LOCAL WELL-POSEDNESS OF A DISPERSIVE NAVIER-STOKES SYSTEM
C. DAVID LEVERMORE AND WEIRAN SUN

ABsTRACT. We establish local well-posedness and smoothing results for the Cauchy problem of a degen-
erate dispersive Navier-Stokes system that arises from kinetic theory. Under assumptions that the initial
data satisfy asymptotic flatness and nontrapping conditions, we show there exists a unique classical so-
lution for a finite time. Due to degeneracies in both dissipation and dispersion for the system, different
components of the solution gain different regularity. Couplings of these components are analyzed using
pseudodifferential operators.

1. INTRODUCTION

In this paper we establish the local well-posedness of the Cauchy problem for a dispersive Navier-
Stokes (DNS) system that has the form

0.0+ V- (ou) =0,
0:(pu) + V- (pu @ u) + V(o) =V, - T+ V, - X,
d,(pe) + Vy - (peu + pOu) = Ve - Cu+q) + Vi - Cu+§),
(ps 1, 0)(x,0) = (o™, u™, 6"™)(x),

where p(x, t) is the mass density, u(x, 7) is the bulk velocity, and 8(x, 7) is the temperature at a position
x € R? and time ¢ > 0. We assume that d > 2. Here the total energy density pe is given by

(1.1

pe = 3plul’ + £pb
while the classical Navier-Stokes stress tensor —X and heat flux —q are given by
(1.2) 2 =) Du, q =«(0) V.0,
where D,u = Viu + (V) — f—le - ul is the strain-rate tensor while u(6) > 0 and x(6) > 0 are the

coefficients of shear viscosity and heat conductivity. Dispersive corrections to the stress tensor % and
the heat flux g are given by

S =11(0,0) (V20 - $A.61) + 12(p, 0) (V.0 ® V.0 - 1V.671)
+73(0,0) (Vep @ V.0 + V,0® Vop — 2,0 - V.01 ) |

G = 74(p. 0) (At + S2V,V, - u) + 750, 6) Dyt - V.0 + 76(p, 6) Do - Vop
+ 770, 0) (Vo = (Va)") - V.8,

where 7;(p,6) fori = 1,---,7 are additional transport coefficients.

Gas dynamical systems with terms of the form (1.1) can be systematically derived from classical
kinetic equations such as the Boltzmann equation in small mean-free-path regimes [12]. They arise as
the first correction to the classical compressible Navier-Stokes system. When so derived, the transport
coeflicients u(0), k(8), and 7;(p, 0) fori = 1, --- ,7 have forms that depend on details of the underlying

(1.3)
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kinetic equation. In particular, the transport coefficients 7;(p,6) for i = 1,---,6 will satisfy the
relations

0 T, 275 T4
(14) T4:§T1, 54_?:89(@), 9T3+T6:28p‘1'4.

The resulting DNS system (1.1) inherits an entropy structure from the kinetic equation in which the
mathematical entropy density 7 is given by

Jo,
7= plog( 57z

Direct calculation from system (1.1) shows that 7 satisfies

qg.q\_ (%, q z g
(1.5) 8,77+Vx-(77u+5+5)— —(5 : qu+§-Vx9)—(5 : qu+E-Vx9) .
It follows from the constitutive relations (1.2) that
z q H 2, Ko oe
—:Viu+—=-Vid=—=|Dul"+=|V,6]" >0,
g Mg 29/ Pl + gVl
while it follows from constitutive relations (1.3) and (1.4) that
~ V. V.6 Ti
LU L :Vx-(—Dx -Vxe).
g 1 26"

One thereby sees that the dispersion terms containing ¥ and § contribute only to the entropy flux in the
entropy equation (1.5). DNS systems (1.1) derived from kinetic equations therefore formally dissipate
the entropy in the same way as the compressible Navier-Stokes system, but transport it differently.

The above calculation indicates that the DNS system is formally well-posed over domains without
boundary. The main goal of our paper is to establish the local well-posedness of the DNS system.
Because our theory is local in time, we will not need the entropy structure of the system, and so will
not assume that (1.4) holds. We will however assume that u(6), x(6), and 7,(0,6) fori = 1,--- ,7 are
smooth functions of p and 6 with u(0), x(0), and 7 (p, 8)74(p, 6) being strictly positive whenever p and
0 are bounded away from zero.

Remark 1.1. We believe that the entropy structure would play an important role in any global well-
posedness result for the DNS system with large initial data.

In our proof of local well-posedness, dispersive regularization plays a crucial role. We use the
fact that solutions of dispersive equations gain spatial differentiability provided the initial data satisfy
certain asymptotic flatness conditions at infinity. This type of smoothing was noticed by Kato when
he showed in [7] that solutions of the 1D KdV equation gain half a spatial derivative compared to its
initial data. This kind of smoothing has since been generalized by various authors to more general
dispersive equations and systems [4, 8]. In general, solutions of dispersive equations with order m
gain % derivatives locally for positive times [4].

Based on Kato’s smoothing effect, various well-posedness results have been established for semi-
linear or quasi-linear dispersive equations and systems with strict or uniform dispersive effects [10, 5].
However, these existing results do not apply directly to the DNS system because its dispersion is de-
generate. To see this, one first observes that the mass equation has no terms that are dissipative or
dispersive. Another degeneracy occurs in the energy equation where the dispersive term V, - g is

Vg = @74 AV, - u + lower order terms .

The leading order term in V, - g gives the dispersive effect for the velocity field. It is clear that the in-
compressible part, i.e., the divergence free part of the velocity field u# vanishes in this term. Therefore,
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if u is decomposed into the divergence free part and the gradient part as done in the Hodge decom-
position, then only the gradient component of u has a dispersive effect. These degeneracies suggest
to decompose the DNS system into a strictly dispersive subsystem and a nondispersive subsystem.
We apply the technique by Kenig, Ponce, and Vega in [10] to treat the principle part of the strictly
dispersive subsystem. The coupling of the strictly dispersive and nondispersive parts will be treated
using both dissipative and dispersive regularization. Our main theorem will imply the following.

Theorem 1.1. Well-Posedness Theorem. In dimension d > 2, let s;, s € R, such that sy > d/2+ 6
and s = max{s; + 6,N + d/2 + 4} where N = N(d, 3,0) € N is given in Theorem 2.1. Let p > 0 and
6 > 0 be constants. Let the functions p™, u™, and 8™ satisfy:

e the boundedness and asymptotic flatness condition

(1.6) o™ = pllns + @™, 6" = D)l + > (([<x)0%0"

1<|a|<sg

PR (RTINS

LZ)SCm < 00,

where a € N? denote multi-indices with || = &, + @ + - - - + @y and we define (x)? = 1 + |x];
e there exists a constant o™ > 0 such that for every x € RY

a/l'n < pin(X), a,in < Qin()C), a,in < /J(Hm) , a,in < K(Qi’z),
(.7 i < -t TI"), 0" ())Ta(p" (), 6" (x))
= & pin( x)2 ’

e the Hamiltonian defined by

1 (0™ (x), 0 ()T (P (), ef”(x)))% o

(1.8) W€ x) = 2%72”( ()2

generates a flow that is nontrapping.

Then for some Ty > 0 depending only on C™, o™, and d there exist unique functions p, u, and 6 with

p—p€C(0,Tol; H ) N L=([0, Tol; H**),

(1.9) _ , :
(u, 6—6) € C([0, Tol; H*) N L™([0, Tol; H"),

forany 0 < s’ < s such that (p, u, ) solves the DNS initial-value problem (1.1).

Here L? denotes the Lebesgue space L*(R¢;R™) where R™ is the Euclidian space implied by the
context, and || - ||;2 denotes its norm. Similarly, H* denotes the Sobolev space H*(RY; R™) where R™
is the Euclidian space implied by the context, and || - ||z denotes its norm.

To prove the above theorem, we construct an approximating sequence of solutions by adding an
artificial hyperviscosity term to the DNS system (1.1). An a priori estimate is established that is
independent of the artificial hyperviscosity. Then using this a priori estimate and letting the artificial
hyperviscosity term vanish, we show that the approximating sequence converges to a solution of the
original system. Uniqueness is also shown by the a priori estimate.

This paper is laid out as follows. In Section 2 we establish an estimate for a linear system that
we will later use to construct our approximating sequence of solutions to the DNS system (1.1) plus
an artificial hyperviscosity. In Section 3 we establish the a priori estimate for this regularized DNS
system. In section 4 we show the existence of the approximating sequence and the convergence of
this sequence to the unique solution to the original DNS system.
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2. ESTIMATE FOR AN ASSOCIATED LINEAR SYSTEM

In this section we establish the key estimate for a linear system associated with a regularization of
the DNS system (1.1). One can see from the proof that the same estimate holds for the analogous
linear system associated with the original DNS system (1.1).

2.1. Regularized DNS System. Our regularized system is obtained by first expressing the DNS
system (1.1) as a system for the evolution of the fluid variables (p, u, 6) and then adding a fourth-order
artificial hyperviscosity term to each dynamical equation. The result is the regularized DNS system

6[p:—eA§p—pVx-u—u-Vx ,
1 1 - 1
Ou=—-eNu+-V,-T+-V,-Z~ V(o) —u-Vu,
@2.1) P p P
,2: Vi

X:Vau
2 _

2
+ = 20V,-u—u-VvV,0,
p ¢ p ¢

(o, u, 0)(x,0) = (", u",60™)(x),

where X and ¢ are given by (1.2) while ¥ and § are given by (1.3). The structure of this system
becomes explicit if we express Z, %, ¢, and g in terms of the fluid variables (p, u, ). It follows from
(1.3) that V, - ¥ and V, - § have the forms

V. £ = Elr(p,0)A V.0 + A(p,0,Vip, V,0) : Vip + A%p, 6, V,p,V,0) : V70
+ B(p,0,V.p,V.0) - Vip + BY(p,0,V,p,V,0) - V.0,

1 1
00 =—€N0+2-V, - q+2-V, -G+
p p

(2.2)

V. g =2C07,00, AV, - u+ AP, 0, V,p, V,0) i Viu + 75(0, 0)Dyu : V20

+76(0, )Du : V2p + B (0,6, V.0, V,6) : Vo,

where
A(p,0,V,0,V,0) : Vip = 13(0, )V.0Ap + 2 13(0,0)V,0 : Vip,
A%p,0,Y,0,Y,0) : V20 = | (8,71 + S215) Vop + (071 + S212) V0] - V20

+ [(é@,ﬂ'l + 73) V.o + (f,aeﬁ + Tz) Vx9] A0,

A“p, 0.V, V,0): Viu = |(0,74 + o) Vip + (0,74 + 75 + 77) Vib)| - At
+ [(%(’%u + ‘%276) Vo + (%(’)974 + %73 - T7) VXG] -(V,\V,-u),
while B?, BY have the forms
a1(0, 0)(Vop - Vi) + ax(p, O)V.6F T + as(p, 6) V0 ® V.0
+ a4(p,HV,0® V,p + as(p,0)V,0 ® V,0,
with ay, - - - , as being given by the functional forms of 7, 75, 73 and B” is of the form
bi(p,)V,p ® V.0 + by(p,0)V,.0 @ V,p + b3(p,0)V,6 ® V.0,

where by, b,, b3 are determined by the functional forms of 75,76, and 77. Notice that the forms of
B and BY are not uniquely specified above, but the specific choice of B* and B’ does not affect our
subsequent arguments. The main structure of B, B?, and B* is that they are d X d tensors of linear
combinations of quadratic forms of V,p, V,6.
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The regularized DNS system (2.1) thereby has the form

dp =—€Np

_ 2
O = —eAu+

_pVx.u_

u- Vx )

I AP A

2V, - [uDgu] + LAV + = V2 + = V20
p p p p

B B’ 1
+— - Vpo+—-V.0--V(00) —u-Vu,
p p p
1
0,0 = —e A6 + ﬁ—vx (V0] + DTN g oy
(2.3) p , p
v +
+——:Vfu+$‘r1 TSDxu:Vf9+§EDXu:pr
p p
BM
+22 Y+ 12V0. D V,0+ 12V Dt V,0
A p p

+——|Du| —20V,-u—u-v,0.

(0, u, 0)(x,0) = (", u",6™)(x),
2.2. Associated Linear System. The linear system associated with the regularized DNS system (2.3)
is obtained by replacing certain (p, u, 6) by a given state (9, it, #). Specifically, it is the linear system
for (p, i, 6) given by

0p=-€Np—pV,-ii—0-Vp,

1
Oyt = —e A2i + -V, - [u(H)D u] + 2 ANVO+ AP VP + AY V2D
p

A

. . - .~ 6
+B -Vp+B-VO-VO0-=Vp—ir- Vi,
P

CH 98 = e+ 22V, [kOVB| + 1AV, - i+ AV + 25Dt V2B + 2Dt VP
o
+ B Vit + V.0 - Dyii - V0 + 3V, - Dyii - V.0
0 . 3
‘}I&Dxﬁ : Dyl — 20V, - i — - V,0.
o
(ﬁa ila é)(-x’ 0) = (pin _p’ ul"’l’ Hm - é)(-x) s
where
A d-1 71 (ﬁ’ é) A 1 TZ(ﬁ’ é) A _ 1 T3(ﬁ7 @)
=" % > D=y X > T3=3" =~ >
p p P
A a@-1T4(p,0) . T, 0) + 215(p, 0) . 2T6(p,0)
Ty = a2 ~ s T5 = 3 ~ s Te = E ~ s
(2.5) . ) P -
a0 = X000, V:6) A6 _ A%(p,6,9.p,V.0) du 240, 0.9:p, V. 9)
p ’ P ’ d P
. Bp,6,V,p, V.0 ., BYp,0,Vv.p,V.0 . B“(p,0,V.p, V.0
Bp — (p ) B@ — (p p ) , Bu — % (p . ) )

P ’ P P

The linear system (2.4) is satisfied by (9, i1, 8) = (p — p, u, 0 — 6) when (, 1, 8) = (p, u, 0) solves (2.3).
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Notation. Henceforth we will use ¥, (with various sup-indices to specify the equations in which
they appear) to denote any pseudo-differential operator (¥DO) of order m. The reason to unify the
lower order terms in this way is because the specific forms of those terms change when we apply
various operators to either system (2.1) or its linearized form (2.4). However, it will be clear from the
calculation that the estimates of various norms depend only on the orders of those lower order terms
while their specific forms are not essential. We will denote the space of all m"”* order symbols as §™.

For every p(&, x) € S™, we define the norm | pI(SJl as

(2.6) Il = sup{IKE) B2 FipC-, Misganes) - @B € N o+ Bl < j}
where (£) = (1+]£%)!/2. The following theorem is a classical result for ¥DO’s (c.f. [2, 6] for a proof).

Theorem 2.1. Letm, s € R. Let p(&, x) € S§™ be the symbol of a pseudo-differential operator ¥ ,. Then
¥, is a bounded linear operator from H"™S(RY) to H(R?Y). Moreover, there exist N = N(d,m, s) € N
and ¢ = c(d, m, s) such that

2.7) ¥, Nl < clplg |1 fllmss  for every f € H™(R?).
With this notation the linear system (2.4) has the form
0.p = —eNp+ V(PR il),

1 . 3 3 _
Ot = —€ Adii + <V, - |[u@)D.it| + A8 + P35, 8) + Wi(5.0) — it - V.t
p

(2.8)
- - L1 A , N
0,6 = —e A29 + 55% |k @V.B| + 24V, - it + V(.11 6) + Wi — it V.,

where

WP, i) = —pV, i — it - Vip

Yi(p,0) = AP 1 Vp + A7 . V0,

~ 2~ 2~ ~ ~ é

Vip,0) =B -Vp+B-VH-VH- EV; ,

(2.9)

Vo5, i1,0) = A" Vi + #sD.ii 0 V20 + #D,it - V2P,
Wit = B" : Vit + V.0 - D,ii - V,0 + 3V, p - D,ii - V.0
0
+ %ﬂ—(A )D

OV, -ii—i-V.0.

Aoy 2
Wi Dyt — 5

One can see that the symbols of these first and second order operators are first and second order poly-
nomials in ¢ respectively with their coefficients depending algebraically upon (p, 0,V.p, D1, V.0).
We drop the tildes on (g, it, 8) and write the regularized system (2.8) as

(2' 10) at(pa u, 9) = —€ Ai(p’ u, 0) + L(ﬁ& a, é)(pa u, 9) s
where the linear operator L is defined through (2.8) and has the form
L1(p, 1, 0)(p, u, 0)

LZ(ﬁ’ ﬁ’ @)(P’ u, 9)
~£3(,5’ ﬁ’ 9)(.0’ u, 9)

(0, u)
= | PYu + P40 + P20, 0) + P4 (o, u, ) | ,
P00+ Wou + P50, u, 0) + Po°(u, )

(2.11) L, 1,0) (o, u,0) =

where
P00, u) = Pp,u), Pep,0) = Pi(p,0), Pi%p,u,0) = ¥i(p,u,0),
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P00, u,0) = Pi(o,u,0) — it Viit, PP, 60) =¥Vi(u,0) —it- V.8,

1 X
Wiu = <V, [u@D.u] . V0 =1AV0,

WO =22V, [«@)V0] . Plu =AY, u.

™= D

Here W/, ¥, W9 are defined in (2.9).

The discussion of degeneracies in the introduction suggests that we decompose the velocity field u
into its divergence free part Pu and its gradient part Qu. Because V, - (Du) = Au + %vax - U, We
have

(2.12) PV, - (D.u) = A Pu, OV, -(D,u) = Z%AxQu.
We can then decompose system (2.8) by using the facts that

1 A o
=V, [u@Dyu| = 1V, - (D) + 5 Vou(®) - Dot
(2.13) P P

1 N 1 N
22V, [k@)V.0] = kA0 + 32 V(D) - V.0,
p p
where . .
N () . k()
= K=5a—"%">
P P
and that
P Avx'(Dxu) = APVX'(DXM)_‘_ P, (1 Vx'(Dxu),
2.14) (@ )=f [P, 4]

Q(/:2 Vx - (Dxu)) = /:2 QVx : (Dxu) + [Q B la] Vx : (Dxu) .

Although the symbols of the projection operators P and Q have singularities at £ = 0, we can still
treat them as pseudo-differential operators of order zero because they are homogeneous operators of

order zero [11]. Therefore, by noticing that |£] = & - % where % is homogeneous of order zero, one

can view |£| as the symbol of a first order pseudo-differential operator. This further implies that |£[*
for any integer k can be viewed as the symbol of an operator of order k. Therefore by the symbolic
calculus, the above commutator operators [P, fi] and [Q, j1] are of order —1. It follows from (2.12),
(2.13), and (2.14), that system (2.8) decomposes into its nondispersive part

Op=—-€Np—it-Vp—pVy-Qu,
(2.15) 8, Pu = —€ A2Pu + iA Pu + ¥2"' (0, 0) + ¥ (o, Pu, Qu,0),
(o, Pu)(x,0) = (0", Pu")(x),
and its strictly dispersive part
0,Qu = —€ A2Qu + 2L AA Qu + Y, (1A,0) + ¥2“ (0, 0) + ¥2*' (0, Pu, Qu, 6),
(2.16) 8,0 = —€ A20 + RA6 + 14A,V, - Qu + V%' (o, Pu, Qu, 0) + P9 (Pu, Qu, 6),
(Qu, 0)(x,0) = (Qu™, 6™)(x),

where
w3 (p,0) = PW3 (p, 6) — P(V.11A.0)

P2 (p,0) = QP+(p, 0) — Q(V,11A,0),
Y% (o, Pu, Qu, 6) = ¥5° (o, Pu, ) + ¥2° (0, Qu., 6) ,
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1 "
WP (o, Pu, Qu, 0) = P¥"(p, Pu,0) + P (/5 V(@) - Dx(Pu>) +[P, 2] V- Du(Pu),

+ P (0, Qu,6) + P (i V,u(0) - Dx(Qu)) + [P, a] V- D(Qu),

w2 (p, Pu, Qu, 0) = Q¥1"(p, Pu,0) + O (é Vou(6) - Dx(Pu)) +[Q. A1V D.Pu
1 A
+ QTT’O(p’ Qu, 9) + Q (5 Vx,u(e) : Dx(Qu)) + [Q s ﬂ] Vx ’ DXQM ’

1 A
Y (Pu, Qu, 0) = ¥ (Pu, 0) + ¥°(Qu, 0) + 2 5 V(@) - V.6.
Notice that the nondispersive part and strictly dispersive part couple through the lower order terms

1
PO Pl wlel and ¢!

2.3. Assumptions for the Estimate. In order to obtain bounds on the solutions of linear system (2.8)
we make the following assumptions on (p, it, §). These assumptions are the key to choosing the proper
space for our well-posedness result.

A, . Asymptotic flatness. There exists constants c4, T > 0 such that Y(x,¢) € RY x [0, T],

(2.17) 0.6, it, O)(x, D] + [V, 1, O)(x, 1)| + |8,V 11, O)(x, 1)] < %
with (x)2 = 1 + [x%.

A,. Regularity. There exists T, > 0 such that (9, #,0)(x,7) € CY*'(R? x [0,T,]) where N =
N(d,3,0) is again given by Theorem 2.1. Here ijv *1(RY x [0, T,]) is the set of functions that have
continuous bounded derivatives up to order N + 1. Again use c4 to denote the uniform upper bound
of the coefficients of ¥, in CY(R? x [0, T>]).

As. Lower bounds. There exists a constant @y > 0 such that ,6,9 > ay > 0. This together with the
uniform bounds on p, 0 guarantees the existence of a constant 7y > 0 such that % >7T1/T4 =79 > 0.

A,. Nontrapping condition. Let h"(£, x) = \71(x,0)T4(x, 0) |£ as defined in (1.8) and Hj be the
corresponding Hamiltonian flow. Then H,» is nontrapping, that is, if (Z, X)(#; £, x) is a solution to

d= ‘

= = _Vh"(E,X), 2(0) = &,
” (. X) 0)=¢
dXx ,

E = Vgh’"(E, X) , X(O) =X,

then for any & # 0,
|IX(1)] > 0 as t— +o0.

Remark 2.1. It is sufficient to verify the nontrapping condition for |£| = 1 because the Hamiltonian
flow satisfies the dilation scaling Z(t; A€, x) = AZ(A%1; &, x), X(t; AE, x) = X(A%1, &, x).

Remark 2.2. Let q(&, x, t) be the symbol of any of the second order ¥DO’s in the system except the
dissipation. Then by (2.17), g is a homogeneous second order polynomial in & and

Ca

ikl YD eRIX0.T.

|aI‘Q(§’ X, l)l + |Q(é‘:’ X, l)l S



LOCAL WELL-POSEDNESS OF A DISPERSIVE NAVIER-STOKES SYSTEM 9

Notation. Henceforth constants that depend only on the initial data will have a O subscript. Constants
that depend on the constants that appear in the above assumptions will have an A subscript.

The asymptotic flatness assumption A; and the nontrapping condition A, will be required by the
following lemma, which is due to Chihara [3]. We refer to [3, 5, 10] and references therein for
discussions about the necessity of the nontrapping condition for the L>-well-posedness of dispersive
equations.

Lemma 2.1. Let 63(¢) € C*(RY) be a cutoff function such that 6x(&) = 1 for |£] > 2R, 0x(&) = 0 for
€l < R, and 0 < Gx(€) < 1 otherwise. Let C™ and a™ be the constants in (1.6) and (1.7) such that

%1(x, O)‘T'4(x, O) > \/CW, |V (p i, 0)()6 O)| < §C>2 ’

and Hyin nontrapping. Then there exists p(&,x) € S real and constants c\, ¢, which depend on C"
and o™, such that

in

2

(218) HHRhmp > C] <|§|>2

Moreover, finitely many seminorms of p given by (2.6) have bounds that depend only on the constants
C™" and o™

o V(& x) e RO x RY.

Remark 2.3. We will show in Lemma 2.2 that given the assumptions A; and A,, the bound (2.18)
propagates for a finite time.

2.4. Linear Estimate. The main result of this section is the following bound on solutions of the
linear system (2.10). Because this estimate is a priori, we assume that (p, u, 8) is a smooth solution to
(2.10). Note that the regularity guaranteed by (A, is enough for the proof.

Theorem 2.2. Let (p, it, 9)(r, x) € C([0,T]; H®) be functions that satisfy assumptions A, — Ay. Then
for every solution (p,u,0) € C([0, T]; H) of the linear system (2.10) there exists T > 0 depending on
the constants cy, c, and ™ in the assumptions and ¢ > 0 depending on C™ and o™ such that

.19 sup(Ilplf, + 1l OIE) (1) + f V(2. OIR:(5) ds < ¢ (o™ = I + I, 6" - DI -

[0,7]

Both c and T are independent of €.

Proof. The proof of Theorem 2.2 has six steps. We begin with estimates for (Qu, #) derived from
subsystem (2.16). This subsystem has nondegenerate dispersive terms.

Step 1. Projection of the equation for Qu. Let & = (£1,&,...,&;) € R? be the Fourier variable. For
1 <k < d, let pi(¢) be the symbol of the Riesz transform

_;k

(&) = g 2k
Then p;’s are homogenous of order zero. Let ¥, be the YDO with the symbol pi(£). For u =
(w1, s, . . ., ug), abbreviate the scalar function {_, W, u; as ¥,,u. Apply ¥, to the equation for Qu.

The resulting equations for ¥, u is

O(Ypot) = —€ AX(¥pott) + 2ELQA (P 1) + (=A)* (71A,8)

(2.20) Po Po
+ W (p,0) + W (p, Pu, ¥pou, 6) ,
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where 1 )
¥ (0. 6) = ¥y, W3 7(0.6) = ¥, (VeT1A6) 2 W1 (p) + 957 (6).
P (p, Pu, Py, 0) = Py, P2 (p, Pu, (W), Pyt -+ Py, Ppou1)., 0)
d
+222[Y,,, A1APu + 242 Z[\Ppk, QALY Y pou
k=1
Here we applied that Qu = (‘Ppl‘Ppou, SRR ‘I’,,{I‘I’,,Ou) and the operators ¥, and A2 commute over R?.

Next, we rewrite the equation for 6 as
0,0 = —€ A20 + RAO + 14(=A)} (P pu0) + ¥ (p, Pu, P put, 6) + ¥ (p, Pu, ¥ pu, 6),

where

=W (p, Pu) + W57 (. 0)
(o, Pu, Py, 0) = P (p, Pu, (¥, Pyt -+ Py, Ppou), 0).
Let & = (¥pu, ) = (w), w,)". Then the system for & has the form

0D = —eN2@D + Vpid + ¥1,& + Vp,d + P2 (0, Pu) + (0, Pu, &),

with
IWON
_— (z%mxwl 0 ) v o [CA0H(E Awr)
D - A ) - ’
0 RAaw)? P 4 (-ADiw,
\PPO,ZwZ \PPO,I(p) \PPO(p Pu (D)
2 2 w — 2 w = — 1 ’ ’
\PBow ( \Pza_j s \P2 (P’ Pu) \Pg,2,l(p, Pu) s ‘Pl (p7 w, Pu) lP?2 (p’ Pu, (r)) .

The leading order of the symbol matrix L is given by

0 %P
L=, .
! (u 0
Here the off-diagonal terms of L, can be viewed as third order operators by the comment we made
after (2.14). By the symbol calculus, L; — L, is a second order WDO. Let B, be the leading order term
of the second order symbol By + (L; — Ly). Then B; is homogeneous of order 2 on @. Therefore the
system for & has the form

(2.21) 0, = —e N2@ + Wp@d + V1, & + Wp,& + Yoo, Pu) + ¥(p, @, Pu) .

Henceforth, we will use ¥,, without any sup-index to denote m-th order operators for the reason we
stated before Theorem 2.1.
Step 2. Diagonalization of ¥,. The matrix L, has eigenvalues A, = +i V7,74 €]} 0(€). Let

A VAT L[t 0
i ovarm) Flo a)

Then

A=t L L) AL =LA,
2(\/74/T1 Via/t :
Notation. For any w(x) nonnegative, let H;, denote the weighted Sobolev space defined as

HS = {u(x) : wu € H'},
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with the norm
el = llwul|as -
Note that for the weight function w = (x)> = 1 + |x|?, the norm ||ul|zs , is equivalent to the norm
(x)

Y jai<s K02 D%ul;2 for every u € Hg o

Both A and A™! are zeroth order symbols. The operator Wy is therefore a multiplication — i.e.
W, = Ad. Then as an operator, A is invertible on H*, H (3 N and H <‘ 2 for every s by A, and As.
Multiply (2.21) by A to obtain

0B = 0(AD) = —€ ANXG + A¥pd + AV, & + A5, @ + (0,A)d

(2.22)
+ AWp + A2 Pu + ¥\ (p, Pu, &) + ¥o (W, Qu) .

Rewrite each term on the right-hand side of (2.22) respectively to obtain the system for ﬁ First,
€AND = eNAG + € (Pp,A™)AD = e A2 + € Wi 5,

where Wi, = AA?2 — A2A and Wk, = Wi,A™! are third order ¥DO’s with seminorms bounded by the
constants ¢4 and 7.
Second,
AYp & = AV A7'B.
Because both A and A~! are of zeroth order, AWg A1 is still a second order (matrix) operator and we
use ¥, to denote this operator. Notice that there exists a T, > 0 depending on ¢, such that B, satisfies

2

(2.23) IBo(&, x,1)| < % Voo n € RIX[0,T1], 1¢1> 2R,
X

with ¢(; depending only on the initial data.

Next,
75\ (25aA, 0 i —i
AY A—l_l l fl/A4 dﬂ X A -
b 2 ( i T1/%4 0 RA\ VT[T VT[T
(o + k) A, 0 0 (-t + k) A,
d-1n ., 1p a1y 1g + ¥,
0 (7/.14‘ EK)Ax ( 7,u+ EK)AX 0
where ¥, is a first order ¥DO. Therefore,
0 ~Elp+ )AL
> _ (d- 1y d 2K P
AY¥Ypo = (7 5K ) xﬁ'ﬁ‘(( d- lla+ K)A 0 ﬁ"‘q}rlA ﬁ

Notice that although the second term on the right side of the above equation is of second order, there
is no contribution from the diagonal. Combine this term with W5, and use ¥p, to denote this new
second order operator and Bj satisfies the same property as B, in (2.23).

Next, we study the structure of A¥,,. Using the fact that AL, = LA, we have

AY,, =Y A+ (Yur, —Yia) + (Pra — VP A) =V A+ (Pu — Y A).

Let B, be the symbol matrix corresponding to the leading order of ¥, 4, —'¥A. By the symbol calculus,
d

By= ) (95L) (05A).

k=1
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By assumptions A; — Aj, there exist 15, cp > 0 such that

coalél?
|B(€, x,1)| < 232 :

Combine W5, with W5, and use W5 to denote this second order operator. Let

V(x,1) e R x[0,T>], [£>2R.

T3 = min{Ty, T}, o3 = min{co 1, co2} -
Then the diagonal of B satisfies that

003|§|2
B ia 9x’t S - b
Bt €3 )] < =755

For the rest of the terms on the right-hand side of (2.22),
(0,A) & = (0,A)A™'B = ¥y, AV A" =9, AV, A7 =9,

V(x,t) e RYx[0,T5], [£>2R.

Overall the system for ﬁ has the form

Of = —eNB + eWp,B + (%ﬁ + %k) AB+ ¥ B+¥sf
+Wa(p, Pu) + ¥ (p, Pu. ) + ¥o (W, Qu) .

Step 3. Diagonalization of Wg. Write

_ _ lPBH 0 0 \PBlz
Y5 = l}’Bdiag + \Pme‘ - ( 0 \PBzz * \Ple 0 .

We show in the following that ¥p . can be eliminated using ‘¥';. To this end, let

h(f’ X, t) = V%1%4|§|3 ) il(f, X, t) = h_l(f’ X, t) QR@:) .
Then ¥}, is of order —3 uniformly in # and ¥;\¥), = I +¥,, with '¥,, of order —1 uniformly in 7.
Define the operators

(2.24)

Ty = é\PBn\Pﬁ ’ Ty = _é V5, ¥, T = ( 12)

TQ] 0
and the diagonalizing transformation A of order 0
A=I1-T.

Because T is of order —1, its S° seminorm is of order O(R™!). Therefore by taking R large enough
one can assume that A is invertible on H*, H gx>2, and H jx>_2 with the operator norm between 1/2 and
2. The inverse of A is also of order 0 with operator norm between 1/2 and 2.

To diagonalize Wp, apply the transformation A to system (2.24). First,
EAAZ + eAWg, = eAZA + €(AA2 — A2A)AT'A + e(APR,A™)A = eA2A + P, A,

with Wgs = (AA2 — A2A)A™" + AWk, A™! being a third order ¥DO. The seminorms of W depend on
the constants ¢4 and 7.
Second,
AO = 0/(AB) - (B, MA™'AB,
where (,A)A~! is a zeroth order operator.
Next, by the facts that the symbol of T is in S ! and that
AlPBdiag - ‘PBdiagA = —T\PB

it is clear that A¥3,, = V5, A + V1A

+ \IIBd[agT s

diag
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Similarly,

— P,

anti

AY, :\PIA-FT()A, AY, =¥, + ¥,
For the term AY; — ¥, A, we have

A‘PL—‘PLA:‘I‘LT—T‘I’L:i(\Ph 0)(0 le)—i(o T”)(\Ph 0)

0 -Y,/\Ty 0 T>1 0 o -Y,
_ 0 Y, T, + Ty
—[¥) T2 + T2 ] 0 '

Because W, T, = T1,¥), + W1, we have
(VT + ToWy) = 2iTpY), + ¥ = —Wp, + ¥y,
—i(Vy T2y + T21¥y) = 21TV + ¥, = ¥, + V.
Therefore,
AY, + AY¥Yg,,.

Let7 = Aﬁ. Then the system for Z has the form

=Y, A+Y,.

07 = —€NZ+ e¥p,Z+ (L0 + k) AZ+ V.2
+ W, 2+ Wap + WaPu + Wi (p, Pu.2) + Wy (o, Pu, 2, ¥, Qu) ,

where Rj is a third order operator.
Step 4. Regularized Pu and p. By utilizing the dispersive operator ¥, as in Step 3, we can eliminate
the second order term including 6 in the equation for Pu and the first order term pV, - u in the mass
equation.

To this end, write 6 in terms of 7 = (z;, zo)”. Recall that 7 = AA@ where A and A are both invertible.
Solve @ in terms of 7 to obtain

> 1Al (A A > i —i A1z +A12Z2
G=ATATz= AT (0 M)z = [ :
¢ (A21 An)® T 2\VETE VaTE ) \Auz + Anz

(2.25)

which shows that
0 = \T4/TI(A1 + Aoz + (A + Ap)2) .
Hence,
o =Y, (@(An + Azl)) 21+ (@(Alz + Azz)) 22

A

= \PFIZI + \PFZZZ .
Because Ay is of zeroth order for all 1 < &,/ < 2, ¥, and Pr, are both second order operators with
seminorms bounded by the constants ¢4 and 7.

Now define
Tl = i\PD\P}Nz , T2 = i\Prlelil .
The operators 7 and T, are of order —1 and
Tl\Pih + lPl"] = _\Pl"l\szlPh + \Prl N —TzlPih + \Prz = _\PFZTE\Ph + \Prz s

are both first order operators. Upon applying 7'} and T, to the respective equations of system (2.25),
we find that 7'z, and T»z, obey

0(T1z1) = —€ AUT1z1) + € Yr,z1 + T1¥az1 + Wi(o, Pu, ) + Yoo, Pu, 2, ¥,0u),

(2.26) R
0(T2z0) = —€ AU(T22) + € Yryzo — T2Winza + Wi(p, Pu, 2) + Yoo, Pu, 2, ¥,0u),
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where R4, Rs € S2. Upon adding the equations in (2.26) to the equation for Pu in system (2.15), we
see that ¥ = Pu + T z; + T»2, satisfies

(2.27) 0,y = —€ Ai)7+ €WVr,21 + € Przo + A Y + Wop + Wi (0, ¥, 2) + Yolo, ¥, Z, ¥, 0u),
where Ry, Rs € S°.
To eliminate the term pV, - u in the mass equation, write
pVe-u=pV,- Qu =Pz + ¥,z
Define the operators
T3 = l.lljr3qj;l . T4 = l"‘Pn‘P}”l .
Then T3 and T4 are of order —2, while the operators 753¥;, + ¥r, and T4,'¥';, + W¥r, are of order zero.
The equation for o = p + T3z; + T4z 1S
(228) af@ = —€ A)ZCQ + E\PRGZI + 6lPR7Z2 - VXQ ‘u+ \PO(Qa .)—})? Z)’ quQM) ’

where R¢, R; € S2.
Step 5. A further transformation. Before defining a further transformation, we prove the following
lemma which is an extension of Lemma 2.1.

Lemma 2.2. There exits T* > 0, depending only on the constants in ‘A,, ‘Az, and Lemma 1, such that
for every t € [0,T") one has

2
HHth = {HRh’ p} (f? X, t) > %% - 52 s V(é‘:, .X) € Rd X Rd ’ |é‘:| > 2R’
X

where ¢, depends only on a and c.

Proof. By definition,

d
Hap = ), (061 9p = 0.1 9,p) O + 7

j=1
d

Hypinp = Z (agjh’” Ox;p — 0,;h" O, p) O + 1",
=1

where
d d
r=) hogbpdyp, =) h"O0rdp.
J=1 j=1

By the definition of (&), we have d;,0r compactly supported. Therefore, r, r" € §° and the bound
of their §° seminorms depends only on the constants ¢y and . For |£] > 2R we have

deh=3\riteg; . Ogh =0, (V).

Thus, it follows from assumption A; that

C()’4TSF

(x)?

Co,5 T

(x)?

|a§]h(§’ X, t) - afjh(g’ X, O)l < |§|2 »

04, h(E, x, 1) = O h(E, x,0)] < =&
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Therefore, there exist ¢ ¢, o7 > 0 such that

d d
Hognp = Hognp| < D |0c,h = 06 0| |0.,p] + D |0,h = 01| [0, p| + Irl + 17"
j=1 j=1
CO’GT* )
< +Co7.
IR + cor

Choosing 7" small enough and applying Lemma 2.1, we have

55 JakP

TG T2 g — 6
(x)? X

where ¢, = ¢; + co7 depends only on @ and cy. O

Hognp 2 Hoprinp — |H9th - HaRhi"P| > (c1 = co6T™)

To construct a further transformation, let
q1(€, x) = exp(Mp(£, x)0r(£)) , q2(€, x) = exp(— Mp(&, )Or(E)) »
where 6x(£) is again the cutoff function and M > 0 to be chosen. Then
Y, ¥, =1+Y,, Y, ¥, =1+Y¥,,

with r, r; € S7!. Thus ¥, and ¥, are invertible and their inverses are of order 0 for large R.
By the calculus of symbols, we have

Wiy, — Yo W = Yoiingy + W1,

with

d

th,q1} = Z (a‘_‘fjh 0x;q1 = O;h afﬂ‘)
j=1
d d
= Z (65].]1 MaxjpeR - 6xjh(M6§/p)9R)ql - Z (axjh Mpﬁé.-jHR) qi1 .

J=1 Jj=1

Hence,
{h,q\} = M6r(&) (Hyp) q1 + o .

Therefore

Wiy, — Vg, Yin = Yuoerp¥q + ¥1.
A similar computation shows that
Vi¥y, =¥, Vi = —Yumoer,p¥o, + 1.
Step 6. Energy estimate. Consider the system in the following variable

S (Yo 0 )2 gs
a—(O \qu)z—‘{’z.

. .. . pol . .
Notice that W is invertible and ¥~' = Oq ! p-118 also a matrix of order 0.
q2

To compute the system for @, multiply system (2.25) by P.

0,0 = V0,2 = e WA+ eWWp 7+ W (i + JR) AT+ WP, 2

+ lP\PBdiagZ)-i- \P\PZ(Q,}_])) + TTI(Q?}_])’ Z) + lP\I’O(Q7)_])a Z\Pun) .
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Evaluate each term on the right as follows. First, there exists a Rs € S* such that

—€PA2Z + €PWr,7 = —eA’d + eV a.

Second,
Y(Ea+R) Az = (Sa+k)wAY'd+ @
¥, AP 0

_ ﬂ PN A q1=x g — -
= (4 ﬂ”)( 0 \quAle;;)‘”‘Pl“
= (G +R)Ad+P\a.

Similarly,

Y¥s,..2 = YW, Y 'Z= Vs, @+ ¥id.
Next,

T\IIZ(Q’)—))):\PQ(Q’W7 TT](Q’)—)))ZTI(Q’)_;),
YWY, 7= Y9,V '@ = V@, YY,7 = P, ¥ '@ = Yo,

For the dispersive part,

\P\PLZ): lPLd’) +

W, Wi — Vo ¥, 0 2
0 —(Vg,Win —¥Yin'¥y,)

o [—PumeeH 0 >
=V¥Y,a+ REnP Y7+ ¥,@.
L ( 0 —‘PMBRth) z 1

Therefore, the system for @ has the form

0 _lIJMGRth
+ \PBd,-agd,) + \PZ(Q’)_))) + ‘Pl(g9 &)ay)) + \PO(Qa C_Y)’)_))a \Pun) .

Now we derive the energy estimate for (o, @, ¥, ¥,Qu). First, we multiply (2.29) by & and integrate
over R4 to obtain

d-1 -y 0
> _ 2 - d—1 ~ 1s N o MogHyp .
(2.29) 0@ = —e Ni@ + € Wr,@ + (i + 2/<)Axa+qua+( kHi )a

dit(c?, @y =(0,@, @) +(a, 0,@)

= —€(A2@, @) — (@, A’Q) + € (P, @, @) + €(@, Vg, )
+ <(%ﬁ + %R) A, c_f> + <c?, (”%“ + %k) Axc?>

+ <\PL&)7 d/)> + <&’ lPL(i/)>

_lPMQRth 0 5 o - _lPMQRth 0 -
+ ) +\a,
<( 0 ~Pusgrn) )T\ 0 P stonitn)

+ (¥py,, @ > @) +L@, Vg, @) + (oY, @) +(@, ¥2)

+ (W0, @) +(@, Yy0) + (V1 @, @) + (&, V@)

+(iy, @) + (@, Y1) + (Yo, @) +<a@, Yi0)

+ (WPod, @) + (@, Pod) + (¥oy, @) + (@, ¥p))

+ (Yoo, @) + (@, Yoo) + (Y0¥, Qu, @) + (¥,0u, ¥oa@).
Now estimate each term above. For the terms containing €,

—e(AX2, @) - (@, A2@) = —2¢ |\, .
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Because R, € S?3, it is clear that
€ [(Prd, )] + € [(@, Prd)| < €carlldl’ | < 2 lIAI + € callally,
For the dissipative term,
(5 30 a)+ (7. (74

where co7 > 0 depends only on o™,
Next, by the calculus it can be shown that

(W.@, @)+ (@, ¥, d) = (@, Vs, @,

R) @) < —coalIVdill2 ze, + caslldll

12>

I\JI'—‘

L2(R?)

where

5 _(Bun 0 A 2 d _
Bdiag—(o 322), 1Bl < <>2|§| Y(x,0) e REx[0,T4], [6l22R, k=12.

N . A ) ) . B
By the fact that B, is real, we can combine %Bd,-ag with By, and still denote it By;a, = ( dl BO )
2

Notice that |By| < C°<1°>|f E for k = 1,2. By taking M large enough we have
£1*

—MOgH,p + |Bi| < co11 — %Co,qw-

The choice of M depends only on the initial data. Let ¢ = ¢(,. Then ¢’ depends only on the data.
By the sharp Garding inequality,

—Ypropm,p + Bii 0 o -»> <-> —Y popH,p + Bii 0 >
a,a)+(a, a
<( 0 —Yuopmp + B2 0 —Y mogH,p + B2
<@, - Re <(‘P“"f'2/<xﬂ 0 )&, &>
H2 0 Feep 2

lII 7112 2 O
< Al + e llGIR. — R IR /() v, a) .
<l + cyllall;, — Re 0 Werrer iy e

For the operator ¥,z /(,2, because

\Pc’|§|2/<x)2 = W\PL g t Y, ‘ch,‘glz = —C/Ax s
and
1 1
_WAX V (< >2 ) + \Pl 5
we have

A

\Il 71£12 2 0
Re ([ Yererico ) a.
<( 0 Vo

>> 'fRd( 7 |V al* dx — (I3, + ¢, 12, ) -
For the first order terms W, (&, ¥, 0), let n > 0 be small enough. Then

K¥1@, @)+ K@, Y1d)| < nlIVadll7, + cag Il
(P15, @) + K&, Yidl < n IV + can 1117
(P10, @ +Ka, Pi0)l < nlIVedllz, + can lloll7 »

with ¢4, depending on 17 and the bounds c,.
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For the term W,¥, by assumptions A; and A3, we can choose Ts > 0 small enough such that the
symbol of this second order ¥YDO, denoted as F satisfies |F| < g’—;ilflz for every (x,1) € R x [0, Ts).
Therefore we obtain the bound

=2 =2 - 1 |
(PR, &+ [@. Pr| < nlIVII + o f d waaﬁ dx,
R

where ¢, depends on 17 and the data.
For the W,p term, we need to estimate the H' norm of o. First, the L? estimate of o shows that

d >
(2.30) %allglliz < callolly, + @117, + 117, + IV, Qull? .

Differentiate the equation (2.28) for o with respect to x;, 1 </ < d and multiply by d,0 we obtain
the following equality

d
1l - 4 f 0101V, - u dx + f Di0Vi0 - du dx
t Rd Rd
= —€e(A2(010) , 010) + (€ 0/¥r,z1 , 010) +(€0/¥r, 22, 010) + (W'1F, Bi0) + (P17, D10) .
Therefore, the energy inequality shows that
d 5 R
(2.31) %d—tllazglliz < cayliolly, + €ll@l, + nlIVHlL. + nlIViall; .

By combining (2.30) and (2.31) we obtain the energy estimate for ||Q||12ql as

d 5 5
(2.32) %allgllil < canllolt, + VAL +nlV.a@lly, + 115, + 1717, + 1V, Qull7, -

Upon adding the above estimates together we conclude that
L1012, + o) + & [ IV.aIP dx < —LelAGE, + & (I1E + ol + I, Qull
all7, + llollz cRd @l["dx < =Je||Aallr, + ¢l + ol 4 Qull7,

dr
+ IV, DI + 0 IV (P, DI + IVl .
That is

d 112 2 lAf )
a7 W1l + lelty ) + 3¢ | lIviali™d
(2.33) dr (”a“L ol ) 2¢ y IV~ dx

1 2 ~ 2 2 2 2
< —LellAal7, + & (1@, + lloly, + I, Qull?.) + con IV .

by the fact that g, ¢> € S® and their norms are given by the initial data. Here ¢, depending on n and
the initial data, ¢ depending on c4, @, and ¢ depending on y, «, @, and d.

Next we check the energy estimates of y. From equation (2.27), it is easy to see that the energy
estimate for y is as follows.

d - -
(2.34) %d—tllﬂliz + collVl, < nellAa@lly, + can i@z, + caylloll7, + ca (Ilﬂliz + ”\Pun”iz) .

Take n sufficiently small and add up (2.33) and (2.34).
Multiply the equation for ¥,Qu in (2.20) and integrate over R?. The L* estimate for ¥,Qu is

1d S
(2.35) S I, Qul, < ¢ (IR, + 115, + ol + ¥, Qull,)

Then the energy estimate for the entire system is written as

d e e d > 2
236) - (llelify +1I@. 3. ¥y Qul}:) + collVi(@. 3. ¥, Qullz; < ea (lloly + @, 3. ¥, Qul,)
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By the Gronwall inequality we have

T
sup (lloll?, + (@, 3, W, 02, ) + f V@, PIIF.(s) ds
0

0<t<T
<™ (llo(O)II2, + (@(0), 5(0), ¥, Qu(0))2.)
<< (lloO)ll7, + II(@(0), 50), ¥, QuO)I.) ,

where ¢’ depends only on the initial data and 6, which is the lower bound of p, 8, K, depends on c,, @y
and T > 0 is chosen to be small enough such that the second inequality is true.

Hence, using the fact that the equivalence of [lol2, +|@II7, + 7117, +(1¥, Qull?, and [|oll?,, +lull7, + 11617,
depends only on the data, we conclude that there exist 7 > 0 depending on c4, @, and ¢ > 0 depending
only on the data and @, such that

sOuT;;(nanl + G, O)II7.) (1) + f IV, )17 Cs) ds < e (Ilo™ I + ™, 6M)I1,)) -

This completes the proof of Theorem 2.2. O

3. A Prior1i ESTIMATE

Based on the linear estimate (2.19), we can now establish the a priori estimate for the nonlinear
regularized system (2.3), which has the abstract form

o,U = —e N*U + L(U)U,
U()C, 0) — (pin, uin’ ein) ,
where U = (p, u,0) and L is given by (2.11).
We begin by defining the following norms. Let s > s, be two integers such that

(3.2) s1>d/2+6, s = max{s; +6,N +d/2 +4},

3.1

where N = N(d) is given in A,. Let p, # > 0 be two constants such that the initial data (o™, u™, 6')
satisfy (1.6). For (p,u,0) : RY x [0, T] — R x R? x R satisfying

p—peCIOTIH™),  (u,6-0)€C(0,T];H"),

(3.3) 250 ) y
(x0%p,u.0) € C(0,TI; L%,  YaeN' 1<lal<s,
define
o = 5. u, 0= B)lllr
= sup | lo(t) = pll+ + 1,60 = Dl + D0 (K20 + 1K)205 (s, O)(D2)
[0,T] I<al<s +1
Define
_ in - in pin 0 2 na in 2qay/.,in pin
A= 10" = Bllgsst + 1™, 0" = Dll + >~ (K20l + 0002, 68))2) < o,
1<|al<sy

Suppose there exists a constant @y > 0 such that p™, 8, u(6™), k(6™) > 2ay > 0. Given T,M > 0,
define the space X7y by

Xra = {(o, 0,0t %) : i —pu,0 = Dlllr <M, p,0=0a0>0, (p,u,6)0) = (", u",6™)} .



20 C. DAVID LEVERMORE AND WEIRAN SUN

Let
(3.4) My = 4ca,
with ¢ being the constant in (2.19). Suppose 2¢ > 1. Then the a priori estimate for system (2.3) states

Lemma 3.1. Let p,0 > 0 be two constants and U = (p,0,0). Let U = (p,u,8) be a solution to
system (2.3) satisfying (3.3) with p,0 > ay > 0. Then there exists T,, > 0 independent of € such that
U - U|||T,,O < My, where M, is defined in (3.4).

Proof. First, by the linear estimate for (3.1), there exists 7 > 0 independent of € such that

sup (Ilo(5) = Pl + Il 6 = O)D)lz2) < Mo .
[0,T1]
Next we check the bounds of (p — p, u, 6 — 6) in higher order norms and norms with the weight
(x)>. For any multi-index @ with 0 < |a| < s, apply 8¢ to the nonlinear system (2.3). The resulting
system for O{U = (0%p, 0%u, 090) is

3(35p) = —e AUTip) + LIU)GLU) + ¥( (Tp, F%u) + fro
(3.5 0:(O5uw) = —e AYOu) + Ly(U)OTU) + W5 0%p, 810) + V1(LU) + Yo(BLU) + for »
0(830) = —e AXD70) + L3(U)BLU) + Vo (3p, Ou, 810) + V1(OLU) + Po(OLU) + faz

where y denotes any multi-index satisfying |y| = |a|, and (f,0, fo.1, fo2) are functions depending
on (07U )lg| lal1- Assuming that the lower derivatives of orders no more than |a| — 1 of (o, u, 6)
are bounded, we treat them as forcing terms. The coeflicients of the additional second order terms
¥, depend on V!'U where v, is any multi-index such that |y;| < 3. Those coeflicients satisfy the
assumptions Ay, A,. The coeflicient of ¥, ¥, in the above system also depend on V}>U for any y,
such that |y,| < 3. The assumptions A, A, are also satisfied for L, L,, L3 when the solution U
satisfies (3.3) with s, s; given in (3.2). Therefore, we conclude that the same linear estimate (2.19)
applies for d¢(p, u, 0) for every 0 < |a| < s — that is, there exists 7, > 0 such that

T,
sup (I1ol17 e + 1t O)I12) + fo IV,(2t, O)]17,,(5) ds

[0.,T2]

1>
iny 2 j j 2 2
Sc(np’"n,,t,w 160+ [ o a,l,ﬁ,g)ny(s)ds),
0

where ¢ depends only on the data and ay. Because (f,0, fo.1, fo2) € L7(0, T,; L*(RY)), the last term
including the forcing can be made arbitrarily small by taking 7, small. Therefore, there exists a time
T5 > 0 independent of € such that

(3.6) sup (llo = pll=r + 166,60 = Dl ) < Mo/2.
[0,73]

Next, we estimate the bounds on (x)2(9§(p, u,0) for 1 < |a| < s;. We will show that the system
for (x)zaﬁ (p, u, 0) has a similar structure as those for (p, u, ) and 95 (p, u, 6) so that the linear estimate
(2.19) again applies.

For each 1 < [ < d and multi-index 3 such that 1 < |8| < s, + 3, the system satisfied by x; &>U has
the form

Oi(xidip) = —e A(x,05p) + Li(U)(x,05U) + Wo(x,0p, x10%u) + fio
0(x;0%u) = —e A(x,0%u) + Ly(U)(xi2U) + Y2 (x,0%p, x,070) + V1 (x,07U) + Po(xidLU) + fi1,

0,(xd0) = —€ N (0 d0) + Ly(U)adU) + ¥2(x@U) + Y1 (00 U) + Yo dLU) + fia,
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with ¥y € N such that |y] = |8|. Similar as in (3.5), we have the coefficients of ¥,, ¥, ¥, sat-
isfying A, A, and (fio, fi1, fi2) depend only on the H**6 norm of (p,u,6) and thereby is well-
controlled when s > s, + 6. Consequently, the linear estimate holds for (xlﬁfp, xlafu, xlaﬁe) for each
[=1,2,---,d, that is, there exists T4 > 0 such that for every 1 < [ < d and multi-index vy such that
0< b’l <851 +2,

Ty
sup (11 Vol + 112 Vi, 01121 ) + f IV, (x; 1, X, 6)) 1 (5) s
[0,74] 0

Ty
gc(nx,vxpmni”+||x,vx(um,9’")||i,y1 + f II(fz,o,ﬁ,l,fl,z)lliz(s)ds)-
0

Similarly, for each 1 < I < d and multi-index « satisfying 1 < |e| < sy, the system for x7 92U has
the form

8,(x,26;’p) =—¢ Ai(x,zaip) + £1(U)(x,283 U)+ \Po(xfa;p, xfa;u) + 810,
0,(x70%u) = —e A2(x70%u) + Lo(U)(x;0°U) + W (x767p, x;070) + V1 (x;"U) + Wo(x;0°U) + g1 »
0/(x70%0) = —e AX(x70°0) + L3(U)(x]0°U) + Yo (x; ' U) + ¥, (x;0°U) + Po(x;0°U) + g12

X

where g, = gix ((x,@}r‘ (0, 1, 0), 07 (0, 1, 0)), 7, (<51 43. (0ol +2) for k = 0,1,2. Again the linear estimate
applies. Therefore, there exists Ts > 0 sufficiently small such that for every 1 < |a| < s; — 1, we have

Vi (x,2 U, X7 Q)HZM (s)ds

Ts
2 2 2 2
sup (10 Voplly + 17 V. 1) + [
[0,T5] 0

Sc(||xl2prm||éa+||x,2VX(u’”,9m)||iI(,_1+ f ||(gz,o,gz,l,gz,z)IIiz(s)ds).
0

Thus, by taking T = min{73, T4, T’s} sufficiently small, we have

(3.7) sup[ D K2l D] ||<x>za';2(u,e>||LzJSMo/z.
1<|a|<s1+1

[0,T6] 1<]|an|<s1

Upon adding (3.6) and (3.7), we conclude that there exists T,, > 0 independent of € such that
(3.8) o — p,u, 0 = O)lllz,, < M.
We thereby finish the proof of Lemma 3.1. O

4. LocaL ExXisTENCE PROOF

Based on Lemma 3.1, we can now prove the local existence of classical solutions to the nonlinear
system (1.1). To show this, we first establish the existence of solutions to the regularized DNS system
in Lemma 4.1. Then using Lemma 3.1, we conclude that the sequence of solutions to the regular-
ized system exists on a time interval which is independent of €. Finally, in the Main theorem, the
convergence of this sequence of solutions is proved. Uniqueness is also proved in the Main Theorem.

Let U = (p,u,6), U = (p,0,,0), U™ = (o™, u™, 0™) where U™ satisfies the condition (1.6). Define
the operator I' = I'. on X7, by

(4.1) T(p,u,0) = T(U) = e ™ U™ + f e IR LU dr
0
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Then
(4.2) T(o,u,0) — U = e U™ - U) + f e ON(LWUNU - D)) dr .
0

Use the contraction mapping theorem to show the local existence of the solution to the regularized
DNS system foreach 0 < € < 1.

Lemma 4.1. For each € € (0, 1) there exists T. = O(€) such that the operator T defined in (4.1)
defines a contraction mapping on Xr_y, where M, is defined in (3.4). Therefore, the regularized
system (3.1) has a unique solution in Xr_,.

Proof. Study the semigroup generated by —eA2. Let 8 be a multi-index such that || = 3. Then for
any g € L2,

C
A2
19 e gll> < rrglsllz

where C > 0 is a generic constant. Because L is of order three, for any multi-indices a;, @, such that
lai| € s+ 1, |as] < s, we have

Ts,l
sup (192 (T(0) = p) Iz < 192" (0" = )z + f
0

[0.Te1]

agl e—E(Teyl—I/)A)Z((Ll(U)(U _ U))HL2 (t/) dt,

o, T4
i — 57 el 2
<105 (0" = Pz + —7= M5

sup 1162 (T(u, 6) = (0,0)) ll> < 1102 ™, 6" - B2
gre TN (L, L) (W)U - O)| 1) dr

[0’2 EA,I]
76,1
f
0

, cosT.) 5
<119 (", 6" = B)li> + —= M5 (1+ M) .

where ¢ ; > 0 depends on ay, s, and k; > 0 depends only on s. Therefore,

1/4
0,54 1

(4.3) sup |IC(U) = Ullgs < U™ = Ullgs +

M2(1 + M} ) <A+ My/4 < My/2,
[0,T¢1]

by choosing T.; = O(€*) small enough.

Next, we show that the weighted norm ;< [{x)?0°T(U)||;> is also bounded by M,/2 for a
sufficiently short time. The argument is similar to the one in Section 3. Notice that for any 1 </ < d,
|| < 51+ 3, a direct calculation shows that x; d{T'(U) satisfies

9, (x,0°T(U)) = —e A2 (x,0°T(U)) + LU) (5, 0°U) + F ,

where F = F (éfj L), o U)M Bl<s 46 is a C* function in its variables. Because I'(U) and U are

bounded in L>([0, T, ]; H®) for s > s, + 6, the function F is bounded in L*([0, T.]; L?). Moreover,
there exists a polynomial Q;(x) > 0 such that

sup [IFll2 < Q1(Mp).
[0,Tc1]
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Using the fact that x; 3?U is bounded in L? for any @ < sy, similar calculation as above shows that for
Te,2 < Te,la
1/4
@ « 7 7in Cosmten
sup > ATl < ) Ik dtU" e +

(0T, e3/4

M; (1 + M](;s') + Tep O1(Mp)

2] 1<|al<s 1<|a|<sy

<A+ My/4 < My/2,

by choosing T, = O(€?) small enough. Here co.s; > 0 depends on ay, s;, and k;, > O depends only
on sg.
Similarly, foreach 1 <1< d, )cl2 0¢I'(U) satisfies

3, (x7 0°T()) = —e A2 (x] 5T(U)) + L(U) (x] 5U) + G,

where G = G (x, T T(U), x, 07U, 8°T(U), GZU) is a C* function in its variables. Be-

lo1Lloa LIyl Bl s1+3

cause x; d7I'(U) is shown above to be bounded in L*([0, T¢]; L) forany |o| < s;+3,and [(U), U are
bounded in L*([0, T,]; H®) for s > s; + 6, the function G is bounded in L*([0, T¢»]; L?). Moreover,
there exists a polynomial Q,(x) > 0 such that

sup [|Gll2 < Q2(My) .

[0.T¢2]

Using the fact that x7 97U is bounded in L* for any @ < sy, a calculation similar to the one above
shows that for 0 < T3 < T,

1/4
co’sl TE,3

sup >0 ATz < ) I d UMl + —5

ks
4.4) ) MG (1+ My ) + To3Qx(M)
. [0,Te,

3] 1<]al<s 1<]al<s)

<A+ My/4 < My/2,

by choosing T.3 = O(€’) small enough. Here o5, > 0 depends on «y, s, and k;, > 0 depends only
on si.
For the positivity of I'(p) and I'(6), notice that I'(U) satisfies the linear equation

T (U) = —e A’T(U) + LU,

with £(U)U sufficiently smooth. Therefore, for the initial data p™, 8" > 2aq > 0, if we choose T4
small, we have I'(p),'(8) > a( > 0.

Upon combining the positivity with (4.3) and (4.4), we conclude that I maps X7, y, into itself for
T. = min{T};_, sufficiently small.

To show I'(U) is a contraction mapping on X7, y,, for any U;, U, € Xr_y, consider the difference
equation for I'(U,) — I'(U,):

d(T(U) = T(Uy)) = —e AT (WU)) - T(Uy)) + (LW = LW)U,).
Similar calculation shows that there exists a polynomial Q3(M,) such that

UL = TUDNxr, 0, < Cessi T Q3(Mo)IUL = Ualllxy, .y, -

Therefore, by choosing T sufficiently small, I" : X7_, — Xr_u, 1s a contraction mapping. Therefore,
there exists a solution (p, u, 6) € Xr_y, to the regularized nonlinear system (3.1). O

We show in the following lemma that the lifespan of U can be extended from 7, to 7y > 0 which
is independent of e.



24 C. DAVID LEVERMORE AND WEIRAN SUN

Lemma 4.2. There exists Ty > 0 independent of € such that the solution U = (p, u, 0) to the regular-
ized system (2.3) exists on [0, Ty] and satisfies that |||U||lz, < M.

Proof. The proof is done by a bootstrapping argument together with Lemma 3.1. We need to show
that there exists 7y > 0 independent of € such that the bounds p, 6 > @y > 0 hold over [0, T,]. These
bounds together with Lemma 3.1 imply that |||U]||z, < M,. Because the right-hand side of system
(2.3) is bounded by a function of M, independent of €, we see that ||(d,0, 9,0)||.~ is bounded with an
upper bound independent of €. Therefore, the time interval over which p, 6 are strictly bounded below
by a; depends only on M. In particular, it does not depend on €. That is, given p™, 8" > 2a, > 0,
and |||U|llz, £ My, there exists T independent of € such that p,6 > ay > 0 over [0, T]. Therefore,
there exists Ty > min{T, T,,}, where T,, 1s given by Lemma 3.1, such that p, 6 > «, over [0, 7] and
U7, < Mo. o

Finally, we state and prove the Main theorem.

Main Theorem. Under the hypotheses that the Hamiltonian flow generated by the the symbol

R™(&, x) = \T1(x,0)%4(x, 0)&]°

is nontrapping, there exists N = N(d) € Z* and two constants p, 6 > 0 such that given the initial data
(o™, u", 0™ satisfying the condition
o™ = Bllr + 1™, 6" = D)l + > (V%" it + K205 W, 6")|2) < o0,
1<]al<sy

where 51 > d/2 + 6, s = max{s; + 6,N + d/2 + 4}, there exists Ty > 0 independent of € such
that system (2.2) has a unique solution (p¢, u¢, 6%) in Xr, m,- Moreover, there exists (p, u, 0) such that

o —p € C(0,Tol; H) N L=([0, Tol; H**Y), (u, 6 — 6) € C([0, To); H=Y) N L=([0, Ty ); H®) satisfying

o —p—p—p in C([0, Tol; HY),
(u€, 65— 8) — (u, 6 —0) in C([0, Tol; H™Y),
W — (Y imcqo. Tk HY, [ CCTY
(x)?0% (s, 6°) — (x)*0°(u,0)  in C([0, Tol; L),

forany 1 < |a| < sy and (p, u, 0) is the unique solution to the original DNS system (1.1).

Proof. The first part has been shown in Lemma 4.1 and Lemma 3.1. The convergence of approxi-
mate solutions (o€, u¢, 6°) is shown by the standard high-low technique [13]. Basically, we will show
that (o€, u¢, ) converges in C(0, Ty; L?). Then by using the interpolation and uniform bounds on
(0%, u¢, 6), we prove the convergence of (o€, u¢, 6) in C(0, To; H*™).

Fore, e > 0,leto = p — p,v =u —u,n = 6° — 6 and study the system for (o, v, 7).

8,0 = —€Alo — (e — €) A2p® + L1(p%, us, 60, v) + o1 (0, v),
(45) (91\/ = _EAJZCV - (E —€ )Aiuf + LZ(pEa ué, 96)(9’ Vv, 77) + lPl,Z(Q, v, n) P
0m = —€ Ny — (e = €) A6 + L0, u, 60, v, m) + W13(0, v, 1) .

where ¥, ; are k"-order ¥DOs with their coefficients depending on (o€, u€, 6€) and (o€, u€, 6¢) for
k=0,1and j=1,2,3. The terms in ¥, »(o, v, 7) involving x and 7, have the forms

1 p(°) — pu(6°)

—V,- D | - YD.u].
o T e e u )Du” ]
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The terms in ¥; »(0, v, ) involving 7, have the forms
17 (6°) = 71(69)
pe 9 — 96’
The terms in ¥, 2(0, v, n7) involving A defined in (2.2) have the forms
i A[)(pE, 96’ prf’ VXGE) _ A/)(pE, 96’ prf’ VXHEI)
0y, 6¢ — 0, 6¢

1 NANV + 0t ——1,(0)A V.6 .

€ €
P

Ox,1 : Vop©

m=1
N i AP(p°, 65, V,0%, V,68°) — AP(p<, 6%, V,p° , V,6)
a)CmpE - axmpsl
+ Ap(pe’ 06, prsi, Vxef,) - AP(PE, 95” pré,a Vxef’)

95,0 Vip©

X
m=1

 V2p€
06 _ 96/ 77 xp
AP, 0 Vo Vi) = AP0 0 Vo V) s
+ - o:Vip©.
pE _pE

The rest of the terms in ¥ »(o, v, 17) involving A? B°, B?, as well as terms in ¥, 3(0, v, 1) have similar
forms as above. The zeroth-order operator in the p-equation in (4.5) has the form

Po1(0,v) = =0V, - u€ —v-Vp© |

It is clear that given (o€ — p, u¢, 6¢ —6), (pf' - P, u, ¢ —0) e Xr1,.m,- the linear estimate applies to
the above system. Therefore we have

To
sup (llollz, + 1I(v, II3.) < c(e — €) f (1A20°C. )20 + IAZUC, )2, + IAZ6°C, )2, ) ds
(4.6) (0.1 0

< C(E - Gl)T()MO .

This shows that (o€ —p, u¢, 8¢ —6) is a Cauchy sequence in C([0, To]; L?). Because it is also a bounded
sequence in L*([0, Ty]; H*) we conclude that it is a Cauchy sequence in C([0, T]; H*~"). Thus, there
exists (p, u, ) such that (p¢ — p, u¢, 8¢ — 0) — (p — p, u, 6 — 6) in C([0, Tol: HY). By the weak
compactness of (p€ — p, u€, 6¢ — 6) in L=([0, Ty]; H*) we see that (o, u, 0) € L¥([0, Ty]; H).

By Fatou’s Lemma, for all @ € N9, 1 < |a| < s,

(0 35(p = p) € L2([0, Tol; H),
(x)? 87 (u, 6 — ) € L*([0, To]; L),
By interpolation it is clear that for each 1 </ < d and each @ € N with 1 < |a| < s; one has
x05p° — x;05p  inC([0,Tol; HY),
X 00U — x;0%u in C([0, To]; L), ase — 0.
x0%6° — x,0%9  in C([0,To]; L%),

Apply 8 to the system (4.5) for (o, v, 7) and multiply the result by (x)*. Using a similar argument
as the L? convergence (4.6), we can show that for each @ € N with 1 < |a| < s, one has

(00" — (0)°0%p  inC(0,To; H'),
(xX)?0%u* — (x)?0°u  in C([0,Tol; L?),} ase—O0.
(x)?076° — (x)*0%0  in C([0, Tol; L?),
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Based on the above results, we see that if we let € — 0 then (p, u, 6) will be a classical solution to
the nonlinear system with (p, u, 8) € C([0, Tol; H*™) N C'((0, To]; H**).

To show the uniqueness of the classical solution, notice that if U; = (o1, uy,6:), Us = (02, U2, 6>)
are two solutions with the same initial, then the difference U; — U, satisfies

4.7) 0(Uy = Uy) = LIUNU, — L(U»)U>, (U = U)(x,0) =0,

Similar as we have done for (4.5), the difference equation (4.7) has the form
0/(Uy — Uy) = LW (U, — Uy) +¥1(Uy — Us).

By the linear estimate in Section 2 with € = 0, we have

sup [U; = Usllz < c|l(Uy = U)(x,0)|[;n =0,
[0,T0]

which proves the uniqueness.

The proof for the stability follows similarly by comparing the equations for d7' U, d7U, and the
equations for (x)?0°U, (x)*07*U, where a,a; € N? with 1 < || < s, 1 < |@a| < sy and the linear
estimates for the differences.

Hence, there exists a unique solution (p, u, 6) to the original DNS system (1.1) such that

p € C0.To): H) N C' (0. Tol: B?) n C (0. Ty): L)

(u,0) € C ([0, Tol; H™') 0 C' (0, Tol; H*) n C (10, Tol; HL')

with 51 > d/2 + 6, s = max{s; + 6; N + d/2 + 4}. O

REFERENCES

[1] Beals, M., Reed, M.: Microlocal regularity theorems for nonsmooth pseudodifferential operators and applications to
nonlinear problems, Trans. Amer. Math. Soc. 285 (1984), no. 1, 159-184.

[2] Calderdn, A. P., Vaillancourt, R.: A class of bounded pseudo-differential operators, Proc. Natl. Acad. Sci. USA 69
(1972), 1185-1187.

[3] Chihara, H.: Smoothing effects of dispersive pseudodifferential equations, Comm. Partial Diff. Eq., 27 (2002), no.
9-10, 1953-2005.

[4] Constantin, P., Saut, J.-C.: Local smoothing properties of dispersive equations. J. Am. Math. Soc. 1 (1989), 413-446.

[5] Craig, W., Kappeler, T., Strauss, W.: Microlocal dispersive smoothing for the Schrodinger equation, Commun. Pure
& Appl. Math. 48 (1995), 769-860.

[6] Hormander, L.: The analysis of linear partial differential operators, Vol. 111, Springer-Verlag, New York, 1985

[7]1 Kato, T.: On the Cauchy problem for the (generalized) Korteweg-de Vries equation. Advances in Math. Supp. Studies.
Stud. Appl. Math. 8 (1983), 93-128.

[8] Kenig, C.E., Ponce, G., Vega, L.: Oscillatory integrals and regulartiy of dispersive equations, Indiana Univ. Math. J.
40 (1991), 33-69.

[9] Kenig, C.E., Ponce, G., Vega, L.: Smoothing effects and local existence theory for the generalized nonlinear
Schrodinger equations, Invent. Math. 134 (1998), 489-545

[10] Kenig, C.E., Ponce, G., Vega, L.: The Cauchy problem for quasi-linear Schrodinger equations, Invent. Math. 158
(2004), 343-388.

[11] Kumano-go, H.: Pseudo-differential Operators, MIT Press, Cambridge, 1981.

[12] Levermore, C.D.: Gas Dynamics Beyond Navier-Stokes, preprint 2004.

[13] Majda, A.: Compressible Fluid Flow and Systems of Conservation Laws in Several Space Variables, Applied Math.
Sci., 53, Springer-Verlag, New York, 1984.

[14] Strichartz, R.: Restriction of Fourier transform to quadratic surfaces and decay of solutions of wave equations, Duke
Math. J., 44 (1977), 705-774.

[15] Taylor, M.: Tools for PDE: pseudodifferential operators, paradifferential operators, and layer potentials, Mathe-
matical Surveys and Monographs, 81, AMS, Providence, 2000.



LOCAL WELL-POSEDNESS OF A DISPERSIVE NAVIER-STOKES SYSTEM 27

[16] Terence, T.: Nonlinear Dispersive Equations, Local and Global Analysis, CBMS regional conference series in
mathematics, 106, AMS, Providence, 2006.

(C.D. Levermore) DEPARTMENT OF MATHEMATICS & INSTITUTE FOR PHYSICAL SCIENCE AND TECHNOLOGY, UNIVERSITY OF
MARYLAND, CoLLEGE PARK, MARYLAND 20742
E-mail address: 1vrmr@math.umd. edu

(W. Sun) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND, COLLEGE PARK, MARYLAND 20742
E-mail address: wrsun@math.umd. edu

Current address: Department of Mathematics, University of Chicago, Chicago, Illinois 60637
E-mail address: wrsun@math.uchicago.edu



