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Abstract

The Ehrenfest dynamics, representing a quantum-classical mean-field type coupling, is a
widely used approximation in quantum molecular dynamics. In this paper, we propose a time-
splitting method for an Ehrenfest dynamics, in the form of a nonlinearly coupled Schrédinger-
Liouville system. We prove that our splitting scheme is stable uniformly with respect to
the semiclassical parameter, and, moreover, that it preserves a discrete semiclassical limit.
Thus one can accurately compute physical observables using time steps induced only by
the classical Liouville equation, i.e., independent of the small semiclassical parameter - in
addition to classical mesh sizes for the Liouville equation. Numerical examples illustrate the

validity of our meshing strategy.

1 Introduction

Ab initio methods have played a fundamental role in the numerical simulation of large quantum
systems, in particular in quantum molecular dynamics. Different from classical approaches based
on pre-defined potentials, the underlying idea of ab initio molecular dynamics is to compute the
forces acting on the nuclei as a feedback of the electronic structures. This procedure is also

)

known as the “on-the-fly” calculation in the chemistry literature (for detailed reviews, see, e.g.,
[4, 21 20} 26]). One of the most widely used of these methods is the so-called Ehrenfest dynamics,
a mean-field treatment named in honor of Paul Ehrenfest who was among the first to address the
problem of how to derive classical dynamics from the underlying quantum mechanical equations
[8]. His idea is to separate the whole system into two parts: a fast varying, quantum mechanical
part (for, say, electrons) and a slowly varying part (for the much heavier nuclei) in which one
can pass to the (semi-)classical limit. In quantum chemistry, this is usually possible by taking

advantage of the large mass difference between electrons and nuclei.
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Typically, the Ehrenfest molecular dynamics refers to a Schrodinger equation, coupled with a

classical Newtonian flow, cf. [6l [7, 22] 24] 3 26]. The simplest such model reads

DAV (0 y0) 6, $(0,2) = vin(a)

(1.1) g(t) = n(t),  y(0) = yo,
0(t) = =V, Va(®), 1(0) = no.

ihdy = —

Here, we denote by 0 < h < 1 a dimensionless rescaled Planck’s constant, and by 1 = 9 («,t)
with z € R%, t € R, the wave function of the fast, quantum mechanical degrees of freedom,
which is assumed to be normalized such that [|"(-,#)||pz = 1 for all ¢ > 0. In addition, the
slow degrees of freedom are described, for any time ¢t € R, by their classical position y(t) € R™
and momentum 7(t) € R™. We thereby allow for n € N and d € N to be not necessarily equal,
depending on the physical application. Finally, for a given coupling potential V = V(z,y) € R,
the force describing the back-reaction of the quantum part onto the slow degrees of freedom is

given by the gradient in y € R™ of the so-called Ehrenfest potential
Vew.t) = [ V(o) (a0 da,
R L

Clearly, one obtains a version of Newton’s second law for y(t) by eliminating the momentum

variable n(t) and writing
i(t) = =V, Ve(y(t)),

instead of the first order Hamiltonian system above.

Regarding the derivation of Ehrenfest dynamics, the majority of literature available today
invokes WKB asymptotics for the slow degrees of freedom, leading to a Hamilton-Jacobi equation
which suffers from the appearance of caustics, see, e.g., [0, 22]. To circumvent this problem and
derive a semiclassical limit which is valid globally in time, a, by now classical, tool is the Wigner
transform [27]. The latter gives rise to a Liouville equation for the associated semi-classical
phase-space measure (or, Wigner measure) which “unfolds the caustics”, see [9] 17, 19 23]. In
the context of Ehrenfest dynamics, such an analysis was carried out in [I3]. In there, the authors
start from a system of time-dependent, self-consistent field equations, motivated by [5] [14] [15] [1§],
and derive (among other things) the following mixed quantum-classical system:

. h h? h h h h h
(12) tho" = _?Aww +7 (x’t)w s (07$) = '(/)in(x)
O + - Vyp" + F" (y,t) - Vo =0, p"(0,2,m) = pin(y, n)-

Here, pu"(-,-,t) € M+(RZ xR}) denotes the phase-space probability density for the slowly varying

degrees of freedom at time t, F? = -V, VE, i.e., the force obtained from the Ehrenfest potential,
and
(1.3) " (2,t) = / V@) u" (y,mt) dydn.

R n

We call this system the Schrédinger-Liouville- Ehrenfest (SLE) System and from now on represent
the dependence on the small semi-classical parameter h > 0 by superscripts. Note that the
dependence of 4/ on h stems purely from the forcing through the Ehrenfest potential appearing



in the Liouville equation. The latter is an Eulerian description of the classical Hamiltonian flow.
In particular, one formally obtains (|1.1)), from (1.2]), in the case where y corresponds to a single
particle distribution concentrated on the classical trajectories (y(t),n(t)), i.e.,

u(t,y,m) =0y —y(t),n —n(t)).

Such kind of Wigner measures can be obtained as the classical limit of a particular type of wave
functions, called semi-classical wave packets, or coherent states, see [17].

Given the dispersive nature of Schrédinger’s equation, the main numerical difficulty for h < 1
is that one needs to resolve oscillations of frequency of order O(1/h) in both time and space, as
they are present in the solution 1", see [I2] for a broad review of this problem. Naively, this
requires one to use time-steps of order At = o(h) as well as a spatial grid with Az = o(h). How-
ever, it was proved in [I], using a Wigner measure analysis, that for a single linear Schrodinger
equation, a time-splitting spectral method can still correctly capture physical observables, i.e.,
real-valued quadratic quantities in 1", even for time-steps much larger than h. Thus one only
needs to resolve the high frequency oscillations spatially, which is a huge numerical advantage.
For nonlinear Schrédinger equations, in general, this is no longer true, as was numerically demon-
strated in [2]. The SLE system is a nonlinearly coupled system, and one therefore expects
the same type of problem at first glance. Nevertheless, we shall in the following develop an effi-
cient numerical method for the SLE system which allows large (compared with h) computational
mesh-sizes in both y and n and a large time step for both the Schrodinger and the Liouville
equations, while still correctly capturing physical observables. While large meshes in y and n do
not seem so surprising, the possibility of large time steps for solving the Schrodinger equation is
far from obvious, due to the nonlinear nature of the SLE system.

Our numerical algorithm is inspired by, but different from the time-splitting method used in
[13]. Based on a spectral method for the Schrédinger equation and an upwind scheme for the
Liouville part of , we shall first prove stability for our algorithm, uniformly in h. Further-
more, by utilizing the Wigner analysis developed in [I3] and adopting it to our particular setting,
we shall also prove that physical observables (which can be characterized by the moments of the
Wigner distribution), are captured correctly even if Ay, An and At, i.e., the time step for the
entire SLE system, are O(1) and thus independent of h. To this end, we follow the strategy
of [T, and prove that the semi-discretized SLE-system, with Ay, An, At fixed, converges to the
correct semiclassical limiting system, as h — 0. In this analysis we shall, for simplicity, consider
Z to be continuous, since, as already stated above, Ax — 0, as h — 0, even for a single linear
Schrédinger equation. In summary, our scheme can be seen to be asymptotic-preserving in t, y,
and 7, which is a well-established numerical concept for multi-scale kinetic equations, cf. [I0} [1T].
To our knowledge, this is the first work that proves the existence of a h-independent meshing

strategy for nonlinear Schrédinger-type system.

The rest of this paper is now organized as follows: In Section 2] we present the time-splitting
method for the SLE system and briefly discuss some of the inherent numerical difficulties. The
stability, uniformly in h, is then proved in Section for the fully discretized system. In Section
[l we shall give a brief review of Wigner transformation methods and the classical limit of the SLE
system. The spatial meshing strategy announced above is then studied in Section |4| by deriving

the classical limit of a semi-discrete SLE system. In Section [5] we focus on the time-discretization



and prove that our scheme allows for time-steps independent of h. Finally, Section [6] presents

some numerical examples illustrating our analytical results.

2 The time-splitting scheme and its basic properties

We shall, from now on, consider the Schrédinger-Liouville-Ehrenfest (SLE) System (1.2) with the

following assumption on the coupling potential V:
(A1) Ve ] (RE x R}) and V (z,y) > 0,V (z,y) € RY x Ry,

where CZ denotes the set of twice continuously differentiable functions which vanish at infinity

together with all their derivatives.

Remark 2.1. This is the same assumption as in [I3], where it is used to furnish a rigorous
Wigner analysis of the self-consistent field equation. Note that, in particular, it implies V' &
W20 (Rg X RZ) It is conceivable that the regularity requirement and the decay at infinity can
be lowered at the expense of more technicalities. The assumption V(z,y) > 0 is in fact not very
restrictive for the potentials bounded from below. It corresponds to a proper choice of the zero

point of the potential axis.

We aim for an algorithm which fully utilizes the quantum-classical coupling. Thus, while it
makes sense to use a finer (i.e., smaller than h) spatial discretization in x to solve the Schrodinger
equation, we want to use much larger (than h) meshes in y and 7 when solving the Liouville
equation. That this is indeed possible is not obvious, since the potential Y" (z,t) appearing in
the Schrodinger equation is time-dependent, and moreover nonlinearly coupled to the Liouville
equation (hence it inherits the computational error obtained from discretizing in y and 7).

Remark 2.2. In our discussion, we will only consider compactly supported initial data ¥, i,
in order to simulate the SLE system problem based on an infinitely large spatial domain within

a sufficiently large, but finite box with periodic boundary conditions.

2.1 A new time-splitting scheme for the SLE system

In order to describe our scheme, we henceforth assume that we are given a sufficiently small
Az ~ O(h), used to solve the quantum mechanical part of ((1.2]), while the larger grid meshes

Ay, An ~ O (1) are applied for the classical part. With this in mind, let
d—c 58—« b—a

J = K= M=——

Ay’ An Ax

The time-splitting spectral scheme can then described as follows: From time ¢t = t,, = nAt to

, Yj = c+jAy, mp = a+kAn, z; =a+ jAz.

t =tny1 = (n+ 1) At, with At given, the SLE system is solved in two steps. First, solve
h h? h
thoyp" = —— A ",
(2.1) tw 9 :c¢
Oy = —n - Vyu — F* (y, 1) - Vyu,

from t = t,, to an intermediate time t,. Then, solve

{ iho" =Y (z,t) ",

2.2
( ) 3ch = Oa



with initial data obtained from Step 1, to obtain the solution at time ¢ = ¢,,41.

In , the Schrodinger equation will be discretized in space by a spectral method and
integrated in time exactly using a Fast Fourier Transform. The Liouville equation can be solved
either by a spectral method, or by a finite difference (e.g., upwind) scheme in space, and then
marching the corresponding ODE system forward in time. An advantage of our splitting method
is that in the second step, YT" (x,t) defined in is indeed independent of time, since obviously
pP is. In view of this, the time integration in can also be solved exactly, which yields

w;“""'l = exp (—;LTh (xj,t4) At) w?’*.

For the convenience of our later discussions, we shall now state our numerical scheme using an
upwind spatial discretization of p in more detail: The problem is solved in one spatial dimension
d=mn =1 from time t = t,, to time t = ¢,,;1 using the following two steps:

In the first step, we solve

. h h2 h

Zhaﬂ/) = _?aw:rw ’

d h h h h
giHik = Tk (Dyn )jk — I (Dyu )jk’

where both Dyuh and Dnuh represent the numerical derivatives in our algorithm, which are

(2.3)

treated using a standard conservative (for example, the upwind type) discretization. To solve the
Liouville equation we shall we apply a forward-in-time Euler scheme for the time discretization.

Explicitly, we thus have

;N
. 2 ~ .
w;l,* _ N Z efzhwl/Ql)Z}lh,nezwz(mjfa)’ jiO,...,N*l,
(2.4) I=—N/2
Mh,* _ Mh,n
ik ik hon h.n hyn
: At : :*nk(Dyl‘ )jkiFj (Dn:“ )jk’

where for the upwind spatial discretization,

1 Mﬁ,n _ Mh,n 1 Mh,n _ Mﬁ,n
Dby = Jk Jj—Lk | o j+1.k J.k

1

hnm  hn
Hjkr1 = Mk
jk 2 ’

h,n h

Mg —Mik—1 1
hro(po M L L A B

5 (Dop") VR A

h,n h,n
(B} + | ] !

h,n h,n
(P}~ |F,

The second step is then given by
ihopp" = Yl (w,t) ",

(2.5) d
dt™

where Y% (z,t) is the quadrature approximation of Y% (z,t). Thus, we explicitly have
(2.6 U = exp (<0 () kR U =
where

J-1K-1 J-1K—1

T (@) =D Vi) pli AyAn =" D"V (@ yy) i Ay A,
§=0 k=0 j=0 k=0

Remark 2.3. It is straightforward to obtain an algorithm second order in time using the Strang

splitting, which is omitted here.



2.2 Conservation property and stability of the scheme

We shall now prove the stability of the scheme given by (2.4) and (2.6). To this end, let
¥ =o,...,ha—1)". Let |l ;2 and ||]|,= be the usual L? and ¢ norm on the interval (a,b)

respectively, i.e.

b 1/2 b o Mol 1/2
2 —a 2
) ¥l = ( [ 1w dx> e = {5 X bl
a j=0
Notice that, for any periodic function f, the equality
b g M2
2 2 - 2
(2:8) 1Al = A1 = =7 D If ()]
§=0
holds, where f; denotes the trigonometric interpolant of f on {xg,x1,...,2}, i.e.
o
fi(@) = Vi frerite=e),
=4
with w; = % Using this we can prove the following theorem.

Theorem 2.4. The time-splitting spectral scheme conserves the mass. More precisely, it holds

h, h,0
W e = ey 0"l = e form=1,2,...,
and also
J-1K-1 J-1K-1
h,n h,0
D2 M= M
j=0 k=0 J=0 k=0

Proof. First note that the last identity for ,u?,’c” is a straightforward consequence of the fact that

the discretized derivatives D, u and D, are conservative.
It suffices to prove the first identity stated above due to (2.8]). Noting our numerical algorithm

(2.4), (2.6) and the definition of the norms (2.7)), one computes

b [+, = i]wil ‘whx"“r N ex (—iTh (.t )At) e 2
b —a e = szo J _szo P77 tdEitx J
) i13—:1 ‘¢h7* 9 _ iM—l 1 H-1 efz‘hkw?/?ﬁ)fl’"ewf(xfa) 2
M= M= Mj:—% J
_ iMfl i 1\2/12—:1 M eihk(wifwg)ﬂW'th’nei(wq_wp)(wj_a)
M j=0 Mz p=—% q=—12 '

1 M

1 n 2 7 w2 —w? Ai,nA n
e = 5 2o M) g i

-1
M —
T 7=0

ei(""q —wp)(z;—a)

q=-



1 3 pnl2 1 = NS 4
_ Lhon T _ n—iw;i(xz;—a
= 3z 2 U7 =aE o | Do ey
j=—4 J=—4 | 7=0
1 B-1 /m—1Mm-1
- (X T ).
]__M p=0 ¢q=0
where the second equality of the above follows from the fact that
M—1 M—1
1 Z i(wq—wp) (25—a) _ Z ion(q—pyi/m _ ) 0o a—pFmM meZ
= 1, g—p=mM

Similarly, by changing the order of summation again, we arrive at

1 ) M-1M-1 1 -1
h,n+1 _ hn iw;(Tq—2p
e = o X vk (g X et
p=0 ¢=0 j=—2
M—-1
1 h.n 2 1 hon 2
= a2 [l == el
j=0
where the following identity has been used
M_1 Mg
1 Z elwi(@g—p) — 1 ei2m(q—p)i/M _ 0, ¢—p#mM , m € Z.
M —~ M —~ 1, g—p=mM
== =5

O

Remark 2.5. Theorem [2.4] implies that the scheme is stable uniformly in h, provided the posi-
tivity of u under the following CFL condition, cf. [16]:

At At
(2.9) x| 10,V <1

3 Classical limit of the SLE system

As a preparatory step to the discussion of Section 4} we will now briefly review the results of [13]
concerning the classical limit (via Wigner transforms) of the SLE system as h — 0.

3.1 Wigner transform and Wigner measure

Let us first recall that h-scaled Wigner transform associated to any continuously parametrized
family f" = {f"}o<n<1 € L? (R?) is given by, cf. [9, 17, 19, 23]:

W9 = i [0 (e ) T (v o) S an

By Plancherel’s Theorem and a change of variables one easily finds

1 2
[w" (" o 17112 gy -

]||L2(R2d) =



The real-valued function w”(x, &) acts as a quantum mechanical analogue for classical phase-space
distributions. However, w"(z,£) # 0 in general.
It has been proved in [17], that if the family of functions f* = {f"}o<n<1 is uniformly bounded

in L2(R?) as h — 04, i.e., if

sup || f"lz2 < C,

<h<1
then the set of Wigner functions {w"}o<p<1 is uniformly bounded in A’. The latter is the dual
of the following Banach space

ARY x RY) == {x € Co(R} x R{) : (Fex)(x,2) € L'(RE; Co(RE))}

where Cy(R?) denotes the space of continuous functions vanishing at infinity. More precisely, one
finds that for any test function y € A(RY x Rg),

1 2
[(w", x)| < WIIXI\AIIf”IILz < const.,

uniformly in h. Thus, up to extraction of sub-sequences {h, } nen, with h,, — 04 as n — oo, there
exists a limiting object w® = w € A'(R§ x R{) such that

h—0 .
w" 5w in A(RY x Ré)w — .

It turns out that the limit is in fact a non-negative, bounded Borel measure on phase-space
w e MT(RE x RY), called the Wigner measure of f".

3.2 The Classical limit of the SLE system

Let 1" and " be the solution of the SLE system (|1.2)) and denote the Wigner function of " (x,t)
by
wh ("E,f,t) = wh['l/}h (’t)] (xag) :

A straightforward computation shows that the position density associated to ¥" € L?(R?) can be

computed via
it (a,t) = [0 ) = [l (o6t
]Rd

where we recall, that due to our normalization,

/ n" (z,t) de = // wh (x,&,t) dé de = 1.
Rd R2d
Moreover, by taking higher order moments in £ one (formally) finds the current density
7 (@t)i= b1 (P OV (00) = [ " (6 ) de,
R

and the kinetic energy density

h2
W (o) = g V0t o) = [ SRt 6 ds

Remark 3.1. In order to make these computations rigorous, the integrals on the r.h.s. have to
be understood in an appropriate sense, since w” ¢ L'(R"” x RY") in general, see [17] for more
details.



After Wigner transforming the Schrodinger equation, one finds that w” (z,¢,t) satisfies the
following nonlocal kinetic equation (see, e.g., [I7]):

" + & Vo + MY =0, w"(0,2,8) = wl (z,),

h

ho= wh| 1’}1] and

where w

(3.1) (O"Y"uw") (z,&,t) = h(;md /R (Th <33 + Zzt) — " (:c — Zu)) " (x, 2, t)e* dz

with @" denoting the Fourier transformation of w” w.r.t. the second variable only.

Now, in order to utilize the weak-* compactness properties of the Wigner function, we shall
impose from now on that the the initial mass and the initial kinetic energy are uniformly bounded
with respect to h, i.e.,

(A2) sup (n" (z,0) + K" (2,0)) < const.
0<h<1

Remark 3.2. In other words, we assume that

h 2 h2 h 2
sup |1l)in(x)| + > |V1bin(x)| < const.
0<h<1

This assumption is easily satisfied by initial data of WKB type, or by semi-classical wave packets.

It is proved in [I3] that these uniform bounds on the initial mass and kinetic energy are
propagated by the SLE system (1.2), which in turn implies that for all times ¢ € Ry, the wave
function ¢" (-, t) is:

1. uniformly bounded in L? (Rd) as h — 0%, i.e.

h '7t < C ,
e 1960l < O

2. h-oscillatory, i.e.
sup HhVZTﬁh(,t)HL2 < 02,
0<h<1 &

where C7 and C5 are some constants independent of 0 < h < 1.

In particular this implies the existence of a limiting Wigner measure v(-,-,t) € M*(R% x Rg),
such that for all "> 0

W [0 " v in (0, T A (RS x RY) wo,
up to the extraction of subsequences. Moreover, on the same time-interval, one has
h 2 h—>0+ . + d
[0 (@, t)]" " | v(z,&t)dE in MT(RE) w—x.
R

Under our assumption (Al) on V, this can be used to prove that (see [I3] for more details):

h—04

Pt = [ v @ sndeds =P o),

uniformly on compact intervals in y and t.



Similarly, one can pass to the limit A — 0, in the equation for p” to find that there exists a
limiting measure p° = p € M* (R} x 7)) which consequently solves (in the sense of distributions):

(3.2) O +n-Vyp+ F°(y,t) - Vyu = 0.
Moreover, one can prove that
T (2, ) " /RM V (@,y) p(y.n,t) dydn = T° (x,1).
In view of the definition , one also finds that
o [Th] wh "2% ~V, Y (2,t) - Vev

and thus, the Wigner measure associated to ¢" satisfies the following Liouville equation (in the

sense of distributions):
(3.3) O+ € - Vv — VX0 (2,8) - Ver = 0.

In summary, one finds a system of two coupled Liouville equations (3.2)—(3.3) in the classical
limit (we refer to [I3] for a rigorous proof and further details).

4 The spatial meshing strategy

4.1 The semi-discretized SLE system and its energy

The analysis in this section will focus on the spatial meshing strategy. In order to show that
it is possible to use a grid with Ay, An ~ O(1), and thus, independent of h, we will consider a
semi-discretized version of the SLE system (1.2]) in one spatial dimension d = n = 1 where the

Liouville is discretized using an upwind scheme:

h2
W 0" =~ 0ut® + TG (2, ) 4", 4"(0,2) = ¥ (a),

O + nDyp" + F" (y,t) Dyp =0, p"(0,y,n) = pf(y. n).

Here, Y% (,t) stands for the trapezoidal quadrature approximation of " (x,t), as before, whereas
F" (y,t) includes exact derivative of the known function V (z,y). We shall refer to as the
semi-discretized SLE system (s-SLE) and show that it yields the “correct” classical limit, i.e., the
semi-discretized version of 7.

Before doing so, we will need to prove an a-priori estimate and the energy associated to .
To this end, we define the semi-discrete energy as

h2 5 5 J-1K-1 2
Eq(t) ::/?‘&Ewh(x,t)’ d:r+/TZ (z,t) [" ] de+ > %’mgkAyAn.
R R j=0 k=0

Here, and in the following, because of the periodicity of p, we shall use a cyclic index for p;p,

such that pijx = pjygre = Hj— gk = HjktK = Mjk—K-

Theorem 4.1. Under the assumptions (Al) and (A2), the energy Eq4(t) is bounded by a constant
independent of h for all t > 0.

10



Proof. We start by showing that the initial energy is bounded. This is easily seen from

J-1K-1

h? 2 2
Ba0) = [ 5l o+ [ X0 [ o+ 33 () v,
R R =0 k=0
where the first two integrals are clearly bounded by assumptions (A1) and (A2)) and the last term
is just a quadrature approximation of [[ win dydn =1, and hence bounded.

Next, we compute the time-derivative of E; as

%Ed = (I) + (II) + (I17) + (IV),
where
h2 _ _
0 = /RE(awf?tw”-8w¢”+8wwh-f9x@twh) dz,
() = / Th (2, 1) (B " + PhOt) de,
R
(Im) = /aﬂg (1) || da,
R
J-1K-1 n?
(Iv) := Z Z ?’“ (8tuh)jk AyAn.
7=0 k=0

First, a straightforward calculation shows (I) 4 (II) = 0, since

(D + (1)

2
_/ % (aﬂ/;hamiﬁh + a:rmz/;hatd}h) dx + / TZL (at,&hwh + ,(Z}hatwh) dx
R R
2 2
/atd;h <h2 mxwh + quph) + <h2 mx/(zh + TZQ;Z_J}L> 5t¢hd9€
R

/ A" (ihdpp") + (—ihdyp") Oy dzx = 0.
R

For simplicity we will, from now on, denote
2
G;-"(t) =agh (t,z,y;) = /]RV(x,yj) ‘wh(t,x)’ dx >0,

as well as
2
th(t) =" (y;,t) = —/R@yV(x,yj) |¢h| dx.

A key observation is that G” is in fact Lipschitz with a Lipschitz constant L > 0 independent of

h, since

|Gl — G| = ‘/R [V (,9501) = V (@, )] [0"] da

2
< [0V @1 =yl [0 da,
for some £ € (yj,y;+1). Thus
2

since ||[¢"||,, = |[¢&]|,. = 1, in view of mass conservation established in Theorem In

addition, we have that th is uniformly bounded, i.e.

(4.2) |F}| =

/RayV(Ivyj) 0" dz| < 18,V (. ) o [0"][32 = L-

11



Coming back to (IIT), we first note
J-1K-1

Yo Viwyy) (0u) ;) AyAn
=0 k=0

J-1K-1
ZV (x,y5) [nk (Dyu )]k—f—F (Dnu) ]AyAn

oYM (z,t) =

“M

0 k=0
1K-1
= - V (2, y;) e (Dyu") ;,, AyAa.
=0 k=0
Recalling (4.1)), (IIT) can be written as
J—1K-1
() = =33 (D), Ay
=0 k=0
N A N T~ |l
n Mk k nMk — Mk
= 72 G 9 ( “J 1k)A77 ZZGJ 9 ('u’]—‘rlk /‘Jk)An
=0 k=0 =0 k=0
JKlv7+|n| ‘”Klln\n
k k h k k h h h
= S (G =G A+ Y . (G, — G") A,
Jj=0 k=0 7=0 k=0

where summation by parts is used in the last equality. In view of the Lipschitz property above,

it is then straightforward to estimate (III) via

J-1K-1
(D) < LY Y |nkl uly AyAn.
j=0 k=0
Similarly, one proves that
J—-1K-1 n2
(v) = - ?}“th (Dmuh)j’C AyAny
=0 k=0
J—-1K-1 2 F Fh J—-1K-1 2 Fh _ Fh
N Mk + ‘ | h U { J h h
= -> ?72 (e — 1) Dy = > o 9 (k41 = 158) Dy
=0 k=0 j=0 k=0
J-1K-1 o 2 h h J-1K-1 9
n —n FY+ |F n 77 F \
_ Z k+12 k~J 2| j|NgkAy+ k k—1 2| J|M;kAy
j=0 k=0 j=0 k=0
J-1K-1 hy |ph J-1K-1
An F + | |
= > <77k + 2) A=l Ay + Ay ’ ! ‘ujkAy,
j=0 k=0 j=0 k=0

where summation by parts is used as before. Combining the coefficients of th and ’FN respec-

tively, this is equal to

(IvV)

IN

J-1K-1 J-1K-1

SO meE i AyAn+ Y Y % |1 Ay A

7=0 k=0 j=0 k=0
J—-1K—-1 J—-1K-1

A
LY N Il Ay + LY Y TW'U?I@A:UAW-

7=0 k=0 7=0 k=0

12



In summary, we thus find

J-1K-1 J-1K-1

d An
T Ba<2L) > |l i AyAn+ LY Y T = Ay
j=0 k=0 j=0 k=0
—-1K-1 % J-1K-1 l J—1 K- 1
S35 S TAVINI IS 3) ST RUII IENS 30> LI
7=0 k=0 7=0 k=0 7=0 k=0
Using the fact that
J-1K-1
Z 1 AyAn = C
=0 k=0

is a conserved quantity with respect to time, we consequently find the following estimate

d 3 1 LC
%Ed( ) 22 LC2\/E4(t )—FfAn

IN

< E4(t)+2L*C+ TCAn = Eq(t) + C1.
By Gronwall’s inequality, this yields
Eq(t) < (Cy + Ea(0)) €' — Cn,
which gives the desired bound independent of h. O

Remark 4.2. It is easy to find a sharper bound of the energy by considering times ¢t < e and

t > e, respectively, but the estimate above is sufficient for our purposes.

4.2 The classical limit of the s-SLE system

In this section, we shall perform the limit h — 0% of the s-SLE system . By proving that it
converges, as h — 0, to the semi-discretized version of the coupled Liouvielle-system 77
we infer that it is possible to choose a spatial meshing strategy such that Ay, An ~ O(1).

To this end, we first note that the a-priori bounds on the mass and energy obtained in
Theorems and together with our assumptions on V > 0 imply that the solution " of
is uniformly bounded in L? (R), and h—oscillatory. Thus, there exists an associated Wigner
measure v(,-,-,t) € MT (R, x R¢) and we directly infer that

h—04

Fh(y,t) — —/R28yV(x,y)1/(t,m,§)d$df::Fo(y,t),

by the same arguments as in [I3] (recall that z,¢ are taken to be continuous in (4.1)). In the
following we shall use the short-hand notation th(t) and Fjo(t), respectively, as given in (4.1).

4.3 Convergence of "

Next, we turn to the the solution p" within ([4.1]), which we recall to be discretized via an upwind
scheme. We shall prove the following result about its limiting behavior as h — 0.

13



Proposition 4.3. Let u?k (t) € Cp (Ry) be a solution of

d
dtu?k (t) = —meDyuly, — F! (t) Dy,

and pji (t) € Cy (Ry) be a solution of

d

dt'ujk (t) = —mkDypji () — F]O (t) Dypjn (1),

where j =0,--- ,J—1and k=0, --- , K — 1, such that initially u;-lk (0) = wjx (0). Then for any

given T' > 0,

h—0
,u’?k _ + N’]k = Wjk, @S h_>0+ in L™ [OaT]7

up to the extraction of subsequences.

Proof. Denote the difference between u;-‘k and its limit by

el (t) = 1 (t) — e (t),
which solves the following system of equations:

d oh

2 ik t) = _UkDyeg'Lk - th (t) Dneé‘lk + FJO () Dypujr — th () Dypasi
= —ﬁ(nk ) (e = €14 = 5 O = D) (e = )
—K(Fh )‘HFJh (t)})(e?k_e?,k—l) QAU(F}L |Fh @) (e ?,k+1_€?k)
+2A (FY (t) + |F) (1) = EJ () = | F (0)]) (e — pjn—1)
4 L O = [ (0] = B2 0+ [F O]) (01 = 150)

subject to initial data eé‘k (0) = 0, since u;?k(()) = p;%(0). For simplicity we shall write the system

above in vector form, i.e.,

(4.3) %Eh() AP (8) B" (1) + " (£), E™(0) = 0.

Here E" (t) and b" (t) are both JK-dimensional vectors, A" (t) is a continuous JK x JK matrix-
valued function of ¢ € (0,77, and

1 M'k — Ui k—1
Wi 0 = S @O +[F O] - F @) - |5 O)="—F
Y
Lo 0 h h Hjk+1 — Hjk
+§(Fj (t)*|Fj (t)|*Fj (t)+|Fj (t)|)Ta

forj=1,...,J,and k=1,..., K. Clearly, HAh (t)H(><> < C, where C' is a constant independent of
h, due to the fact that |th (t)| and |F bt (t)‘ are both bounded by some constants independent of
h, see the proof of Theorem Classical ODE theory then implies (see, e.g., [25]), that there is
a matrix-valued function S” (¢, s) such that the solution of is given by Duhamel’s principle:

Eh(t) = S"(t,0)E"(0 /Shtsbh)

14



t
- / S™ (1, 5)b" () ds.
0
Moreover, there exists a bound on the propagator S of the
(4.4) |S™ (t,)||, < Cs,

where C5 is a constant independent of h.
Next, we recall that F]h (t) = F" (y;,t) is uniformly bounded, by equation 1) and

FI(6) "5 FO () = F (y;,1), as h — 07,

pointwise (up to the extraction of subsequences). In addition, F]h (t) is easily seen to be equi-
continuous in time, by the same type of argument as in [I3]. Namely, by using Schrédinger’s

equation, one finds

‘61‘/th <t)’

/R 3,V (x,y;) (B + Fh 0" du

B ‘/R TV (2.9;) (" 0r0t)” = Dpf ") da

Integrating by parts, it reads

h
‘atth (t)| Y

/R B0 (B,V (2, ;) ") 0" — 8,08, (8,V (2, ;) W) da

h
2

/R DayV (2,) (000" — D, 0") do

< B2y V (29 oo gy 19" 22 102" |2y < C (1),

where the last inequality follows from the h—oscillatory nature of ¥".

This consequently implies that

b (1) iy 0,as h — 04,

locally uniformly in ¢, up to extraction of some subsequence, which in turn yields convergence of

E" (t) itself, as can be seen by considering its m-th component, for m =1,..., JK:

t JK

B = | [ X Sha st (s)ds
0 p=1
JK t
< 032/ |bfL(s)|ds%0, as h — 04,

n=1 0

where we have used (4.4). O

4.4 Equation for v and the main result

With the convergence theorem of p" in hand, we can now state the following result, which

represents the final step in our analysis.

15



Proposition 4.4. Assume (Al) and (A2)) and let @[Tfi] be the pseudo-differential operator de-
fined in (3.1) applied to the trapezoidal quadrature approzimation of X" (x,t). Then it holds

h—

O[T " (x,€,1) "=5 —8,79 (x,1) Oev (,€,1) in L™ ([0,T]; A’ (R, x Re) w—s),

where
J-1K-1

Y (@, t) =Y > Vi) pfAyAn.
=0 k=0
The proof of this proposition follows from the same arguments as given in the proof of Lemma
4.5 in [13], and we therefore omit it here.

We are now in the position to state the main result of this section.

Theorem 4.5. Let Assumption (Al)) and (A2) hold. Then, for any T > 0, the solution of

semi-discretized SLE system ({4.1)) satisfies, up to extraction of sub-sequences,

wh "] P20 in L>([0,T]; A (Ry X Re)) w—, ,u;-’k o0 u?k in L*100,T],
where j =0,---,J—1and k=0,--- ,K — 1. In addition, v and ;i solve the semi-discretized

Liouwville-system

O + E0,v — 0, XY (2,1) Oev = 0,

d

@H?k + 1k Dy a5y, + Fj' Dy, = 0.
Remark 4.6. Numerical experiments show that the same type of behavior is true not only for
mixed spectral-finite difference schemes, but also purely spectral schemes, see [13]. Our proof,

however, only works for the former case due to the required positivity of the energy.

5 Time-discretization

We finally turn to the time-discretization of our splitting scheme (in one dimension d = n = 1)
as given by (2.3), (2.5). In this section we want to show that it is asymptotic preserving in the
sense that in the limit h — 04, it yields the corresponding time-splitting scheme of ([3.2))—(3.3]),

ie.,

O+ €0, v =0,
d
%Njk + Mk (Dy:u)jk + Fjo (Dn,u)jk =0,
and
O — 0, XY (z,t) Ogv = 0,
d
Z i = 0.
dtlu’jk

In turn, this shows that At ~ O(1) can be chosen independent of the small parameter h. To this

end, it suffices to show that in our time-spitting method " is h—oscillatory, i.e.

sup [[hda"|[ . < C,
0<h<1 &

where the constant C' depends only on the final time 7. Then, the desired result follows from the

arguments given in the previous section.
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We therefore consider the scheme ([2.3), (2.5) and recall that in both splitting steps, the first
equation, i.e., the quantum part is solved exactly in time. A straightforward calculation then
shows that ||hag,¢1/)h||i2 is conserved in the first splitting step (2.3)), i.e.

d _ _
il |0,0")" dx = h? / Ora VRO + D ph Dy d
— — ih . — —1ih
= _h2 /8t¢haacxwh + (%mwh@ﬂ/}hd:l) = _h2 / _% xxwhaxx¢h + 8xxwh%8xxwhdz = 0.

Next, we shall show that Hh@zwhﬂiz remains bounded during the second splitting step ([2.5):
Recall that Y} («,t) is in fact independent of ¢, due to the fact that %, = 0 in this step. Since

i

hrg (z,t) D",

Ou" = —30, Tl (1) "

we find

G [ 100 o =1 [ o000+ 0,050, ds

h / ; (aﬁg (2,8) 9" + 1" (2, 1) azﬁ) Bt — iamﬁ(amrg (z,8) " + 1" (2, 1) amwh)dx

—2h/Im (axrg (x,t)ﬁamw) de < 21005 (2,0)]| o [0 12 100"

where
J-1K-1
0278 (@ 6)][ o = || D2 D 0V (@) i Dyl < [0V (@,9)| e -
) j=0 k=0 Lo

Since H?j}hH ;2 = 1 is conserved by our scheme, we thus have

d h

7 110=0"| 2 < Co,
where Cy = ||0,V (2,9)]| ,~ is some constant independent of h. Hence, in the second splitting
step (2.5) one has

[t < [

12+ Colt = [0 " || L, + CoAdt,
where we used the fact that Hhawhﬂ 12 1s conserved during (2.3). In summary, this yields

10" || o < [|hOatlh | 2 + Cotn < [|ROxL]| . + CoT,

Iz Iz

where the right hand side is some constant independent of h thanks to the assumption on initial
data (A2)). This shows that " is h—oscillatory for any n € N, with 0 < ¢, < T and the result

follows from the arguments in the previous section.

6 Numerical examples

In this final section, we shall report on a few numerical examples, which illustrate the validity of

our algorithm and meshing strategy. To this end, we choose an interaction potential of the form

(z+y)°

Vi(z,y) = 5

17



and solve the one-dimensional SLE system on the interval « € [—m, 7] and y,n € [-27, 27| with

periodic boundary conditions.

Example 6.1 (At independent of h). We choose initial conditions for the SLE system (1.2) as
follows:

Yin (z) = exp (_25 (x+ 0.2)2) exp (—z’ln (2 COSh5(h5 (z + 0.2)))) )

and
CN exp (—%) exp (—%) , forlyl <1, |n <1
Hin (yu 77) = 1=y 1=n” .
0, otherwise.

Here, Cy > 0 is the normalization factor such that ffR2 indy dn=1. For h = ﬁ, T124, ﬁ,

fix the stopping time 7' = 0.5 and choose Az = 22 Ay = Ap = 2~ For each choice of h,

we

16 128"
we shall solve the SLE system first with A¢ independent of h and, second, with At = o (h). To
be more specific, we compare the two cases where At = 0.01 and At = %. It can be observed

from Figure [1] that the macroscopic position and current densities associated to the solution of
Schrédinger’s equation agree well with each other.

In addition, we compare the numerical values of p computed by At = 0.01 and At = 1%
(denoted as p1 and pe, respectively). As shown in Table [1} the error is insensitive in h, showing

a uniform in A convergence in At.

h 1/256 | 1/1024 | 1/4096
Teizpzliz 19 65603 | 1.69e-03 | 1.70e-03

llp2ll;2

Table 1: The relative £2—difference (defined as %) for various h.
21l

Example 6.2 (Numerical error as h decreases). In this example, we choose the same initial data

for ui, as before and

in (@) = exp (=5 (2 +0.1)%) exp (zszm) |

Now, we fix At = 0.01, a stopping time 7' = 0.4, and Ay = An = 147”8. We choose Ax = %, for
11 1 1 1 h

1 . . . . _ h
= 51> T35 3560 513 Tood s04s respectively. The reference solution is computed with At = 5.

From the ¢?-error plotted in Figure [2] one can see that although the error in the wave function
increases as h decreases, the error for the position density |¢"|? as well as for the macroscopic

quantity p does not change noticeably. This shows that h—independent time steps can be taken

to accurately obtain physical observables, but not the wave function 1" itself.

Example 6.3 (Convergence in time). Finally, to examine the convergence in time of our scheme,

let the initial data be as in the example before. Fix h = ﬁ7 a stopping time T' = 0.4 and a

o1 di - : _ 2rh — Ay — Am _ 04 04 04 04 04 04
spatial discretization with Az = =, Ay = An = 755, Choose At = 53, 5, 1555 556> 5130 1021

The reference solution is computed with At = -%4_ The ¢2-error is plotted in Figure [3] which

81920°
shows first order accuracy in time of our scheme. Again, we see that the wave function exhibits

errors several orders of magnitude larger than the physical observable densities.
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