Global weak solutions of PDEs for compressible
media: A compactness criterion to cover new
physical situations

D. Bresch, P—E. Jabin

Abstract This short paper is an introduction of the memoir recently written by the
two authors (see [D.Bresch., P.—E. Jabin, arXiv:1507.04629, (2015)]) which con-
cerns the resolution of two longstanding problems: Global existence of weak solu-
tions for compressible Navier—Stokes equations with thermodynamically unstable
pressure and with anisotropic stress tensor. We focus here on a Stokes-like sys-
tem which can for instance model flows in a compressible tissue in biology or in
a compressible porous media in petroleum engineering. This allows to explain, on
a simpler but still relevant and important system, the tools recently introduced by
the authors and to discuss the important results that have been obtained on the com-
pressible Navier—Stokes equations. It is finally a real pleasure to dedicate this paper
to G. METIVIER for his 65’s Birthday.

1 Introduction

We consider in this paper a model which has been developed for flows in a
compressible tissue in biology (see [3], [6]) or in compressible porous media in
petroleum engineering (see [10]). The most simple system involves a density p that
is transported,

a;p +div(pu) =0,

by a velocity field u described by a Stokes-like equation
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with 1, a > 0.

For simplicity we consider periodic boundary conditions, namely both equations
are posed for x € Q = IT¢. This is also the reason for the damping term au to
control u without imposing any additional condition on S. The corresponding PDE
is usually named Brinkman equation. It accounts for flow through medium where
the grains are porous themselves.

In this short paper, we explain how to consider non-monotone pressure laws P
for this system (complex pressure laws (attractive and repulsive)) to obtain the exis-
tence of global weak-solutions. Note that in particular biological systems frequently
exhibit preferred ranges of densities for instance attractive interactions for low den-
sities and repulsive at higher ones.

To get such global existence of weak solutions result, the two authors have re-
cently revisited (see [4]) the classical compactness theory on the density by obtain-
ing precise quantitative regularity estimates: This requires a more precise analysis
of the structure of the equations combined to a novel approach to the compactness
of the continuity equation (by introducing appropriate weights). We quote at the
end of the article some of the precise results obtained in [4] on the compressible
Navier-Stokes systems but we of course refer the reader to [4] for all the details and
possible extensions for instance including temperature conductivity dependency.

2 Equations and main result

As mentioned above, we work on the torus IT¢. This is only for simplicity in order
to avoid discussing boundary conditions or the behavior at infinity.

2.1 Statements of the result

We present in this section our main existence result concerning System (1). As usual
for global existence of weak solutions to nonlinear PDEs, one has to prove stability
estimates for sequences of approximate solutions and construct such approximate
sequences. The main contribution in this paper and the major part of the proofs con-
cern the stability procedure and more precisely the compactness of the density. We
refer to [4] for details and the way to construct the approximate solutions sequence.
As per the introduction, we consider the following system

{ a;p +div(pu) =0,

—uAu+au+VP(p) =S, M
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with u, o > 0, a pressure law P which is continuous on [0, 4e), P locally Lipschitz
on (0,+-ec) with P(0) = 0 such that there exists C > 0 with

C'p"—C<P(p)<Cp’+C, )

and forall s >0
\P/(s)| < ps¥ 1, 3)

One then has global existence

Theorem 1. Assume that S € L*(0,T; H~'(I1%)) and the initial data py satisfies the
bound

pPo >0, 0<My= / Po < oo, Ey = / poe(po)dx < +oo,
o I

where e(p) = [ ’f* P(s)/s*ds with p* a constant reference density. Let the pressure
law P satisfies (25) and (26) with y > 1. Then there exists a global weak solution
(p,u) of the compressible system (1) with

p € L=(0,T:LY(IT))NL*((0,T) x I1%),  ue L*(0,T;H'(IT1?)).

Remark 1. Let us note that we do not try to optimize the regularity of S which could
be far less smooth. The objective of this short note being to be an introduction to [4]
focusing on the new compactness criterion.

3 Sketch of the new compactness method

We present in the section the tool which has been used in [4] and which is the cor-
nerstone to prove compactness on the density. The interested reader is also referred
to [1], [2], [13] for more on the corresponding critical spaces. This tool is really ap-
propriate to cover more general equation of state or stress tensor form compared to
the more standard defect measure criterion used in [11], [8], [9], [12] for instance.

3.1 The compactness criterion

We start by a well known result providing compactness of a sequence

Proposition 1. Let p; be a sequence uniformly bounded in some LP((0,T) x IT%)
with 1 < p < co. Assume that %}, is a sequence of smooth, positive, bounded func-
tions s.t.
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i. Vn >0, sup . S (x) dx < oo, supp K, € B(0,R), (C))
h Jix|=zn

ii. ||f%/h||L1 (I1d) —> +oo. )

Assume that 9,py € L1(0,T,W~14(IT%)) (with ¢ > 1) for any smooth compact set
Q, uniformly in k and

limsup sup [%;/ ‘%f"(x—y)|Pk(”x)—Pk(f’y)l”dxdy}—>07 ash— 0,
k +€[0,T) || h||L1 I12d
(6)

then py is compact in L, ((0,T) x IT?). Conversely if py is compact in LI, ((0,T) x

loc loc

I1%) then the above quantity converges to 0 with h.

For reader’s convenience, we just quickly recall why (6) implies the compactness in
space (by simply forgetting the time dependency). Denote %, the normalized kernel

_
Hy = :
(A

Write
_ 1 P
e AHsepilly < e [ ([ A0 )lpe) = puteylax) v
Ll

1
= W /HZJ%(X_)}Npk(tvx) _Pk(tyy)|pdxdya

which converges to zero uniformly in k as the limsup is O for the sup in time. On the
other-hand for a fixed h, '}, x, uy, is compact in k so for example for any z > 0

ok — Pk (-4 2) I < 200k — Hwx Prcllir + |50 % P — Hoxe Pr(- +2) |20 (8)
<2|\px — o xx Pl e + 2] || pxllee ||| yree- €))

This shows by optimizing in A that

sup [|px — P (- +2)||r — 0, as |z] = 0.
K

proving the compactness in space by the Rellich criterion. Concerning the compact-
ness in time, one just has to use the uniform bound on J; py.

The Jy, functions. Define K}, a sequence of non negative functions,

1

Kp(x) = (G

for |x| < 1/2,

with some a > d and K}, non negative, independent of & for |x| > 2/3, with support
in B(0,3/4) and periodized such as to belong in C*(IT¢\ B(0,3/4)).
For convenience, let us denote
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— ~ Ku(x)
) = Tl

For 0 < hg < 1, the important quantity to be used in Proposition 1 will be

1
()= [ Kt G

where
1

(h+ x)e’
Remark the important property: ||, [|.1 ~ |logho|.

Kn(x) = for |x| < 1/2.

4 Proof of Theorem 1

As usually the proof of global weak solutions of PDEs is divided in three steps:

e A priori energy estimates and control of unknowns,
e Stability of weak sequences: Compactness,
e Construction of approximate solutions.

4.1 Energy estimates and control of unknowns.

Energy estimate. Le us multiply the Stokes equation by u and integrate by parts, we

get
‘LL/ |Vuk|2+06/ |Mk‘2+/ VP(pk)~u:/ Sk-uk.
o g Jmd o g o g

Now we write the equation satisfied by pre(py) where e(py) = fi kL P(s)/ s?ds, with
Pret @ constant reference density, we get

d(pe(p)) +div(pe(p)u) + P(p)divu = 0.

Integrating in space and adding to th first equation we get

d 2
E/Hdpke(pk)—&-u/m\Vuk\ —/HdSk-uk.

One only needs Sy € L*([0, T], H~'(IT¢)) uniformly and using the behavior of P,
then we get the uniform bound

pl € L(0,T;L'(11%),  w € L*(0,T;H' (ITY)).
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Extra integrability on pr. When now considering the compressible system (1), the
divergence divuy is given

1 1
divig = —P(px) + —A~'divR;
u (Pe) I

with Ry = S — auy. Therefore, since py € L(0,T;LY(IT?)), if we multiply by pke,

we get
T 0 T [°] T 1 0
1= [ Poopl=u [ [ dvupl~[" [ At
- (PP =1 L el A VR Py

which is easily bounded as follows

I < [ulldivieg]| 20 7wz + 1A~ divR| 20,7y wrza) ] 108 Nl 207y 1)

Thus using the behavior of P and information on u;, and Ry, we get for large density

[ [oroscee[ [ 0

Thus we get a control on pﬁe if 8 < y. Therefore, we get p; € LP((0,T) x IT%)
with p >2isy> 1.

Remark 2. Note that for the barotropic compressible Navier-Stokes equations, we

get
1d

d
et 2, % Vu.l? = 0.
2dt/mpw +dt/mpke<pk>+u/m| w2 =0

T 7+6
< oo
fy Juur?

for 6 < 2y/d — 1 where d is the space dimension. The constraint on ¥ in [4] is
different because of more restrictive integrability information (due to the presence
of the total time derivative).

and

4.2 Stability of weak sequences: Compactness

We will prove the following result which is the main part of the proof

Proposition 2. Assume (py,uy) satisfy system (1) in a weak sense with a pressure
law satisfying (2)—(3) and with the following weak regularity

sup 1 Iy < oo, SUp [pilyp, <o with p <2y,

and
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sup [[uxl| 21 < o
k T X

If the source term Sy is compact in L*([0, T], H™'(IT?)) and the initial density
sequence (py)o is assumed to be compact and hence satisfies

limsup[

1 N ,
supler— [ K=l — (pol] = €(h) = 0ash 0.

then py is locally compact.

Remark 3. Here and in the following, we use the convenient notation p; = pi(z,x),
pi = pe(t,y) and (p)o = pi(t = 0,x), (pY)o = pi(t = 0,).

Proof. Of course, we know that due to the weak regularity of divuy, we cannot
expect to simply propagate the regularity assumed on the density. The idea is to
accept to loose some of it by introducing appropriate weights. More precisely, we
consider weights wy, such that wy|,—o = 1 and thus in particular, since p,? is compact

limsup[

D[t [y o= )I(RE)o — (0ol (o + (47)0) = 0 as 0.

Remark that
1 Le(h)

———=dh — 0 when hp — 0.
lTogho] Jug h — 0 when hg

Let us now choose weights satisfying PDEs which are dual to the continuity equa-
tion

{ Wi+ 1l - Vowl + ADiw =0, (10)

wili=0 = (W{)o =1,

and N y y
8,Wk+uk~Vywk+),D§fw/i:0, (11
wili=o = (w})o = 1,

with A a constant parameter to be chosen later on and appropriate positive damping

terms Dy and Dyk We first study the propagation of the quantity

1 ! dh
= — Y _ oY Y [ — —_
Rig(0) = [, Aol =) Ipf = pjl 0" +w)dxdy = e | RN

where
RO = [ Kix=)|pi = p| (v +w)dxdy.

We show that it is possible to choose D, Dyk and A such that

limsup| o (x—3)|pi = PI] (W +w}) = Oas g — 0

k  |logho| Jma

as initially. Then, we will need properties on wy and w}{ to conclude that we also
have



8 D. Bresch, P—E. Jabin

lim sup| Ty (x=Y) P —pj|| = 0ashyg—0

k  |logho| /4
which is the criterion giving compactness. Thus the proof is divided in two parts.

1) First step: Propagation of a weighted regularity. Using the transport equation, we
obtain that

ok lpi — pp | +divy (u [pg — pp 1) +divy (g |pg — p31)
< %(divx”i +divy”‘z) ‘p/f - PZ| - %(divx”i - divy’/‘i) (Pk(x) +Pk()’)) Sk, (12)

where s; = sign (pr(x) — pr(y)). Remark that these calculations can be justified for
a fixed k through the DiPerna-Lions theory on renormalized solutions because the
densities and the gradient of the velocity are in L in space and time. From this
equation on |pg — p,f , we deduce by symmetry that

4
dt

R0) = [, VEy(x=3) (=) |pf =Pl (" + 7)) (13)
_ /H  Ki(x—) (divigt — divie)) (pj + p}) s w”*

' 1.
22 [ Kol ool (3w a4 Jaivui o
A1 +Ar +As.

First term. The first term will lead to non symmetric contributions. By definition of
K, we have
‘Z| |VKh(Z)| < CKh(Z).

We hence write

Av= | VK =) (6 —w) 1og =Pl (Wit w) (14)

<C [ Kile—) Dy + D) Iof — pi.
where we have used here
lu(x) —u(y)| <Clx—y| (D\xfy\"‘)lg +D‘x,y‘ui),

for an operator D|,_; this inequality is fully described in Lemma 1 in the appendix.
The key problem is the Dhu{w; term which one will have to control by the term
M|Vug|wy in the penalization. This is where integration over 4 and the use of trans-
lation properties of operator will be used. For that we will add and subtract an ap-
propriate quantity to obtain a symmetric expression.
Denoting z = x —y, we have

' A dh Lot — dh
— <C/ / K, D ‘)—D . — 15
TG T <€y b Jn BP0 =D+ (19
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P
+C-/o ./H2d Hig (¥ =)Dy (%) [P = PRI Wi

Using Lemma 2 which bounds Dj,_,u; by the Maximal operator M |V |(x), we
deduce that

1 Al dh 1 ,t - dh
— <C/ / K, D ‘)—D . — 16
TG T <€y b S BP0 D+ (16

!

The second term will be absorbed using the weight definition. But the first quantity
has to be controlled using the property of the translation of operator D;, and for this
reason, this calculation is critical as it is the one which imposes the scales in .%,.

Second term. Use the relation between divug (respectively div ui) with p; (respec-
tively p;), to obtain

Ar=— [ Ki(x=3) (p(p}) = p(p})) (Pi + P} st + Q{1

where Q),(t) encodes the compactness in space of A~!divR; and therefore may be
forgotten for simplicity as

1
|log o

t
/ / Sy (56— ¥)Qn(t) — 0 as g — 0,
0 H2d

as Ry is compact in L7H; ' and hence A~'divRy is compact in L7, by the gain of
one derivative.

The bad term p(p,f )Jwy cannot a priori be bounded directly with weights. Hence
we have to work a little on the expression A,.

First note that we have p{ + p; > |pf — p1 |-

— Case 1: The case where p(p;) — p(p;)) (Py — p) > 0. Then we have the right sign
for the contribution namely a negative sign.

— Case 2: The case p(p}) — p(p;))(pi —p;) <0 and p; < pf/2or p; > 2p;.
Assume we are in the case p,f > 2pj, then

(P(pi) = P(P)) (PF +Pp)sk = —C (pi)" |3 — Py

since p(&) < p(0)+CEY~1E < CEY. If we now look at the case p(pf) < p(p;) and
p;. < p;’/2, then we again bound

(p(pic) = P(P)) (P +Pi)sk = —C ()" 1Pk — Pyl

— Case 3: The case where p(pj) — p(p;) and p; — p; have different signs but
pi/2 < p,f < 2p;. Then it is easy to get again
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(p(pic) = P(PL)) (P +PR)sk = —C (1+(pi)") i — Py -
Therefore we get the following interesting bound:
Az <C [ Kilx=3) (1+ (1)) I i v
Third term. Using the equations satisfied by w} and w};, we have
1
1.
< [ Kate=n) o -l (~ADE+ gaivact ) wi
Conclusion of the first step. Collecting the three steps, we get
1 pt o dh
Rig(®) = Rip(0) <C [ [ [ K@D~ Dyl +2)12%0 (8)
ho Jo Jm2d h
nt 3
4 [ [ A=y M9 o — p} 1w
4 [ [ =)0+ (GDMIoi — pilvi

L
b [ A )lpt = pil (~20E+ v ) i

Therefore we choose
= M|V |+ |divag |+ (i),

with a similar formula for D,yC Then for A large enough, we get

1 t _ dh
R0 =R <C [ [ B(@IDyu() =Dl +2)nG (19
0

t
+C/ Ry, (T)dT
0

We now use translation property implied by the square functions given in Appendix,
and more precisely using Lemma 3, we may write

Ry (1) — Ry (0) <c|1ogho|‘/2/ lee( ||H1dT+C/ Ry, (T)dT.  (20)

Therefore using that u; is uniformly bounded in L?(0,T;H"(IT1¢)) and using the
assumption on Ry, (0), then by Gronwall Lemma, we get that
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Ry,
limsup sup 0 - —0, ashy—0,
k  tefo, T) |log o

which is the desired propagation property.

II) Second step. We now have to control the weights so as to remove them. Namely
we want to prove that

hmsup[ Ty (x—y) |pF — pj|dxdy] = 0 as hg — 0

|logho| Ji2d

and not only

hmsup[ T (x =) |PE — py| (Wi +wy)dxdy] — 0 as hg — 0.

[log ho| Jrra
Remark that from its equation, the weight also satisfies
9| logwi| +ux - V|logwy| = A Dy,

with
Dy = M|Vuy |+ |divi| + (px)7.

Thus multiplying by py and using the mass or continuity equation, we get

d
= = Dy.
it JuPl0Em =1 [ pDx

Note that u; € L*(0,T;H' (IT1%)) and p; € L?” with y > 1, thus the right-hand side
is uniformly bounded.

Denoting @ = {x : wx < 1}, note that
iyl o ~plldsdy = [ [ Rue— ot —pjI
a0 Y) 1Pk — Px homdh K~ Pil,
1 - dh
—[ [ Ru-ylei el
ho Jxewy OI yewy

oy Ri(s—)lpi o1l
¥ — — oY==
ho Jxcwn and yewy g )Pk kg
=B+ B;.
It suffices to observe that 1
B1 < —Ry,
n 0
while by the property of the weights wy

|loghy|
[logn|

[log Ao
|logn|

Bz<2// Ki(x—y) pr Lypen D < € /pk|logwk|dx§C
ho h 1
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Combining the estimates, one obtains

j;}oe(h)% +[logho'* || I )

. B
| oy Hinlx=3) 9 = pil dxdy < € ( . oa]

and therefore

1 )
A /md Ty (x =) |Pi — pj | dxdy
ollL
1 I dh
|log o g(h)W-I- [logho|~/? |
<C g0l Jho s
n |logn]|

Denoting €(hy) = fhlo €(h)/hdh and optimizing 1, we get
1 C

_— T (x— X pYldxdy < —
aTir e il o = ilsty < e
and therefore the result holds.

Remark. The choice of appropriate weights is important in the proof. It really de-
pends on the system under consideration. In [4], we can find various choices depend-
ing on pressure laws or anisotropy in the viscous tensor. These weights penalize in
some sense bad trajectories.

4.3 Construction of approximate solutions.

Our starting point for global existence is the following regularized system

0, i+ div(pruy) = o Apy, @1
—UAu — (;L + [J,)VdiVMk + Vpg(pk) + o Vpr-Vu, =S,

with the fixed source term S and the fixed initial data
_ 0
Prli=0=p". (22)
The pressure P is define as follows:
Pe(p)=p(p)ifp <coe,  Pe(p) = p(Coe) +C(p —coe)? if p > cop,

with large enough . As usual the equation of continuity is regularized by means
of an artificial viscosity term and the momentum balance is replaced by a Faedo-
Galerkin approximation to eventually reduce the problem on X,,, a finite-dimensional
vector space of functions.
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This approximate system can then be solved by a standard procedure: The veloc-
ity u; of the approximate momentum equation is looked as a fixed point of a suit-
able integral operator. Then given iy, the approximate continuity equation is solved
directly by means of the standard theory of linear parabolic equations. This method-
ology concerning the compressible Navier—Stokes equations is well explained and
described in the reference books [9], [12]. We omit the rest of this classical (but
tedious) procedure and we assume that we have well posed and smooth solutions to
21)-(22).

We now use the classical energy and extra bounds estimates detailed in the pre-
vious section. Note that they remain the same in spite of the added viscosity in the
continuity equation. This is the reason in particular for the added term 04 Vp; - Vuy
in the momentum equation to keep the same energy balance. Let us summarize the
a priori estimates that are obtained

T
sup sup p,de < oo, sup/ / |Vig|? dxdt < oo,
ke t JI4 ke JO JI4

and

T
sup/ / py(t,x)dxdt < oo
ke 70 4

for all p < 27. From those bounds it is straightforward to deduce that py u; belong
to LZX for some g > 1, uniformly in k and €. Therefore using the continuity equation
bounds on d,p;. We have now to show the compactness of p; in L' and we can use
the procedure mentioned in [7] letting oy, goes to zero. Then extracting converging
subsequences, we can pass to the limit in every term (by classical approach) and
obtain the existence of weak solutions to

a;p +div(pu) =0, 23)
—UHAu+au+VP(p)=S.

It remains then to pass to the limit with respect to €. This is done using the stability
procedure developed in the previous subsection concerning compactness for general
pressure laws.

5 The compressible Navier-Stokes equations

We state in this section the main existence results that have been obtained in [4].
There exist several differences and complications compared to the global existence
result we proved in this short paper due in particular to the presence of the total time
derivative. This leads to more restrictions on the coefficient y in the pressure law. It
could be interesting to try to extend our results with better gamma exponent using
the renormalization procedure in [8] or with anisotropy in the stress tensor.
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I) The isotropic compressible Navier—Stokes equations with general pressure
laws. Let us consider the isotropic compressible Navier—Stokes equations

a;p +div(pu) =0, 24)
9 (pu) +div(pu®@u) — pAu— (A +u)Vdivu+ VP(p) =pf,

with 2 it /d+ A, a pressure law P which is continuous on [0, +c), P locally Lipschitz
on (0, +-e0) with P(0) = 0 such that there exists C > 0 with

C'p"—C<P(p)<Cp’+C (25)

and forall s > 0 )
|P'(s)] < Ps7 1. (26)

One then has global existence

Theorem 2. Assume that the initial data ug and py satisfies the bound

Juo|*
Ey= /Hd (pOT +p0€(p0)) dx < 4oo.

Let the pressure law P satisfies (25) and (26) with

d

y> (max(2,7)+1) 112

@27

Then there exists a global weak solution of the compressible Navier—Stokes system
(24). Moreover the solution satisfies the explicit regularity estimate

C [ K]l

/UM Loe(=n Log()=n Kn(x =) x(8px) < /2 |logh|6/2’

for some 6 > Q.

II) A non-isotropic compressible Navier—Stokes equations. We consider an ex-
ample of non-isotropic compressible Navier—Stokes equations

d:p +div(pu) =0, 28)
o (pu) +div(pu®@u) —div (A(¢) Vu) — (U + A)Vdivu + VP(p) = 0,

with A(¢) a given smooth and symmetric matrix, satisfying
2
A(t) = uld +8A(t), u>0, E/.L+l—||5A(I)||L°° > 0. (29)

We again take P continuous on [0, 4+0) with P(0) = 0 but require it to be monotone
after a certain point
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C'p"'—C<P(p)<Ccpl+C. (30)

with ¥ > d/2. The second main result that we obtain is

Theorem 3. Assume that the initial data ug and py satisfies the bound
Ey= / (pOM +poe(po)) dx < +oo.
Jmd 2
Let the pressure P satisfies (30) with
1 1
1+ - 1+—
< + d) 1+ 2

There exists a universal constant C, such that if

4
Y>3

164l < Ci (21 +24),

then there exists a global weak solution of the compressible Navier—Stokes equation
replacing the isotropic energy inequality by the following anisotropic energy

E@a)(@)+ [ [ (VA Yt (4 2) o) < o

6 Appendix

In this appendix, let us give different results which are used in the paper. The in-
terested reader is referred to [4] for details and proofs. These concern Maximal
functions, Square functions and translation of operators. First we remind the well
known inequality

|@(x) = @(y)| < Cle—y| (M[VP|(x) + MIVP|(y)), (€2

where M is the localized maximal operator
1
M f(x) =su 7/ fx+2z)dz. (32)
)= B0, ST

Let us mention several mathematical properties that may be proved, see [4]. First
one has

Lemma 1. There exists C > 0 s.t. for any u € W' (IT%), one has
|u(x) - M<y)| < C|x—y\ (D\x—ylu(x) +D|x—y\u()7))7

where we denote
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L [Vulx+2)]
Dyu(x) = — TR

dz.
hJig<h |z

Note that this result implies the estimate (31) as

Lemma 2. There exists C > 0, for any u € WP (IT¢) with p > 1

Dju(x) < CM|Vul(x).

The key improvement in using Dy, is that small translations of the operator Dy,
are actually easy to control

Lemma 3. Let u € H'(IT¢) then have the following estimates

1 — dh
| K@ 1D () = Dyu(.+2) |2 d= 57 < Clioghol 2 . 33)
0

This lemma is critical and explain why we propagate a quantity integrated with
respect to i with a weight dh/h namely with the Kernel .%},. The full proof is
rather classical and can be found in [4].
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