FROM DISCRETE VELOCITY BOLTZMANN EQUATIONS TO
GAS DYNAMICS BEFORE SHOCKS
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ABSTRACT. This article is devoted to the proof of the hydrodynamic limit for
a discrete velocity Boltzmann equation before appearance of shocks in the limit
system.

1. INTRODUCTION

We consider the system of discrete velocity Boltzmann equations

(1.1) Orfi + 00, fi = %Qi(f, ), fori=1,...,N,
where
(1.2) Qi(f. )= Sijmlfufi — fif)).

jkl

and N > 3. Such systems have been extensively studied in the literature (see e.g.
Cabannes, Gatignol and Luo [7] or Platkwoski and Illner [17] and references therein)
because they offer a simplification and approximation of the Boltzmann equation
that shares remarkable similarities to the latter model. Nevertheless, these systems
are quite simpler than the Boltzmann equation and for instance their existence
theory is relatively well understood in both the cases of one dimension [1, 3, 12] as
well as in several space dimensions [4, 11]. Discrete velocity models present certain
pathologies in several space dimensions and we will refrain from working with them
here.

The parameter ¢ is called mean free path or Knudsen number and. under certain
conditions on the interaction coefficients S;;1; that will be precised later, the system
formally converges as ¢ — 0 to equations,

Op + Ox(pu) =0,
(1.3) O(pu) + 0. (pE) = 0,
A(pE) + 0z(pJ (u, E)) =0,

The limiting procedure has been justified for the case of the Broadwell model by
Calfisch and Papanicolaou [8] and the related problem of the asymptotic in time
convergence of (1.1) to global Maxwellians is established in works of Beale [1] and
Kawashima [14].
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The objective of this article is to establish the hydrodynamic limit from discrete
Boltzmann equations (1.1) to the gas dynamics system in the form (1.3) in the
regime where the solutions of (1.3) remain smooth. We will develop and estimate a
relative entropy identity following ideas in Berthelin-Vasseur [2] and Tzavaras [19)].
These articles concern kinetic or relaxation limits for BGK-type of collision opera-
tors. The ingredients, required in order to account for Boltzmann collison operators,
are an estimation of the entropy dissipation and certain structural properties that
pertain to system (1.3). The relative entropy method was developed in the context
of uniqueness and stability for hyperbolic conservation laws by Dafermos [9] and
DiPerna [10], and the context of hydrodynamics for stochastic particle systems by
Yau [20] and Olla-Varadhan-Yau [16]. In addition to the aforementioned references
the reader is referred to [5, 6, 13, 15, 18] for the application of relative entropy in a
variety of contexts.

We begin in section 2 with a description of the model, an outline of the formal-
ism of its hydrodynamic limit and the statement of the main result Theorem 2.3.
In section 3 we develop links between the kinetic and the macroscopic entropies
and prove certain structural properties of the limit system, the entropy consistency
property and hyperbolicity. Section 4 contains the key estimation of the entropy
dissipation (Proposition 4.1), and section 5 contains the derivation of the relative
entropy identity and the conclusion of the proof of Theorem 2.3.

2. DESCRIPTION OF THE MODEL AND STATEMENT OF RESULTS

The interaction coefficients S;j; entering the definition of the collision operator
(1.2) are assumed to satisfy the properties of symmetry and microreversibility,

(2.4) Sijet = Sjikt;  Sijkt = Sijik;

(2.5) Sijkl = Skiij,

and to describe the probability of the elastic collision (i,7) — (k,l) conserving the
microscopic mass, momentum and energy

(2.6) v + v = v + vy, v,% + vl2 =vl+ UJQ- if Siji # 0.

For any f € RY, we have from (2.6):

(2.7) Y Q=0 D> vQi=0 > 1¥Qi=0,

1 7

which entail conservation laws for the total mass, momentum and energy. Consider
the collision matrix B € {—1,0, 1} *¥ given by:

Biji = Bijj = —DBijr = —Bijy =1 if Siju #0,
Bijr =0 everywhere else.

Note that (2.7) implies that (1,---,1), (v1,---,vy) and (v}, ---,v%) are in the kernel
of B. We pose the additional hypothesis:

(H)  N(B)=span{(1,-- 1), (v1, -, oN), (v, -, v%)} and dim N(B) = 3.

This implies that the only conserved quantities are precisely the mass, momentum
and energy and that the model does not have any extraneous conservation laws.
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Finally, we define the entropy of f via the usual relation

N
= Z filn f;
=1

For any C! function F : D — R defined on a convex set D C R*, we define the
associated relative function:

F(U1|Up) = F(Uy) — F(Us) — F'(Us)(Uy — Us).
We also set

s(y) =ylny,

and use in the sequel the following notations:

axb=a1b; + asbs + asbs a,bER?’,

N
fr9=> figi fgeRY,
=1
N
=16 feRY,
=1
N
Pf=> (Lu,v})fi  feRN,
;=1

PH=Y Y

B=0 i=1

feRrRN,

Our first lemma concerns tha structure of Maxwellians associated to discrete
velocity Boltzmann equations:

Lemma 2.1. A vector (My,--- , My) € (RN werifies Q(M, M) = 0 if and only if
there exists a,b,c € R such that

. 2 .
M; = tbvitev; for any 1 <i < N.

Setting (b, c) = sz\il ebvi+ww'2, we express the Mazwellians in the form

ebvi—i—cv?
Mi = pZN eva—CU?

i=1

and note the relations

N
28) o= M= b0, sz z—pa”w( o), Zv?Mi=p8;¢<b,c>.
=1 =1

For a given Maxwellian M, we define

(p, pu, pE) = PM,
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that is to say

N
p=3 M=y et = ety(h,c),
=1 =1
N N , O
pu= vl = 3 el = p= (b o)
=1 =1

N N 8w
2
pE =) 0IM; =) vfetttuiten = p w (b, c).
i=1 =1

We notice that
u = 85(11’11/}), E = 30(1111@,

and then we denote U the set of admissible value of (u, E), that is:

U= {(0(In),d:(Iny)) | b,c € R}

The hydrodynamic limit system can be written formally as

Oy ZZ M; + 0, Zz v M; =0,
81522-1}1»2Mi —i—amZZU?MZ =0,

which leads to
Osp + Oz (pu) = 0,

(2.10) I(pu) + 0z(pE) = 0,
A (pE) + 0:(pJ) = 0,

where we set

(2.11) J(u, E) = Ot

Y
The flux J = J(u, E) is well defined thanks to the following lemma.

Lemma 2.2. The function Iny is smooth and strictly convex and so the map:

(b,c) — (u, E) defined by
T(bv C) = V(b,c) h”/}(ba C)
is a O diffeomorphism from R? to U.

We introduce also the entropy of the system:
N
n(p, pu, pE) = H(M) = Z M;1In M;.
i=1

Conversely, for any U = (p, pu, pE) with p > 0 and (u, F) € U, we define
M(U) = (Mi(U)iz1, v = ()i oy

with p,u, E and a, b, ¢ related as in Lemma 2.1.

The article is devoted to the proof of the following theorem:
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Theorem 2.3. Let (py,ug, Ey), be a Lipshitzian function on R with values in RT xU
such that Uy = (po, pouo, poFEo) and n(po, potio, poEo) lie altogether in L*(R) and
0.Ug € L>(R)NL>®(R). Then, there exists a mazimal time T* such that the solution
(p, pu, pE) to the limit system (2.10) with initial values (po, wo, Eo) stays Lipshitzian
on [0,T*) x R. Denote M the Mazwellian associated to (p, pu, pE). Consider f° €
(LY(R))N such that each component is nonnegative and verifying H(f°) bounded in
LY(R). We denote f- the solution of (1.1) with initial value fO. If O converges

strongly to MO, Mazwellian associated to (po,uo, Eo) in the sense that
/H(fgwo)(x) dz — 0,
R e—0
then f. converges strongly to M in the sense that for any T < T*:

sup [ MU (t,2) do =0,
R e

0<t<T

where

H(flg) = Zfi In(fi/g:) — (fi —gi) = 0.

The proof is based on the results of Tzavaras [19] and Berthelin-Vasseur[2] on the
relative entropy method, and on an estimation of the entropy-dissipation developed
in section 4.

3. PRELIMINARIES

In this section, we gather certain structural properties of the model (1.1) and
its hydrodynamic limit. Especially, we introduce a link between kinetic relative
entropies and macroscopic ones, we show that the system is hyperbolic, entropy
consistent and obtain properties on the domain U.

First, we prove Lemma 2.1 and Lemma 2.2.

Proof of Lemma 2.1. If Q(M, M) = 0 then in particular

N
D[M] =) " In(M;)Qi(M) = % > Sijwt (M, M) = In(M; M;)| (M M; — M;M;) = 0.
i=1 ijkl

But each terms of the last sum is nonnegative so, for any ¢, j, k, [ such that S,z # 0,
we have M M; = M;M; which means:

lan —|—1an = IHMZ —i—lnMj.

This implies that In M = (In M;);=1,... y lies in N(B). Hypothesis (H) implies that
there exists (a, b, ¢) such that

lnMi:a—l—bvi—i—cv? for any 1 <1¢ < N.

Conversely, note that if In M is given by such a formula, then MM; = M;M; for
any ijkl verifying S;jm # 0 and Q(M, M) = 0 as well.



6 F. BERTHELIN, A.E. TZAVARAS, AND A. VASSEUR

To show the second part of the statement. Note that from the definition of v we

a

have e = B, that is to say e ¢ = % Noting that
(G P
N N
. 2 _
Opp = Zvieb“*wi =Y v,
j i=1
N
Z ’U2 bU,—‘rcv —e @ Z U?Mia
i=1

gives the result. [
We list the useful formulas

N
. 2
Sttt = y(o,e),
i=1

N

(3.12) S viett e = (b, ) u

=1
Z 2 bvlJrcvZ _ (b C)E

Proof of Lemma 2.2. The matrix of the second derivatives of In ) is:

B ( YOt — (O)?  $Ohetp — OO )
1/12 wabc¢ - abQ,Z)aC’QD wacc¢ - (3c¢)2

which can be rewritten
N

Z(Ui - u>ervi+cvi2
i=1

(vi = w)(vf — B)e et

M-

1 = =1
v 2 - 2
(05— w)(e? — E)etE 3 (f - B
i=1 =1
Indeed, we have
N
wabbw o (ab'LmQ _ Z ’1)2 bvﬁ-cv wu Z viebvi—&-cv%
=1
': w Z 2 bvﬁ-cv
wabcw - (8bw)(acw) _ Z ’1)3 bvﬁ—cv Z v ebvﬁ—cv Z 1)2 bvz—i—cv

s w Z ’U3 bvl—‘rcv wQUE

(3;2) w Z(U'L _ U) (,012 _ E)ebvi-i-cv?’
i—1

and similarly for the last entry of the matrix.
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The trace of this matrix is positive. Its determinant is also positive as can be seen
by applying the Cauchy-Schwarz inequality,

N

2 N N
Z(vi —u) (v — E)eb”iJrC”?] < (Z(vi — u)zebviJrC”?) <Z(v¢2 — E)er”i“”?)
; —

i=1 i=1 =

If the determinant is equal to 0 then equality holds in the Cauchy-Schwarz inequality

which, in turn, implies that the vectors (1,...,1), (v1,...,vx) and (v?,..v%) are

linearly dependent. The latter is ruled out by hypothesis (H), and thus the matrix
of the second derivatives of In ) is strictly positive, and In 1 is strictly convex. The
mapping 7 is a C! diffeomorphism from R? to /. []

We prove now the following lemma related to relative quantities.

Lemma 3.1. Let F : D — R be a C? function on a convex set D C RF. The function
F is convex on D if and only if the associated relative function is nonnegative on
D xD.

Proof. For any U;,Us € V we have:
1 1
F(UL|Us) = / / F/(Uy + st(Us — U0)) : [(Uy — Us) @ (Uy — Us)]t ds d.
0 0

Hence, if F'is convex then F" is positive and so F(U;|Us) is nonnegative. Conversely,
for |U; — Us| small, we have:
F(U,|Uy) = F"(Ug) (U = Ug) @ (U — Ua)] + o(|U — U2‘2).

Then, if F(-|-) is nonnegative everywhere, then F”(Us) is a nonnegative matrix for
any Us and F' is convex. []

In particular, s'(y) = 1 + Iny leads to the usual relation:

y
s(ylz) =yln =~ (y—2) >0,

since s is convex.

Let us show now the following lemma which gives the link between the relative
entropy at the kinetic level and at the macroscopic level.

Lemma 3.2. For any U = (p, pu, pE) with p > 0 and (u, E) € U, we set
M(U) = (My(U))izr,. v = (e“H0H0), Ly Ly
with p,u, E and a,b, c related as in Lemma 2.1. We then have
i) PM(U)=U,
i) 0(U) = HOM(U) = inf H(S),

and ox

i) 0k w = G (MU)- ,
for any w € R? and any f € RN such that w = Pf.
Especially

i) n(UU) =HMU)MQ)),
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and

v) n(UIU) <H(fIM(T)),
for any Pf =U.
Proof. i) We have

N N
PM(U) = (1,0, () Mi(U) = Y (1,03, 0])e 4% = (p, pu, pE) = U.
i=1 =1

i1) By definition, we have

n(U) =HMU)) =Y s(M;(U)).

i=1
For any f such that Pf = U, we have
0 <H(fIMU)) = H(f) =HM{U)) - HMU)) - (f —M(U))
N
= H(f) —HMU)) =) (1 +In M(U))(fi = M;(V)),
i=1

with
N

>+ Mi(U))(fi = Mi(U)) = (1 + a,b,¢) x P(f = M(U)) =0
i=1
since P(f — M(U))=U — PM(U) = 0. Hence:
H(f) = H(MU)) for any Pf =U,

which gives the result.
iii) By differentiation of U = PM (U) with respect to U, we get, with P linear,

oM
Id=P——.
ou
We denote 5
M
=P,
b ="ou,
Let f € RY and w € R? such that w = Pf. Decomposing w on the basis (eg) we
have:
> ’ oM
P = prm— prm— Pi
f=w ngeﬁ ng 8U/37
B=1 B=1
and so
3
oM
Plr=> wy o | =0
B=1
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but 0 OH oM
no_on R
a0, 8f(M( ) Uy
Hence:
M~ = M oM
U Z::TUBWB ;_lwﬁf)f( ( ))'@
OH

We conclude with the argument that
OH
af

This comes from the fact that

n(U) = min H(f) =H(MU))

(M(U)) L N(P).

(see [19, Proposition 2.1]).
iv) We have
n(UIU) = nU) =n(U) = dun(U) = (U =)
= H(M(U)) = H(M(U)) = OH(M(U)) - (M(U) = M(U))
= H(M(U)M(U))
using i74) with w = U — U and f = M(U) — M(U).
v) For f such that U = Pf, we have
n(UIU) H(M(U)) = H(M(U)) = OH(M(U)) - (M(U) = M(U))
H(f) = H(M(U)) = OsH(M(U)) - (M(U) — M(U))

)
H(f|M(U)) = 0pH(M(U)) - (M(U) = f).

VARVAN

Now
N

N
OpH(M(U)) g=> (L+WmM;(U))gi =Y (1 +a+bv; +cvd)g =0
=1 i=1

whenever Pg = 0. Since P(M(U) — f) = 0, we conclude. []

We can now show the main proposition of this section.

Proposition 3.3. The system (1.3) is hyperbolic, admissible (in the sense of Berthelin-
Vasseur [2]), i.e. there exists C' > 0 such that

[AUIU)| < Cp(UIU)  for any p>0,(u,E) €U,
N 1S a convexr entropy and
n(U[U) = H(MU)|M(U)) = s(plp) + pIntp((b,) (b, c))

for any U, U with p,u, E and a,b, c related as in Lemma 2.1. Finally, there exists a
constant C' > 0 such that

lul +|E| < C for any (u,FE)eU.
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Proof. Let us first check that n is an entropy of the limit system with entropy flux

N
> wiM(U)
i=1

In M;(U). Indeed

N N
O Z M;In M; + O, Z v; M; In M;
i=1 i=1
N
> (14 In M;) (9, M; + 00, M;)
i=1
N
Z(l +a + bv; + cv?) (0 M; + v;0, M;)
i=1

N N
(1+a) (@ZM + 0, sz Z) +b<atZUiMi+avai2Mi>
i=1 i=1
+c (8thZ2M1+8vaf’Ml>

i=1 i=1
0.

Let us now calculate H(M|M) for two Maxwellians M, M. We set

InM; = a+ bv; + cvi2
In M; = a+ bv; + cv?.

= H(M) —H(M) = OH(M) - (M — M)

N
= ZMlnM ZM] i— Y _(1+1In D) - (M; — M)
=1

N
= ZMi(lnMi —InDMy) =) (M,

=1

N N N
= (a—a) ZM—i— b—b) ZUZM +(c—7) vaM,—Z(M -M
i=1 i=1

=1 =1
= (a—a)p+ (b—b)pu+ (c—T)pE —(p—p)
= p(n(p/y) = (p/¥)) + (b= b)pu + (c = €)pE — (p — P)
= s(plp) + p [In¢ — Iy — &) (b — b) — 8:(Inp)(c — )]
= s(olp) + pnB)((5,9)/(5,0))-

The function s and (—Int) are convex, and thus, thanks to Lemma 3.1,

H(M|M) >0 for any M, M.

Lemma 3.2 gives that the relative entropy of 7 is nonnegative, and thanks to Lemma
3.1 again, we conclude that 7 is convex. Hence, the limit system is hyperbolic.
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Note that for any (u, E) € U, since

N N
> wiM; > vl M;
=1 =1

Y= L

N ?
> M; > M;
i=1 i=1

we have

lul < sup fuil,  [E]< sup [vf].

=1, =1,
Hence U is bounded in R?. Let us write the limit system as
oU + 0, AU) =0,
where
A(p, pu, pE) = (pu, pE, pJ (u, E)).

First note that the two first component of A are linear in U, so the associated relative
quantity are 0. For the third one we calculate:

A3(U|U) = pJ ((u, E)|(3, E)).

Thanks to the Taylor expansion, since J € C? and U is bounded, there exists a
constant C' > 0 such that for any (u, E) € U, we have

J((u, B)|(@, E)) < Clu—al* + |E — EJ?).
We also have
N(UIU) = p(ny)((0,2)|(b,¢)) = ep(ju —al* + |E — EP),
with ¢ > 0 thanks to the strict convexity of In ¢ and the boundedness of ¢/. Hence
_ C _
AU < —n(UIU)  for any p>0,(u, E) €U,

which means that the system is admissible. []

4. ESTIMATION OF THE DISSIPATION

This section is dedicated to the estimation of the dissipation

(4.13) D(f) = %ZSW In <?}CZ> (ffr = fifj) =0
ijkl t

via the proposition:

Proposition 4.1. There exists a constant C such that for any f € RN we have

N
(4.14) > Ifi = Mi| < CV/D(f),
=1

where M = M(Pf) is the associated Mazwellian.

We first prove three lemmas.
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N

Lemma 4.2. Let 0 < a < 3. For any f € RN, we set p = Zf“ and M = M(Pf).
i=1

There exists Cog such that for any f € RN, if 0<ap< fi <pBp for any i, then

N
(4.15) D(f) > Cap > |fi = Mi|*.
i=1
N g 2 N . , 2
Proof. Since D(f/p) = D(f)/p? andz J;z — M;(P <£>) = Z J;Z _ ]\L(pr)
i=1 i=1

N
1
- Z |fi — M;|?, we can assume that p = 1.
i=1
From }ln%‘ <max (%, %) |[A—B| with A = f;f; and B = fif;, we get D(f) > D(f)
with

2
«@
D(f) = ZZS@M (In fr, +1In fy —In f; — In ;).
ijkl
Since the kernel of D(f) is V = vect ((1,'-- 1), (v, on), (V- ,’UJZV)) from
property (H), denoting by P the linear projection from RY onto V, there exists C
such that

D(f) > OZun fi = P(n fi)|*.

Now, since exp(P(In f)) = M(exp(IP)(th f))), we have

f=M(f) = exp(lnf)—exp(P(In f)) + M(exp(P(In f))) — M(exp(In f))
= (Id—M)oexp(Inf)— (Id — M) oexp(PIn f).
Using that exp is lipschitz on every | —oo, R] and that PIn f do not goes to —oo, there
exists Kog > 0 such that (Id — M) o exp is lipschitz on In[a, 5] and on In(P[e, 3]).
Thus
|fi = Mi(f)] < Kap|ln f; — Pln f;
and therefore

— C
D(f) = %Z’fi—Mz'\g- O

N
Lemma 4.3. There exists v1,C1 such that for any f € RN, setting p = Zf“ if
=1
there exists ig such that f;, < y1p, then
(416) D(f) = Cip?.

Proof. Since D(f/p) = D(f)/p?, we may assume with no loss of generality that

p=1

The proof proceeds by contradiction. Let us assume that for any ~, C, there exists

f and ig such that f;, < yp and D(f) < C. From Proposition 3.3, U is bounded,
N N

that is to say (u = Z%’fi, E = Z |vg|?f;) is bounded. Thus there exists v such
i=1 i=1

that 0 < v < M; for any 3.

With this v, for any n € N*, taking C' = 1/n, there exists f™ and ig(n) such that
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fz?g(n) <~ and D(f™) < 1/n. Since ig(n) takes finitely many values, we can extract
a subsequence such that ig(n) remains constant. For this index iy, we have for a
subsequence fj' — fi, € [0,7], and extracting successively further subsequences,
fi — fj €0,1] for all other j. Now D(f") — 0 gives D(f) = 0, and Lemma 2.1
implies that f = M and then v < M;, = f;, which is a contradiction. []

By similar arguments, we also prove that

N
Lemma 4.4. There exists v2,Co such that for any f € RN, setting p = Zf“ if
=1
there exists ig such that fi, > vap, then
(417) D(f) > Cop?.

Based on these three properties, we can now show the Proposition 4.1.

Proof of Proposition 4.1. Let ¢ > 0 and set I = SN |f; — M;|. If p < & then
I < 2e.

For p > e, we select 71, 72 as in Lemmas 4.3 and 4.4 and distinguish three
possibilities: either (i) v1p < f; < y2p for all indices 4, or (ii) there exists iy so that
fio > 7v2p, or finally (iii) there is ig such that f;, < y1p. In each case I is estimated
as follows:

N N
> O fi = MilTpce + ) |fi = Mi|T,5e
i=1 i=1

N
2e + Z |fi — Mi|][3i0§fi0S’YlP][P2€

=1

IN

N
> Ifi — Myl
=1

IN

N
+ ) |fi = MilT3ig; 3 50 Tp2e
=1

N

+ Z |fi = Mi Wiy, p< fi<yap Lpze
i=1

2e + 2pTzi0: 13y <yip 1 20T3i0: 51y 2720

+\/Z ’fl - Mi‘Q][Vi§’YlP§fi§’YQP][PZ€\/ﬁ

2e 42y 20D 2D a2

5. HYDRODYNAMIC LIMIT

IN

IN

Finally, we take ¢ — 0. [

In this section, we prove Theorem 2.3. We denote by f. the solution of (1.1), by
N
Ue = (Paapauzs)p&EE) =Pf.= Z(laviaviz)(fs)ia by M. = M(Us)v by U the smooth
i=1
solution to the limit system and by M = M (U) the associated Maxwellian.
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Multiplying (1.1) by In(f:); and summing in i gives

D
(5.18) Z(fe) In(fe)i + Oq sz fe)iln(fe)i + (8 o) = 0.
i=1 i=1
Thanks to Proposition 3.3, we have:
N N

i=1 =1

We can now study the evolution of the relative entropy between f. and M:

N
=1
= 8tz fg ‘M +8 sz fs ’M)
_ 8tZ(f€)iln(fg)i+axzvi(fa)iln(fa)i
=1 i=1

N N
—6t Z Mz In MZ — &E Z UiMi In Mz

=1 =1
N N
—00 Y (L +InMi)((fe)i = M) — 02 Y vi(1+ InM;)((f)i — M),
i=1 =1
Since
N PR PR PR— PR
ST+ WD) ((f)i — M) = OpH(M) - (f- — M),
=1

and using the notation V : RN — R defined by:
Vii=vfi 1<i<N,

we also have
N JR— PR PR
> vl + I M) ((f2)i — My) = OsH(M) - (V fo = VM).
=1

Combining this with (5.18) and (5.19) , we get

D(f)

9

N

1=1

= (o) (1.~ ) o (ay00) - v 52— VD))
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Using Lemma 3.2, we get

D(/fe)

€

N
(5.20)  OyH(LAD) + 02 Y vis((f2)il M) +

=1
_ o, (aUnw) « P(f. - M)) o, <aUn<U> PV, - VM>)
— _0,0un(0)) * Pf: — 1) — un(T) * O(P(f. — BI)
—0,(un(0)) * P(V f. — VIT) — yn(T) # 0,(P(V f. — VEI)).
1.

For k = 0,1, 2, multiplying (1.1) by v¥, summing over i and using (2.7), we have

that is to say
(5'21) 0P fe + 8xP(VfE) = 0.
Furthermore,
N N
3tzvfﬁi +8w2vf+lﬂi =0,

i=1 i=1
that is to say

(5.22) 8,P(M) + 8, P(VM) = 0.
It gives
N — . D(f)
OH(fe| M) + O Zvis((fe)i|Mi) + —
=1
= —0yn(U)0u(U) * P(fe = M) — 0fym(U)0:(U) » P(V f = VM)
= 0fyn(U)A'(U)0,(U) = P(fe - ) Otyn(0)0,(U) * P(V f. — VM)
= Run(0)2,(T) + (4T ~ P(V[. - V)
= 92,n(0)0,(T) * (A’ —P(Vf.—VM.) — P(VM. — VM)),

where we used the fact that, since n(U) is an entropy for (2.10), the flux A(U)
satisfies (Oyyn)A’ = (AT Oyyn. Now

N
P(VM. — VM) => (1,v;,v))v;((Me); — M;) = A(Uz) — A(M),
=1

therefore

N
OH(SIT) 49, 3 wis((f2)i0T:) + 2V
(5.23) i=1 ©

= ~0fun(@)0:(0) * (AUD) + P(V £ = VIML)).
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We exploit this evolution equation in order to get the bound. First we want to
bound D(f.) with respect to e. Integrating (5.20) with respect to (¢, z) gives

/RH(fE\M)(t,:c)da:—/H(fg|M z) dz +// (fe) dz ds

/(9(]7] U)* P(f.— d:U—i—/BUn ) * P(f° — MO) da.

For every T < T*, there exists Cp such that |0yn(U)|(t,z) < Cr for any = € R,
0 <t <T. Thus we have

//Dfa dx ds </Hf0\M dx+CT/\P M)| + |P(f° — M| dx.

Integrating (5.21) and (5.22) with respect to (¢,z) gives in particular

[\t alde = [ fa)ds = [ f@)a

and
/|M(t,:p)|daz :/M(t,m) dz:/MO(:v) do
R R R
Thus
[ 1P~ 0] ds.
R
<t sw ful+ sw i) ([ Poaes [ 31wa).
=1, N i=1,- N R R
and
t
(5.24) / / D(f.)dzds < Cle, for0<t<T,
0 JR
with

Cf = sup ([ ) o) o)
+ 4C7 max(1, ZzﬁupN [v2|) Slslp (/ng(a:) dx + /RMO(QU) diﬂ)

We turn now to the estimation of H(f.|M) with respect to . For every T' < T*,
there exists Cr such that

‘6(2]U77(U)‘(t7x) S CT? ’8$U‘(tax) S éT?
forany x € R, 0 <t <T and

T
(5.25) / / 10,U*(s,z) dzds < Cr.
0 R

Then integrating (5.23) with respect to (¢, z) gives

/RH(fs!M)(t,x)dx—/RH(fg|M0)(x)dx+/Ot/RD(Ef)

[ [ Ron@0.@) (AT + PV L~ VL)) s
0 JR
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Thanks to Proposition 3.3 and Lemma 3.2, we get
|A(Ue|U)| < Cin(Ue|U) < CrH(f:[M).
Thanks to Proposition 4.1, we get

N
[PV (f- — M.)|* < Co Z (fo)i = (M)i] | = Calfe — Mc|* < C3D(fe).
Thus, it gives

/R H(J.[FD)(t, z) du
70 ~ t JR—
< /R H(fOH1°%) () d + (Or)2Cy /O /R H(J-[7T) (s, z) du ds

([ [ pton@o.@p i ds)l/ 2 ([ [iwvis. s ds>1/2

0177 A2 ! Vi
< [ M @) da+ ChC [ HO T s s

~ t 1/2
+C’;/2C'§/2 (/0 /RD(fa)(s,ac) dx ds)
J— ~ t PR— ~
S/RH(fﬂMO)(x)dHc%cl/ /H(f£|M)(s,a:)dxds+C’;/QC’;/z\/C’%e

using (5.24). Setting we(t) = [p H(fe|M)(t, ) dz, it writes

w.(t) < w.(0) + Ci /Ot w.(s) ds + Cs /.

Using Gronwall’s lemma, we get

sup /RH(fg\M)(t,x) dx < (/R H(fO[M°) da + C5\/§) ST O

0<t<T
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