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Abstract

The main goal of this paper is to give a precise description of rescal-
ing behaviors of rational type global strong solutions to the Polubarinova-
Galin equation. The Polubarinova-Galin equation is the reformulation
of the zero surface tension Hele-Shaw problem with a single source at
the origin by considering the moving domain as the Riemann mapping
of the unit disk centered at the origin. The coefficients {ay(t)}r>2 of
the polynomial strong solution f,(£,t) = Zfil a;(t)€" decay to zero
algebraically as ¢t=*¢ (A, = k/2) and the decay is even faster if the
low Richardson moments vanish. The dynamics for global solutions
are discussed as well.

Keywords: Hele-Shaw flow, Rescaling behavior.

1 Introduction

The present paper is mainly devoted to the following differential equation
which arises from the reformulation of zero surface tension (ZST) Hele-Shaw
flows with injection strength 27 at the origin, as in Richardson [10], that is:

Re[fu(&,1)f(§,1)¢] = 1,§ € 9B1(0) (1.1)

where f(§,t) : B1(0) — Q(t) is univalent and analytic in B1(0), f(0,t) =0,
£(0,t) > 0 and {Q(t)} are the domains of the moving fluid. Equation (1.1)
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is called the Polubarinova-Galin equation since Galin and Polubarinova-
Kochina first derived it and investigated the Riemann mapping method
along these lines. A solution to equation (1.1) is said to be a strong so-
lution for ¢ € [0,b) if f(&,t) is univalent and analytic in B1(0), f(0,t) =0,
f'(€,0) > 0 and continously differentiable in ¢, t € [0,b). Equivalently, we
obtain a strong solution Q(t) = f(B1(0),t) to the ZST Hele-Shaw problem
with injection, where Q(t) has a real analytic boundary and is simply con-
nected. The existence and uniqueness of the P-G equation (locally in time)
are proven in several different ways. Note that we put the restriction that
£(0,t) =0 and f'(0,t) > 0 since we require the uniqueness of the conformal
representation f(&,t) for the domain Q(¢) and that the injection is always
at the origin.
Define

O(E) = {f | fis univalent and analytic in E, f(0) =0, f,(()) > 0}.

The interesting feature of equation (1.1) is that starting with a function
f(£,0) € O(B1(0)), there exists a unique strong solution f(&,t) at least for
a short time. In Reissig and von Wolfersdorf [9], the solvability of a short
time strong solution may be proven using the nonlinear abstract Cauchy-
Kovalevskaya Theorem. In [2], the author reformualtes (1.1) to be

’ 1 d =
pen =Lt [ e s SN €O

and gives (1.1) an easier proof of its uniqueness and existence in the case
that the initial functions are rational functions in O(B;(0)). Furthermore,
the author shows that the pole structure of the strong solution is same as
that of the initial rational function, but all poles except the one at infin-
ity may move around. Particularly, starting with a degree n polynomial
mapping f,(£,0) € O(B1(0)), the solution to (1.1) f,(&,t) is also a polyno-
mial of the same degree. This reformulation provides a new treatment for
equation (1.1).

In Huntingford [5], it is shown that not any given function f(§,0) €
O(B1(0)) can produce a strong global solution. Some solutions blow up
in finite time due to the formation of cusp or double points. However, it
is proven in Gustafsson, Prokhorov and Vasil’ev [3] that starting with a
starlike mapping f(&,0) € O(B1(0)), the strong solution to (1.1) f(&,t) is
global. We show in section 2 that the condition of starlikeness is not a
necessary condition for the initial functions of global strong solutions to

(1.1). For a global solution f(&,t), the initial domain Q(0) = f(B1(0),0)




can be as irregular as a nonstarlike domain. Note that convex domains must
be strongly starlike domains as stated in Pommerenke [8].

In this paper, we focus on the global strong solutions of the rational
type. We give rescaling behaviors of global strong polynomial solutions and
demonstrate that of two rational type solutions which are not polynomial.
There is a large class of polynomial functions in O(B;(0)) which give rise to
global strong solutions to (1.1); for example, the subset of strongly starlike
functions of order < 1, {Zle aifiIZfzzi | a; |<| a1 |,a1 > 0,k € N} as
shown in Pommerenke [8]. As shown in Gluchoff and Hartmann [1], the
subset {Zle a;&’ | Z?:zi | a; |<| a1 |,a1 > 0,k € N} is too restrictive
compared with the set of starlike functions in O(B;(0)). For example, Py =
(£ - B2 4453 — L5 | r > 1} € O(B(0)) is a subset of strongly
starlike functions of order < 1 and hence every function in the set P, is
the initial function of a global polynomial solution to (1.1). Note that the
curvature of those domains {f4(B1(0)) | f4 € P4} has no upper bound.
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Figure 1.1: The perturbed domain is obtained by dividing f (B
square root of 71r | /(B1(0)) | where f(&) = il — %451(1?1) —(il)
and the domain has area .
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This current paper is organized as follows. In section 2, we show that
starlikeness is not a necessary condition for the initial functions of global
strong polynomial solutions to (1.1). In section 3, we show a rescaling
behavior of the global strong solution f(£,t). In section 4, there are more
precise rescaling results in the case that f(,t) is a global strong polynomial



solution. In particular, ax(t)(v/2t)* approaches the constant moment Mj_
algebraically (t%) as time t goes to oo for k > 2 if f(&,t) = Zfil a; (t)E.
Furthermore, in section 5, we also demonstrate the rescaling behavior of two
types of rational solutions.

2 The dynamics of global solutions

Recall the definition of a starlike function as in Gustafsson, Prokhorov and
Vasil’ev [3] and Pommerenke [8]. A function f € O(B1(0)), is said to be
from S}, where o € (0, 1] if for all £ € B;(0),

&f(©)
g G

Such a function is also called a strongly starlike function of order «. Fur-
thermore, we define f(£) to be a strongly starlike function of exact

order « if )
sup ‘arg £f (6)‘ _ T
€€ By (0) f(€)

5
As stated in [8], the domain f(B1(0)) must satisfy

<o
a—.
2

Tr € f(B1(0)) forall =z e f(B1(0)),7 € (0,1).

In this section, we aim to show that starlikeness is not a necessary con-
dition for the initial function f(£,0) € O(B,(0)) of a global strong solution
to equation (1.1) f(&,t) by finding some implicit counterexamples. In sec-
tion 2.1, we prove the existence of a function in O(B;(0)) which is a strongly
starlike function of exact order 1 in order to construct the counterexample

in section 2.2.

2.1 The existence of a strongly starlike function of exact
order 1

We first observe some properties of the solutions to the ZST Hele-Shaw
problem with suction at the origin. The P-G type equation for the case of
suction with strength 27 is

Re[fu(&, 1) (§,1)¢] = —1,§ € 9B1(0). (2.1)

The time reversal of a solution to the ZST Hele-Shaw problem with injection
at the origin is a solution to the ZST Hele-Shaw problem with suction at



the origin. It is known that the solutions to the ZST Hele-Shaw problem
with suction at the origin always blow up before all the fluid is sucked out
except in the special case that the initial domain is a disk centered at the
origin. The types of blow-ups are also discussed in Howison [4].

Also, in the suction case, there exists a short time strong solution if the
initial function f(&,0) € O(B1(0)). The existence and uniqueness proof of
(2.1) can be found in Reissig and von Wolfersdorf [9] and equation (2.1) is
explained as the abstract Cauchy-Kovalevskaya type equation.

First, we quote Theorem 2.1 in Gustafsson, Prokhorov and Vasil’ev [2].

Lemma 2.1. ( [2]) Let fy € Sk, a € (0,1] be analytic and univalent in a
neighborhood Ofm. Then the classical solution to the Polubarinova-Galin
equation forms a subordination chain of strongly starlike functions of order
a(t) with a strictly decreasing a(t) during the time of existence.

Lemma 2.2. There exists f(§) € O(B1(0)) which is a strongly starlike
function of exact order 1.

Proof. Let F(§) € O(B1(0)) be a nonstarlike function. Note that

!

. EF (&)
lim Re =1.
=0 F(§)
Therefore, there exists 0 < r; < 1 such that
EF (€)
Re > 0,¢ € B, (0).

Define

_ o el e
ro—max{r‘genjlgil(lo)Re FE) 20}-

Since F'(€) is a nonstarlike function, ro < 1. Also rg satisfies

ReZ QS > 0, for & € By

@)
Floe
ceB,0) e TE =0

F'(6)¢
B (0) Re—F> e < 0, r>nrg.

Define f(&) = F(ro€), then f(&) satisfies

min

min

Re ffg >0, for ¢ € By(0),

min .z

F(&) € OB ).




This is equivalent to the following statement that

‘arg ff%g))g‘ <73, for &€ B1(0)

‘g _ =
MaXecp(0) | 218 E&% ‘— 2

£(6) € O(B (0).

~

Therefore, f(§) is exactly what we want. O

Remark 2.1. The value 1o > tanh 7 ~ 0.656. The constant tanh 7 is called
the radius of starlikeness in Pommerenke [8].

Theorem 2.3. Given f(£,0) € O(B1(0)) which is a strongly starlike func-
tion of exact order 1, then the solution to

{ Re[ftﬁ] = -1,
f(£>t) |t=0 = f(gv 0)

18 not strongly starlike as long as the solution exists.

Proof. The proof follows from Lemma 2.1 directly since the time reversal of
a ZST Hele-Shaw problem solution with suction at the origin is a solution
to the ZST Hele-Shaw problem with injection at the origin. O

2.2 Examples of nonstarlikeness functions which produce global
solutions

Now, given that f(&,0) satisfies Theorem 2.3, then there exists s > 0 such
that the solution to (2.1) f(&,s) is not a strongly starlike function, but is
in O(B1(0)). However, the solution to equation (1.1) has global existence if
F(£,0) = f(&, s). Therefore, the following theorem is proven.

Theorem 2.4. There exists a nonstarlike mapping F(£,0) € O(B1(0))
which produces a global strong solution {F(§,t)}i>0 to (1.1).

Remark 2.2. In Sakai [11], it is proven that any global weak solution
eventually becomes strongly starlike. Since the weak solutions are exactly
the strong solutions as long as strong solutions exist, we can conclude that
any global strong solution eventually becomes strongly starlike no matter
whether the initial function is a starlike function or not.

) which is polynomial and

Theorem 2.5. There exists F(£,0) € O(B1(0)
1.1) {F(& 1)} is global.

nonstarlike such that the strong solution to (



Proof. 1f we can find a polynomial function in O(B;(0)) which is nonstarlike,
then by following the proofs of Lemma 2.2, Theorem 2.3 and Theorem 2.4,
we can obtain a nonstarlike polynomial function F(£,0) € O(B1(0)) such
that the strong solution to (1.1) F'(§,t) is global.

Claim: There exist polynomial functions in O(B1(0)) which are nonstarlike.

Proof. (of claim)

(1) There exists g(§) € O(B1(0)) which is nonstarlike.

(2) There exists r > 1 such that g(%) is a nonstarlike function but g(%) €
O(By,(0)) for some ry > 1.

(3) Denote h(&) = g(%) =32 a;§" € O(B,,(0)). There exists M > 0 such
that | a; |< Mry".

(4) Define gi(€) = S°F_, a;¢%. Since for /' < r,

max_|g(€) =1 () |< Y iMrg?,
€€B,/(0) i=k+1

there exists kg € N such that {gx(§) }k>k, C O(B1(0)).

(5)Since
max g;(f) - hl(§)| < Z iMry"
€€B1(0) i=k+1
and -
max | g(€) —h(¢) < Y Mg,
£€B1(0) i=k+1
therefore ) )
lim max ‘Reﬁ - Regig‘ =0. (2.2)
k—00 ¢ By (0) h Ik
Since h is not starlike, there exists & € Bj(0) such that Reh}ffggfo < 0.
Then there exists sp € N such that Reggf(z()so < 0 for k > sp by (2.2).

Hence {gx(§)}r>s, are nonstarlike functions. Let My = max{ko,so}, then
{9x(&) }k>nm, are exactly those functions we are looking for in the claim. O

O



3 Rescaling behavior

Assume f(£,t) = Y2, a;&" is a global strong solution to equation (1.1).
First, we quote two lemmas in Kuznetsova [6] which state the properties of
those coefficients {a;(t)}i>1 to help us to see rescaling behaviors of f(,1).

Lemma 3.1. ([6]) The function a3(t) — 2t is nondecreasing for every strong
solution f(&,t). Moreover,

@) 2t <~ 2(0)|

where | Q(0) | is the initial area.

Lemma 3.2. ([6]) Suppose that f(&,t) is a strong solution to (1.1) on [0,b).
Then the function

OEDARHON
k=2

is nonincreasing for every t € [0,b); moreover, g(t) <

Remark 3.1. If f(£,t) is a global strong solution to (1.1), then
1
2t +af(0) < aj(t) < 2t+ —19(0) |

which implies
i 4@
im

t—o0 \/ﬂ

Applying Lemma 3.1 and Lemma 3.2, the following rescaling behavior
holds.

=1.

Theorem 3.3. For £ € B1(0), A € [0, %)

f(§7t)_§tA:0'

1
lim |—

t—o0 \/ﬂ



Proof.

010 + 0202 + -] — |
:<Cil/_(2t2 1)5—1—%(&2@)52+a3(t)£3+-'-)‘t’\
§al(t1/§ 2t‘+\/1_2’a2 811 € [ ¢
a3(t) — 2t N1/2 S S 1\1/2
Sx/2—t(c1z1(t)+\/%)+ 2t<Z‘ai(t) ’22) (2’5’2 ?> tA
9(0) + af(0) g(t) i
= Vaila <1>+f> Vi (31em )"
9(0) + af(0) i
=Vt + VB Va (2'5'2_>
which goes to 0 as t goes to oo. O

4 The rescaling behavior of global strong polyno-
mial solutions and moments
Given a family of domains {Q(t)};>0 which is a solution to the zero surface

tension Hele-Shaw problem with injection 27, then the Richardson complex
moments are defined as

1
My (t) = — / 2"dxdy, z = x© + 1y.
T Ja)
These moments satisfy
d

aMk( ) = 25k(0)-

Here, we assume that f(&,t) = > 1", a;&" is a global strong degree n poly-
nomial solution to the P-G equation (1.1), and that Q(t) = f(B1(0),t¢). By
the result in Richardson [10], the moments {M(f(&,t))}o<k<n—1 can be
represented by these coefficients {a}r>1 as

Mk(f(§7 t)) = Z Z‘1ai1 Qig =+ Qg g Qg trigey g - (4'1)

01, k41



The zero moment My(t) = > 1,4 | a;(t) |*= 2t + My(0) = a3(t) + g(t), and
is 1 [ Q(t) | where | Q(t) | is the area of the domain Q(t).

In Huntingford [5], it is observed that given a;(0) > 0 and {a;(0) }2<i<3 C

R such that Zi Egg and Zigg; satisfy some constraint stated in Huntingford [5],

then the strong solution ai ()¢ 4 az(t)€? + a3(t)€? to (1.1) is global. Coef-
ficients as(t) and asz(t) are expressed in terms of a;(t) and {My}i<k<2 as
follows:

_ ai(t)
ag(t) = Mlm
and M
o 2
w0 = Gy

The moments in this case are real-valued as well since {a;(t)}1<i<3 are real-
valued. We can see that the coefficients {aj }a<k<3 in this example satisfy

Jim as(t)(ar(t))* = My = My

and
tlim ag(t)(al(t))3 = M2 = ﬁg

Moreover,
3M1 My 1
et e N | .
3Msy + ail (t) < ) ’
az(t)ad(t) — My = az(t)ad(t) — My = 0.

We discuss the general form of this kind of decay of coeflicients in subsec-
tion 4.1, and give rescaling behaviors of global strong polynomial solutions
to (1.1) in subsection 4.2. Furthermore, if the lower Richardson moments
vanish, the decay rate of coefficients is much faster and the global polynomial
solution to (1.1) has better rescaling behaviors.

az(t)ad(t) — s = ax(t)ad(t) — My =

4.1 Decay of {a;(t)};>2 and the Richardson complex moments

Lemma 4.1. If f(£,t) is a global strong polynomial solution of degree n > 2
to the P-G equation (1.1), then for k > 2

Him ayay, = My_1. (4.2)

Furthermore, for k > 2,

_ 1
My —a’fak :O< 1 )

10



Proof.
Stepl: Since a, = M,_1a7", it is clear that the result holds for k£ = n.
Step2: Assume that the results hold for n > k > n—sg where sp+1 < n—2.

Prove by induction.
Claim: The result (4.2) holds for k =n — (sp + 1).

Proof. (of claim) For k =n — (so + 1),

My _1(f(§,1))
= Y hanan 4@y
11,0l
k— . .
=ajay + E 11y Qg+ * * Ay Qg 4y,
i1, iRy i1

1
ay

Therefore,
lim a¥ay = Mj_;.
t—o0

O
Furthermore, since (4.2),
ke ) - 1
My — a1ap = Z 1147 Qg * +* Qg Qg ooy, = O<a4(t)>‘
Qi 471 !
O

For the case that the lower Richardson moments disappear, better qual-
itative properties for the coefficients {a;(t)};>2 are given as follows.

Lemma 4.2. Let ng = min{k > 1| My # 0} and assume ng > 2, then

lim oM agy 1 = Moy (4.3)
tlim a'fak =Mp_1,k>no+1; (4.4)
— 00
and
Jlim a™ e, =0,2 <k < ng. (4.5)
— 00

11



Proof. We split the proof into two parts.
claiml:

: no+1 _ .
tll)lgo ay Ano+1 = Mnov

and
tlggo alfak = Mp_1,k >ng+1.

Proof. (of claiml) As shown in (4.2).

claim?2:
tliglo a?OHak =0,2 <k <no.
Proof. (of claim2) In (4.1), the Richardson moments have the following rep-
resentations:

Mi(f(&,1))
= § : GICRCPREE Qg g Qiy gy

Uy Tkt 1
okl—— , _
=ay Qg1+ E 1@y Qg "+ Qg Qg ety -

; ; R+l
1, 72k+17|_‘j:12j7él

This means

1 . S
Ok+1 = 3371 [Mk - Z 011Gy Qg * * - aik+1ai1+---+ik+1}- (4.6)

ay
. i k1.
i1, ,2k+1;|7j;rllj751

Taking complex conjugate of (4.6), the above becomes

1 — L
1 = o7 [Mk - Z 110, Gy aik+1ai1+“'+ik+1i|’ (4.7)
1 il,"',ik+1;|7§;rllij7é1
Hence 1 ]
a 1:—[@—0(—)}. 4.8
+ allc+1 a’ (4.8)

By substituting ng — 1 for k in (4.8) and applying the fact that M,,_1 =0,
we can first show that

: no+1 _
Jim o =0

If ng = 2, we are done. Assume ng > 3 now and finish the proof by induction.

12



Assume for some sy where 0 < sg < ng — 3,
tlg})l() a’fOHano_S =0,0 <s < sp. (4.9)

We need to show that (4.9) holds for s = sy + 1. In (4.7), by substituting
ng — (so + 1) for k + 1, we have

1 ‘
ano_(80+1) = 7(1”0_(804_1) |: E 11Q5, Qg " * - aino—(sOJrl)ai1+"'+in0*(80+1)i| .
. . — +1).
1 217"'7Zn07(50+1);ﬂ?21 (so )zj;él
H if 70 0. £ 1 then i : > Theref
owever, if M2, iy # 1, then iy + -+, _(so41) = N0 — So- erefore,

Wi oo (s i) = O(Q;LO%) due to the assumption in (4.9), results (4.3) and
(4.4). Hence

1
e ) ) — ,n0—S0—2
11y Gy alnof(so+1)a711+"'+7/n07(so+1) = O<an0+1)'
1

Finally, a,,_(s,+1) equals to

-1 , o 1
ano—(so+1) Z Wiy Qg =" Wiy (og41) FirtFing —(so+1) | = no+2
; . —(sg+1) .
1 217"'72n07(50+1)§m?21 (s0 )Zj7é1

and this implies
no+1 —

tll)lglo Uno—(s0+1) 01 0.
This says (4.9) also holds for s = sg + 1.
Hence, claim2 is proven by induction.

By claim1l and claim2, the proof for Lemma 4.2 is done.

4.2 The rescaling behavior of global polynomial solutions

Theorem 4.3. Let f(&,t) be a strong polynomial global solution to (1.1).
We can see the following rescaling behaviors:

(1)

My(0)
2v/2t
(1i)Let ng = min{k > 1 | My, # 0}. Then

Jim [£(6,8) = VMo(0) + 28| 20) 5 = D01,

lim | f(&,t) - V2t - S| (2t) = RE2

13



(iii)

Jim [7(vaie, ) (204700 e ZM e van = 0 an e
k=2
Proof. (i)
f(&.1) — V2te
=(a1(t)¢ ~ \/_6) + (f(&1) —ar(t)€)
-2 .
(t)+\/_ + (f(&,1) —ar(t)€)
a3(0) + 9(0) — g(1) .
ar() + Vor E+ (f(&1) —ar(t)§)
_af(0)+9(0), g@) W
()+\/_§ al(t)—i—\/_ + (f(&,1) — ar(t)€)
_a3(0) +¢(0) ai(0) +9(0) aj(0) +9(0)7,  g(t) W
~40 £+[a11(t) Vi ey e et T (e - ae).
Here
_ oL ai(0) +9(0) ai(0) +g(0)7 _ 1
g(t)-O(t—2> and [all(t)—k\/ﬂ_ L NeTi }-O(tg)
Hence
f(&.1) = V2te
ai(0) + g(0) 1
= e (&) —m(g) +0( )
~ My(0) 1
—5usr &t (FEn - +0(-3)
Aslo
Jim (2)(£(6,1) = ar(1)6) = The?,
therefore,

. Moy(0) —
Jim | f(&,1) — V2tE o | (2t) = e,

14



(i)
f(&1) = v/ Mo(0) + 2t¢

=(a1(t) — /Mo (0) + 26)€ + Y _ €’

i=2
=I+1I

where I = (a1(t) — /Mo(0) +2¢)¢ and 11 = >"" , a;&"

(a)Claim1:

1+ng

lim (2t) 72 (IT) = M, ™",

Proof. (of claiml)

(4.10)

(DIf ng = 1, it is trivial since limy_, alfak = My, for k > 2 as (4.2) stated.

(2)If ng > 2, by equation (4.3), (4.4) and (4.5) in Lemma 4.2,

Jim (26)77° (11) = My, €0 +1,
—00

Therefore, claiml is proven.

(b)Claim?2:

Proof. (of claim2) Since

ar(t) + /Mo (0) + 2t

(4.11)

where g(t) = O(—m+z) by (4.5), (4.3) and (4.4) in Lemma 4.2, we have
a1

lim (2¢)" % (a1 (t) — /Mp(0) + 2t) = 0.

t—o0

By Claiml and Claim?2, (ii) is proven.



(iii)

F(V2t€, 1) Zaz
F(V3iE 1) - ( MO ZM ¢
= (al(t)\/ﬂ_ (\/_)2 )§+Z — M)

In order to prove (iii), it is enough to show the following claim.
Claim: For k£ > 2

N N er) Sy 7y REL N e TR
and
tliglo (al(t)\/Q_t - (\/%)2 - MOT(O)) (2t) =0. (4.13)

Proof. (of claim) The proof for (4.13) is easy. We will now focus on the
proof of (4.12). Equation (4.6) states

a = ok [Mk—l - Z 110y Ay~ - aikai1+"'+ik:|‘
il,"wik;ﬂ?:liﬁél
We multiply the above identity by (v/2t)* and obtain
_ k V2t\k . -
ak(\/Q_t) = <a—> [Mk—l - Z 11Q4 Qg * "aikai1+---+ik]-
! il,"',ik;ﬂ?:liﬁfl
By subtracting Mj._; from the above identity, we have

(@ (V3E)* — My_y]
V2t K V2N k , -
(T (G0 [ SRt

aj
21,"',%;7‘?:123'751

— [ Z ilailaiQ s aikaiﬁ...ﬂ-k} . (414)

21, 72k7|_‘j:12j;é1
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In order to estimate the right-hand side of (4.14), we estimate

()

—) —1 and g 11Q4, Qi+ * * Qi Ty 1 iy,

ay
i1, ,ik;ﬂé?:liﬁél
separately.

(a)

By Mean Value Theorem, there exists 6 (t) € [0, 1] such that

(21— k(1o (L2 1) T (2 ).

aq al aq
For this term \é—_?t — 1, we have
@_1: V2t — ay 1 2t — a3 :ig(t)—MO(O).
ai aj aj \/ﬂ—kal a \/ﬂ—i-al
Therefore,
\/2_t>’f V2t k=1 1
VIV k022 1)) ) + g0
(5 e (% Ve MO +a)
This means
2t\ k — M,
lim [(£> - 1] (vV2t)® = 0 (3. (4.15)
t—00 aq 2
(b) )
Z @iy Qg+~ iy iy Aty = O(g)-
21,~~~,zk;ﬂj:12ﬁé1
Therefore
. ) 3
Jim { > 110y Ay -+ a’ikai1+"'+’ik:| (Vat)” =0 (4.16)
i1y g Th_ i #1
(c)

By (4.15), (4.16)

NoT, . -
(2 E )=o),

il,"wik;ﬂ?:liﬂél
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and

. - 1
[ Z 11G41 Qg * - - aikaiﬁ...ﬂ-k} = O(%)’

11, 7Zk7|_‘j:1Zj7é1

and by (4.15)

V2t k

M [(2) = 1) 20 =~ ag .
Therefore in (4.14), for k > 2,
Jim (@5 (V2" ~ M) (VA =~ g

Taking complex conjugate of the above identity, we have for k > 2

Jim (a(VEE)" - T) (VaR)* = —22

5 Rescaling behaviors for some nonpolynomial so-
lutions

In Gustafsson [2], the P-G equation (1.1) is reformulated by

D 1 z+€de
21 Jogyo) | f(2t) P2 =€ 2

d
%f(fa t) =

A strong solution to (1.1) must be a strong solution to (5.1).

Theorem 5.1. Assume f(&,t) = a1 + a26? + a3&® + --- is a global strong
solution to (1.1) and "2, | ai(t) | ¢ < M for some M > 0, then fori > 2,

a;(t) = O(t—%>.

Furthermore, if > oo | ai(t) | i < M%, then for i > 2,

ai(t) = O(t‘1>.

18



Proof.

Stepl:

Denote A = %(2a2§+3a3§2+- -+). Tt is obvious | A |~ O(é) and | A |[<<1
as t goes large since v/a3(0) + 2t + g(0) > a1 (t) > 1/a}(0) + 2t.

Step2:

There exists M > 0 such that > 2, i | a;(t) |< M. Since we are looking at

2
the large time behavior, we can just assume that ]%\ < 4. Without

loss of generality, we assume | A |< 1 since we are looking at the behavior
of f(£,t) at large time ¢. Define (f )*(£,t) = f’(%,t). For £ on 0B1(0),

11
)
(1= A A=) (1 A7 = (A=)
ay
:ai%(l—A—A*)+(%(A+A2+---)(A*+(A*)2+~-)

1 1 N N
— (AP A ) = S (A (AT ).
Denote the regular part of (A+ A%+ )(A*+(A*)2+- ~-)and (A+A%+--+)
by Y20, b;&" and D2, d;&° respectively. Then

4AM?

e’ M 9
b-§< a )g .
;|Z| 1_% CL%

Similarly,

s ar)?
S ldi )< (fii) A

=1 ai

Therefore

[ s
oB) | [ 122 =& 2z 2mi

1 2-2ay . 2-3as 2 day > 1
— [l - e 2 e S S an)(5) €
al aq al aq =0 al

where Y22 | e (t) |[< 12M2.
Step3:

19



If k =0,

1 £dz 1\ 1 .
</631(0) | f ]2 z i{f%) ‘g:o T2 * Co(t)<a_%>

and if £ > 1,

1 z4+&dz 1 \®) 1 2(k +1)! 1
2 omi = (-1 (= )kl
</831(0) | f 2Pz2—-¢€ = 2m’> ‘g:o 7 (1) a1 a1 + cx( )(a%)

§f = € +2a8% + -+
(ffl)m‘gzo = m(m))ap,.
Ifk’;éo, k‘;és—L

‘(ff/)(s_k) ’§=0 </331(0) ﬁz—i—g%%m')(k)‘g:o‘

1 2(k+ 1)

:‘(s —k)(s — k)las_k [—2(_1) Q41 + k!ck(t)i‘l} ‘

ag ai aj
—2(k+1 ck ()
:(s—k)!k!‘(s—k)as_k[ (k + )Z§+1+ a1 H
1
Define
- s(¢ g\ (s—FK) 1 z+4+&dz 1 \®)

bin- 5 ™l ) )

() k:% (e Mea( [, 0 TFF e 7 3m0) leco)
Then

S

1D I< D>, G

(&) ‘5:0<</3131(0) #%%ﬁyk) ‘f=0> ‘

k=1,k#s—1
° ci(t)
= > Cils—R)R!|(s — Kas| 2<k+1)“§+1+ o]
k=1,k#s—1 asg
oM + 12M2
< s!Mi?)“l,
ay

20



Therefore for s > 2,

, 1 £dz 1\
N

= Z C (ff/)(s_k”f:o«/ N f1 E . 2 de 27172) N o)

1 . r—12(s)! 1 '
—co( %+co<>a%) (9! + Ol [ =+ a7 ) = Dl on + D)
1 1 1
—— s _ 1 &s 148 ~ V(s —1)!
a%C’O(ssas) 2C7_ja;s! a?—l—Cb(co()ail) SS(S).—I—C’s_l[cs_l(t)(ail)(s 1).}a1+Ds(f)
1 sasco(t) | cs—1(t) | Ds(f)
—— 8 _ (& !
Q%Co(ssas) 207 1a13a;{,+(3)'[ ol + 3 + ol ]
1 a 1
=—=C3(s! — 20 1= ! -
2Ci(stsa,) = 202 yslez + s.Gs(t)<a?>
where
scolt 1D, scolt 12M2
| Gu(t) |= HS“;"( Lo+ 2| < (2200 FeM (20—
1 s! al

for some C'(M, a;(0)) which only depends on M and a1 (0).

’ 1 a 1
slag = a—%(s!sas) — 23@13!a—§ + Gs(t)<a—51,))
i a 1
S, = -5+ Gs(t)<?>.
By solving this ODE a, = —s5% + G,(t)(3), we get
1

CLI a

t
Jo as—%dw

as(t)e — aS(O)‘ < tefoz “%dwCl(M)(%)dz. (5.2)

0

Now we have to estimate fg a%dw and f b Jo _g
1

as(t) in (5.2). The estimate for the former is

t 1 2 to t 1 2
/<¢a SO aws [ a%(w)dwg/o< o)

This implies

1/, a?(0) + 2t + g(0) bt 1/, a3(0)+2t
G )é/o 2 < 5 (=)

% dz in order to estimate
1
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The estimate for the latter is

1

/ Jo 2(w> 3
ay(z )

5/2 3

S/0< J”) ()

0) + 2t) 5/2—1/2 (a%(o))s/2—1/2]'

s/2 —1/2a3(0 [

Therefore by these estimates

fo E(w) w/ Vo) a1<w 1 dz

‘I’ ()
10)+9(0) \5 1 1 s/2-1/2 s/2-1/2

S<c@(01) T+ 9(0) + ) /72— 172 (0) (0 +2) - (o)

1
-0(7):
Hence the term as(t) in (5.2) satisfies

a3(0) + g(0) \3 1
01410001 (L0 o)

and a; = O(%)
Step4:

Furthermore, if Y., 4 | a;(t) |< by repeating the same process but with
that | A |~ O(a%(t)), we can get for §>2
1

a, = —s— + O(i)

al aj

ot

By solving this ODE again, we have for s = 2,

[as(t) 1= O )+ 1 as() 10 (3.
For s =3
| aa(t) |= o(ts/2 Int)+ | a,(0) |o(ts/2)
For s > 4

01 =0(gks) ¢ 001 10(i2).
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Therefore, for s > 2,

O

Now, we want to look for global strong solutions to (1.1) which satisfy
the conditions of this theorem. It is trivial that the global strong polynomial
solutions satisfy the conditions of the theorem. Moreover, the following two
types of functions can have some rescaling behaviors, by Theorem 5.1 and
the properties of functions themselves.

5.1 The rational function with single pole rescaling behavior

In this section, we focus on rescaling behaviors of the solutions of the fol-
lowing type

Zal £Z+Zf 51

In Gustafsson [2], it is proven that given a rational type initial value, the
solution to (1.1) has the same pole structure as that of its initial function.
The poles cannot collide or disappear. Therefore, the form above will be
kept. We can rewrite the above form to be Y 5, bx&* where

ko ; .
a1 (- 1)
b= 3 b (g ) h 2 et
=1 S1

Since Y222, | ai(t) |* i is decreasing, there exists M > 0 such that for
ng+1 <k < ng + ko,

- (k+j—1)!
i
( § kﬂ k'(j o | =M (5.3)
Denote S
(ngp+i+j—1)!

A=l oo 943 = GG —

23



(5.3) means that

- —a_1 -

% O( )
1 (61)
A -1 ;La,n = ;L_
% o)
(—1)k0a_s, L o) |

We will show that det A = 1 first by performing row reductions. If ky = 1,
it is trivial. Assume kg > 2 now. Note that a;; = 1. For j > 2

Ait1,5 — i

_ (ng+i+j)! _(n0+i+j—1)
o+ it DG -1 (o -1 — 1)
(nop+i+j—1)!

(no+i+ DI(J — 2)!
(o +I+J-1) iy .
_(no_'_l)!(J_l)!,WhereI—z—l—l,J—j—1.

For 5 =1,
aiy1,1 — a;1 = 0.

Hence by row reductions,

(no+1+J—-1)!
(ng+ DI(J —1)!"

det A = det[bI,J](ko—l)X(ko—1)7 bI,J =

We can perform the row reductions again until the new matrix becomes a
1 x 1 matrix and hence det A = 1.
Since det A = 1 which is nonzero, {%}lﬁnﬁko can be solved and
1

a—n ko—1
WZO( 7)< n < ko,
1
This implies that
a_np A_p

= 0(1)

£n+no+l+ko -1~ £n+no+ko
1 1
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and there exists My > 0 such that

a—n
Claiml:
There exists mg > 0 such that for ¢ > 0, we have
(o @]
> kL bi(t) [< mo
k=2

Proof. (of claim1) There exists ro > 1 such that | &; |> rg since the radius of
analyticity is increasing as stated in Gustafsson, Prokhorov and Vasil’ev [3].
Denote 2(ng + 2kg) — 1 by s.

> _ I(k+j—1
Zk’|bk|—zk‘z Jk+j i ]]—1)) ‘

k=s 7j=1
ko oo
< ZZ!@‘ kﬂ(k:+1)(k:+2)---(k+k0)‘
j=1k=s &
ko oo a
—J ko+1
§ZZ‘k—+j(k+k0) 0 ‘
j=1k=s 51
ko oo
_kt1 -
< max (7‘0 2 (k+ k‘o)kOH) ‘ ak_fj
k>s - L
J=lk=s §;

Also Y521k | by | is uniformly bounded since g(t) < g(0). Therefore the
claim is proven. O
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Claim2:
There exists mq > 0 such that
a_n
£?+n0+k0

<(7)

Proof. (of claim2) By Theorem 5.1, | by |< C’o(%) for some Cy > 0 and

ng+1 <k <ng+ kg. Then claim?2 is proven by the similar argument as
before. O

max
1<n<kg

Claim3:
There exists mo > 0 such that for ¢ > 0, we have

o) Mo
kzﬂk | b (2) |< 7

Proof. (of claim3) The proof is similar to that of claiml. O

-of})

Proof. (of claim4) By Theorem 5.1 and the similar argument as claim?2’s.

Claim4:
a_n

mnax gn-i-no-l-ko
1

1<n<kg

Claimb:
There exists mgz > 0 such that for ¢ > 0, we have

> m
S k| bi(t) 1< 73
k=2

Proof. (of claimb) The proof is similar to claim1’s. O

Then we can show that:

Theorem 5.2. For £ € B1(0), the strong global solution of the form

. a_
dad+> gijl € O(B1(0)),
has the rescaling behavior:

760~ a6 = 0(3),(&:1) — VMo0) + 226 = O(7).

Furthermore,
. My(0)
h?iilolpger%?é) ‘ [f(g,t) — V2t + W §] ‘(t) < 00.
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5.2 The rational function with several simple pole rescaling
behavior

Another example is

n ko
e a—i(t)
; a;(t)§ + ; e €OBIO)

where {&(0)}i<i<ky,{a—i(0)}1<i<k, are of the same sign within each set.
For example, {fi(o)}lgigkg C RT and {a_i(O)}lgigkO Cc R™.

Lemma 5.3. Assume f(£,0) = Y22, b;(0)" € O(Bi1(0)) has real coeffi-

cients b;(0), then the strong solution f(&,t) = S22 b;(t)€" € O(B1(0)) to
(1.1) has real coefficients b;(t), too.

Proof. Assume that f(&,t) is a strong polynomial solution of degree n. In
this case, by assuming that f(£,¢) has real coefficients, we get a solution
by writing the P-G equation as n ordinary differential equations. More
explicitly, if f(&,t) = Y i, b€ is the solution where b;(t) € R, then there
exists a n x n matrix A,(t) = [pi jlnxn Where {p; ;} are linear polynomials
of by,--- ,b, such that

(b, ] 1]
A, | by | =10
b, | 0

The value det A,(0) # 0 since (by(0),--- ,b,(0)) is uniquely determined

by (b1(0),--- ,b,(0)) due to the reformulation (2.1) of the P-G equation.
Conclusively, by Cramer’s rule,

where {Qx(t) }1<k<n and R(t) = det A, (t) are both polynomials of by (¢), - - - , by (t)
and R(0) # 0. Since the solution is unique as shown in Gustafsson [2], the
real coefficient solution is indeed the unique solution.

Now assume that f(£,0) = Y52, b;¢" € O(B1(0)) has real coefficients.
The strong solution f(&,t¢) can be approximated locally in time by polyno-
mial solutions g,(£,t) with initial function Y 7 ; b;(0)¢? for large enough n,
according to Lin [7]. The solution g,(&,t) is with real value since by (0) is
real-valued. Therefore f(&,t) has real coefficients as well. O
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Remark 5.1. In the case that n = 3, it is shown in Huntingford [5] that

by 2bg 3b3
Az = 2by b1 + 3bs  2by
3b3 0 b1

Remark 5.2. For the general n,

Re [ft(ga t)gf, (57 t)] =1
implies

(zn: ( 3 b;kbk) cos((i — 1)9)) —1

=1 k,j|k—j|l=i—1

where £ = € and f(&,t) = Y0 ; bl

2 =1 2ok ke jl=0 Kbk Jb; =1
2?21 Zk,\k_ﬂ:i kb, b;- =0 ;1<i<n

The A,, in Lemma 5.3 is

p1ir - Pin
A, = e e ,
Pn1 - Pnn
where
Dij = Z kby,
kEN;;

and N ={i+j—1,j—i+1|1<i+j—-1<n1<j—i+1<n}

Remark 5.3. A geometric interpretation is that, given an initial domain
2(0) which is analytic on the boundary and is symmetric about the x—axis
, then the strong solution €2(¢) must be symmetric about the z-axis as well.

Lemma 5.4. The property of the solution is that {&;(t) h<i<ky, {a—i(t) }1<i<ko
are of the same sign as that of {&;(0)}1<i<k, and that of {a—;(0)}1<i<k, re-
spectively.

Proof. If {&(t) h<i<ky, {a—i(t) }1<i<k, are both real-valued, then it is trival
that {&(t) }1<i<k, and {a—;(t) }1<i<k, have the same sign as that of {£;(0) }1<i<k,
and that of {a_;(0)}1<;<k, respectively since the rational function form has
to be kept and poles never collide or vanish as shown in Gustafsson [2].
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Therefore, we only need to prove that {&;(t)}i1<i<k, and {a—;(t)}}1<i<k, are
both real-valued.
Denote f(&,t) by Y oo, br(t)€X. In this case,

o~ ai(t)
br(t) = =Y o5k >ng+ 1.
& ()
By Lemma 5.3, b;(t) € R since b;(0) € R. Let
to =inf{t > 0| Imé&(t) # 0 for some 1 <1i < ko}.
Claim: ty = co.

Proof. (of claim) We will prove by contradiction. Assume ¢y < oo first.
| &i(to) |#] & (to) | if @ # 5. Without loss of generality,

| §1(to) [<] &alto) |< -+ <[ &o(to) | -

(casei)
There exists € > 0 such that for ¢ € [ty tg + €],

| &) [<[ &a(t) [< - <[ &ro () |

and there exists t1 € [tg,to+ €] such that arg&;(¢1) = 276 for some irrational
value 6 € [0, 1).
In this case, there exists {k;}i1<j<oo such that

= [arga—l(tl) n 1

[0, o 4]

where [-] is the Gauss symbol. Since for k& > ng + 1,
ko
it
AT
& ()

=1 S

Therefore

. a—;(t1) .
lim —————=13|a_1(t1) |€ R.
jaoo; (fi(tl) >kj | ()]
[S1GY]
Since a_1(t1) can not be zero, there is a contradiction. So this case never
happens.
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(caseii)
There exists € > 0 such that for ¢ € [ty, tg + €],

| &) [<[ &a(t) [< - <[ &ro () |

and &;(t) € R.
In this case, we can prove that a_1(¢) is also real since

Jim. be(t) (51 (1)) = —a_1(t) € R.

Therefore, &5(t) is in R due to the same argument as that of (casei). By
induction, we can prove that {&;(t)}a<i<k, and {a—;(t)}o<i<g, are all real.
Therefore, for t € [to,to + €], {&(t) }a<i<k, are all real. This contradicts to
the definition of ty3. Therefore, ty = co. O

O

Theorem 5.5. Given a global solution
S N asi(t)
FED =Y a®)e +> ,
k=0 =&

where {a_;(0) h1<i<k, and {&(0)}1<i<k, are of the same sign within each set.
The rescaling behavior for the global solution f(&,t) is

_ My(0) 1
f&1) = V218 + 2\/ﬂ£+0(t)

where My(0) is the zero moment at t = 0. Furthermore,

. My(0)
h?l?ipg:;}zo) ‘ [f(&t) —V2t€ + 2—\/%5} ‘(t) < 00

Proof. Rewrite

F&t) = be(t)eh.
k=1

Since g(t) = Y2, k | b [2< M? for some M > 0, | byy+1 |< M. The term
bn,+1 can be represented as
bng+1 = Z gro I+
j=15j
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For 1 < j < ko,
a—;

67}0+1+1 ‘ < M.
J
Claiml: There exists mq > 0 such that
o0
Zk ‘ bk(t) ’< mi
k=2

Proof. (of claiml) Denote 2(ng+2) —1 by s. Since the radius of analyticity
of the domain is increasing with time, there exists ro > 1 such that | £; [> 7o

for 1 < j < k.

Zklbkl—zk\zgﬂ— Mzk\;fl(
j= s
<Z|G—J|Z1k+1\ Iggxk a;;’l
j=1 k=s

s+1
i!a—j\(ﬁ)Jr

k
<pex| ;
>S 2 j=1 1— \§_J|
ko
k 1
< max |— Z ———koM
k>s r2 31— /1
0o J= 70

(5.4)

Also i(:lfno)_l k | bg | is uniformly bounded since g(t) is nonincreasing.

Therefore claim1 is proven. O
Claim2: There exists mo > 0 such that
ma
| brg+1 | YL
Proof. (of claim2) By Theorem 5.1. O

Claim3: For 1 < j < ko,

a5
n0+1+1 = 751/2
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Proof. (of claim3) This is obvious since | by,+1 |= 2?0:1 fn([;;{ﬂ .
j
Claim4: There exists ms3 > 0 such that
[ee]
il < o2
=2
Proof. (of claim4) Apply the same arguement as claim1’s.
Claimb: There exists m4 > 0 such that
m
| bng41 [ —
Proof. (of claimb) By Theorem 5.1.
Claim6: For 1 < j < kg
ay | ma
£ﬂ0+1+1 - ¢ .
J
Proof. (of claim6) This is obvious since | byy+1 |= 2?0:1 gn([;;lﬂ

Claim7: There exists ms > 0 such that

o

Sl bty < 22

=2

Proof. (of claim7) By the similar argument as claim1’s.

By above,

£~ atE = 0(3 ): f(e.t) = Vaig + o)

T

elCE

(1>

limsup sup Hf(g,t)—
t=00 ¢eBy(0)

6 Future work

In this paper, the rescaling behaviors for all the global strong polynomial
solutions are given. Also two types of rational solutions are discussed as
well. We are interested in knowing if we can generalize these ideas to all
the global rational function solutions, since rational function solutions have

a much simpler structure.
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