz| 1 . o N
+ = E g xj) = Vxg p(z;))| dX.

J=1

Of course )
‘v PN pﬂ
"PN| PN
so that the first term is actually bounded by the dissipation of entropy. On
the other hand

2
N
= ‘in logp) PN
PN

Ve |V, o)
P p(xi)?
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Hence we obtain that

(e[ pN)(t) < A+ B, (2.2)
where
c, N . ) 2 i
A= N;/HMPN sz:(v(fci—ﬂfj)—‘/*z p(z;))| dx™,
N , (2.3)
Bz X [ ow Vo= a) = Vo ) Vp(jc(“”)”) ax™,

and Cj is a constant depending only on the smoothness of p.
We point out here that Viiﬁ is a symmetric matrix. Hence, if V' 1is
anti-symmetric, then the term B completely vanishes: B = 0.

Step 3: Change of law from py to py. The two previous terms A and B
can be seen as the expectations of the corresponding random variables with
respect to the law ppn. Obviously we do not know the properties of py and
would much prefer having expectations with respect to the tensorized law
pn. We hence use the following

Lemma 2.1. For any two probability densities py and pn on 4N, and
any ® € L¥(TI%N), one has that ¥n > 0

1
/ ®py dXN < Hn(pn |pn) + N log/ pneN® dx.
4N [N

Proof. We give the (short) proof for the sake of completeness. Define
1
f:*SNcbﬁN, A= ﬁNeNq) dx ¥,
)\ 114N

Notice that f is a probability density as f > 0 and [ f = 1. Hence by the
convexity of the entropy

1 1
— 1 axN < = 1 dxN.
N/HdeN og f < N/HdeN 0g PN

On the other hand, one can easily check that

log A
N )

1 1
N/ leogdeN:/ qu>dXN+N/ pn log py dXN —
HdN HdN HdN

which concludes the proof of the lemma. O
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To apply Lemma 2.1 to A, we first expand A coordinate by coordinate

as
o N 1 X i
A<D 2 / v | 7 Do Vaus (i = 25) = Vap e pla)) | XY
i=1 o,f=1 ey Jj=1

Now applying Lemma 2.1 first to each

N
1 —
Cap =¥ > (Vas(wi = 25) = Vagxe plza) |
Jj=1
in A and then to
N 2 -
¢ = NQMZ:I (V(xi —x5) =V xp p(i)) : W

in B, we obtain that

A+ B<2Hy(pn | pn)(t) + A+ B,

2

2 _
Vz, ()

B— %log / sy e TNV @ima)=Vaadlen): <SS G XN
¢ N
(2.4)

Observe that the cost to perform this change of law is, unfortunately, severe
as we now have exponential factors in A and B. That is the reason why we
need L* (or almost L*°) bounds on V.

Step 4: Bounding A through a law of large number at the exponential scale.
By symmetry of permutation, we may take ¢ = 1 in A. Define

wa75(2,.%') = VO&WB(Z - :IZ') - Voéﬁ *z ﬁ(z)7
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so that
1N
N Z (Va,8(z1 — 25) = Va8 %2 p(21))

Jj=1

1 N
=~ 2 Vas(ona)as(a1, ).

Ji,j2=1

We remark that each ¢ has vanishing expectation with respect to p

[ stz ptaydr =0,
Hd

Theorem 3. Consider any p € L*'(T1Y) with p > 0 and [. p(z)dz = 1.
Assume that a scalar function 1 € L with ||¢| pe < 2—16, and that for any
fized z, [a ¥(z,x) p(x) dez =0 then

N
1
/dN PN €xXp N Z Uz, )Y (w1, 25) ax®
1 J1.j2=1 (2.5)
Sa I5;
where py(t, XV) = TN | p(t, x;)

a=(ell=)' <1 B=(Vaelul=) <1 (2.6)

We give a straightforward proof of Theorem 3 in Section 4, using the
combinatorics techniques developed in the article. But note that this the-
orem is essentially a variant of the well known law of large numbers at
exponential scales; the main difference being that v (x1, ;)¢ (21, x;,) does
not have vanishing expectation if j; = ja, j1 = 1 or jo = 1. Technically
Theorem 3 is hence rather simple, contrary to Theorem 4 below.

Using Theorem 3 and by taking ||V||~ small enough, we deduce that

A< % (2.7)

Step 5: Bound on B through a new modified law of large numbers. We now
define V25(2)
- zP\Z
z,2)=V(x—2)—V*px)) : ———
Pz, 2) = (V(z - 2) p(z)) ()

9

and we apply to B the following result
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Theorem 4. Consider p € L'(II%) with p > 0 and Jqapdx = 1. Consider
further any ¢(x, z) € L with

2
- (Sup | sup, \qs(.,z)\r\Lp(pdm)) .

p>1 p

where C' is a universal constant. Assume that ¢ satisfies the following can-
cellations

¢(z,2) p(x)de =0 Vz, d(x,2)p(z)dz =0 V.
Id 1é
Then
1 & 3
_ N
/HdN PN €xp N”Z:l oz, xy) | dXT < T < 00, (2.8)

where we recall that py(t, XV) =TI p(t, z;).

Theorem 4 is by far the main technical difficulty in this article. Ob-
serve that contrary to classical laws of large numbers, it requires two precise
cancellations on ¢, separately in x where

/ b(x, ) plx) dz = / (div K (z — 2) — div K %, p(z)) p(x) dz = 0,
e I
as div K = 0 and in z where we use the classical cancellation
/ (V(x —z) =V x; p(x)) p(2) dz = 0.
Hd

Choosing § so that ||V||r~ is small enough, Theorem 4 again implies that

er
B < N (2.9)

While Theorem 4 looks similar to the modified law of large numbers that
was at the heart of our previous result [29], it is considerably more difficult
to prove. In [29], we relied a lot on the natural simplectic structure of the
problem, which is completely absent here. The proof Theorem 4 is therefore
the main technical difficulty and contribution of the article, performed in
Section 5.

As we noticed earlier, if V' were anti-symmetric, then one would have ¢ =
0 and in turn B = 0. The main technical difficulty here is due to the need
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for a V' without symmetries, which is required to handle 2d incompressible
Navier-Stokes.

Final step: Conclusion of the proof. Inserting (2.7) and (2.9) in (2.2),
we deduce that

d
—Hn(pn | pn) < 2HN(pN | PN)

Cs
at TN

allowing to conclude through Gronwall’s lemma.
There are several additional difficulties in the general proof. The fact
that ||V L is not small forces us to carefully rescale all our estimates.

Similarly since py is only an entropy solution to the Liouville Eq. (1.6), we
have to proceed more carefully in estimating the relative entropy.

2.2 Time evolution of the relative entropy

The first step in the proof is to estimate the time evolution of the relative
entropy,

Lemma 2.2. Assume that py is an entropy solution to Eq. (1.6) as per
Def. 2. Assume that p € WH>2([0, T] x 11%) solves Eq. (1.2) with inf p > 0
and fHd p=1. Then

1
_N ¢ N

t, XN)
o X108 L cth, X)

Hy(pn | pN)(E) dx™N < H1n (% | %)

1 ! _ _
- N2 Z /0 /HdeN (K (z; — xj) — K %z p(27)) - Vo, log oy dXV ds

i, j=1
1 L
-2 Z /0 /HdeN (div K(z; —2;) — div K %, p(z;)) dXV ds

i, j=1

N
g PN
- = N |Vz, log =—
N;/o /Hde ’ "% oy

where we recall that py(t, XV) =TI, p(t, x;) and with

2
+ Cit|o—on|,

1 2

| div KHZW? s 2] div F||pe
0 0 =112 1,

— pn log pn+2 | log p oot + .
Nt /dN N log p+2 || log plly,

Ch
a? a
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Proof. From the limiting equation (1.2), one can readily check that log px
solves

N N
1
8tlogpN+ZNZ (z;) + K(z —xj))-VxllogpN—Za ;szN
J= i=1
1 N
+Z ZK i — 1)) — K % pla) | - Va, log p
i=1 ]:1
N
Z (div F'(x;) + div K %4 p(z4)).
(2.10)

Remark that log oy € W2°([0, T] x T1%V) since p € WH>°([0, T] x I1¢) and
p is bounded from below. Therefore log pxy can be used as a test function
against py in Eq. (1.6). This implies that

/ pn log py dXN / pN log dx™
dN e N

// PN thogpj\ﬁ—fz (i) + K(xzi—xj)) - Vg, log pn dXx ¥V ds
e N

B,j=1
t
—on Y / Vo, log pn Vi, py dXV ds.
i—1 0 ¢ N
Using the equation (2.10) on log px, we obtain

/ pn log py dX N / P log oy dX N
aN [d N

S o (3 S gt | S o a

7j=1

_/O /HdN PN Z(leF(l'Z) + div K %, /3(1'1)) dx™ ds
=1

i Ag,pN V., PN
+Z/ / o pN —2EE — oNVapn - —2 ) dXY ds.
i1 J0 JIeN PN

PN
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Using the entropy dissipation for py given by (1.8), we have that

1
Hn(pn | pn)(t) < Hw(pn | pw)(0 )+NDN

N2 Z / /ndN _xj)_K*ﬂﬁﬁ(xi))‘vmilOgﬁN dx™N ds

1]1

/ / (div K (x; — x;) — div K %z p(z;)) dXV ds,
HdN

(2.11)

1]1

with

V. p V. 2
DN_Z// < 0PN SaPN +oNVyg,pN - gfsz—ffN‘ PN | )
N PN

PN PN

By integration by parts

Az, PN VPN |Vz‘pN’2>
—py —2EN 4 VP
/HdN< PN "pn . PN PN

Vo, 0N |2 Voon  |Va,on|?
=— pN|“27PN| — 2V, oy PN [Vaspnl (2.12)
N P PN pN

= —/ PN ‘in logfj—N
4N PN

On the other hand,
. xl,ON
e 3 [, o
Vg, PN ‘Vx PN|2)
=(0c—onN —VupN ——+pN —5— |-
< >;/w< o217

N

2

Of course

|Vm PN| / |Vm ($Z)|
VaiPNT N PO g .
Z /H . Z [ I log 31
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while by Cauchy-Schwartz

al t ) N ¢ 9
Vai Vo,

Z/ Vo -~ < N t||log plle + / / [Vaipn®

i—1 70 JIN PN i Jo Jnan  px

2 Nt|divK|?2
< Nt logp||? ooJr/ Q. log p% W=
< Nt logplljy, o JoanN gpy + s

2 div F| z0
LNt | div F||, 7
ag

by Prop. 1 based on the entropy dissipation.
This leads to

N t _

A:ciPN

g—0 PN ——
LD o

PN

Idiv K%, . 2| div F| g
o? +

g

<o - o] <Nt [2 Tog 711 +
2

+/ p?vlogp‘?v)
O JTanN

Finally combining (2.13) with (2.12)

N t 2
N 2
Dy < —a E / / pN |V, 10gljf + o —on| / % log p%
i Y0 JImeN PN O Jdn

)

which inserted in (2.11) concludes the proof. O

(2.13)

+ Nt

_ Idiv K[, o 2| div F||pe
2 || log 13100 + 02W EL

g

2.3 Bounding the interaction terms: The bounded diver-
gence term

We now have to obtain the main estimates, starting with the case where the
kernel belongs to W~1>°(I1%) and has bounded divergence.

Lemma 2.3. Assume that p € W2P(II?) for any p < oo, then for any kernel
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L € W=Loo(T1%) with div L € L™, one has that

L(z; — x;) — Lxz p(27)) - Vo, log py dXV

|
Z| ~
g
o
z
=
2

1 . . _
o) E /HdN pn (div L(z; — x;) — div L x; p(2;)) dXV
ig=1
o N p 1
g N2 N 1 =
< = log —|7 dX CM —
T o Tatos B AX 00 (xtowlom) + ).

where C 1s a universal constant and

|ﬁ 2 3OO |L| 2’ —1,00 L i/ —1,00 V27
Mi =d3 LdhE - | JW L | |,|W71’ sup V"ol + || div L|| oo
o (inf p)? infp  ,>1

Proof. Remark that in this estimate, time is now only a fixed parameter and

will hence not be specified in this proof. .
Denote V € L>®(II%) s.t. L = divV. By the definition of W~ we

assume that ||V g < 2|L[}j,-1,.- By integration by parts

N
1
N2 Z/ pn (L(xi = 25) = Ly p(a3)) - Vo, log pry dX Y
i j=1 /1N
L
L - N . N _
N2 ZZ /ndeN (div L(z; — ;) — div L x, p(2;)) dX A+ B,
with

N
1 _ ~ PN N
A=— E /HdN (V(zi —xj) =V kg p(xi)) © Vg, pn @ inﬁ—N dX*,

N2 £
i, j=1
N 5
B:N2 i;l/ndj\,p]v (V(zi — z5) = V %3 p(i)) - Ton

— div L(x; — ;) + div L %, p(xz)] dx™.
We treat independently A and B.
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The bound on A. First by Cauchy-Schwartz and by using ab < a?/4 + b2

N ~2
g PN PN 2 ;v N
A< — / |V, =7 dX
4N; mé N PN| xle'
2
N N 9
d 1 5 Ve, PN N
+NU;/HM N;W(xi—xj) —V ok plx7) ‘ v dx V.
Remark that ) )
el N val | 3|2 < 1Pwtee
f_)N ' | T4 ng('xl” P (1nfﬁ)2
Hence one has that
g N p
A< — 1 N |2 dXN
Il & & 1 & Y
PN g 2 2 Jrun| 3 2o Vas(eimas) = Vo e i)
1=1 047/811 le
pn dX ™V,
(2.14)
where V,, g is the corresponding coordinate of the matrix field V.
For some 17 > 0 to be chosen later, we apply Lemma 2.1 with
N 2
1 —
b= | 5 >0 Vap(ei —25) = Vo %o () |
j=1
to find
1 N d 1 N 2
A [ Vastes =)~ Ve pte) | o ax™
1d N N "
1=1 Oé,ﬁ:l j:1
d2
< o HN(pN | PN)
1 N N ’ : ))2
= N(%>:0(Vagl@i—zj)—Va grep(zs) N
+N2n22210g/wpwe N pRTRI T s dx ™.
i=1 a,f=1
(2.15)
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By symmetry
IZIOg/ ﬁNe ( Z 77( QB(CEZ—JUJ) Va73*zﬁ(xi)))2 dXN
zlog/ PN € ( Z 77( Va,p(x1—25)— Va,B*wﬁ(xl)))Q dXN
T1d N
Define 9(z,2) = nVa5(z—x) —n Vo g*p(z). Choose n =1/(4e||V| =) and

note that [|1)[| 1 < ;& and that for a fixed z, [ p(z) (2, z)dz = 0. Since

2

=

1 _
N N Zn (Va,g(l'l — l‘j) — Va,,B *p ,0(:6’1))

we may apply Theorem 3 to obtain that
/ PN eN(% 2 U(Va,,@(m—xj)—Va,g*zﬁ(xl)))2 ax N <C
mdN

for some explicit universal constant C.
Combining (2.14)-(2.15) with this bound yields the final estimate on A

3 HPHWI,OO HVHLOO _ i
+Cd g(infﬁ)z HN(/)N ‘pN) + N/’

again for some universal constant C.

(2.16)

The bound on B. Define
Vai(z)
p()

Oz, 2) = (V(z—2) =V *g px)) : — div L(z — z) + div L *, p(x),

(2.17)
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so that

1 V3.
B=— V(z, —x;) = Vxg play)) 1 —2—
v oo | Vi) =V e o) s 2
— div L(z; — 2;) + div L4 p(z;) | dXV
1
— o N
=Nz Z /ndeN d(xi, ) dX.
i,7=1
Apply Lemma 2.1 with
1 N
ij=1
so that
1 1 o
B<-Hn(pn|pN) + / pv e 2 nor) gx N, (2.18)
n NT] 14N

Observe that [;4 ¢(x, z) p(z) dz = 0. While by integration by parts
Vin(z)
p(x)
= / (divL(z — z) — div L x, p(z)) p(x) dz,

T1d

/ (V(x —2) =V xg p(x)) = p(x)dx
11é

implying that [. ¢(x, 2) p(z) dz = 0. Note as well from (2.17) that

V|~ B )
['sup (., 2) |l zr(pde) < 2 H | IV25| e + 2| div L[ oo
2 inf p

Hence choosing

1

n= - )
Voo V2 .
0(”111‘;5 sup,, | 5””+||d1vL||Loo)

we may apply Theorem 4 to bound

/ PN 6% Zi,jﬁ¢(l’i7$j) dXN < C7
I1d N
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for some universal constant C. Hence from (2.18), we conclude that

V|| oo 25
b (e o 171

P + || div I 1
I o0 0 — 1.
mfﬁ p H 1 HL ) <HN()0N ’ ,ON) =+ N>

(2.19)

To finish the proof of the lemma, we simply have to add (2.16) and
(2.19), recalling that ||V'||zee < 2||L]}i—1,00- O

2.4 Bounding the interaction terms: The divergence term
only in W1

Lemma 2.4. Assume that p € WLP(T19) for any p < oo, then for any kernel
L € L>®(1%) with divL € W1, one has that

1 XN
o 2 [ o (Ll ) Lo plan) - Vi oy XY

i, ]:1

N2 Z /HdN (div L(z; — ) — div L%, p(;)) dXV
1, j=1

a PN |2 N 2 = 1
< = Jog —|7 dX CM —
ST o Vertog B2 X 00 (Rt o) + ).

where C 1s a universal constant and

IVollze=

ME = (Il + ] div L) 5

H dl LHW 1l,00"

Proof. The proof follows similar ideas to the proof of Lemma 2.3 but now
we have to integrate by parts the term with div L instead of the term with
L. Denote L € L*> s.t. divL = div L and || div L||jj;—1,00 = || L][zec. Write

N
1 . . - N
_mi;l/nd]v N (div L(z; — ;) — div L *, p(x;)) dX
- P
= — vz.iN-<E$i—JJ'—I~/*x_J)i)_ dx¥
3 Z/H N (Bla = 27) — Lo pla) v

N
71 T T — _
E Z /HdN PN (L(xz‘ —xj) — L*g P(%‘)) -V, log py dX™N.
j=1
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1 _ _
N2 Z /Hdzva (L(x; — xj) — L %2 p(i)) - Va,; log p ax®

1 N
w2

/ PN (diVL((L‘Z' - :Cj) — div L %, ﬁ(.ﬁC,)) dxV =4 + B,
¢ N

i, j=1
(2.20)
with
1 < PN
= I(x: N Tox () 5 N
Ao 3 [ Tl (e Do) ™,
and
1 & _ _
B = N2 ig:l /HdN pn (L(z; — 25) — L%y p(x;)) - Vo, log py dX Y,
for L=1L—L.
Bound for A. We start with Cauchy-Schwartz to bound
o < PN 2 P
A<— / V, 222 EN
_4N; HdN| Ile PN
2
1 N d 1 N ~ . N
* No ;;/Hmf PN N ;(La(% = @) = Laxz p(x;)| dX7,

where Jia is the o coordinate of L.

Denote 9(z,2) = 1 (La(z — ) — Lo * p(2)), and use Lemma 2.1 for
2
¢ = ‘% Z?]ﬁ 1/1(%‘,333‘)) to obtain

1 & LN o §
N P /1:[dN PN N ;(La(xi —xj) — Lo %z p(z;)| dX

1 B 1 N B ‘L Z'¢(xi,x-)‘2 N

§772,HN(pN|pN)+WZIOg/HdeN6N L



Of course [;q49(z, ) p(x) dz = 0 so that taking

B 1 B 1
del||L|pe  4elldiv Iy -1e’

n

and applying Theorem 3, we find

N
g PN |2 N
A<— Vg, log —|“dX
<Z ;/Wm 1og 22 .
I div L|IZ, _, . 1
Cd——W—=> <HN(PN!,5N)+N>-

g

Bound for B. We follow the same steps as before, define
Pz, 2) = (E(l’ —2) - L %y p(w)) -V log p(z),

and first apply Lemma 2.1 with ® = 3% Zgjzl é(x;,x;) to find

1 1 .
B < —Hn(pn | pn) + 5 log / pn e Tu O@ni) qx N,
n n d N

Since divL = div L — div L = 0, we have that

/Hd P(x,2) p(z)dz = /Hd o(x,2) pla) dz = 0.

Choose
1 B inf p
IVlogpllirpar) — C (||L||zoe + | div Ly —1.00) [V All zoo”
p

C || L] o sup,,

and apply now Theorem 4 to conclude that

, IVollLe _ 1
< oo ; S Sp— — . .
Combining (2.21) and (2.22) concludes the proof. O
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2.5 Conclusion of the proof of Theorem 1

The proof of Theorem 1 follows from the previous estimates through a careful
decomposition of the kernel K.

By the assumption of Theorem 1, we have that K, = 03V,3 where V €
L (T1%) is a matrix field, and that there exists K € L™ s.t. div K = div K
and \|I~(||L00(Hd) < 2] div K||j;-1,0c. For convenience, we use the notation

K = K ooy + IV | ooy < 21 div K lyip—1,00 4 2 1K [lyr-1,00-

Define K = divV — K. Note that divK = 0 and obviously since
K € L*® and we can choose K s.t. [K = 0, then K € W~ with
T{PEYA T} ]

We combine Lemma 2.2 with Lemma 2.3 for L = K, and finally with
Lemma 2.4 for L = K. We obtain

Hu(pw | pv)(8) < Hn (X | pX) + Crtlo —on]

+C/0t (M}-{+M;2<) (HN(pN|pN)(S)+;[> ds. (2.23)

Because of our specific bounds

112 — 9
7 oo K i/ —1,00 V
Ml <RI Pl M IV
"> g (inf p) inf g P P
2 % S, HVﬁHLm d . 2
Mf( < (HKHLOO + H dIVKHW71,oo> W + EH leKHW—l,oo'

To keep calculations simple, we do not try here to obtain fully explicit
bounds (which would still be possible) and simplify (2.23) in
Hu(pn | pn)(1) < Hn (| pN) + M (1 +t (1 +[|K]*) [0 — on]
~ ) t B 1 (2.24)
SRR [ (tvton )+ 3 ).

where we only kept explicit a simplified dependence on K and where the
constant M depends only on

_ o V2p L 1 .
M(d, 0. nf g, olhwn s sup LI R tog 8, |rdwFHLoo>.
2 p N Jian
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By Gronwall lemma, (2.24) implies that

VA 1
H(pw | o) (1) <M IKIHIEI): <HN<p9V )+

+MA+t(1+]|K|%) o —aN|>,
which concludes the proof of Theorem 1.

2.6 Proof of Theorem 2

The proof of our result for vanishing viscosity is in fact now straightforward
as it uses our previous analysis.
First of all, we have an direct equivalent of Lemma 2.2

1
_N ¢ N

pn (t, XN)

t, XNy log N2
PN ( ) 8 ot X )

Hn(pn | pn)(t) dXN < Hn (N | A)

N t
1 _ _
-2 g /0 /HdeN (K(x; — x;) — K %z p(x:)) - Vi, log py dXV ds
i j=1

N t
1 . . _
o) Z /0 /HdeN (div K (x; — x;) — div K %, p(z;)) dXV ds +ay
i j=1

(2.25)

where when oy — 0 =0,

N
g
SRS TY /0 [ 19 Tog i) 24X ds < tlo — o 10g s~

while when oy — 0 > 0 as N — 0o, we can take ¢ = 0/2 as in Lemma 2.2
which gives
ay = Cytlo —on]|

with Cy given by

2

Cyg = ——
2 oNt

2. 2. . _
[ Tom e+ 21 div Ko+~ div o + 2] og plf.
4N g g

There is no need for any integration by part on the other terms in (2.25).
Denote for some n > 0

717 6(z,2) = (K(z — 2) — K % (z))-V, log () + div K (z—2) — div K+p(x).
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We directly apply Lemma 2.1 to

1 N

ij=1
and find
Z / /HdN zi — xj) — K %3 p(2;)) - Vo, log py dX N ds
i, j=1
N2 Z / / (div K(z; —in) — div K x, p(x;)) dx™N ds
ij=1 HdN

N
1 1 1
<-H 0 +10/ ON exp | — E Ti, T dx ™.
n N(PN‘PN) T]N g HdeN Nijzl(b( i j)

We use Theorem 4 and observe for this ¢ satisfies the required assumptions
and in particular

2
H Sup, |¢(7 Z)‘ ”Lp(ﬁdx)
=C |su
! (pzll) p

2
Vlog pll (s
< 0772 HKHgO (Sup H gp”LP(pdx)> < 1’
p>1

provided that
1

= _ )
C K]0 sup, 4||V1°g”]‘3‘w<pdz>

n<

and where we recall that
1K loo = [[ K| zoe + || div K| oo
By Theorem 4, we hence have for some universal constant C' > 0

N2 Z / /HdN —xj) — K %z p(27)) - Vo, log py dX ds

Zjl

/ / (div K (x; — x;) — div K % p(z;)) dXV ds
i =1 HdN

AT /0 (wpm pN><s>+]1V> as.

37



Inserting this in (2.25), we find that

— . — t B 1
Moo | o) <Hary | %)+ W2 K o | (HN<pN|pN><s> " N) as
+ My (141 Klloc) |0 — o]
for some constant My depending only on

1V 1og pl| e (5 da)

My <0’, || log pl| 171,00, SUP
p>1

1 .
N/ i log p, HdlvFHLw)-
¢ N

This concludes the proof by Gronwall lemma.

3 Preliminary of combinatorics

Before the proof of the main estimates Theorem 3 and Theorem 4, we list
some useful combinatorics results used throughout this article. We first
recall Stirling’s formula

! = A\v/2rn (ﬁ>n , (3.1)
e
Wherel<)\n<%and)\nﬂlasn%oo.
We have the elementary bound following from (3.1)

Lemma 3.1. For any 1 <p <gq, one has

(q) < ePgPpP,
b

One also has the basic combinatorics on p-tuples

Lemma 3.2. For any 1 < p <gq, one has

—1
{(b1,- -, bp) ENP[VE 1<l <qandby+by+--+b, =g} = (;_1)

Proof of Lemma 3.2. When p = 1, the lemma trivially holds true with the
convention (8) =1if p = ¢ = 1. We thus assume p > 2 in the follow-
ing. Since each p—tuple (b1, b, - -, b,) uniquely determines a (p — 1)—tuple
(c1,¢2,- -+, cp—1) and reciprocally via

c1=0bi,co=0b1+bo, - ,cp_1 =01+ b+ -+ bp_1,
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it suffices to verify that

q—1
H(ci,e,- - sepa1) | 1< << <cpg <qg—1} = (p—l)
This is simply obtained by choosing p — 1 distinct integers from the set
{1,2,---,q—1} and assigning the smallest one to ¢, the second smallest to
c2, and so on. ]

Much of the combinatorics that we handle is based only on the multi-
plicity in the multi-indices. It is therefore convenient to know how many
multi-indices can have the same multiplicity signature

Lemma 3.3. For any a1,...,aq € N s.t. a1 +--- 4+ aq = p, then the
set of multi-indices I, = (i1,...,ip) with 1 < i, < g and corresponding
multiplicities has cardinal

al!-naq!'

{(’il,...,ip) E{l,...,q}p|Vl a; = |{k‘, Zk:l}’}| :pil

Proof. This is the basic multinomial relation: We have to choose 1 a; times
among p positions, 2 ao times among the remaining positions and so on... [J

Similarly as for the binomial coefficients, al,pila, is the coefficient of
Ioag!

x{" ... x¢" in the expansion of (z1+- - -+z4)P leading to the obvious estimate

pl
Z Loay! =q" (3.2)

ai:
ai,...,aq>0, aj+-+aq=p

Let us fix some notations here. We write the integer valued p—tuple
as Ip = (i1, -+ ,ip) . The overall set 7, of those indices is defined as

Top ={Ip = (i1, ,ip)|1 <1y, <gq, forall 1 <wv < p}. (3.3)

We thus define the multiplicity function ¢, : 7,, — {0,1,--- ,p}? with
(I’q,p(lp) = Aq = (al,GQ, cee ,aq), where

a={1<v<pli, =1}

In many of our proofs, we use cancellations so that any I, which has an
index of multiplicity exactly 1 leads to a vanishing term.
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This leads to the definition of the “effective set” &, by

Eqp ={Ip € Top | Pgp(lp) = Aq = (a1,--- ,aq)
with a, # 1 for any 1 <v <gq.}

One has the following combinatorics result

Lemma 3.4. Assume that 1 < p <gq. Then

D
2

L5)
fl= 3 (= 31(8) (B <34 B)F oo

Proof of Lemma 3.4. Pick any multi-index I, = (i1, - - ,ip) € & p and recall
that |I,| = [{i1,- - ,4p}|. The fact that I, € &, implies that the multiplicity
of each integer cannot be one. Hence 1 < |I,| < |£]. Indeed, if |I,| > [£]+1,
then
p22<LgJ+1) >2(g—1+1) —p,

which is impossible.

If p = 1, then &, = 0. The estimate (3.4) holds trivially. In the
following we assume that p > 2.

Denote | = |I,| which can be 1,2,---,|5]|. Consequently, one has by
summing all possible choices for |I,|

L5)

|gq,p‘ = |{Ip € 5q,p| |Ip‘ = l}|
=1

For a fixed |Ip| = [, there are () many choices of numbers [ from S =
{1,2,---, ¢} to compose I,,.

Having already chosen those [ numbers from S, without loss of generality
we may assume that I, as a set coincides with {1,2,--- ,l}. The total choices
of p—tuple I, can be bounded by (P trivially since each ¢, has at most [
choices.

Remark that 1 <1< [Z] < [Z], so that

Hence one has

L£]

sl 3 ()< 8

=1
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The last inequality in (3.4) is now ensured by Lemma 3.1, in particular the
following inequality

H R

2
This finishes the proof of Lemma 3.4. O

4 Proof of Theorem 3

The goal here is to bound
1
/HdeNeXp N Z w(xla%)i/}(%,%) d)(N7

J1,J2=1

for any bounded v with vanishing average against p.
Since

= 1 k = 1 2k
k=0 k=0

it suffices only to bound the series with even terms

N
1
/HdNﬁNeXP v O Ylana) e ag) | dXY

j17j2:1
2k
o 1 ) 1 N .
<33 i o (7 2 pEm) v | ax?,
k=0 Ji,j2=1
(4.1)
where in general the k—th even term can be expanded as
N 2%
1 _ 1
(2h)! /W v |y D vlenag)d@na) | dxY
]JVMFI (4.2)
1 1 -
S EE X[ o) e, axY
’ Jiyesjak=1

We divide the proof in two different cases: Where k is small compared
to N and in the simpler case where k is comparable to or larger than N.

41



Case: 4 <4k < N First observe that for any particular choice of indices
J1s---,JaK, one has

[yt vl a,) XY < ol (43

The whole estimate hence relies on counting how many choices of multi-
indices (ji,...,jax) lead to a non-vanishing term. Denote hence Ny 45 the
set of multi-indices (ji,- -, jag) S-t.

/ ﬁNw(xl’le)"'w(xlvsz;k)dXN7&0-
Td N
Denote by (a1, ...,an) the multiplicity for (ji, ..., jax),

a = {ve{l,..., 4k}, j, =1}

If there exists [ # 1 s.t. a; = 1, then the variable z; enters exactly once in
the integration. Assume for simplicity that j; = [ then

/HdN [)N w(xl, le) e ¢($1’xj4k) dXN
B /Hd(N—l) w(xlﬂij) o w(xl’szuc) Hi;élﬁ(l’i) dz;
/ ﬁ(le) ¢(961,le) dzj, =0,
I1d

by the assumption of vanishing mean average for v, provided | = j; # 1.
Recall the definitions of the overall set (see (3.3)) and the effective set

Eqp ={Ip € Tgp | (a1, ,aq) = Pgp(Ip)
with a, # 1 for any 1 <v <gq},

where (a1, - ,aq) denotes the multiplicity of the multi-index I,,.
Therefore the integral

/HdN de}(‘lele) e 'w('xlvszxk)dXN

vanishes unless ji,--- ,jar belongs to En 4k (all multiplicities are different
from 1) or satisfies a; = 1 and every a; # 1 for [ > 1.

In that last case, we have to choose one index n s.t. j, = 1, with 4k
possibilities. The rest of the multi-index (j1, -, jn—1,Jn+1," " ,Jak) Must
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have all multiplicities different from 1. This multi-index hence belongs to

EN—1,4k—1-
Consequently,

INN 4| < [En k| + 4K |En—1.4k-1].
We now apply Lemma 3.4
Nivap < (1+4k) |Enar] < 10E% 2 N2F (2k)2F

Using (4.3) , for 1 <k < L%J, we obtain

(Qk)l N2k Z / PN Y $1’$J1) : ¢($1,$j4k)dXN

Jiye s Jak=1

1 10
= (2k)I N2
< 5e ks |y,

4.4
B2 e N2 (26)% ||| .

by the Stirling’s formula for n = 2k.

Case: 4k > N. In this case, we do not need to use any combinatorics. We
simply remark that there can be at most N** multi-indices. From (4.3), we
have for k > 4]

Z PNd} Ty, T 1) ) w(xlvxluc)dXN
(2k)'N2k — 1/ ’ ’ (4.5)

1 1
< k) WN% |85 < k™7 228 &2 |||t

still by the Stirling’s formula.

Conclusion of the proof. Combining (4.4), (4.5) and (4.1), we have that

N
_ 1
/HdeNeXp N > wwnwg) lan,xg,) | dXY
J1,j2=1

a1z

14
§3<1+ 5tk k2 ||y e + Z k™ 22"”62’“!!%!%'30)-

k=1 J+1
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The proof of Theorem 3 is completed by
13

a1z

o0
5et k|t <50 k(k+ 1)ak!
k=1 k=1

2 (&, 1\ 10a
= _— :5 [ —
5ada2 (Za) a(l—a) (1_a)3<oo,

k=0

while
- —1 o2k 2k 14k — o1
> kwe\wm325_i?4
k=F]+1 h=1

B

= < 0.

1-5
5 Proof of Theorem 4

We recall that our goal is to bound

N

1
0 1y 4Lg d N
/HdeNexp N”il(b(x x;) X

with the assumptions

/ ¢(z,2) p(x)de =0 Vz, / d(z,2)p(z)dz =0 V. (5.1)
I e

As in the proof of Theorem 3, one expands the exponential in series and
only needs to bound the even terms

N
1
o T iy bj dXN
[ v e ¥ 3 olew)

N 2k (5.2)
: (2k)! PN N i Tj dx ™.
_3;0(216)!/1141\7[)]\[ Ni]zzzlﬁb(x,x])

As in the proof of Theorem 3, we separate the proof into two cases: the
case where k is relatively small compared to N which requires a careful
combinatorial analysis to take vanishing terms into account and the more
straightforward case when k is comparable to or larger than N.
Accordingly Theorem 4 is a consequence of the following two propositions
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Proposition 3. If 4k > N, one has

2k

1 1 &
RIS S

ij=1

2k

< 6e2 sup H Sup, ’(b(?Z)’HLP(ﬁd:):) '
p=1

b

Proposition 4. For 4 < 4k < N, one has
2k

1 1 N
(2]4:)!/HdeN N Z d(xq, xj) ax™

1,7=1

2k
su 1 _
< (1600 sup 159z 19 )”prda:)) |
p=1 p

Let us give a quick proof of Theorem 4 assuming Proposition 3 and

Proposition 4.

Proof of Theorem 4. By (5.2) and Proposition 3 and Proposition 4, one has

N
HdeN exp % Z (i, x5) dx ™
N
. 3<1 - <1600 | sup. r¢<.,z>|||m<pdw>)2’“
=1 p>1 p
00 2k
+ Z (662 sup I sup. |¢('7Z)”|LP(MI)> )
k‘:L%J-H p>1 p

N2
’ZNHLP(”"“)) < 1. One obtains, taking

We defined v = C (Supp21 | sup. |¢<.p

C = 16002 + 36 ¢*,

1 Y ° 3
_ N k
/Hdzva exp N E Oz, xy) | dXT < 3;_07 E < 00,

i,j=1

completing the proof of Theorem 4. O

45



5.1 The case 4k > N: Proof of Proposition 3

For k& > % the k—th even term can be estimated by

2k
N

1 1
(2k)! /HdNﬁN = 2 olaiay)|  ax™

,j=1

N

11
NTOL 0 i o s XN

(2k)! N2F > /HMPN Sgplcb(x 1 7)) Sgp|¢(m s 2)| d

11,01, yi2k,J2k=1

' N 2%
= PN sup |¢($i72)\> dx*.
(2k)! /HdN (; 2

<

Hence
2k
! IR dx®
(2k)! HdeN NZ‘?(%:%’)
ij=1
1 (2B)! e pew (53)
- (2k)! 2 (a))l- - (an)l @ N

’ a1+---+an=2k,
a120,--an>0

where we denote
az = [ suplota, ) p(a) da
md =z

with the convention that M{ = 1. Remark that

a;
su oz, z 5
Mgii < (I?i (S H P | ( ) )HLP(pdac)>

p>1 p

a;
< ol (az)| sup H Sup, |¢(x7 Z)’HLP(ﬁdz) :
B p>1

p

where the last inequality n”™ < e™n! can be easily verified by the Stirling’s
formula. Inserting it into (5.3), one obtains

2k

1 1
- Py o . . dXN
(2k)! /HdN PN N ijZ:1 ¢4, 75)
2k (5.4)
<o (Sup Hsupz|¢<xh,z>|||m(ﬁdw)> s
p=>1 p _
ai+-+an=2k,

a120,--an>0
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The quantity > 4, 4.tay=2k 1 is equal to the cardinality of the set
a120,--any>0

{(a1,a2, - ;an)|lar + -+ any =2k,a; >0 for 1 <i< N}
or the cardinality of the following equinumerous set
{(b1,bg, - ,bN)|b1 + -4+ by =2k +N,b; >1for 1<i<N}.

Applying Lemma 3.2 in section 3 by taking p = N and ¢ = 2k + N, this
cardinal is exactly (2’“;7 1 1).
This expression can be simplified. Note that if a > b/2 by Stirling’s

formula

(1)

Since (1 + %)s < e for any s > 0, this gives

(a Z b) < (3¢)%

Since 4k > N, (21%17\{;1) < 3% 2% and therefore from (5.4), one obtains that

(a+b)*a™%" < (14b/a)® (14 a/b)® < 3% (1+a/b)’.

N 2k
1 1
__ > i i . XN
ol 3 e d
"= " (5.5)
< 3% o4 gup | sup, [¢(z, Z)H|Lp(pda:) '
B p>1 p

This proves Proposition 3.

5.2 The case 4 < 4k < N: Proof of Proposition 4

In this case, the previous straightforward approach fails, even assuming that
¢ € L*> as we would only get
1 1 & " Ny NZ
_ N | — .y dxN < ‘e,
(2k)! /HdN”N NMZI e zs) < Gy 1l
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which blows up when N goes to infinity. The key here, as is in the proof of
Theorem 3, is to identify the right cancellations in the expansion

N
_ 1 N
/HdeN exp N E P(zi,xj) | dX

1,7=1

00 N
33}:@jj3ﬁ5 > A;NPN¢@%a%J‘”¢@Qm@m)dXN~

11,417 i2k,J2k =1

(5.6)

5.2.1 Notations and preliminary considerations

We denote by Io, = (i1, ,i9;) the i—indices and similarly by Jop =
(j1,+ -+, jor) the j—indices, where all i,,j, are in {1,2,--- N} for 1 <v <
2k.

We denote by (a1, a2, ,ay) the multiplicities of o,

a={1<v<2kli,=1}, 1=1,2,--- N,

and by (by,---,bx) the multiplicities of Jo.
For the study of cancellations, the critical parameter will be the number
of multiplicities which are exactly 1 in Io, so that we denote

mlz\{l|al:1}|, n[:‘{l|al>1}|. (57)

Note that mj+n; is exactly the number of integers present in Ioi: my+ny =
{l]ar > 1}].

We start by the following lemma which, for every Iok, identifies the only
possible Jo s.t. the integral does not vanish.

First we simplify the possible expression of Is;, which makes the counting
easier by using the natural symmetry by permutation of the problem. For
any 7 € Sy, we simply define 7(lor) = (7(i1),...,7(i2)). Thus 7 is a
one-to-one application on the Is; and moreover

/HdN PN ¢(xi1axj1) T d)(xizw szk) dx®

- /HdN ﬁNqb(xT(il)’ xT(jl)) o (b(xT(iQk)’xT(ij)) dx®.

Therefore to identify cancellations, we only need to consider one Io; in each
of the equivalence classes {7(I3;), V7 € Sy}, leading to
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Definition 3. A multi-index Io;, belongs to the reduced form set Ry o iff
O<ar<as...<ap and apny1 =---=any =0.

Note that for any Iy there exists only one fgk € R,k that belongs to
the same class, even though there can be several 7 s.t. 7(Ior) = Ik (as any
repeated index leaves Io invariant under the corresponding transposition).

5.2.2 Identifying the “right” indices Jy

Remark that by the definition of m; and ny in (5.7), if Io; € Ry 2k is under
its reduced form, one has

ap=1 forl=1,---,my,
ap>1 forl=my;+1,---,mr+ny,
a;=0 forl>m;+nj.

Based on this simple structure, we can prove that

Lemma 5.1. For any m, n, define as Jmn the set of indices Jo with
multiplicities (by,...,bn) satisfying

ey >1foranyl=1...m;

o by £ 1 for anyl > m+n.
Then for any Is, € Ry ok and any Jo, &€ Tmyny, one has that

/HdN PN ¢<1‘Z’1,le) T ¢($i2k’wj2k) dXN =0.

This lemma identifies, for each I, € Ry ok, a relevant subset of indices
Jmy ;s in the sense that any multi-index Jo, out of this set leads to a
vanishing integral and hence can be removed from our summation. Lemma
5.1 is not an equivalence though: There can still be indices Jor, € Tm;m;
giving a vanishing integral. But the formulation above allows for simpler
combinatorics and in particular J,, », only depends in a basic manner on
Io; through the two integers my and nj.

Proof of Lemma 5.1. Choose any I, € Ry 2k, up to a permutation, we may
freely assume that I5; has the following form

IQk: ]-327"' am17m1+17"' am1+17"' yMp + N, My +ng

~~ ~~
Am 41 Amyp+ng
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Choose any Jop, € Jm;m;- That means that there exists | < my s.t. b =0
or that there exists [ > m; + ny s.t. by = 1. Each case corresponds to a
different cancellation in the integral.

The case by = 0 for some | < mj. By the definition of the reduced form,
a; = 1 and therefore the index [ appears only once in Iy and never in Jop
thus being present exactly once in the product inside the integral. Assume
that ¢, = [ for some v so

/HdN PN ¢($i17%‘1) T ¢(xi2k7xj2k) dXN

—/ PN (/ ﬁ(xiu)¢($i,,,$jy)dmz‘u> (i, 25,) do; ,.
I 1d

awv-1) p(Ti,)

Now it is enough to remark that for any ¢ and j # i, as is the case here since
all j,r # 1,
/ p(i) (i, x5) da; = 0,
T1d

which is exactly the first assumption in (5.1).

The case by = 1 for some l > mr+ny. By definition, this means that a; = 0.
The index [ appears only once in Jop and never in Is;. Again it is present
exactly once in the product inside the integral. Assume that j, = [ for some
v S0

/HdN PN ¢(xi17$j1) o qb(m’izk’ x]ék) dXN

PN _
= / ( / ﬂ(ﬂ?ju)¢(90iw’0ju)d$ju> (i, ;) dz;,,.
IT 11d

awv-1) p(xj,)

The results then follows from the fact that for ¢ # j
11d
which is the second equality in (5.1). O

5.2.3 The cardinality of 7,

Our next step is to show that |7y, | is much less than the total number of
multi-indices Joi, namely N2*,
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Lemma 5.2. One has that for some universal constant C

‘jm,n S Ck Nk—m/? kk+m/2,

where C' can be chosen as 512 e or roughly 1400.

Proof of Lemma 5.2. A multi-index Jo;, belongs to Jp, » iff by > 1 for [ <m
and b; =0, 2, 3,... for [ > m + n. Let us distinguish further between those
[ > m + n where b; = 0 and those for which b; > 2.

Choose first p = 0,1,...,L2k§mj and choose then p indices [y,...,1[,
between m +n + 1 and N which exactly correspond to b; > 2. There are
(N_;”_") such possibilities.

Once these [y, ...,l, have been chosen, the set of possible multiplicities

for Jor, € Jm,n is given by

Bm,n,p,ll,...,lp = {(blv'”abN)’bla"wbm Z ]-7 bll7"‘7blp 2 27
by=0ifl>m+nandl#1,...,l, and by + by +--- + by = 2k}.

After the multiplicities are known it is straightforward to obtain the number
of Joy in Jim pn, using Lemma 3.3. Decomposing all the possible Jy;, according
to those possibilities, one hence finds

LngmJ

2k)!

p:0 llr~'7lp:m+n+17~~7N (bl7~-~7bN)€Bm,n,p,ll,.4.,lp

Note that since by, ...,b, > 2 and by,...,by > 1 one has that m + 2p <
by + - -+ + by = 2k, leading to the upper bound p < k —m/2.

Furthermore using the invariance by permutation, one may immediately
reduce this expression by assuming that [{ = m+n+1,lc =m+n+ 2...
Denoting the partial sums s, = b1 +---+by, and s, = byyni1+-+bmgnips
one has

k—m/2 2k—2p

= (TN E LT

p=0 Sm=m by b'ley bi4+bm=sm
2k—sm

2 2

sn=2p bm+n+17---7bm+n+p227 bm+n+1 +"'+bm+n+p:5n

2k)!
> et

b I
bm+1 7-..7bm+n >0, bm+1 +"'+bm+n:2k_57n_5n mntp

o1



Using the standard multinomial summation (3.2), one can easily calculate

the last sum to obtain
k—m/2
B i/ <N —m — n>
p=0 p
2k—2p 2k—sm 2k—8m—5n

Z Z Z (2]:— Sm — Sp)!

Sm=m by ..by>1, bi+-+bym=sm Sn=2p

2k)!
> e

b’m+n+1 7-~-7bm+n+p227 bm+n+1+"‘+bm+n+p:5n

Now bound the sum on b; ... b, by the sum starting at by, ...

similarly for the sum on by,4pn41 - - - bygnip to obtain

k—m/2
T < 3 (N e ”)
p=0 p

2]§p 2k—sm (2]{5)' an—Sm—Sn msSm pSn

(2k — s — sp)! sl sp!

Sm=m Sp=2p

We recall the obvious bound (Z) < 2% 50 that

(2K)! (k= sy)! (2k)!

Do g1 ! - -

’ bm+n+p-

;b

(2k — S — 5p)! sm!sn! (2k — s — 50)! 5! (2k — 51)! 5,

_ <2k> <2k — m) < ok,
Sm Sn

=0 and

Furthermore by lemma 3.1 as m +n < N/2, (N_?_") < eP NPp~P. Thus

k—m/2 2k—2p 2k—sm,

\Tnn| < 2%k Z eP NP Z Z p2ksm =S $n =P s

Sm=m Sp=2p

Notethat2k—sm—sn20andsn—p20andm,n,p§2k:so

n2k—sm—sn psn—p msm < (2k)2k—p.

Therefore finally

k—m/2
| Trn| < 268 ¥ (2K)? Z NP g2k=p

< 26k ek (2]€) k,Nk m/2 kk+m/2 < (29€)k Nk—m/2 k,k:—&—m/Q’
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as since N > k, the maximum of NP k?~P is attained for the maximal value
of p. O
5.2.4 Conclusion of the proof of the Proposition 4

Observe that for a particular choice of Iy, and Joi
/ PN ¢(xi17$j1) T ¢(mi2k7xj2k) dXN
HdN
< [ PNTEE sup (s, 2)] dX (5.8)
¢ N z
< [ n Guplolan ) - (sup oo, =) XY,

As one readily sees this bound only depends on the multiplicity in Iog.
We use the cancellations obtained in Lemma 5.1 to deduce from (5.8),

2k

N
_ |1 N
/HdeN N Z Qb(fnzal‘]) dX

,j=1

1
<o 2 memd k] exo(T) = (ar, .. an)}

a1+ +aN 2k,
a12>0,-- ,an>0.

/ supW T1, 2 )Dal R (sup ’(b(;(;N?z)’)aN dXN’

where we denote mg = M(q,, . ay) = Hl] ap = 1}], ng = N(ay,an) =
[{l| a; > 1}| and we recall that ®y o1 (l2) is the multiplicity function asso-
ciating to each Iy the vector (aq,...,an) of multiplicities.

Remark that

/H P (up [, ) . (sup B, 2) ) dX

2k
su Y4 )
o (Sup\ P: [4(., >|Hm<pd@> -
p=21

p

since a® < e%al.
On the other hand by Lemma 3.3

(2k)!

{ Lok | @n2k(l2k) = (a1,...,an)}] < al---an!’
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which implies that
2k

1 1 N
(2k)! /HdNﬁN N Z ¢(xiv$j) dx™

ij=1

2k
2 [Isup. |¢(., 2)|ll e (5
e 2 ) Lr(pdx)
NS (2;1; > | Tma,mal-

p a1++an=2k,
120, ,an>0.

We apply Lemma 5.2

2k
2k

N

1 ~ 1 . .

(21@)!/HdeN NAzlﬁb(ﬂﬂi,l’j) X" < S
1,]=—

2k
. (Sup I sup- |¢("Z)|”L”(ﬂdw)) Z CF NE—ma/2 pk+ma/2

p=1 p a1+--+an=2k,
a120,,an>0.

Consider any (ai,...,an) with exactly p coefficients a; > 1. Up to (];)
permutations, we can actually assume that ai,---,a, > 1. All the other g
are 0. Since we have m, + n, = p and mgy + 2n, < 2k then m, > 2 (p — k).
As N > k then

NE=ma/2 phtma/2 o Nh—(p—k)+ pht(p—k)+

Hence

Z Nk—ma/Q kk+ma/2
a1+---any=2k

2k
= Z <N> Z NE=(o=k)+ pk+—k)+
p=1 p

at,...,ap>1, a1+-+ap=2k
KN [2k—1
< Z( > ( - ) N R+ R+
\p/\p-1

by Lemma 3.2. Bound (2;__11) < 2%F and for p < k since (];7 ) is maximum
forp =k

) (N > (2’f - 1> NE- k)4 R < 92k ), <N > NFEF < (8e)k N2*
p)\p-1 N k - ’

p=1
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by Stirling’s formula. Still by Stirling’s formula for p > k,

<N> NF==k)4 pht—k)+ < op NP =P N2FP [P — P N2K,
p
Hence again

2k

3 <N> <2k: —11> NE=(=k)+ ph(p—k)+ < o2k 2k N2k _ %(8@2)’“ N2k
p=hr1 NP P
Finally,
1 1 & *
= N
20! /HdeN N 2 Hlanay)| dX
ij=1
2%
su - 5
< 8e'0)F (Sup | sup. |o( >|\|Lp(pdm)>
p=1 p
2%k
< 800% [ sup | sup.. (9., 2)[l| Lr (5 da)
B p>1 p ’

concluding the proof of Proposition 4.
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