TIME-ASYMPTOTIC CONVERGENCE RATES TOWARDS THE
DISCRETE EVOLUTIONARY STABLE DISTRIBUTION

WENLI CAI, PIERRE-EMMANUEL JABIN, AND HAILIANG LIU

ABSTRACT. This paper is concerned with the discrete dynamics of an integro—differential
model that describes the evolution of a population structured with respect to a continu-
ous trait. Various time—-asymptotic convergence rates towards the discrete evolutionary
stable distribution (ESD) are established. For some special ESD satisfying a strict sign
condition, the exponential convergence rates are obtained for both semi-discrete and fully
discrete schemes. Towards the generic ESD, the algebraic convergence rate we find is
consistent with the known result for the continuous model.

1. INTRODUCTION

This paper is a continuation of the work [12] investigating an entropy satisfying finite
volume method for a direct competitive selection model. The model is given by

(1.1a) O f(t,x) = (a(m) - /X b(x,y)f(t,y)dy) f(t,z), fort >0, x € X,
(1.1b) f(0,2) = fo(z), z € X.

This is an integro—differential equation that describes the evolution of a population of
density f(t,z) structured with respect to a continuous trait z. The space of traits X can
be fairly general, even though for simplicity we will take a subset of R?. In this model, a is
the reproduction rate for an individual alone (without competition with other individuals);
and b > 0 corresponds to the interaction between individuals which we assume here to
be only competitive. The total reproduction rate of each individual is thus determined
by its trait and the environment through the selective pressure a(z) — [ b(z,y)f(t, y)dy,
leading therefore to selection.

Existence and stability of regular or measure valued solutions for (1.1) are known,
provided that the coefficients have enough regularity (see [7, 11, 19]). Together with
variants, it has been investigated much in the literature; see e.g., [1, 3, 9, 10, 17]. In
addition, equation (1.1) (with an additive mutation term) can be derived from stochastic
models of finite population (see [4, 5, 8]), and there is a vast literature (see e.g., [2, 6, 13,
14, 15, 16, 18]) on the study of the combining effects of both selection and small mutation
on the population dynamics.

The model without mutation is interesting from the point of view of large time be-
havior. Natural questions appear, such as does the population really converge to an
equilibrium? Is this equilibrium an evolutionarily stable strategy or distribution (ESS or
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ESD)? Does this limit depend on the initial population distribution? A definite answer
to these questions has been provided in [11] under additional assumptions on b,

(1.2) Vg € LY(X)\{0}, // z,y)g9(x)g(y)dzdy > 0,
and b is assumed to satisfy some symmetry, for instance,
(1.3) Vo,y € X, b(z,y) = by, ),

so that solutions of (1.1) converge to the then unique ESD at rate O(logt/t) for some
proper initial data.

The finite volume scheme investigated in [12] is shown to produce numerical solutions
with satisfying long-time selection dynamics. This is achieved through a proper discretiza-
tion, so that the numerical solution

1
fi~ g | sy,
approximates f(t,,r) over the cell I, indexed by a € A C Z¢, and the discrete relative

entropy
=3 <falog <J{i> +fa - fa> he,

[0}

satisfies the entropy dissipation inequality
1 -
Pt < A - R

This implies the convergence of f™ toward the discrete ESD. One may wonder what would
be the time-asymptotic convergence rate, such an inquiry motivates therefore the present
work.

1.1. Assumptions and main results. For simplicity, we restrict ourselves to only one
dimensional setting for X = [—1,1], though the results and the proofs can easily be
generalized for any dimension. We partition X into sub cells [; = [x;_1/2,Zj11/2], ] =
1--- N, for a uniform mesh h = 2/N so that x;_1/9 = x1/2 + (j — 1)h with 21/, = —1,
Tn4172 = 1. We consider the following semi-discrete scheme

d i |
(1.4) afj:fj (aj_hzbjifi)> jg=1---,N,
i=1

where

B 1 - 1
(1.5) o= [ el =g [ / b, y)ddy,

J

and the numerical solution f;(t) approximates the cell average of the exact solution f,
- 1
fit)y=—1[ f(t,x)dx.
hJi,

Set



then the nonlinear dynamical system (1.4) admits many steady states satisfying
fisilfl =0, j=1--- N

Of special interest is the discrete ESD f = {f;}, which is defined as

(1.6a) Vie{l<i<N,f;#0}, s[f]=0,

(1.6b) Vie{1<i<N,fi=0}, s[f]<0,

and is conjectured to be the limit of the solution provided the initial data f;(0) > 0 for
allj=1,2,--- N.

From the basic assumptions at the continuous level one may derive similar assumptions
at the discrete level:

(1.7a) ja;| < llallz, {1<j < N,a;>0}#0;

(17b) 0< bf < sz’ < ”b”Loo and l_)ji = Ez’j; for 1 < ) j < N

(1.7¢) Z Zbﬂgzgj > 0 for any g, such that Z lg;|* # 0.
j=1 =1

It is shown that these assumptions ensure the existence and uniqueness of the ESD, as
defined by (1.6), in [12].

Given the positivity assumption, b;; induces a discrete weighted norm denoted by | - ||,
N 3
(18) Il = (ff 2 bﬁgng) .
ij=1

We also use the discrete [P norm

N 1/2
lgll, = (Z |9j|ph) :
j=1

Those norms are related through

(1.9) VhAminllgllz < llglle < VhAmaxlg]l2;

where Apin(Amax) denotes the smallest (largest) eigenvalue of B = (Bji) nxn and [|Bll2 =

)\max-
Lemma 1.1. One has

2bf S h)\max S 2||b||L°°a )‘max > /\min > 0.

Proof. By the positivity of the matrix B, the upper bound can be obtained through the
trace of B,

N
_ 2
Az < Tr(B) = Y b < N|blle = 3 [bll .
i=1

As for the lower bound, we use

h h
Amax = 0" sup lgllp =5 ) by > o N2bf—2h by,

{llgll>=1} 24
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by choosing g = (1/v/2,...,1//2).

Finally as B is strictly positive then \,;, > 0. 0J

Remark 1.1. The size of hAnax @5 bounded from above and below, but hAy can be much
smaller as the mesh size vanishes.

We call the ESD a strict ESD if it also satisfies the following strict sign condition,
(1.10) s;[f] <0 forje{i: fi=0}

We shall prove that the strict ESD is both linearly and nonlinearly stable, with perturba-
tions decaying to zero exponentially in time. To precisely state the main results, we use
the following notation,

(1.11) I={j|fi=0ands; <0}, I°={j,1<j<N}-1I,

and

s =min(—s;{f]) >0, fn =min fi>0.
In the sequel we also use
= hfmAnin, r=min{s,pu}
to quantify the exponential decay of the perturbations.
The result for the semi-discrete scheme is summarized in the following.

Theorem 1.1. Assume (1.7) holds. Let f;(t) be the solution to the semi-discrete scheme
(1.4), associated with the strict ESD, then there exists §* > 0 such that for any 6 € (0, 6*)

if
1£(0) = fll2 < 6,
then
1F@) = flly S CL+ )%™, €= L,
where 1 < p < 2,

5o o min{lv/T} a:\/ r 1
V2max{l,a} ’ ||| Lo 2 2 7

and C may depend on the parameters and the norms of the initial data but not explicitly
on N or h.

Remark 1.2. While none of the constants in the previous result depend explicitly on the
mesh size, most of them depend on it implicitly. For instance s is not in general bounded
Jrom below uniformly in h and in most cases one can actually prove that s — 0 as h — 0.
This is because at the limit f should be an ESD for the continuous model, therefore s[f]
is a smooth function of x. The extension of I is now the set of © where the measure f
vanishes, that is the complement of the support of f. But the function s[f] vanishes on
the support of f, which is a closed set, and therefore cannot be bounded from below on the
complement. The same argument applies to f,,.

As a consequence the exponential convergence is not uniform in h and actually degen-
erates as h — 0. The same is true for all the exponential convergence results presented
here. Only the algebraic rate, Th. 1.3, is uniform in h.



For the fully discrete scheme

=g Sl
(1.12) ]th = i (aj - hzbjifin) ,
=1

the exponential convergence rate toward the strict ESD can still be obtained under some
restriction on the time step.

Theorem 1.2. Assume (1.7) holds. Let f}' be the numerical solution to (1.12), associated
with the strict ESD, f = {f]} If At satisfies
< %’
2([ollZ< 11
then there exists 0* > 0 such that for any § € (0,6%) if
170 = Flla <6,
then for 1 <p <2,

1F" = Flly < O+ nAt) max{V/K,, K}, € =1 m—r.):

Kot g 1 1+2At2llblliwllf\|3 <1
VIt 2sAt T T+ 2l V1T 2ult ’

and C may depend on the parameters but not explicitly on N or h.

where

Remark 1.3. In the above two theorems, r or p may well approach zero when N tends
to co. Hence, exponential convergence for the continuous model cannot be deduced from
these results and is in fact not expected.

One objective of this work is to establish an algebraic convergence rate but with pa-
rameters uniform in N or h thus extending the rates known at the limit.
Theorem 1.3. Assume (1.7) holds. Let f' be the numerical solution generated from

scheme (1.12) with positive initial data f]o >0 forallj=1,---,N, with f = {f]} as its
associated ESD. If

N .
FY = Z (]Zjlog <%) —l—fjp—];j) h < +o0,
i=1 J

then .
~ 2F
n _ 2 < -
provided that
. )\min h
At < min = ) o8 (o
Amax[2([|al| e + (|l oo | 1) + 2Amax S(FO) 4+ AminS(FO)] " 16l < S(F7)

where S is an explicit non-decreasing, positive function, which we specify in the proof.

Remark 1.4. When 0 < by < l_)ji is satisfied, the same convergence rate can be obtained
under a different time step restriction; see Theorem 3.2.
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Several techniques are introduced and developed in the proofs of these results.

In the proofs of Theorem 1.1 and 1.2 on the exponential convergence, we start with a
symmetrization of the system with weight depending on the strict ESD, and then obtain
exponential decay of the perturbations using a Lyapunov functional approach, subject
to a parameter tuned to allow for the largest possible initial perturbations. Finally the
optimal convergence rate is obtained by a refined estimate. In the proof of Theorem 1.3
on the the algebraic convergence, we first establish the dissipation inequality of relative
entropy, and further show the decreasing property of the dissipation rate, these together
ensure the algebraic convergence rate towards the generic ESD.

The rest of this paper is organized as follows. In section 2, we present linear and
nonlinear asymptotic stability of the strict ESD for the semi-discrete scheme. Section 3 is
devoted to the fully discrete scheme, including the exponential convergence towards the
strict ESD, and the algebraic convergence towards the general ESD.

2. EXPONENTIAL CONVERGENCE TOWARDS THE ESD FOR THE SEMI-DISCRETE
SCHEME

In this section, we show that the strict ESD that satisfies the sign condition (1.10) is
both linearly and nonlinearly stable, with perturbations decaying exponentially in time.

2.1. Linear stability. We first investigate the linear stability of the strict ESD satisfying
(1.10). To do so, we consider the linearized equation

N
(2.1) = s;9; — fih Y bjigi, j=1,--- ,N.

=1

%gj
For the strict ESD, we define the weighted [2-norm by
5\ 1/2
9j
oty = (S e )
jerI jerIe fj

Theorem 2.1. Assume (1.7) holds. Let f = {f;} be the strict ESD satisfying (1.10),
and g;(t) be the solution to the linearized scheme (2.1) subject to initial data g;(0). If
lg(O)]| < o0, then

(2:2) la@®lf < CA+H ™, & =1y,
for some C depending on 11, s, |b|lr~, | f|li and 1g(O) |l 7-

Proof. For the strict ESD considered, and j € I, one has %gj = 5,9; and so

(2.3 gi(1) = g5 (0)e,
hence by the definition of s

1/2 1/2
(zgzh) . (zmj(owh)

jel jel
For j € I, s; = 0, and we have

da. - _ - _
% = _fjhzbjigi - fjhzbﬁgi-

i€l¢ i€l



Therefore
2 _ _
i (Z %h> = —2h* 37 bjigig; — 2h* 3 g; 2 bjigi
jere ? ja€gle jere el

2 _

< 2o T F 422 5 (1) Zbﬁ-|gz-<o>|)
jere 7 jele el

h)

1/2

SH |£QM

1/2 )
[2 7 (b0 >|) ]

ele el

S—m}j*h+mne“(

JelIc

¥

jele J

gjz' —st 912
€

L1
where Cy = v/2|b|| e |f]7[|9(0) || z2(r)- Calling A(t JGIC 2 > , we have

dA
— < —pA+ Cre

dt —
which upon integration gives
A< ) et et = s £ 0,
| (A(0) + Cht) e, pu—s=0.

Therefore, one has
A< O +t)e™,
with § = 1{,—4}, and

C = A(0) + Cilp — 8| e + Crl sy

Then s
lo@ll; < (SierlosOFR) " e + Aft)
< (IOl + Calit — s~ Ty + Crlgusy) (1 + 1)
This ensures claimed estimate (2.2). O

2.2. Nonlinear stability. We now turn to the nonlinear stability of the ESD under
assumption (1.10).

Theorem 2.2. Assume (1.7) holds. Let f;(t) be the solution to (1.4), associated with the
strict ESD f = {f;}, then there exists 6* > 0 such that for any § € (0,5*) if

1£(0) = fll; <6,
then

(2.4) IF@) = Fll SCAL+t)e™ €= 1pm,
for some C' depending on 1, s, ||blleo, | fll1 and the norm of the initial data.

Proof. 1. Symmetrization with weight depending on f )
For the strict ESD considered, we substitute f; = f; + g; into (1.4) so that

J N N '
Egj:Sjgj_fjhzbjigi_gjhzbjigia Jg=1--,N.
i=1 i=1
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N
For j € I, %gj = s;9; — g;h > bjig;, and thus
i=1

N
T o

jel jel jel  i=1
< =25 gih+2lblwllgll Y gih.
jel jel
For j € I¢, s;, =0, and
dtg] = —fik> bjigi — fih Y bigi — gthbﬂgz,
i€l¢ i€l
so that

d 9; . b
& ( f—fh) = —2h% Y biigig; — 2h° Y <9J' Zbﬁgi>
jele Ji

jiele jeIe 1€l

_ 2]122 <gJ Z@ﬁ}z)
jele J =1
1

92' ~ 1 92- 2
23 Lot 2071 (3 o) ( I 71;1)
Jel°

jere JJ jel

92,
+ 2[0| o< || 9|1 ( —Zh) :
jele f

Here we have used the Cauchy-Schwarz inequality in bounding the second term.
2. Coupling the two quantities.

Let
1/2 ) 1/2
jer jere fJ’

U < A+ bl gl A 1
L < —pudy + Dl gl Az + Dol T (S e loslh)

dt
Further simplification by using >, |g;|h < V2A; and setting Cy = ||b|| o (
to

then

1/2
) leads

dA,
(2.5a) 5 = (=5t lbllcllgll) AL,
dA,
(2.5b) 5 S (Gt lbllz=llglh)Az +2C2A,.
3. Decay estimates using a Lyapunov functional.
Set

L= A? + onAg,



so that
(26) 2(IA1A2 S L.

Here « is to be determined, so that the exponential decay of L is ensured, yet with largest
possible initial data.
A direct calculation gives

L = 2A1A1 + 2052142142
< —25A7 — 2ua” A5 4 40502 Ay Ag + 2||b]| 1 ||g]|1 (A2 + a2 A3).
Proceeding with (2.6) and

(2.7) lglly < V24 + 171124 < (V24 o IFIV?) VL,
we see that
L <~ [2r —2Csa = 2)pllp (V2 + a7 fI*) VI] L.

This implies that for any « € (0,r/Cy), if

r — Char
(VZ+ 1IN el
then L is decreasing in time, and its decay rate is governed by the linear part as
(2.9) L < Qe 2r=Caat,

where C} is given by

(2.8) 7(0) < k(a) :=

o L(0> L0
>0 [1 + \/_/k r—Caa)t _ 1)] [1 - \/m/k(a)}

It suffices to select a such that k(«a ) achieves its maximum. One can verify that

(l — z)o < (Vky + ks — Vks)?,

a:+k

and this maximum is achieved at © = \/k3 + kiks — ko. This when applied to k(a) with
ki =1/Cy and ky = (|| f]l1/2)"/? leads to

(2.10) max k(a) = k(a*) = \/_||b||LOO <\/ /Cy + (|1f111/2)/2 — \/(Hﬂ|1/2)1/2> :

where

o’ = \/Hle/2 +7/Co(ll Fl1/2)2 = (1 f111/2)12.
2\ 1/2
Recall that Cy = ||| £ <”’;H1> , and

L(0) < max{1,a}|f(0) — fo < dmax{l,a}.

Hence (2.8) is ensured to hold if we choose 6* such that

k() (a")?

171l
max{1l, a*} \/_max{l )’ ||b||L°° .

(2.11) 5 =
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This value of « is indeed less than r/Cy = v/2r/ <||b||Loo ||f||1/2>, as required.

4. Optimal decay rates.
We use C' to denote different constants from line to line. Equation (2.5a), combining
with (2.7) and (2.9), leads to
dA,

(2.12) = < —sA; +Ce ™A, k=r—Cy* >0.

Integration of (2.12) gives
Ay (1) < A(0)eCx0—e g5t < Cest,
Substitution of this into (2.5b) yields
% < —pAy + Ce ™Ay + Ce™™.
This upon rewriting gives

a AZeHHC(e*’“—l)/k} < OCEH Dk 1)t < Crpli=s)t.
dt - -
Hence,
Ce", pu—s#0,
As(t) < { (1 —l—t)e_St, uw—s=0.
These when combined with || f — f||?; = A? + A3 lead to the estimate (2.4). O

3. CONVERGENCE RATE FOR THE FULLY DISCRETE SCHEME

For the fully discrete scheme

frHt — g N
(3.1) ]A—t]:ffﬂ aj_hzbjifin , J=1,-,N,
i=1
we establish the exponential convergence towards the strict ESD and algebraic convergence
towards the generic ESD for At suitable small.

3.1. Exponential convergence.

Theorem 3.1. Assume (1.7) holds. Let f}' be the numerical solution to (5.1), associated
with the strict ESD f = {fj} If At satisfies

(3.2) At < it 1n/2)
— bl 11
then there exists 6* > 0 such that for any § € (0,0%) if
then
(3.3) If" = fll7 < OO+ nAD max{V/ Ko, K", €= 1yriok.)
where B
[ N S PO i [ i AW
© I+ 2sAt T VIF2uit V1+2uAt ’

and C' depends on 1, s, ||bl|so, ||fll and the norm of the initial data.
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Proof. The proof follows steps similar to the semi-discrete case.
1. Symmetrization with weight depending on f.
For the strict ESD considered, we substitute fI' = f; + g} into (3.1) so that

n-+1 N
g — g7 n z -
vl = fih ) bgr - QJHthﬂ% , J=1- N
i=1
Then
gyt —

N
g n+1 n+1 ...n .
TJ = s5;g7 " =g bigl, jEel
=1

Multiplying g;-‘“h on both sides and summing over j € I, we have

(g7 )2 9?“9? B o e
(3.4) Ry =hY sy R | ( Z biig?

Jjel J€el J€el

The left hand side of (3.4) may be written as

(35) 3 (977)% — (g7)” N (g7 —9?)2] |

2At 2At

and the right hand side of (3.4) is bounded from above by

—s ) (PR bl llg 1 Y (g5t

jerI jel
Hence
9?“ (9]) n+1 n+1
(36) Ky < =5 (g Ph+ [blellg"h Y (g
Jel jel s
For j € I¢, s, =0, and

n+l

Y 95
J___J”:_bhEZQﬂz_%{%E:@MZ

n+1

h . . . .
Against Z— on both sides, summation over j € I¢ gives
]

n+1) ;1+1 n ( +1)2
(3.7) hz% e <gj+1 N 151192)_h2z {%f Zbﬂz]

Jel® Jele Jele

The term on the left hand side is treated same way as in (3.5), and the last term on the
right is bounded by
n+1

(g5
ol llg™ 1 Y~

JelIe
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We focus on the estimate of the first term on the right hand side of (3.7), which can be
estimated by

<t 5 (o S B ) T | S b - )

jelc iel¢ jeI© ielc
—h? > (Q?H ijigzn)
jere il
(g?+1)2 3 n+1 n+1 N2 n
< —p 7 h—Ath® 32 g7 > b]z(fz +9:7) > birgy,
jere jeIe icle k=1
1/2
n+1y2
Hbll= (S 1ol ) 171V | £ 00
il jele

Applying the Cauchy-Schwarz inequality to estimate the second term above gives

N _
—Ath? Y [ S b AL(f 4 gt S bikg;?}
k=1

jele iele
1/2 9y 1/2

2 (g2 ; ntly SN T n

S Ath* | ) =5—h S fih | b fi+ 9 Y by
jerIe jele iele k=1
172

2 1/2 n+1 N (9?+1)2

< Ath?||b]| || £y XII (fi + g ) 21 birgp| Z; —5—h
el¢ jele

1/2 1/2
. @th? Vs
< Atl[bl< 171 g™ 1 ||f||1+||f||1/2[z : h] ['Z R h] |
J

el

2. Coupling the two quantities.

We set ()2
Al = Z(gj)2h7 Ay = Z =—h,
Jel jere JJ

so that the above estimates may be written as

AP — Ay n n n
(380) S < AT+ bl 1A

Angl B ArZL n+1 n n+1 F11/2 n n+1
(38b) 2 <At ol g AR s I 1o ) /43

iel

o+ OB 11l 1 A5+ ARl P13 g™ 114/ A5

3. Decay estimates using a Lyapunov functional.
Set
(3.9) L™= A? + o* A},

Next we determine the range of the initial data so that L™ decays in n, with proper choices
of o and At.
Note that

> " lgih < /247,

i€l



with which, (3.8) and (3.9), it follows that

n+l_g1n n n n ~11/9 —
Lot < —rLm o [[b] eelg” L + \/§a2|\bHLo<;|J;/||21/ VATARTT
OBl < | Il Nl 1 L+ + Atarl|bl2ee | 1T lg™ |1V L.

Proceeding with

(3.10) lo" s < V245 +/IF A3 < (V2 +a IF1F) VIT,

we see that

Ln—l—l S
(3.11) A S —r L e VI LT 4 eV L Lt
where

cr = [[blleo (1 + At][bl| < || £11) (\/5 + a‘lllf\li”) ,

2 = V2allbll = | FIV? + Atallpl3< | FIV? (V2 + a7 IF1?)
Using vVL"L"+1 < L"/2 + L"*'/2 in (3.11) we obtain

LY (1 + 2rAt — 26, AWV LM — ¢ At) < (14 e At) L™,
Note that if the time step is taken as
r = V2a|b) || fII,"”

113 17132 (V3o + 171
then ¢, < r. Therefore, L"*! < L™ provided

co <1T—C VIO <r—c VLI

(3.12) 0 <At <

This implies that if

(3.13) VIO < k(o) = —2,
C1
then L™ is strictly decreasing in n, and
(1 —f- CQAt)

" < KL", K: <1.

1+ 2rAt — 201 AtV L0 — o At
Therefore exponential decay holds
(3.14) L"< K"L°.

We now check how to choose a so that k(«) is maximized for each fixed At satisfying
r

t<
11170 11/ 11%

Note that (3.12) is equivalent to the following requirement

(3.15) o < B(AL) — r — Atjol3- |1/} .

2| FI1N1Bllzoe (1 + AtBl|oc | 1)
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Rewriting k(«) as

(3.16) ko) = 2D Z0) i

+/1f1/2

The maximum of this function is achieved at a*, with

p(Al)

o = J1Fl/2+ (1122300 — (1l /22 = : |
1+ /14 @/ Fll) 282

Such an o* clearly satisfies (3.15). Moreover,

\/Hle <\/5 (A + ([1F112/2)172 ~ (Hf!!1/2)1/2)2 = V2(a")".

Furthermore,
VL0 < max{1,a}||f’ - fo < dmax{l, a}.
Hence (3.13) is ensured to hold if we choose 6* such that

For)  V2(ar)?

max{1l,a*}  max{l,a*}

(3.17) 5 =

4. Optimal decay rates.
In the estimate to follow, we use C' to denote different constants from line to line if
applicable. From (3.8a), combining with (3.10) and (3.14), it follows

n+1 n
& 2AtA < = (s —K"?) AT

for v = ||b|| L~ (\/_+ a’1||f||1/2> VLY < s which can be obtained from (3.16). Then

An 1
1+23At 27AtK(" 1)/2

<
3.18 1+2sAt
( ) < (1+25At)” Hz =0 142sAt—2yAtK/2

< C,AYK™,

where K In fact, the product may be estimated as follows

_ 1
T 142sA¢°

|
—

n

(1+29AtK'/?)

~
I
o

n—1
< exp (Z log (1 + 2’yAtKi/2))

i=0
n—1
< exp (QVAtZ(\/?)Z) < exp (12_7?/%) :
i=0

leading to the claimed bound.
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We now estimate the decay rate of A5. Substitution of (3.10), (3.14) and (3.18) into
(3.8b) yields

An+1 An )
Qth < ,LLAn-i—l -+ Cq VLOKH/2A721+1 + \/§||b||L°°||f||}/2 /_A?\/@
+ A1 (/2AT + /171 A)y A5
< _,U/ASJFI +CcVv LOK"/2A72”L+1 + CIKS/Q\/@

+ A[b]| 7 | FII7T/ A5 A5,

where Cy = v2|[bll || F[1/*(1 + [1Bll < || 111 At) /T, AT, Hence

AT —2e,d%\/ AT — d2 AL <0,

where
1
n — 1/27
[1 + 2At (,u — 1V LOK"/QH
en = CLALKT? + A (b1 71| FIIT /A5
This gives

At <endy + \/e2dh + d2 Ay

< 2e,d? + d,+\/ A}
< 200K + dor /AT, dy = d (1 + 2A82(|6|12 || FII3dsn)-

By induction,

Ap < (11 ) \/>+2C’1Atz <K1/2d2 H d)

j=i+1

For fixed At, ds := /K, < d; <1, a similar estimate as in (3.18) gives

v 5 - 7 1+ 208 bl|2< |l /113,
11 d =(d) H H TTTONHE
: i 1+ 2A82([b]13 || f1[}dos
n—1 n—1

3 , d: d

<(d )" _J . _J

<t Tl 13

<2Cl\/L_0At
1-VK

<exp

) (K™D for i=0,1,2,...,n—1,

where

K, :=dy = /K, (1 - 2At2||b||%oo||f||?\/Ku) )
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which is strictly less than one provided (3.2) is satisfied. In fact, from (3.2) it follows that

AEIAE 1
I 2 1+ 1+ 2pAt
V1 2uAt(V1+ 2uAt — 1)
- 2uAt ’

which yields
K, = /K, +2A082b|13 = | fIIT K, < 1.

Furthermore,

QClAtZ (KZ/QdQ H d; ) < 20@52 <Kl/2d Hd >

Jj=i+1
n—1 7
VK,
< CAtK} .
<osnry (%
This is bounded by C’Ksn/QnAt if K, =K, and if K, # /K,
K} — VK, < KAt
K. = VK, ~ |K. = VK|
The consistency of this bound with the semi-discrete case can be seen from the fact that
. KAt 1
im = .
A K. — VK s =4l

AtK, max{y/ Ky, K.}" < Cmax{/ K, K,}".

In summary, we have

— max{v Ky, K,}", K. # VK,
VAR S OO gz n K. = VK,

These when combined with || f — fo < VA; + VA; lead to the estimate (3.3).
0

3.2. Algebraic convergence. It was shown in [12] that the numerical solution of (3.1)
converges to the ESD in weighted norm ||-||. In this section we investigate the convergence
rate of the numerical solution toward the ESD in this norm.

Define the relative entropy

N f ~
(3.19) Fr=>Y" (f] log <fi> + fI - fj> h,

Jj=1

and a nonlinear function

T
mip =17

with f = (f1, fa,--+ fv)" and @ = (@y, ag, - -+ ,an)".
For later use, we present a uniform ['-bound of the numerical solution when b > by > 0.

h* —at fh,
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Lemma 3.1. Assume (1.7) holds. Let I} be the numerical solution generated from scheme
(3.1) with nonnegative initial data f) >0 for all j = 1,--- N, and ||f°|y < co. Then
for any n > 0,

Q|| oo
(3.20) 170 < masc {7, 12l
provided
1
(3.21) At< ——
fall i~

Proof. From (3.1) it follows that if f7 > 0 and (3.21) holds, then fj"Jrl > 0, hence the
numerical solution remains non-negative at all time steps.

N
Let M™ =hy_ fi = ||f"[l and v = % From scheme (3.1) it follows
=1

N N N _
Mn+1 —M" = At (h]; f;.lJrlC_Lj — hj; ff+1h7;b]1f’ﬁ>

< At(|la]l g M — by MMM
— At M (M — 7).

There are two cases to distinguish:
i) if M™ > ~, then M"™ < M™;
ii) if M™ < v, we rewrite

M" ™ — = (M™ —4)(1 — AtM™by).

According to (3.21), we have

M™ =y < (M™ = y)(1 -

which leads to M™*! < ~. Hence,
M™ < max{M", 7} <--- < max{M° ~},
which is as desired. 0J
Lemma 3.2. [12, Corrolary 3.1 | Assume (1.7) holds. Let f} be the numerical solution
generated from scheme (3.1) with positive initial data f]o >0 forallj=1,--- ,N. Then
P B < A IR

provided time step At is suitably small.

This implies the following assertions:
(3.22) lim F" =0, lim ||f*— f|l, = 0.

n—oo n—ro00

The main aim here is to obtain the convergence rate toward the ESD.
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Theorem 3.2. Assume (1.7) holds, and F° < +oo. Let fi' be the numerical solution
generated from scheme (3.1) with positive initial data fjo >0 forallj=1,---,N, f =
{f;} is the discrete ESD. Then

_ 2F0°
2 iy v
(3 3) ||f f”b = Atn’
provided At < 7, where
)\min 2
3.94 = mi
( ) T min { >\max<2cl + 202)\max -+ CQ)\min)’ C2Hb||L00 } ;

where Cy = ||a|| g~ + HbHLwHJ;Hl and Cy = max{|| f°|1, ”alalﬁoo }-

Proof. We proceed in two steps:
i) we first establish for the relative entropy F" the dissipation inequality of the form

(3.25) Frt — < CA[H (MY — H(f)]:
ii) we then show that H(f™) is decreasing in n, i.e.,
(3.26) H(F™Y) — H(f™) <0,

We postpone the proof of these two inequalities, while we now use them to prove estimate
(3.23). The summation of (3.25) in n gives

+oo

(3.27) AESSH(FH) = H(f)] < PO — F* = PP,
i=0

On the other hand, for any large number n,

AU = B = ACS () = 1)
> nAtH(f") — H(f)],

where we have used (3.26). Combining (3.27) and (3.28), we have

N FO

0< H(M - H() <

(3.28)

which when combined with

LF™ = 13-

N —

| _ N .
H(f") = H(f) = 5" = fll; = h ) s8>
j=1

gives the desired estimate (3.23).

Finally we specify the restrictions on the time step for both (3.25) and (3.26) to hold
true. Denote || - || the usual Euclidean norm of a vector.

Scheme (3.1) can be written as

f’?
n+1 __ J
(3.29) =1z Ata; + hAt(Bf),’

if At is suitably small, for example, for
(3.30) At < ||al| %,
we have f;‘“ > 0 for f}* > 0. This positivity property will be used below.
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We now prove (3.25). Using logz < z — 1 for any > 0 and the scheme (3.1), we

obtain

[\ I

> =

M=z M=
&MZ/\/—\

mn n fn n
Fr+l R lngﬁ_ngl_i_fjﬁ-l_f]n)

~ f” fn+1

J

<.
Il
-

Il
—

[
o
>

(aj—h 2 binfI)(f = f)).

<

Proceeding with ¢" := f* — f, we have

N
Frtt — o < —Ath*g™ - Bg™t + Ath Y (a; — b Z biifi)g; ™

j=1
— _AthQ n+1 BgnJrl_,r_AthQ( n+l _ ) Bgn+1
(3.31) +Ath lej[ ff
J

< Ath2 n+1 Bgn+1 _|_Ath2||B||2||gn+1 _gn||||gn+1||

+Ath Z 551 S

Jj=

Next, we show there exists C*, which may depend on At, such that
(3.32) lg"™ = g"[| < CAt||lg" .

- N _
Using the fact that f; <C_Lj —h> bﬂfi) = 0, we have
i=1

N _ -
(gn—i-l o gn>j _ Atf]ﬂJrl |idj _ hz bﬂ(gf + fz)
1 ) =1 N ) N
— At {(f}l+ — 1) <aj - h;bjifi) —hfj" ;bﬂg?
Hence,
g™ — "l < Atls[ Al llg™ | + Athll 7 oo Bllalg”

< AU e + 1Bl g™+ AL Bl llg™
< aAtl|g" | + e At)g" T — g,

where in virtue of Lemma 3.1,

a S -~
333) o= max{l P Y B, e = falloe + B~ 1l o
This has proved (3.32) with
C1
e
1-— CzAt
for
1
(3.34) At < —.

C2

-9

"l
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Substituting (3.32) into (3.31) and using Api|[g"™||? < g™ - Bg™*!, we have
Frot— P < =Ath? [gh - Bgtt = AtCT||Bll2]|g" P + Ath Z sl

1Ath2 n+1 Bg”“—l—Achs][ ]fn-i-l

Jj=

as long as At < 20/\3\0\}‘3]“2 - 20/\*11;;,(’ that is
Ao
3.35 At < == :
( ) o 2ClAmax + C2Amin
We proceed
n+l | n+1 B [ B 3 5
Fn+1_Fn§_Ath (f 2f h_f"Jrleh—i—foh afn+1+fn+leh>

(336) = —AH(f) — H(f)]
We next prove (3.26). Using the fact that B is symmetric and scheme (3.1), we calculate
H™) = H(PY) = M = BT+ 7 = T = o
—- 2 | (o - TR

N N
= —Ath Y fit(a; —h Z bji f')?
JZAIT N 7L+1
PO | fr ey = ) 3 b

j=1
= —T1 + TQ.

Since 17 > 0, we only need to show T, < CAtT; for suitably small At. Using scheme

(3.1), we obtain

T, = (At)?n?

b i f @, — z by )@ — S b f?)

1 =1

bt frt (a —hZM")
J
212 _
< B0 (1 max Z binfrth) 21 @y — h;bﬁfm?,
Jj= 1=

(VAN
>
=
©
>
o

(3.37)

where we have used the symmetry of B in the second inequality. Note that
(3.38) hmaXZ Dir frt < 1Bl 74

Then
At
7, < S lolo= 5 0T

Thus,
H(f*") = H(f") < (1= Sl [l /)T <0,
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if

2|| B2
3.39 At < ————=.
3% = el
(3.26) is established. Combining (3.30), (3.34), (3.35) and (3.39), we have the restriction
(3.24). O

Remark 3.1. When 0 < by < Z_jj,- in (1.7) is weakened to l_)ji > 0, we are still able to show
the same convergence rate, but with a different time step restriction.

A more precise statement is as follows

Theorem 3.3. Let Bji > 0 and other assumptions remain the same as those in Theorem
3.2, then

~ QF0
3.40 n_ <
(3.40) - A< 2
provided that
i h
3.41 At < mi o .
(3.41) < min { Ao 201 2o S(FO) + Ao SEY)) anmS(FO)}

Proof. We use the fact (refer to the proof in [12, Theorem 3.1]) that there exists a non-
decreasing, positive function S such that

(3.42) Al < S(E™),
and F" is decreasing in n. Thus, ¢; = S(F)||B||2 in (3.33). Combining this with estimate

N
hmax D b fi < 2|blloe £ loe < 20fbll ™! S(F)
k=1

instead of (3.38). The remaining proof follows the same strategy as in the proof of
Theorem 3.2, then (3.40) is established if condition (3.41) holds. O

4. CONCLUDING REMARKS

In this work, we have investigated the discrete dynamics of an integro—differential model
that describes the evolution of a population structured with respect to a continuous trait.
The discrete model considered is the entropy satisfying finite volume scheme proposed in
[12]. Several time—asymptotic convergence rates towards the discrete evolutionary stable
distribution (ESD) are established. More precisely, we have obtained the following results:

e For the discrete ESD satisfying a strict sign condition, we have established the
exponential convergence rate of numerical solutions towards such a strict ESD
for both the semi-discrete scheme and the fully discrete scheme. However, the
convergence rate is typically mesh dependent, as a similar result is not expected
for the continuous model.

e For general discrete ESD, we proved that numerical solutions of the fully discrete
scheme converge towards the discrete ESD at an rate 1/n, which is faster than the
rate O(logt/t) obtained in [11] for the continuous model.

These results, proved for the one dimensional case, are expected to hold for arbitrary
dimensions.
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