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Abstract
The formation and propagation of singularities for Boltzmann equation in bounded domains has been an important
question in numerical studies as well as in theoretical studies. Consider the nonlinear Boltzmann solution near
Maxwellians under in-flow, diffuse, or bounce-back boundary conditions. We demonstrate that discontinuity is created
at the non-convex part of the grazing boundary, then propagates only along the forward characteristics inside the
domain before it hits on the boundary again.

1 Introduction
A density of a dilute gas is governed by the Boltzmann equation
OF +v- -V, F=Q(FF), (1)

where F(t,x,v) is a distribution function for the gas particles at a time t > 0, a position z € 2 C R? and a velocity
v € R3. Throughout this paper, the collision operator takes the form

Q(F,Fp) = /R3 /52 B(v — u,w)Fy (v )Fy(v")dwdu — /R3 ; B(v — u,w)Fy (u) Fy(v)dwdu
= Q+(F1, F2) — Q-(I1, 1), (2)

where v/ = u+ [(v —u) - w]w, v =v — [(v — u) - w]w and

v—Uu

w)?

B(v —u,w) = "U*UPQO('U _— :

with 0 < v <1 (hard potential) and
/ qo(t - w)dw < 400, (angular cutoff) (3)
S2

for all 4 € S2.

If the gas is contained in a bounded region or flows past a solid bodies, the Boltzmann equation must be accompanied
by boundary conditions, which describe the interaction of the gas molecules with the solid walls. Let the domain €2 be a
smooth bounded domain. We consider three basic types of boundary conditions([13],[24]) for F(t,z,v) at (z,v) € OQxR3
with v - n(x) < 0, where n(z) is an outward unit normal vector at x :

1. In-flow injection boundary condition : incoming particles are prescribed ;

F(t,z,v) = G(t,z,v). (4)

2. Diffuse reflection boundary condition : incoming particles are a probability average of the outgoing particles ;

F(t,x,v) = cuu(v)/ F(t,z,v"){n(x) - v'}dv’, (5)

v’-n(x)>0

. . . v .
with a normalized Maxwellian = e~ 27, a normalized constant ¢, > 0 such that

s / ORI (6)

3. Bounce-back reflection boundary condition : incoming particles bounce back at the reverse the velocity ;
F(t,z,v) = F(t,z,—v). (7)

The purpose of this paper is to investigate possible formation and propagation of discontinuity for the nonlinear
Boltzmann equation under those boundary conditions. In order to state our results, we need following definitions.
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1.1 Domain

Throughout this paper, we assume the domain £ C R? is open and bounded and connected. For simplicity, We assume
that the boundary 9 is smooth, i.e. for each point zo € 99, there exists r > 0 and a smooth function ®,, : R? — R
such that - upon relabeling and reorienting the coordinates axes if necessary - we have

QN B(xg,r) ={z € B(xg,r) : &3 > Py (21, 22)}. (8)
The outward normal vector at 92 is given by
1
n(ry, s) = Op, Py (21, 79), Op, Py (x1,22), —1).
(71, 22) \/1+|Vx¢>(w17w2)|2( 1 Pag (21, 22), Opy Pay (41, 22), —1)

Given (t,z,v), let [X(s),V(s)] = [X(s;t,2z,v),V(s;t,x,v)] = [z — (¢ — s)v,v] be a trajectory (or a characteristics) for
the Boltzmann equation (1) :

dX(s)
ds
with the initial condition : [X (¢;t, z,v), V(t;t, x,v)] = [z, v].

= V(s), W) o,

Definition 1 For (z,v) € Q x R, we define the backward exit time, ty,(x,v) > 0 to be the last moment at which the
back-time straight line [X (s;0,z,v),V (s;0,z,v)] remains in the interior of € :

th(z,v) =sup({0}U{r >0:2—sv€Q forall 0<s<T}).
We also define the backward exit position in OS)
rp(x,v) =z — tp(z,v)v € 09,

and we always have v - n(rp(z,v)) < 0.

1.2 Discontinuity Set and Discontinuity Jump

We denote the phase boundary in the phase space Q x R? as v = 9Q x R3, and split it into outgoing boundary =, , the
incoming boundary v_, and the grazing boundary -y :

ve = {(z,v) €02 xR3: n(z)-v >0},
vo = {(z,v) €A xR3: n(z)-v <0},
7% = {(z,v) €QxR3: n(z) v=0}

We need to study the grazing boundary vy more carefully.

Figure 1: Grazing Boundary g

Definition 2 We define the concave(singular) grazing boundary which is a subset of the grazing boundary o :
78 = {(z,v) €70 : tu(z,v) # 0 and ty(x, —v) # 0},
and the outward inflection grazing boundary in the grazing boundary o :
yé‘*' = {(z,v) €7 : tu(z,v) # 0 and tp(z, —v) = 0 and there is § > 0 such that z+1v € Q° for 7€ (0,9)},
and the inward inflection grazing boundary in the grazing boundary o :
Y™ = {(x,v) € Y0 : tu(z,v) = 0 and ty(x, —v) # 0 and there is § > 0 such that  —T1v € Q° for 7€ (0,0)},
and the convex grazing boundary in the grazing boundary vy :

’78/ = {(1’7’0) € Yo - tb(x,'l)) =0 and lfb(QL’7 —’U) = O}
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It turns out that the concave (singular) grazing boundary 43 is the only part at which discontinuity can be created and
propagates into the interior of the phase space  x R3.

Definition 3 Define the discontinuity set in [0,00) x Q x R? as
D= {(O,oo) x [7S Uy Usdt ]} U{ (t,z,v) € (0,00) x {AXR3U~y}: t>ty(z,v) and (zp(z,v),v) €75 }, (9)
and the continuity set in [0,00) x Q x R? as
¢ = {{oyx QxR*}u{(0,00) x [ - U~ 1}
U { (t,z,v) € (0,00) x {QAxR3U~,}: t <tp(x,v) or (wp(z,v),v) €y U™ } (10)

For bounce-back reflection boundary condition case (7) we need slightly different definitions : the bounce-back dis-
continuity set and the bounce-back continuity set are

Dy = D U {(t,z,v)e(o,oo) QX R?: t > 2ty (z,0) + to(w, —v) and (a:b(z,—v),—v)e“yg},
Ty = {{O}XQXR3}U{(O,OO) x [y- U~d™ ]}
U {(t,x,v)e [0,00) x {2 x R3 U1} : < tp(z,0) or [ (@w(x,v),0) €7 U™ and t < 2t (z,v) + tp(z, —v) ]
or [ (@blw,—v),~v) € - Usl™ and (an(z,v),v) €7 U™ ],

respectively.

The discontinuity set ® consists of two sets : The first set of (9) is the grazing boundary part 79 of ©. This set
mainly consists of the phase boundary where the backward exit time ¢ (x, v) is not continuous (Lemma 2). The second
set of (9) is mainly the interior phase space part of D, i.e. ® N {[0,00) x Q x R3}, which is a subset of a union of all
forward trajectories in the phase space emanating from ~§. Notice that ® does not include the forward trajectories
emanating from ~}’ U'yé * because those forward trajectories are not in the interior phase space [0, 00) x 2 x R%. We also
exclude the case t < tp(x,v) from ®. In fact, considering the pure transport equation, ¢ < tp(x,v) implies the transport
solution at (¢,z,v) equals the initial data at (x — tv,v) and if the initial data is continuous, we expect the transport
solution is continuous around (¢, x,v). Notice that we exclude the initial plane {0} x  x R? from © because we assume
that the Boltzmann solution is continuous at t =0 .

The continuity set € consists of points either emanating from the initial plane or from ~v_ U 76 ~, but not ~§.

Furthermore we define a set including the grazing boundary vy and all forward trajectories emanating from the whole
grazing boundary 7.

Definition 4 The grazing set is defined as
& = {(z,v) € QxR :n(zp(z,v)) v=n(z—ty(z,v)v) v=0}, (11)
and the grazing section is
G, ={veR?: (z,v) € &} = {v € R®: n(wp(z,v)) - v =0}

Obviously the grazing set & includes the discontinuity set ©. In order to study the continuity property of the Boltzmann
solution we define :

Definition 5 For a function ¢(t,x,v) defined on [0,00) x {2 x R3\&} we define the discontinuity jump in space
and velocity

[Qs(t)]ﬂfﬂ) = hm Sup |¢(ta xlv ’Ul) - d)(ta 'TH7 U//)‘7
SO (a7 07), (2 0" ) E{QAXRINGIN{ B((2,0):6)\(2,0) }

and the discontinuity jump in time and space and velocity
[¢]t,aj7v = hm sup ‘¢(t/7 CIJ/, U/) - ¢(t/l7 x”a U//)la
940 t' t" € B(t; 6)
(@',v"), (2",0") € {Q@ x R*\&} N {B((z,v); §)\(z, )}
where & is defined in Definition 4. We say a function ¢ is discontinuous in space and velocity (in time and space and
velocity) at (t,x,v) if and only if [@(t)]s 0 # 0 ([@li,z,0 7 0) and continuous in space and velocity (in time and space and
velocity) at (t,z,v) if and only if [9(t)]z 0 =0 ([@)te0 = 0).

Notice that the function ¢ is only defined away from the grazing set . Once the discontinuity jump of given function
¢ is zero at (t,r,v) then the function ¢ can be extended to [0,00) x Q x R? near (¢,7,v). Because of those definitions
we can consider a function which has a removable discontinuity as a continuous function. And a non-zero discontinuity
jump [@]¢,z,0 7 0 means ¢ has a "real” discontinuity which is not removable.
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1.3 Main Result

Now we are ready to state the main theorems of this paper. In order to state theorems in the unified way we use a
weight function

w(v) = {1+ p*[v[*}”, (12)
such that w=2(v){1 + |v|}® € LL.

Theorem 1 (Formation of Discontinuity) Let 2 be an open subset of R® with a smooth boundary 0S2. Assume
1S MON-CONVEL, 75 % . Choose any (xq,vg) € 'yg with vy # 0. For any small § > 0,

1. There exist ty € (0, min{d, ty(z0, —vo)}) and an initial datum Fy(z,v) which is continuous on Q x R3 U {y_ U~§},
and an in-flow boundary datum G(t,z,v) which is continuous on [0,00) x {y_ U~S}, satisfying

Fo(z,v) = G(0,z,v) for (x,v) €~y_UAS, (13)

and

HwFO_M wuH <9, (14)

ey 20|
Lo(QxR?)  1e[0.00) Leo(y_)

such that if F on [0,00) x Q x R® is Boltzmann solution of (1) with the in-flow boundary condition (4) then F is
discontinuous in space and velocity at (to, zo,vo), i.e. [F(to)]eo,vo 7 0.

2. There exist tg € (0, min{d, tp(z0, —vo)}) and an initial datum Fy(z,v) which is continuous on Q x R3 U {y_ U~§},
satisfying

Fo(z,v) = cpp(v) //' o Fo(z,v){n(z)-v'}dv' for (xz,v)€~y_UA~S, (15)

and r
[ w 0_“H 5, (16)
Lo (xR3)

such that if F on [0,00) x QxR3 is Boltzmann solution of (1) with the diffuse boundary condition (5) with the compatibility
condition (15) then F is discontinuous in space and velocity at (to, o, vo), i-€. [F(t0)]zg,0 7 O-
3. There exist to € (0,min{d, ty,(zo, —vo), tu(z0,v0)}) and an initial datum Fy(x,v) which is continuous on  x R3 U
{y_UAS§}, satisfying (16) and

Fo(z,v) = Fo(x,—v) for (z,v) € v_U~S, (17)

such that if F' on [0,00) x Q x R3 is Boltzmann solution of (1) with the bounce-back boundary condition (7) then F is
discontinuous in space and velocity at (to, zo,vo), 4. [F(to)]wo.we 7 0-

The smallness of given data (14), (16) ensures the global existence of Boltmzann solution for all boundary conditions
[13] Notice that we can observe the formation of discontinuity for any point of the concave(singular) grazing boundary
7S of any generic non-convex domain Q. If we assume that Fy(x,v) is continuous on  x R3 U {y_ U4S} and G(t, z, v)
is continuous on [0,00) x {7_ U~§}, and that the compatibility conditions (13), (15) and (17) are valid up to v_ U3,
then Theorem 1 implies the continuity breaks down at the concave(singular) grazing boundary 75 after a short time
to € (0, min{d, tp(xo, —vo)}) for in-flow (4), diffuse (5) boundary condition and ¢y € (0, min{d, tp(xo, —vo), tb(z0, vo)})
for bounce-back (7) boundary condition. For this generic cases, we said the Boltzmann solution F' has a local-in-time
formation of discontinuity at (to, o, vg).

Once we have the formation of discontinuity at (to,z9,v0) € 75, we further establish that the discontinuity propa-
gates along the forward characteristics.

Theorem 2 (Propagation of Discontinuity) Let Q be an open bounded subset of R® with a smooth boundary OS.
Let F(t,x,v) be the Boltzmann solution of (1) with the initial datum Fy which is continuous on Q x R3 U {y_ U},
and with one of the following boundary conditions :
1. For in-flow boundary condition (4), let (13) and (14) be valid and G(t,x,v) be continuous on [0,00) X {y_ U~§}.
2. For diffuse boundary condition (5), assume (16) and (15).
3. For bounce-back boundary condition (7), assume (16) and (17).
Then for all t € [to,to + tb(xo, —vo)) we have

[F]t,CEOJr(tfto)vo,’uo S 6_01(1+|UU|)W(t_tO)[F(to)]$0,l’07 (18)
where Cy > 0 only depends on Hw i HL°°(0 00) X QUXRI)

On the other hand, assume [F(to)]zow, # 0, and to € (0,tn(x0, —v0)) for in-flow and diffuse boundary conditions
and to € (0, min{ty(zg, —vo), tb(zo,v0)}) for bounce-back boundary condition, and a strict concavity of O at xo along
V0, €.

D (00)i02, 0, ®(20) (v0); < —Clag o (19)

i,J
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Then for all t € [to,to + to(z0, —v0)), the Boltzmann solution F is discontinuous in time and space and velocity at
(t7a:0 + (t - tO)”O?”O)) i.e. [F]t,aZOJr(t*to)’Uo,vo 7& 0 and

Cesz(l+|vo\)"f(t7t0) [F(to)}mo,vo < [F]t;IOJF(t_tO)'UO:UO’ (20)

where 0 < C < 1, and Cy = C2(‘ |wF—\;ﬁ”HLw) € R which is positive for sufficiently small Hw%HLw([o,m)xQxRS)'

The strict concavity condition (19) rules out some technical issue of the backward exit time ¢,. Our theorem characterize
the propagation of discontinuity before the forward trajectory reaches the boundary. In the case that the forward
trajectory reaches the boundary, i.e. t > ¢y + tp(xo, —vg), the situation is much more complicated. Denote x; =
2o + tb(xo, —v0)vo, t1 = to + tu(xo, —vg). If the trajectory hits on the boundary non-tangentially, i.e. (x1,v9) € 4,
for in-flow and diffuse boundary cases, the discontinuity disappears because of the continuity of the in-flow datum and
the average property of diffuse boundary operator. For bounce-back case the discontinuity is reflected and continues
to propagate along the trajectory. If the trajectory hits on the boundary tangentially, i.e. (x1,v9) € 7o, there are
three possibilities. Firstly if (21,v9) € 74 then the situation is same as the case (x1,v0) € 74 above. Secondly, if the
trajectory is contained in the boundary for awhile, i.e. there exists ¢ > 0 so that x1 + svg € 9Q for s € (0,9) then it is
hard to predict the propagation of discontinuity in general. Assuming certain condition on €2 for example Definition 6,
we can rule such a unlikely case.

The last case is that (x1,v9) € 75. Assume we have a sequence of {t, = t, 1 + tp(Tn_1,—v0)} and {z, =
Tn_1+tp(Tn_1,—v0)vo} € OQ so that (x,,v0) € 75, and a directional strict concavity (19) is valid for each (x,,,vp). We
can show the propagation of discontinuity also between the first and the second intersections, i.e. [FJ; 5o (t—to)vg,00 7 O
for ¢ € [t1,t2) in general. For t > to, if we have very simple geometry, for example the first picture of Figure 2, we can
show the propagation of discontinuity, i.e. [Fl; zo(t—to)voo 7 0 fOr t € [tn,tny1) even for n = 2,3. But in general, for
example the second picture of Figure 2, we cannot show [FJ o (t—tg)vg,ve 7 0 for t € [tn, tnq1) for n > 2.

2
v (0

Figure 2: Grazing Again

The next result states that Theorem 1 and Theorem 2 capture all possible singularities (discontinuities), despite non-
linearity in the Boltzmann equation. In other words, the singularity of the Boltzmann solution is propagating as the
linear Boltzmann equation and no new singularities created from the nonlinearity of Boltzmann equation.

Theorem 3 (Continuity away from D) Let Q be an open bounded subset of R® with a smooth boundary 0. Let
F(t,z,v) be a Boltzmann solution of (1) with the initial datum Fy which is continuous on Q x R> U {y_ U~yy U™}
and with one of

1. In-flow boundary condition (4). Assume (14) is valid and the compatibility condition

Fy(z,v) = G(0,z,v) for (x,v)€y_U ’yé*, (21)

and G(t,x,v) is continuous on [0,00) x {y_ U~{~ 1.
2. Diffuse boundary condition (5). Assume (16) is valid and the compatibility condition

Fo(z,v) = c,p(v) //. o Fy(z,v){n(x) -v'}dv' for (z,v) € v_ U™, (22)

3. Bounce-back boundary condition (7). Assume (16) is valid and the compatibility condition
Fo(z,v) = Fy(x, —v) for (z,v) €y_Url™. (23)

Then F(t,x,v) is a continuous function on € for 1,2 and a continuous function on €y, for 3. If the domain  does not
include a line segment (Definition 6) then the continuity set € and €y, are the complementary of © and Dyp respectively.
Therefore F(t,z,v) is continuous on (D)€ for 1,2 and continuous on (D)€ for 3.

Definition 6 Assume Q € R3 be open and the boundary 02 be smooth. We say the boundary 02 does not include a
line segment if and only if for each xo € 0Q and for all (uy,uz) € S* there is no § > 0 such that

(I)azo (’Tul,TUQ)

is a linear function for T € (=9,9) where ®y, from (8).
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1.4 Previous Works and Significance of This Work

There are many references for the mathematical study of different aspects of the boundary value problem of the Boltz-
mann equation, for example [10][13][19] and the references therein. In [13], an unified L? — L* theory in the near
Maxwellian regime is developed to establish the existence, uniqueness and exponential decay toward a Maxwellian, for
all four basic types of the boundary conditions and rather general domains.

The qualitative study of the particle-boundary interaction in a bounded domain and its effects on the global dynamics
is a fundamental problem in the Boltzmann theory. One of challenging questions is the regularity theory of kinetic
equations in bounded domain. This problem is hard because even for simplest kinetic equations with the differential
operator v - V, the phase boundary 9Q x R? is always characteristic but not uniformly characteristic at the grazing
set vo = {(z,v) : € 9Q, and v-n(x) = 0}. In a convex domain a continuity of the Boltzmann solution away from
vo is established in [13] for all four basic boundary conditions. In a convex domains, backward trajectories starting at
interior points of the phase space cannot reach points of the grazing boundary 7, due to Velocity Lemma([11][15]),
where possible singularities may exist.

In general, on the other hand, in a non-convex domain, backward trajectories starting at interior points of the phase
space can reach the grazing boundary. Therefore we expect singularities will be created at some part of grazing boundary
Yo and propagate inside of the phase space. This question has been attracting a lot of attentions from early '90s, see
references in pp.91-92 in Sone’s book [20]. For Boltzmann equation, most of works are numerical studies [20][21][22]
and few mathematical studies.

Once we enlarge our survey to propagation of singularities which already exist on initial data or boundary data,
there are some mathematical works [3][5][6][7][8] as well as numerical works [4][20]. In [3], for linear BGK model, a
propagation of discontinuity ,which exists already in the boundary data, is studied mathematically and also numerically.
In [5], for the full Boltzmann equation in the near vacuum regime, a propagation of Sobolev H 1/25 gingularity, which
exists already in the initial data, is studied and same effect has been recently shown in the near Maxwellian regime
[6][8]-

In Vlasov theory, we refer to [2][9][25] for the boundary value problem. Singular solutions were studied in [11] exten-
sively. In [11], the non-convexity condition of boundary is replaced by the inward electric field which has a similar effect
with non-convexity of the boundary. In convex domains, Holder estimates of Vlasov solution with specular reflection
boundary is solved recently [15][16], but Sovolev-type estimate is still widely open.

Our results give a rather complete characterization of formation and propagation of singularity for the nonlinear Boltz-
mann equation near Maxwellian in general domain under in-flow, diffuse, bounce-back boundary conditions. There is
no restriction of the time interval. More precisely we show that for any non-convex point x of the boundary and velocity
tangent to 9Q at x, there exists an initial datum (and in-flow datum, for in-flow boundary condition case) such that
the Boltzmann solution has a jump discontinuity at (z,v). Once the discontinuity occurs at the grazing boundary, this
discontinuity propagates inside along the forward trajectory until it hits the boundary again. And except those points,
the grazing boundary and forward trajectories emanating from the grazing boundary, we can show that the Boltzmann
solution is continuous.(Continuity away from D)

1.5 Main Ingredients of the Proofs

1. The Equality induced by Non-Convex Domain

We consider near Maxwellian regime and linearized Boltzmann equation (32). The formation of discontinuity is a
consequence of following estimate. Assume (x,v) € fyg as below picture so that for sufficiently small ¢ > 0 the backward
trajectory x — tv is in an interior of the phase space. For simplicity we impose the trivial in-flow boundary condition
G(t,z,v) = p(v) which corresponds g(t,z,v) = 0 (92). Consider points (z,,v/,) in y— and (x!/,v!) missing the non-
convex part near (z,v) and both sequences converge (z,v) as n — oo.

Figure 3:

Now suppose the solution f of the linearized Boltzmann equation be continuous around (z,v). Then the Boltzmann
solution f at (x},,v))

ft @, v,) = g(t,2,,v,) =0,
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and at (z!/,v!),

n’vn

t
F(tah, o) = e O fo(aly — o)), o)) +/ e O f 4 D(f, )} (s, — (t = s)o)y, o)) )ds
0

converges each other as n — co. Then we have the following equality

fola — tv,0) = - / O K F 4 T(f, )} (5,2 — (£ — s)v,0)ds. (24)

Thanks to [13], the pointwise estimate of f, with some standard estimates of K, T, the right hand side of above equality
has magnitude O(t)|] fol|oo (1 + || fol|oo). If you choose fo(x —tv,v) = ||fo||co then the above equality (24) cannot be true
for sufficiently small ¢ unless the trivial case fo = 0(F = w). Therefore the Boltzmann solution f cannot be continuous at
(z,v). For diffuse (5), bounce-back (7) boundary conditions we also obtain the equality induced by non-convex domain
similar as (24).

This argument bases on the idea that free transport effect is dominant to collision effect if time ¢ > 0 and the per-

turbation F\/_ﬁ“ is small.

2. Continuity of the Gain Term Q4
The smoothing effect of the gain term @4 is one of the fundamental features of the Boltzmann theory. There are lots
of results about the smoothing effect in Sobolev regularity, for example

1Q+(& V), vp1 < ClIBl || 2,

with some assumption on various collision kernels [18][26][27]. To study the propagation of singularity and regularity, in
the case of angular cutoff kernel (3), it is standard to use Duhamel formulas and combine the Velocity average lemma
and the regularity of Q4 [5]. For detail, see Villani’s note [24] especially pp. 77-79.

In order to study the propagation of discontinuity and continuity we need a totally different smooth effect of Q..
For the discontinuity induced by the non-convex domain, we need following : Recall the grazing set & in Definition 4.
A test function ¢(t,x,v) is continuous on [0, 7] x (2 x R3)\& and bounded on [0, T] x Q x R®. Then

Q+ (. ¢)(t,z,v) € C°([0,T] x 2 x R?). (25)

Recall that the grazing set & = {(z,v) € Q x R: v € &,}. The grazing section &, = {Tu e R® : ¢t > 0, u € &, NS?} is
a union of straight lines in velocity space R and two dimensional Lebesque measure of &, N'S? is zero (Hongjie Dong’s
Lemma, Lemma 17 of [13]). Moreover, using continuous behavior of &, in z, one can invent a very effective covering
of 8, (Guo’s covering, Lemma 18 of [13]). Because of those geometric and size restriction on &, even the gain term
Q- is an integration operator in v alone, we can prove the smoothing effect of Q1 in C°([0,7] x Q x R3) for ¢, 2 and
v, see Theorem 4. Notice that those smoothing effect on C?, , has been believed to be true for long time without a
mathematical proof in numerical communities [1], p1587 of [3], p502 of [21].

The main idea to prove the smoothing effect in C7, , is to use the Carleman’s representation for Q4 (¢, ¢)(t,,v)
which has been a very effective tool [12][26][27].

/

1 v — ]
t N t NB(2v — v — v, ——=)dv| dv’ 26
R3¢(7x7v)|v_v/|2 /Ew,(b(axvvl) (U v U1,|’L}/—’U/1|) Ul v, ( )

with the hyperplane E,, = {v] € R3: (v] —v) - (v/ —v) = 0}. We will show the smallness of

|Q+(¢, d))(:j’l_}) - Q+(¢a ¢)(t,x,v)\,

for |(t,x,v) — (t,Z,0)] < §. Assume we have sufficient decay of ¢ for large v. Replace the integrable kernel \U—%IQ

2 —"1) to control the above

by smooth compactly supported function and cut off the singular part of B(2v — v’ — vf, =ul

difference as

0WG)|[6|2 + C 6(t,,0) — 6(F,7, ") /E oy 18
—,U//ﬁ v

lo'[<N TI<N}

+C |p(t, 2, 0") { / o(t,x,v))dvy — / ¢(t7x,vi’)dvi’} av’,
[v|<N E, n{lvi|<N} Eg,nn{|vy|<N}

where v”(v') is chosen to be v/ — (v — ¥) for convenience.
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One can easily control the integration at the first line. Because for the first term, integrating over v’, we can cut off
a small neighborhood of &, from |v'| < N. Away from that neighborhood, using the continuity of ¢ away from &, we
can control the integrand pointwisely.

In order to control the second line integration we have to control the difference in big braces. To do that we choose
a special change of variables for v{ ,(40). Under this change of variables the second line is bounded by

c / 6(t,,0)| / | 8(t,2,0}) — B, 7)) dvld.
[v|<N E,,N{|lvi|<N}

The second integration term above is a function of ¢, z,t,Z and v. Unfortunately one cannot expect a pointwise control
(smallness) of the second integration for all v : even the grazing section &, where ¢(¢, z,v]) might have discontinuity,
is small, i.e. 2-dimensional Lebesque measure of &, NS, is zero, the measure on the plane E,, could be large(even
infinite). However, in Section 3.3, we can show that that bad situation happens for very rare v’ in {v/ € R3 : [v/| < N}
and use the integration over v’ to control the above integration.

3. New Proof of Continuity of Boltzmann solution with Diffuse Boundary Condition

In Section 5.2 we prove a continuity away from ® of Boltzmann solution with diffuse boundary condition using simple
iteration scheme (103) with iteration diffuse boundary condition (131). This iteration scheme has several advantages.
First it preserves a continuity away from ® as m increasing, that is, if ™ is continuous away from ® then h™*! is also
continuous away from ®. Second, the sequence {h™} has uniform L* bound and moreover it is Cauchy in L for in-flow
boundary condition h™|,_ = wg. Therefore h = lim "™, a solution of the linear Boltzmann equation is continuous local
in time. Combining with uniform-in-time boundedness of Boltzmann solution ([13]), we achieve the continuity for all
time. In order to apply this idea to diffuse boundary condition, we use Guo’s idea [13] : A norm of the diffuse boundary
operator is less than 1 effectively, if we trace back several bounces. This approach gives simpler proof for the continuity
of Boltzmann equation with diffuse boundary condition with convex domain (see Lemma 23 25 of [13]).

1.6 Structure of Paper

In Section 2, we state some preliminary facts which are useful tools for this paper. In Section 3, we state and prove
the continuity of @+ (Theorem 4). In Section 4 6, we deal with in-flow boundary, diffuse boundary and bounce-back
boundary, respectively. For each section, first we prove the formation of discontinuity (Theorem 1). Then we show the
continuity away from © (Theorem 3). Using this continuity, combining with continuity of @, we show the propagation
of discontinuity (Theorem 2).

2 Preliminary

In this section we study continuity properties of the backward exit time ¢y (z,v) and, a measure theoretic property and
geometric covering of the grazing set &, and estimates of Boltzmann operators and the Carleman’s representation.

We use Lemma 1 of [13], basic properties of the backward exist time tp(z,v) :

Lemma 1 [13] Let 2 be an open bounded subset of R® with a smooth boundary 0. Let (t,z,v) be connected with
(t — tp(z,v), zp(x,v),v) backward in time through a trajectory of (1.1).
1. The backward exit time ty(x,v) is lower semicontinuous.

2 If
v-n(zp(z,v)) <0, (27)
then (to(z,v),xn(x,v)) are smooth functions of (x,v) so that
t
Vil = n(xb) ) Vitp = bn(xb) )
v-n(zp) v-n(Tp)
Ve = T4+ Vitpb®v, Vyrp =tpl + Vylp Q.

For a convex domain, if a point (z,v) is in the interior of the phase space, i.e. (x,v) € Q x R3 then the condition (27) is
always satisfied and hence tp(z,v) is smooth due to Lemma 1. However for a non-convex domain, there is a point (x, v)
in QO x R3 but (zp(z,v,),v) € 70, i.e. v-n(zp(z,v)) = 0. We further investigate a continuity property of #, for that case.
Indeed, discontinuity behavior of ¢ (,v) for (zn(z,v),v) € 45 is a main ingredient of the formation of discontinuity.

Lemma 2 Let Q € R3 be an open set with a smooth boundary 0. Assume (zg,v0) € Q x R® with vy # 0 and
th(x0,v9) < 00. Consider (xg,v9) € 8, i.e. (zp(zg,vo),v0) € Yo-

If (xp(x0,v0),v0) € 'yé* then tp(z,v) is continuous around (xg,vg).

If (xp(20,0),v0) €5 then ty(z,v) is not continuous around (2o, vo).

Recall vt~ and ~§ in Definition 2.
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Proof. Throughout this proof, without loss of generality we assume that 02 is a graph of ® locally and ®(0,0) = 0 and
(03, P, 05,2)(0,0) = (0,0). Moreover assume zg = (|xo|,0,0),v9 = (|vo|,0,0) and tp(zo,v) = % so that zy(xg,vg) =
(0,0,0) = (0,0, $(0,0)).

First, let (zp(zo,v0),v0) € 'yé*. By the definition of 757, we have ®(—7,0) > 0 and ®(7,0) < 0 for 0 < 7 << 1.
Using the continuity of ®, choose sufficiently small € > 0, § > 0 such that ®(—d,y) > § and ®(d,y) < —5 for 0 < [y| < J.
Fix © = (z1, 22, 23) ~ 2o and v = (v, v2,v3) ~ vo. We define

U(x,v,t) = x5 — tvg — O(a; — tuy, zo — tvg).

For ¢’ = Ilv—;‘s, U(x,v,t) = —P(5, 22 — wz—;‘svz) + x5 — w;—;‘svg > ¢ for (z1,29,23) ~ (|20}, 0,0), (v1,v2,v3) ~ (|vol,0,0).

For ¢ = %7 U(z,v,t") = —®(—6, 2 — %41’6712) + x3 — ””1,7?6113 < =3 for (w1,m2,23) ~ (|20],0,0), (v1,v2,v3) ~

vg|,0,0). Using the continuity of ® and W, there exists t, € (& — % 2L 4 9 50 that U(z,v,t,) = 0, i.e. tp(z,v) = t,.
v1

v1 v’ v1

6 lwol &5 _ _ 6 T 4 O JE O
If x ~ 29 and v ~ vy then ~ = tp(x0,v0) o] and o~ o] + ol ™ th(x0,v0) + o] SO that

v 1 [vol [vol vo
ty € (tb(l'mvo) — ﬁ,tb(mo,vo) + ﬁ)
Next, let (zp(7,v),v) € 5. By the definition of the concave grazing boundary 7§, we have ®(—7,0) > 0 and
®(7,0) < 0 for 0 < 7 << 1. Choose a sequence z,, = (|zo|,0, 1). There exists & > 0 such that tp(2,,v0) > tb(z0,v0) + €
for sufficiently large n. This implies that (z,,v9) — (zo,v0) but tu(zn, vo) - tb(zo,v0) asn — co. m

In the next two lemmas, we consider the grazing set & (Definition 4) including the discontinuity set ©. The next
lemma, Lemma 17 of [13] due to Hongjie Dong, is important to control a size of &. We denote ms as a standard
2-dimensional Lebesque measure and m3 as a standard 3-dimensional Lebesque measure. Recall that the grazing section
&, in Definition 4.

Lemma 3 [13] If 0Q is C! then the grazing section &, restricted to S* has zero 2-dimensional Lebesque measure, i.e.
mg(in n SZ) = 0,
for all z € Q.

With condition ma(&, N'S?) = 0, we can construct the Guo’s covering which is little bit stronger than the original one
in Lemma 18 in [13].

Lemma 4 (Guo’s covering) [13] Assume my(®, NS?) = 0 is valid for all x € Q. Let By = {v € R3 : [u| < N}.
Then for any € > 0 and N, > 0 there exist ¢, n,n. > 0, and l. n N, o balls B(x1;71), B(x2;72)..., B(z1;71) C Q, as well
as open sets Oy, , Oy, ...0y, of By which are radial symmetric, i.e.

O,, = {tb €R3: ¢t >0, v € O,, NS?},

with m3(O0y,;) < 7~ and ma(Og, N $?) < ~en- for all 1 <i <. n N, q, such that for any x € Q, there exists x; so that
x € B(zy;1;) and for v ¢ Oy,

[v-n(zp(z,0))] > e NN >0,
or equivalently

O, D U {ve By :|v-n(zp(z,v))| <denn,} D U ®, N By.
z€B(xi;7;) z€B(xi;7;)

Combining Lemma 3 and Lemma 4, we have following lemma, which is useful to prove Theorem 4. Namely, a function
which is continuous away from the grazing set & is uniformly continuous except arbitrary small open set containing &.

Lemma 5 Assume ¢ is continuous on [0,T] x (2 x {v € R® : &; < |v| < N})\&. For fized z € Q and € > 0 and
N, > 0, there exist

1
6:6(¢,Q,E,N*,m,M7N)>0, (28)

and an open set U, C {U € R3: 7]\14 < v < N} which is radial symmetric, i.e. U, = {tﬁ eR3:t>0 , v e U, §2}
with mg(liz) < —J\z and mg(UI SQ) < 7N*5N2 such that
o(t, x,v o(t,z,v
) ) ) ) N*7

forve{veR?: & < |v| < NWNU, and |(t,z,v) — ({,%,7)| < 6.
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Proof. Let z ~ Z. Due to Guo’s covering [13], Lemma 4, we can choose B(z;;r;) including x and Z, as well as O,, C R3
so that
Ozj:) U ®yﬁBND U ®yﬁBN,
yEB(wiri) yEB(x;0)
with m3(0,,) < 5. Notice that m3(O,,) = m3(0,,). We can choose an open set Uy, so that m3(U,,) < 2m3(0,,) and
Ozi C U,,. Since both of Owi and By \U,, are compact subsets of By, we have a positive distance between two sets,
ie.
0<d=inf{|¢ —¢|:¢€O0,, and &€ By\Uy,}.
Assume § < 9/2. Fix z € Qand v € {v € R® : &. < |v| < N}\U,. Then |(Z,0) — (z,v)| < § implies that
ve{veR: 7 < |v] < NN\O,,. For such z,v,Z and © consider the function ¢ as it’s restriction on a compact set
[0,T] x B(x;0) x BN\Ox,. Therefore ¢(g 1y p(s:5)x By\0,. 18 uniformly continuous. Hence |¢(t,z,v) — ¢(t, Z,v)| can be
controlled small uniformly if § > 0 is sufficiently small. m

We will use the Carleman’s representation [12][26] in the proof of Theorem 4 crucially. Let Q4 (¢,v) be defined by
(2) and let 1 = ¥(v) and ¢ = ¢(v), v € R make Q4 (¢, ¢) < co almost everywhere. Then the Carleman’s represen-
tation is

1 U/ !
Q@ o) =2 [ ) [ o)Bo v = ol T yda (29)
R3 |U —-v | E, |U - ’Ul‘
where E,, is a hyperplane containing v € R? and perpendicular to ﬁ:%z‘ €S? ie.
By = {v] €R®: (v] —0) - (v —v) = 0}. (30)

In the proof of Theorem 4 we need to control the integration over E,,s in (29) frequently :
Lemma 6 For a rapidly decreasing function ¢ : Ry — Ry, we have

v — v

. ¢(|'U1,|)B(2’U7U/ 7U1l7m)dvll S C¢(1+ |'U7U/|’Y), (31)
where Cy only depends on ¢.
Proof. For fixed v and v, let us denote {&;, €,€3}, with &3 = ﬁ%z‘, be the orthonormal basis of R? such that any
v} € Eyy can be written as v] = v+11€; +12€. Since v/ —v L E,, from (30), there is n3 such that v’ —v = n3é3 where
In3| = [v—2'|. Then we can write 2v—1v' —v] = v—0v'+v—v] = —11&1 — 1282 —n383 and |2v—v' —v]|?> = N?+n3+|v' —v|2.
Moreover v/ — v} = —1181 — 1282 + 13€3. We can write the left hand side of (31) as
0o oo ) ) ) - v 1 -—m -
/ / d(ni +n3 + |v]7) =12 X e I P =m2 |- —m2 | dndne
TeeTee 3 Lo —n3 M3
oo o 5
< / / S(ni +n3) (1 + 3 + [ —v[?) 270} + 03 — ' — o) dimdne
S 2 2\ (.2 2 2\ 3
< / / (i +772)(771 + 5 + v =] )anldm
— 00 — 00
< Cp(1L+ v —o]).

m In terms of the standard perturbation f such that F' = u + ,/uuf, the Boltzmann equation can be rewritten as

where the standard linear Boltzmann operator, see [12], is given by
Lf=vf-K/J,

with the collision frequency v(v) = [ |v — u|’m(u)qo(ﬁ - w)dwdu for 0 <y <1 and

1
S+ < v(w) <G (1+ o)),

K5 = [ )@ = QB Qe (V) ~ Q- (VRS ),
N ) = T2QUWL V)~ Q- WAV = T4 ) - T ().
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We recall two estimates of operators K and I' from [13]. The Grad estimate for hard potentials :

1l w|2—v’|2)2

2
Ik(v,v")| < Cie{Jo — /| + v — /|1y BTV PR SR

Recall w in (12). Let 0 < < 1. Then there exists 0 < £(f) < 1 and Cy > 0 such that for 0 < & < (0),

2
_ _ 1 5|v v \2 1— 57H vl? IUI‘ 2 ’UJ(’U)@GlU‘ ’ Ck
Jtw=1+10-vie st < T (33)
For the nonlinear collision operator
[wI'(g1,92)(v)| < Cr(1 + o)) [|wgs|[oo||wgallo- (34)
Also we recall a standard estimate
/ P(v)[v —v'|Tdv" ~ (1 +[v])?, (35)
R3
for ¢ € L1(R3).
3 Continuity of the Collision Operators
In this section we mainly prove the following Theorem :
Theorem 4 (Continuity of Q) Assume F(t,z,v) is continuous on [0,T] x (2 x R3)\& and
||w71F||L°°([O,T]><Q><R3) < o0,
v
where w = W with p € R and B> 0. Then Q4 (F,F)(t,z,v) is continuous in [0,T] x Q x R® and
sup v o tQ o (F, F)(t,z,v)| < cc. (36)

[0,T]x A xR3

Theorem 4, a smooth effect in C 20> 18 the crucial ingredient to prove Theorem 2 and Theorem 3. This smooth effect

of the gain term ensures that there is no singularity created by the nonlinearity of Botlzmann equation.

Proof of (36). It is easy to show the boundedness (36) from

Yo lQu(F, F)(t,z,v) < )i / B(v — u,w)w(u )w(v)dwdu x ||[w  F|2,
R3 Js2
,M
< B(v dwdu x |0 F|)?
/RS [ B0~ ) e < 07 I
< Co() w)|[o FlI% < Cllo™ Fl] < o.0)x @xrs))

where we used (35) and |u/|2 + [v']? = |u|? + |v]?.
Next we will show the continuity part of Theorem 4. The goal of following three subsections is to show

For fixed ¢ > 0 and (¢,2,v) € [0,T] x 2 x R*, there is § > 0 such that
|Q+ (Wh, wh) (¢, Z,0) — Q4 (wh, wh)(t,z,v)| <e for |(t,T,0)— (¢, z,v)| <. (37)

3.1 Decomposition and Change of Variables

In this section, we use the Carleman’s representation to split Q4 (wh,wh)(t, T, v) — Q4 (wh,wh)(t,z,v) in a natural way
(38), and introduce two change of variables (39) and (40).

It is convenient to define
h=w'F,

where [|hllco = [[hllpe<(o,11x@xR3) = 1@ F|[(0,77%(@xR3))- Choose (,Z,7) ~ (t,x,v). Using the Carleman’s
Representation (29) we have

Q+ (wha ’lf)h) ({7 z, T}) - QJr(wha U_}h) (tv Z, U)
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B 1 B n__n
= 2 /]RS w(")h(t, T, U")m / w(vy)h(t,z,v])B(20 —v" — v, ﬁ) dvf dv”
A B
/! !/
—2/ w(v')h(t,x, v’)#/ w(v))h(t, z,v])B(2v — v — vy, M) dvidv’
. oo S, o]
A’ B’

2/ {A-A"} B dvdv" + / A / {B—B'} dv]dv'. (38)
R3 E " ]RJ 1"

T v

In order to control the first term of (38), we need to compare arguments of A4 and A’. For that purpose, we introduce
the following change of variables :

Lemma 7 For fized v and © in R3 we define

v =" (v5v,0) =0 — (v—1). (39)
Then two planes Egyr and E,, have same normal direction. The distance between to planes is |(0 — v) - ‘Z :zl‘
Proof. Assume (39). Clearly av(;f,v ) — [ where I is 3x 3 identity matrix. The normal direction of Ey, is ﬁ = Iz%zl
which is also the normal direction of FE,,. To measure a distance between two planes F,,, and Ejy,~, we consider
the line passing v and directing 7=, which is v(s) = o=y 8 T v- The solution of v(s«) € Egyr is a solution of

0=("=9) (v(s)—0) = (W —v)-(v(s) —0) = |v —v|s+ (v —v) - (v— 7). Easily we have s, = WW# Since v(s)
is unit-speed line we know that |v(s.) — v(0)] is the distance between Ej,» and E,,. ®

An important property of (39) is that two planes Eg,» and E,, have the same normal direction. In order to con-
trol the second term of (38), we need to compare arguments of B and B’ especially v} € F,, and v{ € Ey,~. For that
purpose, we introduce the following change of variables :

Lemma 8 For fized v,v' and ¥ in R3, we define a unit Jacobian change of variables

B v —v =
v =y (vi;0,0,0) = vy + m{(v —v)- m} (40)

In this change of variables vi € Egyr if and only if v} € Eyyr.

Proof. Assume (39) and (40). Clearly avl (Ul) = I. We can check following equality :

(v —0)- (0" —v) = (vl’*17+|v%{(17*v)~

b —v)

—U‘

(0 =0 (0 =) ' = el{(@ = 0) - ok = (0 =) (=) + (0 =) (=) + () (0 =)
v —v
= (0 -v)- (" =)
By definition, v} € E,, is equivalent to (v]—v)- ‘Z —; = 0. Then, from the above equality, we conclude (vy ﬂ)ﬁ =0
which is equivalent to v{ € FEgpr. B
Under the first change of variables (39), we can rewrite the first term of (38) as

1 B B "o
2/ o (BN ") — w0 () ) / D hEZ, B0 — o — o, DTy gran . (41)
R3 |’U_,U/|2 ” v _,Ul‘
© (D)
Under the second change of variables (40), we can rewrite the second term of (38) as
2/ BWh(E, 7,0 )—
RS R s
(€)
v —of v — )
— 2 I = 11 = " 12 — / /
X / {w(v{)h(t, z,v{)B(20 — v" — v, m) — w(v))h(t, z,v))B(2v — v — o], m)} dvydv'. (42)

(F)

We will estimate (41) and (42) separately in following two sections.
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3.2 Estimate of (41)

We divide into several cases :
Case 1: |v| > N. From Lemma 6, for N > 0 we can estimate

1 1
2 — /
C||h||ool|v\>N/Raw(v) <U—’U/|2 + U_,U/lg_,y)dv

1 1 C
2 <S“une

Q-i- (ﬁ/h, ’LZ)h)(t, €z, U)1|’U|>N

IN

IN

Hence we have o
@)1y < SR (43)

Case 2: [v| < N and |[v'| > 2N, or [v| < N and |v/| < ﬁ Also assume 0 < § << 1.

2 Ly [ © [ @ afa
{‘U,|22N or |'U/|S 1\4} Egyr
1 1 52 1 1 v/ |2 52
< onen [ ft beavetipt e [ o s e e
MEN pzan Lo =o' T o =o' wisg P T P
o(37)
< o2 ! hl|2 h 44
S Nz T Ne I7lI5 + o(57 )|| 1% (44)
! 2 ! 2 2
where we have used w(v') < e~"1 and w(v'”) < e~"s-e’r and Lemma 6.
Case 3 : [v| < N and §; < || < 2N.
2 X 1|,U‘<N/ C / /
- <‘v/|<2N By,
1 _
< C||h]|so 1 o(v"h(t, z,0") — w(v)h(t, z,v")|dv. 45
= ||A]] /1<|v/|<2N [v|<N <v—v’|2 + v—v’|2_’7> |w(v")h(t,z,v") — w(v")h(t,z,v")|dv (45)

Since (lv_lv,‘Q + |U_v1,‘2_7) is integrable we can choose a smooth function z(v,v’) with compact support such that

1 1 , ,
sup / ‘( + — >z(v,v) dv’ < —. (46)
l<n Jjwrj<en [\ v =v'2  Jo =027 N
Therefore we can bound (45) by two parts
1 1 /12 52
C||h|3 < 1, —z(v,v)|e” 3 eTd 47
i |,y s | (= * s ) oo F e o

+ C sup |z(v,v")| x HhHLoo/ Ly<n|@@” (0)h(t,z,0" (") — @(W")h(t,z,0")|dv".  (48)
[v| <N, o' |<2N a<l|<eN

From (46), it is easy to control the first term
C
|(47)] < SRl (49)

Now we are going to estimate the second term (48). Applying Lemma 5 to w( "Nh(t,z,v"), we can choose & =

§(wh, e, Ny, z,4:,2N) > 0 and an open set U, C {77 < |[v| < 2N} with |U,| < ~— such that

(0" (') A(E, 2, 0" (v')) — @ (' Yh(t, 2, 0')| < ﬁ

for v/ € {v € R®: 4; < |v| < N\U, and |(¢,Z,0) — (¢, x,v)| < 8. Therefore we can split the second part (48) as

integration over U, and U and control as

Csup [a(v, )] x [[Bl[% x ma(Ux) + Clhl s / (0" (v)))h(E, 7, 0" () = (0 )h(t, 2, v")|do’
[v|<N,|v/|<2N { & <|v'|<2N}nUg
€
<C  sup a0 )| x Bl 5 + ClhlleN? (50)

o] <N o’ |[<2N . N,
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In summary, combinig (43), (44), (49) and (50), we have established

1 1 € €
41) < O3 { = +o(—) + sup z2(v,0")|— » + C||h]|oc N> —.
(a1) < Cllal {N G * el [ Gl

Choosing sufficiently large N, M > 0 and N, > 0 then

(41) < (51)

3.3 Estimate of (42)

The estimate of (42) is much more delicate. The reason is that we cannot expect [, = (F) dv} in (42) is small for all

v € R3. We know that h(t,x,v}) may not be continuous on v} € &,. Even &, is radial symmetric and has a small
measure by Lemma 3, a bad situation, the intersection of &, and E,, could have large (even infinite) 2-dimensional
Lebesque measure, can happen. However we can show that such bad situations only happen for very rare v'’s in R3.
Using the integration over v’ € R3, we are able to control (42) small.

Recall (€) and (F) in (42). We divide into several cases :
Case 1 : |v| > N. Follow exactly same proof of Case 1 of the previous subsection, we conclude

C
(42128 < IRl (52)

Case 2 : |v| < N and |v'| > 2N. We go back to original formula, the second term of (38), and use Lemma 6 to estimate

1 1 1
/o300 2 = (ny N A 2 =
2 /v,m(s) / (e < A /.U/mw(”)v—v’z(”'” ) dv1v|gN<4||h||m(N2+N2_W).<53>

Vv

Case 3 : [v| < N, [v/| < 2N, and |[v}| < 3 or [v}| > N. In the case of |[v]| < 3, we have

2% 1)< / () (F) dv!,dv/
wizen (i< 2inE

v’

(v w2 s2 1 _leii? 1 IRl
§2hgo/ Mdv’/ {e S eT(AN+ —+6) +e 4 4N+7}dv’§0 > (54
|| || RS |U 7'U,|2 {‘U“SL}QEUU, ( N ) ( N) 1 N27»Y ( )
In the case of [v]| > N we have
2 % 1‘U|<N/ (5)/ (F) dvlde/
— 22N {0l IS FINE,,
w(v) A 1 _Ivp1? 1
< 2|12 / 7@'/ {e T UN + L oy e v+ Ly b
% Jrs lv =2 {[v}|>N}INE, .,/ N N !
2 [vf1? 2 2
< C\|h\|§oe*%/ e~ 1o dv' x NVe~ 15 < C||h]|%e 5. (55)
R3

Case 4 : [v| < N,[v/| < 2N, and 3 < [v}| < N. In order to remove the unboundedness of ﬁ in (42), we choose a

positive smooth function Z(v,v") with compact support such that

sup /
lo|<N Jjv'|<2N

Splitting 2 X 1j,<n f|v/|§2N(€) I%SIUQ\SN(]:) dvidv’ into two parts

—Z(v,v")|dv" < —. (56)

1
v — |2

b

1
2 x 1‘U|<N/ w(v)|h(t, z,v")] ‘,2 —Z(v,v") / (F) dvrdv’ < C||h| |2, 5 N2, (57)
= Jjrj<an v — '] E,yn{<|v|<N} N
[ bl swp (2] [ () dvjae' (53)
/| <2N [o| <N, |o/|<2N E,n{L<|v]|<N}

where we used (56) for the first line. From now we will focus to estimate (58).
Case 5 : [v| < N,|v/| <2N,+ <|vj| < N and |20 — v — v}| < 4; or [v/ — v}| < 4. This region included the part
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where the collision kernel B(,-) has a singular behavior.

C’/ [|h]] sup |Z(v v')|/ (F) Lyi(ap_u)—v! <L o<y (V) 0]) dotdo’
wi<eN <N fol<eN B, n{& <[v}|<N} HEome) il <ar o or=eil<ar 0 T

IN

v’ |2
C sup Z(v,v")| x ||k gox/ dv'eiT/ dv’{l vev) o < 23 (V1) 4 Lpjp e 24 (0] }xN’V
e [ [ {1 -y O+ Ly (4D

vl

A

C sup |Z(v,v")| x
| <N or | <2N

(59)

1Bl 375

Case 6 : [v| < N,|v/| <2N, % < [v}| < N and |20 — o' — v}| > & and [v/ —v]| > 37 and 0 < § < 1o5;. We estimate

" 1
v — v

o — o]

2 x 1|1,‘<N/ dv’w(v')h(t,x,v')Z(v,v')/ {w])h(t,z
N [v/|<2N E,, 0 {%<|vi|<N}

v])B(20 — v — Y,

_ v — ]
—w(vy)h(t,z,v1)B(2v —v' —vf, m)}l{\2v7v’7vi|>ﬁ}1{|v’7v1\>ﬁ}dvll‘ (60)

We need this step because of the singular behavior of

U1 U

B(ui,u2) = |u|” QO(‘u1| ) = |u1]"(qo © §)(u1,us2),

[uzz]

where § : R? x R® — R with §(u1,uz) = \Zil . \%I The function F(up,us) is not continuous at (u1,uz) = (0,0) and

continuous away from (0,0), i.e. the restriction of § on a compact set,
Farn t fom < ] < 6N} x {on < |us| < 4N} - R
M7N~2M_U1_ 2M_U2_

is uniformly continuous. From [2v — v —v{| > 4 and |v — 9| < § < 1357 we have lower bound of

v —w v —w 1
20 —v" —vf| > |20 =0 —vj| = |1 —v— ——{(D—v) - ——}|| > —.
| 1|7 | 1| | |UI_U|{( ) |U/—U|}| 72M
Similarly from v/ — v{| > 5 and |v — 9| < § < 155 We have a lower bound of
LY R 1| P
- [/ — v [v/ —o|"| T 2M
Therefore for any € > 0, we can choose § > 0 so that
U/I_vll ,U —v
— " " 1 1
‘B(vi 7v1,7|v”_vi,|)fB(2v7v vl,iw i|)‘

’|21‘) — 0" —v]["(qo 0 F)(20 — v — v, 0" —v)) — |20 — v — V|V (go 0 F)(2v — V' — v}, v —v])| < Ni’ (61)

for [2v — v —vf| > 47 and [v/ —vj| > & and 0 < § < 557
Now we split (60) by two parts

o — ,U/1/

R,
2 X 1‘U|<N/ dv’../ w)h(t,z,v)) {B(26—v”—v’1',H)—B(Zv—v'—v'l,vlvll)}
= Jwi<en o P [0l <N 0" — | v — vy

/
X120 —uf > 51 Lo —o > &1V

I
+ 2% 1‘U|<N/ dv/../ {w(u;')h(f,:z,v’{) - w(v’l)h(t,x,v'l)}B(Qv — ), (62)
~ Jp|<2N /N{ & <|v}|<N} [v" — v

Using (61), the continuity of B(-,-) away from (0, 0), the first line above is bounded by

Csup |Z (v, v')| x ||A][% ~ (63)
v’ N,

In the remainder of this section we will focus on (62) :
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Estimate of (62)

(62) < CN?[[h||os sup |Z(v,v"))| " @(U')/ [w(v)h(t, z,vY) — w(v)h(t,z,v1)|dvy dv',  (64)
v’ v |<2N E

wor {7 <[V SN}

¢

Ul_:ﬁ‘) < 00. Recall our choice of v" and v} from (39) and (40) to
1

Tor=of]

where we used sup|, <, v |<2n, v |<n B(20 —v" =1,

have , ,
P v—v v —v _

|U1—vl\ﬁ)m{(v—v)-m}‘§|v—v|<5.

We will use the followin strategy : separate fE {4 <|v]|<N} ...dv} into two parts
v’ N =IY11>

!

/ .dv —|—/ dvy.
UaNE,, N{F<|v|<N} UgnE, , n{#<|vj|<N}

The first part is the integration over U,, a neighborhood of &, that contains possible discontinuity of h. Moreover we
expect the measure of the neighborhood U, is small so we can control the first term. For the second term, we will use
the continuity of the integrand wh. However if v = 0 then &, could be a large measure set in E,, N {3 < [v]| < N}.
For example if &, NS? = {u € S? : u3 = 0} then &, is zy—plane and Fpe, is also zy—plane. Therefore we have to
divide two cases v # 0 and v = 0 and study separately.

Case of v #0
In the case of v # 0, assume o < |v|?/2 for sufficiently small o > 0. We will divide the velocity space R? into

U’-v—|v|‘ >Q}.
[v] |v]

The important property of 9B is that if v € B¢ then E,,» does not contain zero. We can split the integration part of
(64), ¢ into

B = v’€R3:|v|—£§v’~ﬁ§|v|+£ and B ={v cR®:
|v] |v] ]

/ o) / D! YhE 7, )) — DAt 2, o)) dvde’ (65)

v/ EBonNB Em/ﬁ{igh)ﬂgN}

+ / o) / D! Yh(E, 7, o)) — B )h(t, 2,0, dvdv. (66)
v’ €Ban\B Evv'ﬂ{%g‘U“SN}

Notice that B8 N Bsy has a small measure :

m3(B N Bay) < 21(2N)2 x 2-2 < 27(2N)2 x 2—— < 2v/27(2N)2,/3.

|v] V20

Therefore we have

|(65)] < CN*[|h]| L= /e. (67)
Now we are going to estimate (66). Here we use a property of 98¢ : for v’ € B¢ we have
: Ol I R el I 4 9 0
dist(0, Eyyr) = |v - = > > > —,
ist( )= [ — o] v —o] ~ 2N+ o] = 3N

where we also have used |[v/| < 2N and |v|] < N. From Lemma 5 we use U,, an open radial symmetric subset of
{% < |v}| € N} with a small measure and wh is uniformly continuous on UZ, to split (66) into

/ o) / (R, T, )Y — B0Vt @, v))|dv) o’ (68)

o/ EBan \ DB E,,n{%<|v}|<N}NU,

n / o) / (!, F, ) — ()Yt 2, v, |dv)du (69)
v/ €Ban \B E,yn{&<|v}|<N}NUS

For the last line, we use Lemma 5 to know estimate |w(vY)h(t,z,v)) — w(vy)h(t,z,v])| < 5=, for v] € By N {% <
|vi| < NY\U, and |v} —v| < |v — 9| < . Therefore

(69)] < ON?—I|h|s- (70)

9
N,

In order to show that (68) is small, we introduce following projection :
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Lemma 9 Assume 0 < p < % Let By = {v] € R®: (vy —v) - (v/ —v) =0} . We define a projection
P:S* — Eu

ves? — { Z)}ueEm,/.

Forv' € {v' e R?: [v'| < 2N}\B, define the restricted projection
P’ =Plp-1(g,, n{1/N<loy<n}) P Euw N{1/N < |v1| < N}) = By N{1/N < Jvj| < N}.

Then for v' € Ban\B the Jacobian of P’ is bounded :

P’ A 3N*
Jac(P')=|—|=(v- i |sec? ftan | < —,
Ju |/ — ] 0
where 0 is defined by cosf = u - ‘z::;j'.

E,,/ P };%7?/,/

Figure 4: Projection Map

Proof. Without loss of generality, we may assume ﬁ/;”

/_,U‘ -

(0,0,1)”. Using spherical coordinate,

/ v- (v —v) v- 7‘51:3 v- ‘ztzl sin 6 cos ¢ o —y [ tanfcosod
P'(u) = - u= U= 7 sinffsing | =v-——— [ tanfsing |,
u- (v — ) (R cos cos 0 [v" — ] 1
and a Jacobian matrix of P,
or ; v —v [ sec?fcos¢ —tanfsing
a0,9) |v—v| \ sec?fsing tanfcos¢ )

Therefore a Jacobian of P is

P’ ’r 2
Jac(P') = ‘8?9 ¢)‘ = <v : |vlv|> sec? 0| tan 0] < dist(0, Eyyr)?| sec 3.
, v —wv
Notice that
|sech| = 1 _ L D R Gl u 1 _ [P
| cos 6| ’u lz;:z‘ u- (v —v) ”U' |Z;:Z\ diSt(O,EUU/)-

Because P'(u) € {# < |v{| < N} and dist(0, Eyy) > 5% we have

P’ (u) 3 3N
Jac(P') < | < .
) < 155t0, B)] = o
]
Assume we choose ma (U, NS?) < N nz- By definition we know that P'(U, N S?) = By N{% < |vi| < N}NU, and
the 2-dimension Lebesque measure of E,,» N{+ < |vi| < N} N U, is bounded by

1, , , , . _3NY* & 3N?
mg(Ew/ﬂ{N§|v1|§N}ﬂUx):m2(lP’(UxﬂS))SJac(]P’)x\UxﬁS|§ . XNN2:QN €.

Therefore we have an upper bound of (68) :
|(68)] < CN?¢||h| oo, (71)
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where C' = [, w(v')dv’. In case of v # 0, from (67), (70) and (71), we have

3N?
(62) < CN?||hf|oc sup |Z(v,v")| x & < CNY[AIZ,  sup |Z(v,0){N?*Ve+ (1 + T)

~ 72
o <N.Jo'|<2N N*} (72)

Case of v=0
In this case, we do not have a upper bound of the Jacobian of . Instead we will use the structure of &, of Lemma 4
crucially. In case of v = 0, we split (64)

/ (o) / (@} YhE, 7, 0) — B, h(t, , o) |dv) o/
[v/|<2N Eo {3 <[V <N}

—[ e [0(o} Yh(E, 2, 0}) — D} (s 2, 0})| X 1, (0])dwl (73)
lo'|<2N BoyN{&<[v}|<N}

wf o | (B )h(E, 7, 0)) — B0}l 3,0 X L, o o <lor < (v)dvlds’ (74)
[o'|<2N Eoy N{ & <|v]|<N}

For v’, we use a spherical polar coordinates (1,6’ ¢') so that

v = (r'sin @’ cos @', 1’ sin @’ sin @', r’ cos §'). (75)

By definition, Fy,- is a plane containing the origin and normal to v'. We know that Fy, is generated by two unit vectors

cos 6’ cos ¢’ —sin ¢/’
Eogy = < cosf’ sing’ |, cos ¢’ >
—sin¢’ 0
We will use a polar coordinate (], 67) for vi € Ey,, i.e.
(V)1 cos® cos¢’ —sing’ sin@’ cos¢’ cos 0]
vi=1| (V)2 | (r,01:0,¢)=r]| cos@ sing’ cos¢’ sin® sing’ sing; | . (76)
(v1)s3 —sin ¢’ 0 cos 6’ 0

Direct computation gives det (%) =
191>

cos b’ cos ¢’ cos 0] — sin @’ sin B9 — cos cos ¢’ sin ;) — sin ¢’ cosf] sin b’ cos ¢’
(17)% cos @ det | cos@ sin¢’ cos@ 4+ cos¢’sinf) —cos@ sin¢g’ sinb +cos¢’ cosh; sin@sing’ | = (r})?cosb)].
sin @’ cos 0] sin @’ sin 6] cos ¢’

Therefore we have following identity

2
/ ~dv) = / / / : % cos 07d0' A6’ dr. (77)
R3

Recall the standard 3-dimensional polar coordinates and 2-dimensional polar coordinates :

2N 27
/ -~ dv’ —/ / / 2sin@'de’ do’dr’,
\v/|<2N
27
/ ...dv;:/ / ol dedr,
Eow {3 <[v]|<N} ~ Y0

and use above identities to control (73) by

2N 27 2 27
dr’ ()25 ( 7"/ d¢/ d@lblnﬁl/ dririe= " [ a0 10, (0 (050, &) oo (78)
0 1

We focus on the inner integration Q) and divide it into

2 27
| aorsine / aririe [ 010 0 Lges-ng o -ap o (79)

2m
(Tl)
"‘/0 d9/51n9//i dryrie” s /0 dellle(0/1)19’16[0,%*@]u[%Jrgy%”*@]u[%“rg,m]' (80)

N
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Easily (79) < QQ(efsﬁ—e*N%) < 4p. For (80), we use 1 < # and 1 < Nrjon 6] € [0, 2—0]U[Z+0, 3 —0]U[2E +0, 27]

2
and r{ € [4, N] to have

T N
1
(80) < g*lN/ d@’/l dr’l(rll)Q/ df} cos 01y, (V) (ry, 0560, ¢") = 0 ' N x mg(Uxﬂ{N < |[vj| < N}, (81)
0 ~ 0

;* } . (82)

where we used (77). To sum we have

(73) < (78) < C||h|]o {49 + 07N x

On the other hand for (74) we can use Lemma 5 to have

€
<
(74) < CN

*

From (82) and (83) we have

(62) < CN2\|hHoosu1/)|Z(v,v’)| N ) C’N2||h||oosup/>|Z(v,v')\ x {(73) + (74)}

IN

€ _ e
Ol sup 2o { 5 + bllfte + 'V x -} (o9

*

To summarize, from (52), (53), (54), (55), (57), (59), (63), (72) and (84), we have established

1 _ N2 N7
(42) < Cllhllio{ﬁ +e w4+ ClhlZ  sup |Z(v, 0 3 +Clnl%,  sup  |Z(v,v")|(N®o+4N?p)
[v] <N, |v'[<2N [v| <N, |v'|<2N

3N
+—Cllls sup |Z(v,v’)|{N2+|h|oo(1++N4+N3g)}. (85)
N, 0| <N,|v'|<2N 0

We choose N, M, N, > 0 sufficiently large and ¢ > 0 sufficiently small so that we can control (42) < 5. Combining with
the result of previous subsection (51), we conclude (37) and and prove Theorem 4.

3.4 Continuity of Collision Operators K f and T'(f, f)

The following is a consequence of Theorem 4.

Corollary 5 Assume f(t,z,v) is continuous on [0,T] x (Q x R3)\& and
w(v) f(t,,0) = (L4 p*|0]})7 f(t,2,0) € L¥([0,T] x (Q x R?)).
Then K f(t,z,v) and T4 (f, f)(t,z,v) are continuous in [0,T] x Q x R3 and

sup [T (0)w()K(f)] <oo,  sup  [rTH(w)w(w)D4(f, f)] < oo
[0, T]xQxR3 [0,T]xQxR3

Proof. The above boundedness is a direct consequence of (33) and (34). Thanks to Theorem 4, we already established
the continuity of I' . Therefore we only need to show the continuity of

\}EQ_(\/ﬁf’ =e » S2 (v —u,w)f(t,x,u)e”
Choose (ﬂi‘,@) ~ (t,z,v) so that |(f,j:717) — (t,z,v)| < 5. We will estimate
y t, T, )tz
Q-(Vuf, ) ) — \F Q-(Vuf, p)(t, z,v)
= f/RS/S2 _lu? \2 B(v —u,w)f(t,z,v) — B(t — u,w) f(¢,Z,u) fdwdu
_ f [ [ B 2 f(txvdwdu——/m/g? e e o ) dwda
< f B wwlle B B (0 - )] ] dwdu (86)
/ B —ww)le” | f(t, 2, 0) — F(E,7,u— (v — 1)) duwd, (&)
R3 Js2
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where we used a change of variables v’ = u + (v — ¥) for the underlined term. Using the Taylor’s expansion we control

u\2

1 82 _ _
Si(\u|—|—5)e4e X v — 1,

_u—(v=5)|2 u)?

e T =e 4 —|—1|u*|e_
2

where u, = s.{u— (v —0)} + (1 — sx)u for some s, € (0,1) and |v — 7| < §. Therefore we control

U 2 -
(86)] < |u| +8)e’T e du x sup/ Go (T w)dwlv — ] X |[w]]oc
v Js2 Vv —u

< O+ o)) Te™F ], (88)

where we have used the the angular cutoff assumption (3). Now we estimate (87) with following steps :
2 u|?
Case1: |u|> N. Sincee 2 < e’%e’%, we estimate
_nN? e el
/ & dwdu < Ce™ s / e”® Ju—v['du X |[|[wf|leo < Ce™ = v(v)||wf||so- (89)
lul>N Js2 R3

Case 2 : |u| < N. A function f is continuous on [0,7] x (Q x B(0; N))\&. By the Lemma 5, we can choose
U, C B(0; N) with |U,| < & with |f(t,z,u) — f(t,Z,u — (v — 0))| < & for |(t,z,u) — (t,Z,u — (v — 0))| < § with
u € B(0; N)\Us. Therefore [,y ;2 & dwdu is bounded by

/ / & dwdu +/ / & dwdu < O v(0)][wf]|n. (90)
weB(0;N)NU, Js? weB(0;NN\U, Js2 N

From (88), (89) and (90), we summarize

£
N

v(v)

1 f 75 _nN2 €
—|Q-(Vuf, 1)t 2,0) = Q- (Vuf, p)(t, z,v)| < (0o(d) +e™ 75 + N) N

VI

which is less than € for sufficiently large N and sufficiently small §. m

1w {loo,

In following sections, we will prove Theorem 1, Theorem 2 and Theorem 3, for each boundary conditions. In order to
write theorems in the unified way [13] for all boundary condition cases, we use the weight function w(v) = {1+ p?|v|?}?

n (12) and define
X F-n

B

In terms of h, the Boltzmann equation (1) is equivalent to

gl
El=

{0 +v-Vi+v—Kyuth =wl(

where K,,h = wK (£) with boundary conditions :

1. In-flow boundary condition :  h(t,z,v) = w(v)g(t,z,v)  for (x,v) € vy_. (92)
2. Diffuse boundary condition :
1
h(t,z,v) v\ i h(t,z,v") ——————=c u(v){n, -v'}dv’  for (x,v) €~_, (93)
v n(x)>0 w(v/) V [L(’Ul) g
with a normalized constant c,, in (6).
3. Bounce-back boundary condition :  h(t,z,v) = h(t,z,—v) for (z,v) € y_. (94)

4 In-Flow Boundary Condition

In this section, we consider the linearized Boltzmann equation (91) with the in-flow boundary condition (92). First we
will show the formation of discontinuity using a pointwise estimate of the Boltzmann solution [13]. Then we use the
continuity of collision operators, Theorem 4, to show a continuity of solution on the continuity set € and the propagation
of discontinuity on the discontinuity set .
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4.1 Formation of Discontinuity

We prove Part 1 of Theorem 1. Without loss of generality we may assume zy = (0,0,0) and vy = (1,0,0) and
(z0,v0) € 75. Locally the boundary is a graph, i.e. QN B(0;0) = {(21,22,73) € B(0;0) : 3 > ®(x1,29)}. The
condition (zg,v) € 4§ implies tp(wo,v0) # 0 and tp(z0, —vp) # 0 which means ®(&,0) < 0 for £ € (—5,5)\{0}. (See
Figure 3)

For simplicity we assume a zero boundary datum, i.e. ¢ = 0. From Theorem 1 of [13], we have a global solution of the
linearized Boltzmann equation (91) with zero in-flow boundary condition, satisfying

sup ||A(t)]sc < C"e™|[ho]]oo,
te[0,00)

for some A > 0. In the proof we do not use the decay estimate but just boundedness

Sup)l\h(t)lloo < 'l loo- (95)

te[0,00

Recall the constants Cx and Cr from (33) and (34). Choose to € (0, min{Z, w}) sufficiently small so that

1
5 < (€7 Gl = (1 = e ) Cp(C)?) (96)

where v(1) = v(vg) for any vy € R with |vp| = 1. This choice is possible because the right hand side of (96) is a
continuous function of {3 € R and it has a value 1 when ty = 0. Furthermore assume a condition for our initial datum
ho : there is sufficiently small ¢’ = §’(€, o) > 0 such that B((—#o,0,0);4¢") C Q and

ho(xo,v0) = ||hollee >0 for (z,v) € B((—ty,0,0);8") x B((1,0,0);d"). (97)

We claim the Boltzmann solution h with such an initial datum hg and zero in-flow boundary condition is not continuous
at (to,xo,v0) = (o, (0,0,0),(1,0,0)). We will use a contradiction argument : Suppose

[h(to)]wo,vo =0. (98)

Choose sequences of points (,,v},) = ((0,0,1),(1,0,0)) and (zy, v,,) = ((£,0,®(%,0)), (1,0, 2)). Because of our choice,
for sufficiently large n € N, the characterlstlcs [X(0;tg, xg, vo), V(0; o, xg, vo)] is near to ((—to,0,0), (1,0,0)), i.e
1

(z), = tov,,,v,) = ((—to, 0, ﬁ) (1,0,0)) € B((—t0,0,0);46") x B((1,0,0);8").

Hence the Boltzmann solution at (tg, z,, v}, ) is

to / h h
h(to, o, vh) = ho(al, — tov), vl )e " )to'f‘/ eV(vn)to=7) {K h‘HUF(E w)}(T,%—U(tO—T)av;)dT
0

, to / h h
||h()||<><J67V(vn)t0 + / eiu(vn)(t()iq—) {Kwh + U)F(f, )} (T,I - v;L(tO - T)av;)dT'
0 w w

Combining h(tg, Zn,vn) = w(vy)g(to, Tn,v,) = 0 with (98), we conclude
h(ty,«.,,v.) — 0 asn — 0. (99)

On the other hand, using (95) we can estimate

l1m1nf|h(t0,xn,vn)\ = hmlnf|h(t0, xl,un) — h(to, T, vn)|
, to tO ’
2 liminf}||ho||oo“37y(v")t07/ Ckc'||h0|\ood7+/ v(v),)e VR (C)? | ol |2 dr |
> lhollewe™ M — toCkC'||holloe — (1 = M) Cp(C)?|lhol |2,
hol|so
= ol (0 — 190" — (1 - ) Cr(01)?) 2 Lol g,

which is contradiction to (99).

4.2 Continuity away from ©

We aim to prove Part 1 of Theorem 3 in this section. First we recall Lemma 12 of [13], the representation for solution
operator G(t,0) for the homogeneous transport equation with in-flow boundary condition :
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Lemma 10 [13] Let ho € L* and wg € L. Let {G(t,0)ho} be the solution to the transport equation
{0r +v-V,}G(t,00hg =0,  G(0,0)hg = ho, {G(t,0)ho}, = wg.
For (z,v) ¢ 70 N7-,
{G(t,0)ho}(t, z,v) = L;_y, <oho(x — tv,v) + 11—y s0{wg}(t — tp, T — tbv,v).
Next we prove a generalized version of Lemma 13 in [13].

Lemma 11 (Continuity away from ® : Transport Equation) Let 2 be an open subset of R® with a smooth bound-
ary 0Q and an initial datum ho(x,v) be continuous in  x R3U {y_ U~y U’yéf} and a boundary datum g be continuous
in [0,T] x {y— U~{~}. Also assume q(t,x,v) and ¢(t,z,v) are continuous in the interior of [0,T] x Q x R* and satisfy
SUP[o, 7] x 2 xR3 la(t,z,v)| < 0o and SUP[o, 7]x 0 |6(-, - v)| < 00 for all v € R3. Let h(t,x,v) be the solution of

{0 +v-Vo+oth=q, h(0,z,v)=ho, h|l, =wg.
Assume the compatibility condition on v_ U 'yé*,
ho(fﬂ,’l)) = w(v)g(O,x,v). (100)

Then the Boltzmann solution h(t,x,v) is continuous on the continuity set €. Furthermore, if the boundary 0Q does not
include a line segment (Definition 6) then h(t,x,v) is continuous on a complementary set of the discontinuity set, i.e.

{[0,7] x Q@ x R3}\D.

Proof. Continuity on {{0} x © x R3} U {(0,00) x [y_ U~{ 7]} is obvious from the assumption. Fix (t,z,v) € €. Notice
that

d — t T T T T — t T T T T
{ds{h(s,X(S%V(S))e Joo@X@OV ATy g(s, X (s), V(s))e™ Js 20X (DY) }1[max{0,ttb(m,v)},t](s) =0, (101)

along the characteristics X (s;t,z,v) = « — v(t — s),V(s;t,z,v) = v until the characteristics hits on the boundary.
Choose (¢,Z,0) ~ (t,x,v) and use a change of variables § = s — (t — t) with 5§ € [t — ¢, t] to have

d - _ ¢ ) ()T
{}{h(g (F —t), X(5), V(5))e Ji ¢r+E=0.X(n).V(m)dry
S
=g+ (= 1), X(5), V()e™ J A HED XD o it als) =0, (102)

where X (5) = X(5+ (f —t);t,2,0) and V(5) = V(5 + (t — t);1,7,9).
By the definition €, we can separate two cases : t < tp(z,v) , ( b(z,v),v) € v_ U~

Case of t — tp(z,v) <0 From the assumption ¢ — tp(z,v) < 0, we know that (101) holds for 0 < s < ¢t. Now we
choose (t,%,7) near (t,7,v) so that t — tp(Z,7) < 0, and X (58) = X (5 + (t — t);£,Z,9) is in the interior of ) for all
€ [t — ,t]. Taking the integration over [min{0,¢ — ¢},¢] of (101) — (102) to have

h(t,z,v) = h(£,2,0) = ho(X(0), V(0))e™ s XDV — (X (1 =), V(1 — B))e” [ime DXV
/ B {l[max{&t—tb(z,v)},t](5) ( X( ) V( ))67 Js X0,V (r)dr
min{0,t—t}

Lm0t 0. (8)a(s + (= £), K(s), V(s))e™ [ o+ EDXOI NI g

_|_

Since hy and ¢ is continuous, it is easy to see that the first line above goes to zero when (f,%,v) — (¢,z,v). For the
remainder we separate cases : t —t >0 and t — ¢ < 0. If t — £ > 0 the remainder is bounded by

t _
/ la(s)ed 2707 — q(s 4 (rt = ) AT e — 1] sup lg(s)]|ooe! Pose=e 19O,
t—t 0<s<t

where the first term is small using continuity of ¢ and ¢, and the second term is small as (¢,Z,v) — (¢, z,v). The case
t —t <0 is similar.

Case of (zp(x,v),v) € v_U~l~  We only have to consider cases of t > tp(z,v) and t = ty(x,v). By definition

(zb(z,v),v) € y- U~E~. From Lemma 2, we know that tp(z,v) is a continuous function when (zp(z,v),v) ¢ v_ U~E™.
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In the case of t > tp(x,v), for (¢,
(101) — (102) to have

z,v) ~ (t,z,v), we have ¢ > t,(Z,v). Taking the integration over [min{0,¢ — ¢},¢] of

h(t,z,v) — MEE,D) = w(t— to(x,v), X (tp(x, 1)), V(t (2, v)))e” - AmX OV E)dr
—wg(f — tu(7,0), X (tu (7, 7)), V(tu(Z, 0)) e~ f-t@o ¢ HED.X@O.V(m)dr

t
+ / q(s, X (s), V(s))e™ Jo onX@V(TDdr g g
t—tp(z,v)
t o
[l = 0.5, V(s AR O g
t—tn(2,0)

Using the continuity of ¢y and ¢ and ¢, it is easy to show that |h(¢t,z,v) — h(¢,Z,0)] — 0 as (¢,%,0) — (¢, z,v). In
the case of t = tp(z,v) we can choose (t,Z,0) ~ (t,z,v) so that t,(Z,0) € (t — €,t + €). Taking the integration over
[min{0,t — ¢},¢] of (101) — (102) to have
(bt 2, 0) = h(£,7,0)] < wg(t — ty (2, ), X (b (2,0), V (tn(, v)))e rmimn 20X ORVIDE
s 0 50 X0,V (5,00 S yn KT
_1f§tb(gﬁ,i)h0(x(t —1),V(t—1t))e” Jis o —OX()LV(m)dr

t
“f
t—tp(z,v)+e

+2¢ sup Hq(s)”ooetsupUSSSt||¢(5)||007
0<s<t

a(s, X(s), V(s))e™ J XOVONT g (1 1), X(s), V() 20 HEOXO V0] g

where the first three lines can be small using the compatibility condition and continuity of kg in Q x R3U{y_ U~ U'yé 1
and a continuity of g on [0, 7] x {y_ U~4~} and continuity of ¢. For the fourth line above, we use the continuity of ¢
and ¢.

If the boundary 92 does not include a line segment (Definition 6) we have € = {[0,7] x Q@ x R3}\D. m

Proof of Part 1 of Theorem 3
We will use the following iteration scheme

gl m hm hm hm+1
{0t +v -V, +v}ih =K,h"+uwly | —, — ) —wl'_ | —, , (103)
w’ w w'ow
with A [,—o = ho and "1 (t, z,v) = wg(t, x,v) with (t,z,v) € v~ U~L~. For simplicity we define
hm hm hm hm+1
— K h™ 4wl ( ) —ul ( , ) (104)
w w w’ w
Step 1 : We claim ,
h' is a continuous function in € (105)
for all € N and for any 7" > 0 where -
Cr=¢n{[0,T] x Q x R?}, (106)

where the continuity set € is defined in (10). We will use mathematical induction to show (105). We choose h? = 0 then
h™ hmﬂ) =v (BL-) hF1 then the

(105) is satisfied for ¢ = 0. Assume (105) for all i = 0,1,2,...,m. Rewrite wI'_ (—

w? w

equation of AT is

mhm

{0 +v-Vy+v)+v (ﬂT) YR = K, h™ 4wl ( ) . (107)

w

From Theorem 4 and Corollary 5 we know that v (\/ﬁ%m) and wl' (h;}"’ h;n) is continuous in [0,7] x Q x R3. Apply
Lemma 11 where ¢(t, z,v) corresponds to v(v) + V(ﬁ%) and ¢(t,z,v) corresponds to the right hand side of (107).
Then we check (105) for i = m + 1.

Step 2 : We claim that there exist C' > 0 and 6 > 0 such that if C'{||ho]|oc +SUPg<scoe ||wg(s)||c} < 6 and C||ho||oc < 6

then there exists T'= T'(C, d) > 0 so that

LS 1™ (8)]|oe < Cl[ho|oo (108)



4 IN-FLOW BOUNDARY CONDITION 24

for all m € N. Moreover {h™}2°_, is Cauchy in L°°([0,T] x  x R3).
First we will show a boundedness (108) for all m € N. We use mathematical induction on m. Assume supy< <7 || (5)[|o0 <
C||ho||oo where T' > 0 will be determined later. Integrating (103) along the trajectory, we have

RNtz v) = 1t<tb(mﬁv)e_”(”)tho(x —tu,v) + ltztb(xyv)e_”(“)tb(x’”)w(v)g(t —tp(z,v),2p(x,v),v)
t
hm pm hm hm+1
+/ 67”(”)(“5){Kwhm +wl'y <, > —wl'_ <, > s,z — (t = s)v,v)ds
max{t—tp(z,v),0} w  w w w

IN

[lholloo + sup [Jwg(s)llsc +tCik sup [[A™(5)|loc + Cr sup [[A™(3)]loc sup ([[A™(5)|oc + IR (5)]]oc) »
0<s<t 0<s<t 0<s<t 0<s<t

and

1+ tCxC + CrC{lhol|s + sup, |[wg(s)]]oo }
hm-i—l o S hollso 00
B BT (e e e G A

0{||ho||oo+ sup ||wg<s>||oo},
0<s<t

IN

where we choose C' > 4 and then {[|ho||oo + Supg<s<; [|wg(8)|[oo} < ﬁ and then T = 2%;%

Newt we will show the sequence {h™} is Cauchy in L>°([0,T] x Q x R?). The equation of A1 — ™ is

{0y + v Vo + VR —h™) = g™, (109)
(R = h™)|i—o = 0, (R™*' —R™)],_ =0

where

. m 1 <h1n M hmfl) (hmfl _pm hnzfl> (hrn pmtl hrn) <h7n—1 R hm>

7" =Kywh™—=h )+ wly , —————— | —wlhyp | —m8™—, —wl_ , ——————— | +wl- | —————, — ] . (110)

w w w w w w w w

From (33) and (34), we have a bound of Gy,
sup [1q"(s)lloo < Cic sup [[{A™ = K™ 7" }(s)]] (111)
0<s<t 0<s<t

+Crv(v){ sup [[{h™ = "7 }(s)[loc + sup [[{A™FH = h™}(s)l[oc} x (sup [|[h™(s)[[oc + sup [[F"FH(s)[[o0)-
0<s<t 0<s<t 0<s<t 0<s<t
Integrating (109) along the trajectory, we have

[{A™ 8 = 2™ 1 (1) oo

IN

t
| e @ s, = (¢ syo.v)ds
0

Cit sup [[{h™ = ™7 }(s)llo
0<s<t

A

+CCr <|h0||oo + sup ||w9(8)|oo> { sup |[{h™ = k™ }(s)||oo + sup [[{R"F! — hm}(S)loo}~
0<s<t 0<s<t 0<s<t
If we choose C'Cr||hol|oe < i and Ci T < % then

m m 1 m m—
sup [[{h™! —h Y)lloo < 5 sup [[{A™ —h "3(8)loo-
0<s<T 0<s<T

Then we have

sup |[{p™ =B Y (s)loo < sup [[{A™ =BT (8)|loo + - 4 sup [[{R"TT = h"H(s)||oo
0<s<T 0<s<T 0<s<T

1

1 2
< Ao+ 55 sw A =0 (9)]|eo < o sup [[{R = B2} (9)]|o
2 297 o<s<T 2" g<s<T

4
< 5iClllholloe + sup_ lwg(s)|lc},
0<s<T

which means that the sequence {h™} is Cauchy in L>([0,T] x Q x R?).

Step 3 : From previous steps we obtain that h with lim,, ., A" is continuous function on €. Now we claim that h is con-
tinuous in €. Notice that 7" only depends on ||hg||se and supg< <7 ||wg(s)||oo. Using unform bound of supg<, . ||2(5)|]s0
(Theorem 1 of [13]) we can obtain the continuity for h for all time by repeating [0, T], [T, 277, .... If the boundary OS2
does not include a line segment (Definition 6) then every step is valid with [0,00) x {Q x R3}\®D instead of ¢ and
[0,7] x {Q x R*}\D instead of €.
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4.3 Propagation of Discontinuity

Proof of 1 of Theorem 2
Proof of (18)
In order to show the upper bound of discontinuity jump (18), we will show

L)) [h]to,wo,voe*(o%/Jr%Hho\\oo)(1+\v0|)"’(t7to)7 (112)

when (x9,v9) € 7§ and t € (to,to + tu(z0, —vp)). Choose two points (2/,v"), (2, v") € {Q x R}\&} N B((z,v); 5)\(z,v)
and compare the representation

—v(v )ty (2! v)—
Ih(t, 2’0"y — ht,a” 0" < ’l‘t—toztb(l/yvl)h(t7tb(‘r/7vl)1mb(m/,7j,)1v/)e b It

v () (t—to) = f{, v(VEE) (.2 = (k=)0 W )dr

t—ty (e ) u(ﬁw)(q—f —(t—7)v’ v’ )dT
+1t—t0<tb(m’,v’)h(t0’ml — (t — to)’U/,’U/)e

[ h 2! (t— [
_1t—t02tb(z//,v”)h(t _ tb(ac”,'u”),Jcb(x”,v”),v”) —v (vt (x )— ft ty, (o' ,v'") v(Vip) (ma’ —(t—7)v" v )dr

(oY (b—tn)— [t v h 2! (t— Yo' !V dr
_1t—to<tb(w”,v”)h(t01I”_(t_tO) (he=to) jto VERT (t=meted

v")e
/t (Kuh + wF+(ﬁ ﬁ)}(s)z/ . S)v/7vl)67u(v/)(t75)ffst 1/(\/;T%)(T,z,—(tf‘r)v/,v/)d‘rds
max{0,t—tg—tp (z/,v/)} w w

t t .
7/ {Kwh + wlﬂr(f7 —)}(s7z” —(t— S)v//7U//)efu(v,,)(tfs)ffs V(BB (! — (t=r)0! W ar |
max{0,t—tg—tp (z//,v"7)} w’ w

It is easy to see that if ¢ — tg > tp(2',v’) then as § — 0 we have
t—tp(a’, V") =ty , xp(a’,v") = 20,
and if ¢ — tg < tp(2’,v’) then as § — 0 we have
2 — (t —to)v" — wp.

Therefore the first four lines converge to [h]y agv, x €~ 0107 Jio VR (Tszo=(to—T)vo,v0)dT gt Jagt two lines,

using the continuity of K, h, F(%, %), V(\//j%) we conclude that it converges to zero. Therefore we have

[h(t)]xo+(t_t0)vowo < [h]t07z07y0€ v(vo)(t—to)— ft() \F )(T,x0—(to—T)vo,v0)dT

(L ’ Y(t—
< [Hltgsgm x € (@ CuClhall=) i),

where we used

)= / B(v — u,w) 7@4\ w™ (u)dwdu (113)
R3 Js?
1
with . — (14 |[v])Y < vp(v) < Cu(l + |v])7. (114)

Remark that Proof of (18) is valid for in-flow, diffuse and bounce-back cases.

Proof of (20)

Assume [h(t)]zg.0, 7 0 and to € (0, tp (20, —v0)) With (zo,v9) € 75. Further assume that the boundary 95 is strictly
concave at xo along vy direction (19).

Step 1 Claim : We can choose sequences (. @, vh), (th, 2, vl) € [0,00) x Q@ x R3N B((to, 2o, v0); )\ (to, o, vo) such
that limy, o0 |A(t},, 27, v5) — h(ty, 27, v7)| = %[ ( 0)lzo,v0 # 0-

From [h(t0)]ze,0o 7 0 We may assume

S [hlto,ahvh) — hlto, 70| = St 0 (115)
(25,v0), (=g w5 )EB((wo,v0); 7:)\(wo,v0)
for all n € N. And for each n € N we can choose desired sequences.
Step 2 Claim : For given € > 0, up to subsequence we may assume that
(xp (), v],),vh) € B((xo,v0);8)\® , (zp(xl,vi),vl) ¢ B((x,v0);e) UG for all n € N. (116)

We remark that a continuity G(¢,z,v) = w(v)g(t, z,v) on [0,00) x {y_ U}, ie.

[ G|[0,OO)><’Y7]750,900,U0 = ’U)(’Uo)[ g'[0,00)X‘yf}toﬁvao =0 for all (tU’ Zo, UU) € [O? OO) {'7 U 70} (117)
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is crucially used in this step. In order to show the final goal (116) of this step, we need to prove following statement.

Assume (zg,v) € 'yg and tp(xg,vg) > to. Then for sufficiently small € > 0 there exists N > 0 such that

1
if (x,v) € B((xo,v0); E) for n > N and ay(x,v) ¢ B((zo,v0);€) then we have tp(z,v) > to. (118)

We will prove (118) later and show (116) using (118). It suffices to show that there are only finite n € N such that

1 1
(@b (2, 0n), 0n) € B(20,00); “N\& , (@b (2, v), v) € Bl(0,v0); —)\& (119)
1 1
or (wn (@, vy),v) & B((zo,v0); —)U S, (wn(ar, v), o) & B((0,v0); ) U . (120)
Suppose there are infinitely many n’ € N satisfying (119). If € > 0 is sufficiently small then (119) implies that
to > tu(axl,,v),) and tg > ty(z!),,v/!,). The Boltzmann solution h at (tg, !, ,v),) is
—v(v,,,)(to—tb(z ,,v v % T,a:;l,f to—T v;’,,v;’, dr
h(to,xl,,vl) = h(to — tu (2, Vi ), Tu (X, v))), vl e (wn)to=tuary v N=J,g ooty ) VRN (to=7) )
to ! t. ’ ’ ’
+f [Koh T4 (2 1,21, — (0 — 5)ul, ol Yot 0081 10 V)t —(to—r)at e g,
to—tu(z’, v’ ,) wow

and a similar representation for h(to,z!,,v/,). Compare representations of h(to,x},,,v,,) and h(to,z,, v/,) to conclude

nh_rfloo |h(t07 71,/7,07/’7,') - h(t0> Z’avg )| = n}i_r>noo |h(t0 - tb(xiz” U;L’)"rb(xil,?v;‘/)’v’:’b ) — h(to - tb( n’s Uns ) Tu(z Z 7UZ’)) UZ’)|
X6*1’(”0)(tO*tb(Io,vo))*f:(?_tb(m,,,o) v(VEL) (1,20 —(to—T)v0,v0)dT
— to—t , _[to h t dr
< [h|[0,0C)><"/—}to—tb(zomo),wb(wowo),vo xXe V(o) (to=tn(wo,v0)) fto_tb(m'vm v (Vi) (r,o=(fo=)v0,v0) s
where we used the continuity of v(,/Z) and I'y (£, ). Further using the in-flow boundary condition h|,_ = wg, we

have

_ _ _rt h —(to—
hm |h(to, xl,,v)) — h(to, xi, vl < [g|[O,M)xv_]to,zo,yow(vo)e v(vo)(to—t6(0,00)) = [;7_,, (2g,00) Y (VE ) (T:Z0— (fo—T)vo,v0)dT _ 0,

n’—oo

where we used the continuity of g on [0, 00) x {v- U~p}, (117) at the last line. This is contradict because we choose the
sequences (mfn’7v1{7,’)’ ('rlri” ;{ ) Satlbfylng hmn—>oo |h(t0a n’a 'ln’) - h(th Z'a n )| > [ (tO)]xo Vo 7é 0 in Step 1.

Now suppose there are infinitely many n” € N satisfying (120). Because of (118) we have ¢ty < tn(al,,v),) and
to < tw(z!,,v!,). The Boltzmann solution h at (tg, 2}, v.) is

n” 3 n”

— / _[to h T ’ ’
h(to, In//,U;l//) = h() 7t0/U'n”7U;L”)7U;L”)6 U(’U””)to fO V(\/'E“’)(T’mn” (to T)v”/”v"”)dT

/ {Kh+ T (

—~

x

!/

n'

h _ ’ _ <\ [to h o _ / ’

e v(v) ) (to—s)— [20 v(\/B&)(T,z] ;) —(to T)vn,/,vn/,)d‘rds
)

'U)

E\b‘

)}(S In// — (t() - S) n//,U;L//)e
and same representation for h(to,z.,,v/!,). Using the continuity of hy we see that

lim |h»(t()7 Tty ;L”) —h(to, n// 'Un///)|

n— o0
to h
- to—t ) - ) (Txo—(to— ,v0)d
= lim |h0( Ly to’Unm n”) hO( Lopre _tOvn”v :z”)|w( )6 v(vo)(to—tb(z0,v0)) fto*fb(ﬂﬂoﬂ’o)V(\/E“’)(Tm0 (to—7)vo,vo)dr
n— 0o

which is also contradiction.

Now we prove (118). We can choose ¢ > 0 sufficiently small so that 9Q N B(zg;¢e) = {(x1, 22, P(x1,22)) € B(x0;€)}.
From tp(xg,v0) > to we know that a line segment between xg and xg — toxo has only one intersection point zg with 9%,
i.e.xq, zg — tovg N IQ = {zp}. Furthermore we can choose g > 0 so large that UsE[O,tU] B(xzg — svg; 0) N0 C B(xp;€).
Choose N € N sufficiently large so that z, 2 —tov C Ug(o4,) B(zo — svo; 0) for all (z,v) € B((2o,vo); LY If 2y (z,0) ¢
B((x0,v0);€) then z,z — tov N 0N = () and this implies ty(x, v) > to.

Step 3 Claim : Choose t > 0 so that t — ¢y € [0,tp(z0, —vo)) and denote © = xg + (t — tp)vg, v = vo. Then
there exists N € N so that ¢t — tg < tp(z],, —v},) for all n > N.

Using (118) we only have to prove xp (], —v),) ¢ B((zo, —vo);€). From (116) we know that xp(z,,v),) € B(xzg;e). We
assume that QN B(zg;e) = {x € B(xo;€) : x5 > P(z1,22)} and n(z) = (0,0, —1) and vg = |ve|(1,0,0). Let’s define

U(s) = ((zp)1 + s(vy)1s (2)2 + s(vy)2) = ((20,)s + s(v))2).
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Since z, € Q we have ¥(0) < 0 and ¥ (tp(z,,,—v)) = 0 = U(—tp(z,,v),)). Because of the strict concavity along wvg

717 TL

direction at xq (19), for sufficiently large n so that (z!,v!,) ~ (xg,v9) we have

n»vn

20 0,0, \ [ (W) 1
" _ / / xr1 1 -T2 n N
() = () (757 Z5a ) () < =50

n

where the Hessian of @ is evaluated at ((z! )1+s( 1y (zh,)2+s(vl,)2). Since {a: +sv), s € (—tp(z) T n) tb( ,—uh))} C
) we have ¥(s) < 0 for s € (—tp(z),,v),), tb(2,,, —v.)). Therefore ®'(—typ(z],v),)) <0 and ¥’ (ty(x),, —v),)) 2 0. This is
contradiction because

to(x,,,—v;,) 1
0 < ' (tp(z),—v))) = & (—tp(x),v),)) +/ ( : P (s)ds <0 — §Cm0,v0{tb($;” —v,,) +tu(2),,v;,)} < 0.
—tp(x), v,

The consequence of this step is that for n > N we have a representation of h at (¢,z,v)

t

ht,z), + (t— to)vl,vl) = h(te, o, vl))e " E-t) =i VR (ra +(r=ta)u, v )dr (121)

n?n n’» - n

t
h h
+ /{Kw+wp+(f’f)}(s7xn+(S_t0)v;“v) —v(v,)(t=5)= [ v(VEE) (T2, +(T—ta) vy, v, )dT g o
w w

to

Step 4 Claim : For given € > 0 there exists 6 > 0 so that if |(y,u) — (20,v0)| < ¢ and |(z,v) — (zo,v0)| < 0 and
to < tp(y,u) and tg < tp(z,v) then
|h(to,y,u) — h(to,z,v)| < €. (122)

We have h(to, y,u) = ho(y — tou, u)e~*(Wto=Jo® (Vi) (ry=(to—T)uu)dr
hoh
w’ w

/ [Kuh + T (o, 20 s,y = (to — s)u, ue V(00— =20 MV (= (to =) g

and similarly h(to, z,v) = ho(z — tov, v)e~*@to—[s® V(VEE) (T~ (to=m)vv)dr

i Vs, x — (to — 8)v,v)e o =)= [0 v (VR (ma=(to=m)v.0)dr g

to
+/ {Kwh+Ti(—,—
0 w

b

Let’s compare the arguments of two representations :
|(y — tou, u) — (x — tov,v)| < 2(1+1t9)d for hy,
(= (0 = Thusw) = (1, (to ~ o, 0)| <21 +10)5 for (i),
I(s,y — (to — $)u,u) — (s, — (to — s)v,v)| < 2(1 +t9)d for Kyuh+T4( )

Using the continuity of hy, V(f ), Kyh and F+( ) we can choose desired € > 0 to conclude (122).

hoh
ww

Step 5 Claim : Choose t > 0 so that t € [tg,to + th(2o, —v9)) and denote z = zo + (t — t9)vg, v = vo. Let
£ < 15[A(t0)]so,00 and & > 0 be chosen in Step 4. Then we can choose u], € 2 so that |u” —v)| < dand to < tp(z),ull)
and t — tg < tp(xl, —ul).

If there are mﬁmtely many u, so that to < tp(zi,ul’) and t — tg < tp(z), —u!l) then up to subsequence we can define
ul! = v!!. Therefore we may assume t — tg > tp(x] fv”) for all n € N. We assume that Q N B(zo;¢) = {x € B(zo;¢) :
x3 > @(xl,xg)} and n(zg) = (0,0, —1) and vy = |vg|(1,0,0). Now we illustrate how to choose such a u/,. Denote
all = x = (21,22, 23) and v)) = (v, va,v3). First we will choose (u1,us,us) and s > 0 so that
n(ap(x, —u)) - u =0, (123)
— u U L . .
and zp(x, —u) = (z1 + s\/ 2+ =, T3 +s\/u%+u% , Pz + s\/ 2+ =, T3 + s\/u%u%)). The condition (123) implies that

P _
ug d U _ (ot Vi +“2) 3?3. (124)

—— = + 5, T2 + =

In order to use the implicit function theorem we define

U(x1, 0, 35U, u2;8) = P21 + s ————=,22 + 5

U2
w2 P) 2)_363
\ U Vul + uj
Uz Uz
2 2’

L +
i) S
2 2’ 2 2 2
VUi +uj \/u1+u2 \/ul uj + ujp Vui + uj

O(x1 + s

u u
Oy ® (21 + S——e 29 + e )} )

s Laﬁ
Vu? + u3
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and compute ,using (19)

2 U1 1
O = —s(—m—s, — = ( oee Tt ) Vi | < —5Ck (125)
Vui+u3 /ud +uj w10z @ it 2

for © ~ xg, v ~ vg and the Hessian is evaluated at (z7 + s—2—, 29 + s ). Hence s = s(x1, 22, x3; w1, ws) is a
\/2;7 \/ﬁ 1,22, 3; W1, W2

smooth function near x ~ xg and (uq,us) ~ (v1,v2). In order to study the behavior of s we use the Taylor’s expansion
: from U(zq, zo, x3; U1, u2; 8) = 0 we have

By, 29) — 15 = L (uyup) (008 OniOn® ) L (O On0n® w )
hr) mE =i 2 (M 6,00 92,0 up ) T2\ 9,0, 92,0 uy ) [5

() (%)

where the Hessian (x) is evaluated at (z; + S*\/ﬁ,l‘g + S*\/J%Z)Tug) and the Hessian (xx) is evaluated at (w1 +

w s . N N . .
Swx m,l’g + s**i\/m) with s, s« € (0,5). For © ~ z¢ and (u1,us) ~ (v1,v2) we know that the right hand side
of the above equation converges to

_ 1 V1.V 351@((550)17(3”0)2) Op, 02, ®((0)1, (20)2) V1
2(U%+u§)( 1v2) < 0, 0y ®((20)1, (T0)2) 02, ®((20)1, (T0)2) ) ( vy ) 7 0.

Hence we have a control of s, i.e
1

6|c1>(gch:cz)—953|% < s < O|®(2y,20) — 3|2, (126)

From (124), uz = /u? + u3-£®(21 + s

U 3
?+ ~, T2+ § THL%) equals

Ul 6m<I> , U1 82‘51) /7 / +78 (9 CI) /7 /
\/u2 2 Vil ' P21, 22) + i tug o (z1,25)s Jui g ® (21, 25)s (127)
1T up uy Oz, ®(21,22) + \/ﬁaml&m@(xl,x’z)s_k Y292 d(xh,ah)s |’

\/ﬁfﬂ’z

where 2} = z1 + ¢ u’“ ,Th = T2 + S m for some 0 < s’ < s < C|®(x1,x3) — z3|2. Using the smoothness of ®
we can bound (127) as

Sl )] (12| + (8, 22) — 23l ) < (120) < Cltunwa)] (I, + 18, 22) —wsfF) . (129)

\/u;riug(ul,w) we can choose ug such that n(zp(z, —(u1, uz,u3))) - (u1,u2,u3) = 0

To sum for fixed z and direction

2.2
uitus
2+v

)(u1,uz2,u3). Then we have desired u! for sufficiently large n € N.

and wg is controlled by (128). Finally we choose (u1,us) =

2 (v1,v2) and find the corresponding us so that

. (u1,u2,u3)

|v] = [(u1, uz, us)|. Define u;; = —v +2(v - 220

Step 6 To sum for (¢t,2) + (t — to)ull,ul) we have t — ty < tp(z

n»-'n

i, —ur) and to < tu(ah,ur) and |h(to,xh, ul) —

n? n n? TL

h(to, zpy,v)| < 75[P(t0)]zo,u,- Hence the representation of the Boltzmann solution h at (t, ), + (t — to)ul, uj) is given
by
Bt 2"+ (t—to)!,u) = hito, 2", Z)e—u(ui{)(t—to)—ffoV(ﬁ%)(T,mi{-%(f—to)ui{?"i{)dT
+ /{Kwh+wf(ﬁ,ﬁ)}(s,xz+(s—to)u/,;?u eV (un)(t=s)= JEv(VRE) () +(r—to)uuy)dr g o
to w w

Using (121) we have

i [h(t,l + (¢ — )0 v)) — Bt ) + (¢ — to)ul )

= Tim_[A(to, ), v}) — h(to, s ul)e (v0) (t—t0)— [ w(y/E2) (r,w0+(—t0)vo,v0 )d

> {nh_{go|h to, z5,, vn) — h(to, xn, vi)| — hm |h(to, 2l vl) — h(to,xn,un)|}efu(v0)(t to)= fiy V() (70 (7 —to)vo,v0)dr

Z Z[h(to)]xo,vo —v(vo)(t—to)— ff f )(Txo+(T— to)vo,vg)dT

which implies that

B0 = §[1(80) g x € (ot Culloll A+ (0=t0) g,

N
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Remark Through Step 1 to Step 6, we only used the in-flow boundary datum g explicitely in Step 2. All the other steps
are valid for diffuse and bounce-back boundary condition cases. In Step 2, we only used (117) the continuity of G = wg
on [0,00) x {y_ U~S}. Therefore, if we can show the continuity of F' on [0,00) x {y_ UA§} then we can prove (20).
For diffuse and bounce-back boundary we will prove such a continuity to conclude (20).

5 Diffuse Reflection Boundary Condition

In this section, we consider the linearized Boltzmann equation (91) with the diffuse boundary condition (93). In spite
of the averaging effect of diffuse reflection operator, we can observe the formation and propagation of discontinuity.
Continuity away from ® is also established.

5.1 Formation of Discontinuity

We prove Part 2 of Theorem 1. The idea of proof is similar to in-flow case but we also use |vg| not only ¢, as a parameter.
Without loss of generality we may assume z¢ = (0,0, 0) and vg = (|vg|,0,0) and (zg,vp) € 7§. Locally the boundary is
a graph, i.e. QN B(0;9) = {(x1,x2,23) € B(0;0) : x5 > ®(x1,22)} and ®(£,0) < 0 for £ € (—4,)\{0}. (See Figure 3)

Assume that ||hol|ec < 0 is sufficiently small so that the global solution h of (91) with diffuse boundary (93) has
a uniform bound (95), from Theorem 4 of [13]. Choose ty € (0, min{d, tp(xo, —vo)}) sufficiently small and |vg| > 0
sufficiently large so that

1o <e"<vol>to oGO — (1 — e~vvo Doy ()2 — ¢ / ﬁ;(v')da(v’)) , (129)

2 W(vo) Jiv >0}
where v(|v|) = v(v) and Cx and Cr from (33) and (34). More precisely, first choose |vg| > 0 large enough to have

L) 1
@(vo) JmE T =100
then choose ty > 0 as
2
0 <to = min {g M |jo 1oy(1|v0\)’ 1oc}kc" u(|i0|) log (1025?(1('?2)— 1> } ‘

Assume the condition for initial datum hg : there is sufficiently small 6" = §’ (€, to|vg|) > 0 such that B((—to|vol,0,0),d") C
Q and

ho(xo,v0) = ||hollee >0 for (z,v) € B((—to|vol,0,0);8") x B((Jvol,0,0);4"). (130)
We claim that the Boltzmann solution h with such initial datum hg is not continuous at (¢, zo, vo) = (%o, (0,0, 0), (Jve], 0, 0)).
We will use a contradiction argument : Assume the Boltzmann solution h is continuous at (to, o, vo), i.e (98) is valid.

Choose sequences of points (z/,,v],) = ((0,0, 1), (Jvg|,0,0)) and (zy,vs) = ((£,0,®(L,0)), ———(|vo|, 0, |vn—°‘)) Because

of our choice, for sufficiently large n € N, we have
1
(x;z - tUU;mv;z) = ((_t0|1}0‘707 ﬁ)a (|1)0|70, O)) € B((_t0|v0|707 0)5 5/) X B(("U0|v 0, 0); 5/)'

Hence the Boltzmann solution at (tg, z),,v},) is

n’vn

n-n n»-n

’ to !
h(to,x/ v/) _ ho(x;—tovl o )efu(vn)to +/ e~V (vn)(to—7) {Kwh+wf(
0

to
oflce =450 4+ [ vt {mewr(
0
Using the diffuse boundary condition (93), the Boltzmann solution at (fg, Zn,vs) € [0,00) X v_ is
1
h(to, Tn,vn) = Ni/ h(to, T, v")w(v")do(v").
w(|vol) V(zn)
Using a pointwise boundedness (95) of h, and ||ho||ec < 1, we can estimate

|h(to, xl,,vl) — h(to, Tn,vn)|

to / 1
> ’ ||h0||ooe—y(|1Jtho _/ {Ckc/”hOHoo +V(,U:l)e—l/(vn)(to—‘r)CF(C/)Z||h0||go}d7__ C/||h0||oo~7/ ’lI)(’l}/)dO'(’U/)|
0 @([vol) Jy
1

> HhOHOOe—V(\UUUto _tOCkC/”hOHoo _ (1 _ e—V(|U0DtU)CF(C/)2||hO||§O _ C/HhOHOOm/ ’lD(’U/)d(T(U/)
v

1 hollso
= [|hol[os <€V(|v°)t0 — toCx " — (1 — e7vIvolto)Cp ()2 — 0'7/ ﬁ)(U’)dU(U’)) > % #0,
v

w(|vol)
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which is contradiction to (98).

5.2 Continuity away from ©

Instead of using the argument of [13] to show continuity in the case of diffuse reflection boundary condition we will use
the sequence (103) with the boundary condition (131) and Lemma 11. This argument also gives a new proof of the
continuity of Boltzmann solution in a strictly convex domain with simpler way than [13].

Proof of 2 of Theorem 3

We will use the sequence (103) with h™*1|,_q = ho with following boundary condition

1
WLt 2 v) = —— / W (4, 2,0 )i (v ) do, (131)
w(v) V(z)
with (¢, z,v) € y_.
Step 1 : We claim that
1 / JAPE /! /
- A" (t, x, v )w(v)do(v'), 132
T o, 10100 (132)

is continuous function on [0, 7] x 7 even if h™ € L>([0,T] x 2 x R?) is only continuous on [0, 7] x Q x R3\&. We will
show as (t,%,v) — (¢, z,v),

1
w(v)

1
w(v)

/ R™(t, x, v ) (v )do(v') — / R (t, Z,0")w(v)do (V). (133)
V(z) V(z)
Using the fact [V(2)\V(Z)|, |V(x)\V(Z)| — 0 as T — x and the exponentially decay weight function of wdo it suffices to
show that

/ {w(v)"Th™ (t, 2, v ) (V") — @ (D) Th™(E, 2, v )w (V) }do (v)), (134)

V(@)nV(@)n{|v'|<M}

for sufficiently large M > 0. Using Lemma 5 we can choose open set U, C {v' € R3 : |[v/| < M} so that |U,| is small and
h™ is uniformly continuous on {|v'| < M}\U,. Therefore we can make fv( small using the smallness
of U, and make fv(

valid.
Step 2 : We claim

)MV (@)N{|v'|<M}INU,

V(@) n{lo| <M, Small using the uniformly continuity of 2™ on {|v'| £ M}\U,. Hence (133) is

h' is a continuous function in €r (135)

for all i € N where €7 is defined in (106). By induction choose h® = 0 and (135) is satisfied for i = 0. Assume (135) for
alli=0,1,2,...,m. Let wl'_ (ﬂ hm+1> = v (&) Am*1. Then the equation of A" is

w? w w

h™ h™ h™
{0 +v-Vie+vw)+v <> PR = K, h™ 4wl (, ) .
w woow
From Theorem 4 and Corollary 5 we know that v (%) and wl'} (%, %) are both continuous in [0,7] x Q x R3,

Because of Step 1 we know that ﬁ f\)(x) h™(t,x,v")w(v')do(v') is also continuous function on [0,7] x 7. So we can

apply Lemma 11 to conclude (135) is valid for ¢ = m + 1.

Step 3 : We claim A" is a Cauchy sequence in €p for some small 7" > 0. First we will compute some constants
_ \7’/|2

—1
z {n(z) - v/}dv'} . Choose n(z) = (1,0,0) and then

explicitly. From (6) the normalized constant c,, is |:fn(m)-v’>0 e

we can compute the right hand side of above term :

% w2 [0 E o2 < g o2 271
/ duy vle*T/ dvy 6772/ dvs e 3 :/ —_— (€2> dvy X (\/27r)2 =27 |:€21:| = 2.
0 —o0 —oo 0 dvl 0

Therefore we have ¢, = ﬁ Next we will show

1

w(v)

/ w(v)do(v') < Cgp?P=, (136)
v’ -n(x)>0

D3
0|2
where w(v)~! = (1+ p2|’l}|2)56_‘T|. We follow the computation of Lemma 25 in [13]. For ﬁ, in the case of 3p® > 1
we can see that @w(v)~! has a maximum value at |v] = wiiz*l which is

v 2 PR
(14 P?Jol)Pe 5| — 4P gPePen 2P, (137)

48p2—1
lol=y/ #22
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and
~ (! / 1 21, 112\—B e e
a < w(v)do(v') = — (I+p*|*)"FPe e” 2 vidv
v’ -n(x)>0 27 v >0
1 —2]u2 1 1
= — (1+u®)Pe 3 pturdu < p=* x — ——du
2m u1>0 2 u1>0 (1 + ‘u|2)5_%

= Cppt,

where § > 2 and combining with (137) we conclude (136).
First we will show a boundedness (108).

Lemma 12 Let h"™ be a solution of (103) with hi™5' = ho and the boundary condition (181). Then there exist Ty, C, 8 >
0 such that if ||ho||ec < 0 then
sup |2 (9)|lco < Cllholloe for all m € N.
0<s<T,
Proof. We will use mathematical induction. Choose h° = hg and assume ||hg||o < § and

sup [[h'(s)lloe < Cllholloo, (138)

0<s<T,

for i = 0,1,2,...,m, where §,C, T, > 0 will be determined later. From Lemma 24 of [13] the representation of h™*1
which is a solution of (103) with the boundary condition (131) is given by

t
Rt v) = 1y,<0(t, 2, v){ ho(x — tv,v)e V)t +/ e VW= g (s o — (t — s)v,v)ds } (139)
0
[initial data]
I
toor (tz.0)] [ e @E (s~ (¢ s)o.v)ds + e H (140)
+ 1 t,xw{/e"’” g™ (s, x — (t — s)v,v s+~7/ },
= 2 w(v) Y
I
where ¢ was defined (104) and
k k t
H =Y 1, <0<t ho(ar — tivy, v) d%(0) + Z/ Lo <0<t @™ (s, — (B — 8)vr, v)dE(s)ds (141)
- —1J0
= [initial data] =t e
k t
+ Z/ Loct, @™ (8,2 — (t — s)vr, v)dEi(s)ds + Loct, B™ T (thin, Tppr, v)dEg (Fog) - (142)
=1 Jti+1

[many bounces]
v

Here d%(tr11) is evaluated at s = g1 of

> (s) = {H;?:Hldgj}{efu(vz)(tz7s)w(vl)dgl}Hé;ll{efu(vj)(tjftjﬂ)daj}'

First we can estimate [initial data] in (139) and (141),

k
1 -
/ {1t150|h0(37 —tv,v)| 4+ = 14,y <o<t, [ho(zr — twl,vl)|w(vl)} doy...doy
) w(v) =
=1V =1
1 -
< max{l,N— max / w(vl)dal...dak}||h0||oo
w(v) 1<i<k I, Vs
< {1+60" 4} ol o,

where we used (136).
Next we estimate [many bounces] term in (142) which is crucial estimate in this proof. We use Lemma 23 in [13] to
bound a contribution of [many bounces| term in (142) in the last term of (140) by

1 . —k+1
’IIJ(U) /I—[;‘.’l v, 1{tk+1(t,x,v,vl,vg,..A,Uk)>0}’lU(’Uk)dO'kdO’k_1...dO’l X OSSliI;t Hhm (S)Hoo

1 - . m—k-+1
< 'tZ)('U)/Vk w(”k)dak /1_[’“1 l{tk(Lwﬂ),vl,...,vk,1)>0}dak—1-~-d0'1 X sup ||h (S)HOC

j=1YJ 0<s<t

- 1) G . 110"
Cop® < 5 sup [[h"™ 7 (s) || < Cop® 74 5 Cllholloo,
2 0<s<t 2

IN
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where we used (136) at the last step. The remainders I, II, ITI and IV are contributions of ¢™, ...,¢™~*. We introduce
a notation

Hi = G swp |[h(s)lloo + Cr sup |hi<s>|oo(sup 15(5)lloo + sup ||hi“<s>||oo) (143)
0<s<t 0<s<t 0<s<t 0<s<t
< Cllholloc (Ck T + 2CCr || hol |0 ), (144)

where the above inequality holds for 0 <¢ < T, and 1 =0,1,2,....,m — 1 and

Hm < (TCic + CrCllolloo)CllRol[oo + CrClAollo  sup [ O] (145)

<s<T.

where we used the induction hypothesis (138) for (144) and (145). Easily we have

LII < ’H

III, IV < /dol / doj_ 1/ dojsq.. / dak// Hpp e PO E=9) w(v;)dsdoy
V1 Vici Vit Vi Vi

< ZHm Lo (o) /v w(v)doy < Cpp*~ 4271% I-

=1

To summarize, we can estimate all terms of representation of A *1(t, z,v) in (139) to obtain

C2po/4
N . 1
|hmFL(t z0)| < ||h0||oo{C’[2T*Ck+2CpC|hg|oo+kC5p2ﬂ4(CkT*+2CC’p||hO|OO)+Cgp2B4{2} }

+14 Cp® = 4 CrClholloo Csup ([ )]

. 5/4
Choose k = p°/*. Choose p > 0 sufficiently large so that Cjzp?°~4 {%}Czp < 35 and then choose T > 0 sufficiently
small so that T, x C’p(l + Cp/1p?P~1) < & and then choose C' > 0 sufficiently large C > 10(1 4 Cp**~*) and choose

d = min { 00C 3ocp (CC5p5/4p26 9" } Finally assume ||ho||co < d. Then we have

1
hm+1 o
oo, IR )l = CrCllolln

IN

Cyp®/4
- . 1
rolloe{ 1+ Cip?~ + €[ G {2} +tCr(1 + Cgp/*p28 1)

+CrCllholloo + 2CrCsp™*p* ~Cllholl< ] }

IN

20 c 11 1 1
= — — 4 = < .
19|h°”°°{10+0[30+30 20+15}} < Clholloe

]
Next we will show that h™ is a Cauchy sequence in L.

Lemma 13 Let h™ be a solution of (103) with h™*|,—o = ho and the boundary condition (131). Then there eist
T.,C,6 > 0 so that if ||ho||so < & then h™ is Cauchy in L>=([0,T,] x Q x R?).

Proof. The equation of ™1 — p™ is
{0y +v-Vy+v}h™T—p™) = §"

1
with {hm—i-l _ hm}|t:0 =0 , {hm+1 _ hm}"ﬁ _

—— [ ™t 2 0") = W 2,0 S (v do (V),
w(v) (z)

where ¢ is defined at (110). From Lemma 24 of [13] we have the representation

t
{h7n+1 _ hm}(t, 1,7,0) — 1t1§0(t; 1,7,0)/ e—l/('u)(t—s)q’m(s, T — (lf _ S)U, v)ds (146)
0

i

t efu(v)(t t1)
+1o<t, (¢, x, U){ / e VW= gm (s o — (t — s)v,v)ds +~7/ H},
t1 w(v) Hk,1

II
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where

~ tl
H = Z/O 1tl+1§0<tl(jmil(s, X — (tl — S)'Ul, Ul)dEl(S)dS
=1

III

k t
%—j{jh/n Loct, @™ (s, 20 — (B — s)vi, v0)dSy(s)ds + Lo<ry, (R = B R (tp 1, @pgr, 0k) A5k (B -
=1

ti41

v [[many bounces]]
v

First using Lemma 24 of [13], we estimate [[many bounces]] term for sufficiently large k¥ > 0 by

1 ~ m—k—+1 m—k
w(v) /Hkl v, 1{tk+1(fql‘,'U,'Ul77)2,..471Jk)>0}w(vk)do—kda—k—l"'do—l X Osgl?;t [[{h h 1) |loo
1 - m— m—k
SO /m w(vg)doy, /H?f _]. Lith(tav,01,0 0k 1)>01d0k—1...do1 X o??%tn{h A A ()|

) 1 Cap®/4
< Cpp®te s sup [[{R"7FHE— R FL(s) oo
2 0<s<t

Easily we have I, IT < 0H,,, IIL, IV < Czp*’~*6H,, ; where

M = tCx sup |[{h’ = K" 1}(s)]|oo + Cllhol|ocCr( sup [[{R" = A" }(s)||oo + sup [{A™! = A"} (5)]]o0)
0<s<t 0<s<t 0<s<t

IN

T i i i i
e (CNE T T S (O] MY
0<s<t 0<s<t

with 7 = 4max{tCk, C||hOHooCF}
To summarize, we can estimate all terms of representation of A1 (¢, 2, v) — h™(t,x,v) in (146) for any m > k to obtain

k
1 T ~
m+1 _ pm o 28—4 . m—=l _ pm—I—-1 . m—Il+1 _ pm—I
sup [[{h"+! = b} (s)l|oc < 1_2T{2cﬁp }l_lj( sup {7 =Bt ) oo+ sup 1A A1)l o)

0<s<t 0<s<t

Cop®/*
T m m— S — 1 m— m—
43 s 1 = 1)l + G {5 sup [ A0

0<s<t 2 0<s<t

which is our starting point. Fix a small number 7 > 0 chosen later. Choose p > 0 sufficiently large so that

~ 5/4 - -~ - -
2C5p*P—4 {%}CW < 7 and then choose 7 > 0 so small that 17_/227_ Cpp?P= < 7 and 17_/22T < - Then we have

sup [[{A" = h™}(5)||oo < ?{ sup [[{A™ — K™ H(s)||oo + ... + sup [[{ATTFHE hmk}(S)lloo} - (147)
0<s<t 0<s<t

0<s<t
Using (147) for m,j € N so that m — (i + 1)k > 0 and j = 0,1,...,m — 1 it is easy to show

sup ||{hm—ik+1+j o hm—ik—&-j}(s)Hm <
0<s<t

F(1+7)7 { sup |[{h" 7 — BRI (8)||oo + .. + sup |[{RMTEFDRHL hmﬁﬂ)k}(s)”m} )
0<s<t 0<s<t

We apply the above inequality term by term in (147) to have

sup |[{h" T =B }(s)]|oo < F{(1+7)F = 1}{ sup [{A" 7" = B 7FH(s)||oe + -+ sup [{R™THFT = T2 (s)] |00 }
0<s<t 0<s<t 0<s<t

< 7:{(1 + 7~_)k . 1}1{ sup ||{hm—ik _ hm—ik—l}(s)Hoo + ...+ sup ||{hm—(i+1)k+1 _ hm_(i-"_l)k}(s)”oo}-
0<s<t 0<s<t

Now we estimate

m—n—1

sup [[{R" —h"}(s)lloo < Y sup [[{ATTH =R T(8)|oo

0<s<t =0 <s<t

m—n—1 . ) . )
< Z 7»;{(1 + 7~_)k _ 1}1{ sup Hhmfzkflfl _ hmfzk7l72‘|oo + ...+ sup ||hmf(z+1)k7l _ hmf(erl)kflfl”oo}

=0 0<s<t 0<s<t

m—n—1

< H+ 7% = T sup (B2 = B2 Yo 4+ sup [[hY = hO][o}
0<s<t 0<s<t

I
=)
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m—n—1
< Ha+F - pEE ST a4+ ar - TR sup (102 - h2 |4k sup (R - O]}
=0 0<s<t 0<s<t
< A4k -l 7& sup [[h2* — B2 + ...+ sup [|B' — BO|sc ),
(1 +7)F “o<s<t 0<s<t

where we choose i = [™==1] — 1 so that m — (i + 1)k — 1 — 1 € [0,k). If 7 > 0 is chosen sufficiently small so that
(1+7)" =1 < 3 then {(1+7)" — 1}[ 171 5 0 as n — oo which implies that

S [{R™ = 1" }(8)]leo = O, (148)

as m,n — oo. Thus A"™ is Cauchy in L>°. m

Step 4 : We claim that h is continuous in €. Notice that T only depends on ||h¢||co and supg< <7 ||wg(s)||oco (Theorem
1 of [13]). Using a unform bound of supy« .. ||(s)||oc, We can obtain the continuity of h for all time by repeating
[0, T, [T, 2T], .... If the boundary 99 does not include a line segment (6) then every step is valid with [0, co) x {Qx R3}\ D
instead of ¢ and [0,7] x {Q x R*}\D instead of €.

5.3 Propagation of Discontinuity

Proof of 2 of Theorem 2

Proof of (18) : The proof is exactly same as in-flow case in Section 4.3.

Proof of (20) The proof is exactly same as the proof of in-flow case in Section 4.3 except Step 2. As we mentioned
in Remark of Step 2, we need to show a continuity of a boundary datum on y_ U~§. In diffuse reflection boundary
condition case, we need

0 = | ey =lim sup |h(t',y',v") — h(t", y" ")
640 t',t" € B(t;9)
(v',v"), (", v") € v N B((y,v); )\ (9, v)
1 1
= lim sup ~7/ h(t',y',0)w(v)do(v) — — / h(t",y", 0)w(v)do(v)
640 t' t" € B(t;6) W(V') Sy W(0") Sy

(9/7 U,)’ (y”’ 'U”) € v- N B((y,v); 9)\(y,v)

for (y,v) € v_ U~§. This is already proven in section 5.2 Continuity away from D.

6 Bounce-Back Boundary Condition

In this section, we consider the linear Boltzmann equation (91) with the bounce-back boundary condition (94).

6.1 Formation of Discontinuity

We prove part 3 of Theorem 1. Without loss of generality we may assume z9 = (0, 0 ) and v9 = (1,0,0) and
(wg,v0) € 75. Locally the boundary is a graph, i.e. QN B(0;0) = {(z1,79,23) € B(0;6) : 3 > ®(x1,72)}. The
condition (zg,vp) € 75 implies ty(z0,v0) # 0 and t,(zg, —vo) # 0 which means ®(¢,0) < for & € (—6,0)\{0}. (See
Figure 3)

Assume that ||ho||e < 0 is sufficiently small so that the global solution h of (91) with bounce-back boundary (94)
has a uniform bound (95), from Theorem 2 of [13].

Recall the constants Ci and Cr from (33) and (34). Choose ¢y € (0, min{$, tb(m“{”‘)), tb(xg’”‘))}) sufficiently small
so that

% < (e*m)to —1CKC — (1 — e*V“)to)Op(c')?) . (149)

Assume a condition for the initial datum hg : there is sufficiently small §’ = 6’(€2,¢9) > 0 such that
B((—t0,0,0),9¢"), B((to,0,0),¢") C 2 and

ho(z,v) = ||hollee >0 for (z,v) € B((—t0,0,0);6") x B((1,0,0);d"),
ho(z,v) = —||hollec >0 for (z,v) € B((tg,0,0);8") x B((—1,0,0);4").

We will use a contradiction argument : Assume the Boltzmann solution A is continuous at (o, o, vg), i.e. (98) is valid.

Choose sequences of points (z},,v},) = ((0,0,1),(1,0,0)) and (z,,v,) = ((£,0,®(,0)), 1i —(1,0,1)). Because of

n2
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our choice, for sufficiently large n € N, we have

( tOUm n) = ((*t0707 l) (17070» € B((*tﬂvoao);él) X B((13070);5/)7
(20— to(—tn), —v) = <<3+t7° 0,0(2,00+ — ) L__(—10,-1y
" B n «/1—|—1/n2, T ny/1+1/n2" /T+1/m2" 7 n

m

B((to,0,0);0") x B((=1,0,0);0").

Hence the Boltzmann solution at (o, z!,,v},) and (tg, z,, vy,) is

n’-n

/ to / h h
Bt 18) = ol 5% [ e o (2, )l = (et = 7)o
0
h(t07xnavn) = h(t07mn7 _Un)

to
= —[|ho||oce" Y ()t +/ e V(o)) (I b 4 T (Z, Z) Hryxn — (—on)(to — 7), —vp )dT.
0

Using a pointwise boundedness (95) of h with (33) and (34), we have

h(to, =, vy,) [1hollsce™ % — tgCicC’||holoo — (1 — e~ D*)Cr(C')? | hol I3,

>
h(to, Tn,vn) < —[lhollace™ M + tgCxkC’ || hol| o0 + (1 — e M0)Cr(C")?||hol|%

Therefore using (149),

n’vn

Bto, @, vh) = Altos s va) 2 2lholloe (€70 — toCiC” = (1= " WO)CH(C)) 2 [Jholloe # 0,

which is contradiction to (98).

6.2 Continuity away from Dy,

We recall some basic facts to study the bounce-back boundary condition from [13].

Definition 7 [13] (Bounce-Back Cycles) Let (t,z,v) ¢ vo U~y—. Let (to,xo,v0) = (t,2z,v) and inductively define for
k>1:

(tht 1, Ty 15 V1) = (tk — to (T, V&), To Tk, Uk ), — V).
We define the back-time cycles as:

Xea(s;t,z,v) Z e (o + (s = tp)o}, Val(sit,z,v) = z Lty 0,t0) (8) Uk (150)
k

Clearly, we have vj41 = (—1) 1o, for k > 1,

1— (=1 N 1+ (=1)*

Ty = 5 T 5 To, (151)

where z1 = z —tp(z,v)v and 2 = & — [2tp (2, v) + tp (2, —v)](—v) and let d = ¢; — to, then ¢ —tgy1 = d > tp(t,2,v) >0
for k> 1, and

t1(t,z,v) = t—tp(z,v),
to(t,z,v) = t1 —tp(xr,v1) =t1 — (tu(x,v) + tp(z1,v1)) = t1 — 2tp(x,v) + tp(z, —0v)) ,
ter1(t,z,v) = t1 — EQ2ty(x,v) + tp(z, —v)). (152)

Lemma 14 [13] Let hg € L®(Q x R?) and ¢(t,z,v) with SUP[o, 7]x 0 |o(-, -, v)] < oo. There exists a unique solution
G(t)ho Of
{0i+v-Ve+dHG)ho} =0, {G(0)ho} = hy,

with the bounce-back reflection {G(t)ho}(t, z,v) = {G(t)ho }(t,x, —v) for x € ON. For almost any (z,v) € Q x R?\ o,

{G(t)ho}(t, z,v) thk%m ho (Xe1(0), Ver(0)) e~ [ (m.Xa(r), Ver(7))dr (153)

where Xe(7) = Xa(7;t, 2,0) and Vo (7) = Va(r;t,x,v) in (150).

Next we prove a generalized version of Lemma 16 in [13].
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Lemma 15 (Continuity away from Dy, : Transport Equation) Let Q be an open subset of R3 with a smooth
boundary ) and an initial datum ho(x,v) be continuous in Q x R3U{y_ U~ U~L}. Also assume q(t, z,v) and é(t, x,v)
be continuous in the interior of [0,T] x Q x R3 and SUp(o, 7y xaxre [9(t 7, v)| < 00 and supy 11xq |9(+; -, v)| < 0o for all
v € R3. Let h(t,z,v) be the solution of

{at+vvm+¢}h:q ) h(oaxav):ho ) h|y7(t,x,’l)):h(t7$7—’lj).
Assume the compatibility condition on y_ U 'yéf
ho(l‘, U) = ]’Lo(ﬂ]‘, _U)'

Then the Boltzmann solution h(t,z,v) is continuous on Cyy,. Further, if the boundary 092 does not include a line segment
(6) then h(t,x,v) is continuous on a complementary set of the discontinuity set, i.e. [0,T] x {Q x R3}\Dpp.

Proof. The proof is similar to the proof of Lemma 16 of [13]. Take any point (¢,z,v) € [0,7] x Q x R? and recall its
back-time cycle and (153). Assume ¢y, 1 < 0 < t,,. Using (153), h(t, z,v) takes the form

ho(Zm — b, 0 )G—Z;:;ol o Bkt =)o, 0 ) dT = [§™ G(T @ = (b —T) Vm v )dT
m m¥ms ¥Ym

m—1 .t )
+> / U 45wk — (t — 8)ug, vy e D0 Jeiy G (=) v)dT— 11 6 (=T )T

k=0 Y tk+1

tm m—1 rt; (b — T v _[tm _ _
+/ q(s’ T — (tm _ S)Um, 'Um)e_ Ei:O fti+1 d(7,@i—(ti —T)vs,vi)dT fs A(T,Tm —(tm T)U'm;'UWL)dT. (154)
0

Take any point (t,2,v) € €. By the definition of €, we assume that (z,v) € QxR? or (x,v) € v_U~$~ and we can sep-
arate three cases : t—tp(z,v) <0, (xp(z,v),v) € v_ Uvé_ with ¢ < 2ty (z, v)+tp(z, —v), and (zp(z, —v), —v) € y_ Uq/é_
with (zp(z,v),v) € v_ Ur™.

Case of t < tp(x,v) Simply we have h(t,x,v) = ho(z—tv,v)e” Js ¢(T’“_(t_7)”’”)d7+f0t q(s, z—(t—s)v, v)efst ¢(re—(t=T)v.v)dr g
and use the continuity of ¢(¢,z,v) and ¢(¢, z,v) to conclude the continuity of h(t, z,v).

Case of (zp(x,v),v) € y_ U~s~ with ¢t < 2tp(2,v) + tp(2, —v) A representation of h(t,z,v) takes the form

t t t t
ho(z1 — tiv1,v1)e [} ¢(ra—(t—r)vw)dr— [t $(rz1—(t1—T)v1,01)dT +/ a(s,x — (t — s)v,v)e” JS o(ra—(t=r)vv)dr g
t1
b1 t z—(t—7)v,w)dr— [t ¢(7,21—(t1—7)v1,0 T
+/ (s, 1 — (t1 — s)vy, vy)e Jn AemtmnvRdr= [T o(rar=(h=rvrv)dr g
0

Thanks to Lemma 1 and Lemma 2, the condition (zp(z,v),v) € v_ U~{~ implies continuity of z(x,v) = = —
xp(x,v) , t1(t,z,v) =t — tp(z,v). Therefore we can show the continuity of h(t, z,v).

Case of (zp(x, —v), —v) € y_ U~{~ with (zp(x,v),v) € v U~L™ We have (154) for h(t,z,v). Thanks to (151) and
(152) and Lemma 1 and Lemma 2, the conditions (zp(z, —v), —v) € v_ U{™ and (zp(z,v),v) € v U~{™ imply
continuity of zy(x,v), vk (x,v), tx (¢, 2, v). Therefore we can show the continuity of h(t,z,v). m

Proof of Part 1 of Theorem 3

Following the in-flow and diffuse cases, we use the iteration scheme (103) which is equivalent to (107) with bounce-back
boundary condition ™|, (¢,z,v) = h™F1(t, 2, —v) and an initial condition A1 |;_g = hy.

Step 1 : We claim that A’ is a continuous function in Cp,r for all i+ € N and for any 7" > 0 where Cppr =
CpN{[0, T x 2 xR3}. Choose h® = 0 and use mathematical induction. Assume h? is continuous €, 1 fori = 0,1,2, ..., m.
Apply Lemma 15 to concluse that h™*! is continuous in Cop, -

Step 2 : We claim that there exist C' > 0 and § > 0 such that if C||ho||c < d then there exists T = T'(C, ) > 0 so that
supg<s<7 |[h™(8)]oo < C|lho]oo and {A™}2°_, is Cauchy in L>°([0,7] x Q x R3).

Fisrt we will show the boundedness using mathematical induction. Assume supy<s<r |[F™(5)||c < C|lhol|sc Where
T > 0 will be chosen later. Applying Lemma 14, ¢ and ¢ correspond with v and the right hand side of (103) respectively
to have a representation of h™*1(t, z,v)

t ) hm o R hm h7n+1
ho(Xe1(0), Ver (0))e ()t +/ e VWU TR h™ 4wl ( ) —wl_ ( )}(S,Xcl(s),Vcl(s))ds,
w w w

0 w
where [Xeai(s), Va(s)] = [Xa(s;t, x,v), Va(s; t,z,v)] is in (150). The above term is bounded by

[hollos +tCic sup [[h™(s)]|oc + Cr sup [IA™(s)|loe sup ([[h™(s)lloc + [[F™F(5)]l0),
0<s<t 0<s<t 0<s<t
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where the constants are coming from basic estimates, (33) and (34). Choose C' > 4 and § < ﬁ and T = 2%—;% Then
we have sup<<r [+ () |oe < Cllhol|oc. )

Next we will show {h™}°°_ is Cauchy in L>([0, T] x @ xR3). Recall ¢™(¢, x,v) from (110). The equation of h™*t —h™ is
(109) with a zero initial condition (h™! —h™)|;—o = 0 and a bounce-back boundary condition (A" —h™)|, (t,z,v) =
(hm*t — h™) (¢, 2, —v). Applying Lemma 14 to (109) we have

t
(WL — B (2,2, 0) = / OG5, Xy (s), Vea(s))ds,
0

where [Xea1(s), Vai(s)] = [Xa(s;t,x,v), Va(s; ¢, z,v)] is in (150). Then we have exactly same estimates of in-flow case to
conclude {h™} is Cauchy.
Step 3 : Same argument as in-flow case but substitute €u 1 , Cpp , Do, , Dpp for &, €, Dy, D respectively.

6.3 Propagation of Discontinuity

Proof of 2 of Theorem 2

Proof of (18) : The proof is exactly same as in-flow case in Section 4.3.

Proof of (20) Recall that we have [h(tg)]z.0, # O for (zo,v0) € 7§ and to € (0, min{ty (w0, —vo), tp(wo,v0)}). The
proof is exactly same as the proof of in-flow case in Section 4.3 except Step 2. We need to show a continuity of a
boundary datum on y_ U 'yos. In bounce-back reflection boundary condition case, we need to show

0= [ h|[0,oo)><'y_]t0,x0,v0 = lim sup |h(tl,yl,’[}/) - h(t//a y/lav”)l'
510 t' t" € B(t;6)
(y,» ’Ul), (yllw ’U”) € v7— N B((zo, vo); 6)\(zo, vo)

Because (y’,v") is in the incoming boundary ~_, using the bounce-back boundary condition, we have h(t',y’,v") =
h(t',y', —v"). Further due to the condition 0 < ty < t(xo, —v9) we have 0 <t/ < tp(y’, —v) and

Wy 0) = By —0) = hoy' + v )e WY I VR 0 n e
¢ h h Y t/ ’ ’ ro
+/ {Kuh+ ol ()Y sy + (=)o v)e =)l Vi s =nehir g,
0 w w

and similar representation for h(¢',y’,v’). Using the continuity of u(\/ﬁ%), K, h and wF+(%, %) we have
0 = [ hljo,00)x7-ltowo.00 = lim sup lho(y' + 10", 0") — ho(y” + 70", ")
’ o 610 't € B(t;6)
(' 0"), (¥, v") € v— N B((wo, v0); §)\ (20, vo)

Xe-”(vo)to—foto v(VELE) (7,204 (to—T)vo,v0)dT
)

where we used the continuity of the initial datum hg in the last equality.
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