A Domain Decomposition Method for Semilinear
Hyperbolic Systems with Two-scale Relaxations

Shi Jin* Jian-guo Liu' and Li Wang*

Abstract

We present a domain decomposition method on a semilinear hyperbolic system
with multiple relaxation times. In the region where the relaxation time is small, an
asymptotic equilibrium equation can be used for computational efficiency. An interface
condition is provided to couple the two systems in a domain decomposition setting. A
rigorous analysis, based on the Laplace Transform, on the L? error estimate is presented
for the linear case, which shows how the error of the domain decomposition method
depends on the smaller relaxation time, and the boundary and interface layer effects.
The given convergence rate is optimal. We present a numerical implementation of this
domain decomposition method, and present some numerical results in order to study
the performance of this method.

1 Introduction

Consider the hyperbolic system
u: + U; — O, (11&)

€ € __ _L Ve — ut
O = s (0 ), (1.1b)

where €(x) is the relaxation time and f(z) satisfies the sub-characteristic condition:
/(@) < 1. (1.2)
The problem is posed for = € [—L, L] and ¢ > 0 with initial data

u(x,0) = up(z), v(x,0) = vo(x) (1.3)
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and the order of the relaxation time varies considerably over the domain [—L, L]. In this
paper, we consider the case when €(x) is given by:

e(x) =1, = €[-L,0); e(r) =€, x€(0,L] (1.4)

where € < 1 is a small parameter. For the boundary condition, we simply choose the
Dirichlet condition for u, i.e:

u(xp,t) = br(t), u(xg,t) = bg(t). (1.5)

More general boundary conditions can also be analyzed by the methods of the present
paper. The initial data and boundary data are required to be compatible, i.e: b;(0) =
uo(zr), b2(0) = up(zg). Since the relaxation time is small in the region (0, L], numerical
computation of this system becomes very costly. On the other hand, in (0, L], the solution
is, to leading order in €, governed by the equilibrium equation

u+ f(u), =0, (1.6)

which can be more efficiently solved numerically. Thus a domain decomposition method,
which couples the relaxation system (1.1) for z € [—L,0), where e(x) = O(1), with the
equilibrium equation (1.6) for x € (0, L], is computationally competitive. Interface conditions
at x = 0 must be provided for this coupling.

System (1.1) was first proposed by Jin-Xin [14] for numerical purpose, which supplies
a new and powerful approximation to equilibrium conservation law (1.6). There have been
many works concerning the asymptotic convergence of the relaxation systems (1.1) to the
corresponding conservation laws (1.6) as the relaxation time tends to zero. Most of the
results dealt with the Cauchy problem. In particular, Natalini [22] gave a rigorous proof
that the solution to Cauchy problem (1.1) with initial condition (1.3) converges strongly in
C([0,00), L} .(R)) to the unique entropy solution of (1.6) when ¢ — 0. See also [23] for a
review in this direction, and results for larger systems [2] and on more general hyperbolic
systems with relaxations [7].

In the presence of physical boundary conditions, Kriess and some others first gave the
suitability of boundary conditions for linear hyperbolic systems when the source term is not
stiff, see, for examples [15], [13], [21], [25]. Wang and Xin [29] later gave a similar result of
the system (1.1) (1.3) with boundary condition (1.5). They proved that when the initial and
boundary data satisfy a strict version of the subcharacteristic condition (1.2), the solution
of the relaxation system converges as ¢ — 0 to a unique week solution of the conservation
law (1.6) which satisfies the boundary-entropy condition. [32] and [31] then gave an explicit
necessary and sufficient condition (the so-called ”Stiff Kriess Condition”) on the boundary
that guarantees the uniform well-posedness of the IBVP, and also revealed the boundary
layer structures. [31] dealt with the linear cases while [32] considered the nonlinear one.

Domain decomposition methods connecting kinetic equation and its hydrodynamic or
diffusion limit have received a lot of attention in the past 20 years. Our paper is strongly
motivated by [12], others can refer to [1], [27], [3], [11], [34], [16], [17], [8], [10]. A thorough
study on the problem of this paper provides a better understanding of the more general
coupling problem of kinetic and hydrodynamic equations, since indeed the Jin-Xin relaxation
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system (1.1) can be viewed as a discrete-velocity kinetic model, while (1.6) resembles some
important features of hydrodynamic (compressible Euler) equations.

Relaxation systems themselves are important in many physical situations, such as kinet-
ics theories [5], gases not in thermodynamic equilibrium [28], phase transitions with small
transition time [19], river flows, traffic flows and more general waves [30].

Denote

e (01 (0 0
() A= (1) =30

For the linear case, when f(u) = Au, with |A] < 1, we have the following main theorems.
For stiff well-posedness, we have:

Theorem 1. If ug(x),vo(x),br(t), br(t) € L?, and Uy(£L) = 0, by,(0) = br(0) = 0, then the
solution to the original system (1.1), with variable €(x) given in (1.4), is stiffly well-posed
in the sense:

T pL T T
// \Ue(a:,t)|2dxdt+/ \Ue(—L,t)|2dt+/ US(L, ) 2dt
0 J—-L 0 0
T T L
S KT/ |bL(t)|2dt+ KT/ |bR(t)|2dt+KT/ |U0<I’)|2d$,
0 0 —L

where Kp is a positive constant independent of €. Moreover, if ug(x),vo(x),br(t) and bg(t)
are continuous, then the solution U€ is continuous in x.

For the asymptotic convergence, we have:

Theorem 2. Let U be the solution of the original system (1.1). Assume by (t),br(t) €
L*R™"), Uy(x) € HY([-L, L]), with the compatibility condition br(0) = b, (0) = br(0) =
b(0) = 0, Ug(£L) = Uj(£L) = 0, then there exists a unique solution U = (u,v) of the
domain decomposition system (3.2)-(3.1) or (3.3)-(3.4) such that

L poo
/L/ \U¢ — UPPe**dtdz — 0
-rJo

as € — 0 for any a > 0. Moreover, if we assume br(t), br(t) € H*R™), Uy(x) € C>°([-L, L)),

then
/L/ |Ue |2 —2at dtdz

Jelbrlzz + OW)elbrlz> + O(1)e|br e
+0( )€ [brlz + O(L)elvo—AuolLzp 1y

n { O(1)e|Us|32(1 + o(e)), for A >0,
O(1)e|Uo|240(1)eX|Up|32(1 + o(e)), for A < 0.

Here the term o(e) will depend on the norm ||(uo)®®||z2, (k > 2).



Remark 3. (1) In the A < 0 case, there is an interface layer near x = 0", while in the A > 0
case, there is a boundary layer near x = L™, so in both cases, the optimal convergence rate
due to the boundary data is O(1)e, which is where the terms O(1)e|[by, ()] +O(1)e|br(t)]7-
come from.

(2) The lower convergence rate in the case of A < 0 is due to the presence of an interface
layer near z = 0" generated by the initial data.

(3) O(L)ellvo—Auo 72 ) comes from the initial layer in v.

The paper is organized as follows. In Section 2 we show the formal expansion of the initial
boundary value problem (1.1) in the upper half plane {x > 0, ¢ > 0} in which the boundary
layer may exist. We also refer to the theorems in [32] which validate this expansion. Section
3 is devoted to give the domain decomposition method, and the interface condition is given.
We then prove the stiff well-posedness and asymptotic convergence for the linear case. The
theorems are proved in two parts: one for homogeneous initial data (Section 4) and the other
the inhomogeneous one (Section 5). For the homogeneous one, we simply use the Laplace
transform to represent the solution, while for the inhomogeneous case, we construct several
auxiliary systems to decompose the solution into two parts, one generated by the initial
data, and the other by the interface condition. With this decomposition, we are able to use
some existent result for the Cauchy problem to avoid the difficulties raised by the Laplace
transform. Finally in Section 6, we present the corresponding numerical algorithms and give
some numerical examples to validate the theoretical analysis.

2 The local equilibrium limit

In this section, we recall the asymptotic analysis proposed in [32]. Here we only consider the
boundary layer effect, and let

vo(x) = f(uo(x))

in order to avoid the initial layer effect. When x € [0, L] where € is small, one can use the
hyperbolic conservation law (1.6) to approximate the relaxation system. Away from x = 0
and t = 0, use the expansion

ut(z,t) ~ul(z,t) + eu (2, 1) + Eu (o, t) + .. .,
v(x,t) ~ 0z, t) + evt(z,t) + 0P (a,t) + ...,

then matching the orders of €, one obtains:

o= ),
o’ +0,0° = 0,
0+ 0,u° = —(v' — f(u°)ut).

Thus the leading order of the expansion gives

o’ + 0, f(u°) = 0, v = f(u), (2.1)



which is the equilibrium limit (the zero relaxation limit) (1.6).
Near x = 0, introduce the stretched variable { = x/e,

u(z,t) ~u(a,t) +eup(z,t) +... + T2 ) +elL(C ) + ..
ve(x,t) ~o(a,t) +evy(m,t) + . TG ) +elH(E ) + ..
so the boundary layer equations to the leading order is:
oY =0,
OTo +T0 + f(u(0,t)) = f(I'Y +u(0,t)).
(2.2) implies T'? = 0 because the boundary layer I'(£, 0) should decay as ¢ — 0. Also, (2.3)

can be written as

(Tw)e = —(0" = f(u” +T3)) = f/(u(0,£))[5(C, ),

thus one gets the behavior of the boundary layer in u:
(¢ 1) = exp(f'(u”(0,1)) )50, 1). (2.4)

Since the boundary layer has to decay exponentially fast, one needs f/'(u°(0,t)) < 0. In
other words, if f'(u°(0,t)) < 0, there will be a boundary layer, otherwise there will not be a
boundary layer.

The above analysis was rigorously validated in [32].

3 A domain decomposition method

In section 2, one sees that when € goes to 0, the hyperbolic system can be approximated
by the equilibrium equation that does not have any stiff term. But the interface condition
that connects the two regions should be provided. In this section, we will give the detailed
algorithm that approximates the solution of the two-scale problem. We will consider the
case with f’(u) < 0 and f’(u) > 0 separately.

3.1 f(u) <0

In this case, there will be an interface layer in u near the interface x = 0, so one can not
simply use u obtained from (0, L] to solve (1.6) in domain [—L,0). Instead we can use the
information of v at = 0 directly from the equation in (0, L] since there is no O(1) interface
layer in v. Here is the the coupling algorithm.

e Step 1. For x € (0, L], solve
up + f(u’), =0,

(3.1a)

u’(2,0) = uo(), (3.1b)
u®(L,t) = bg(t), (3.1c)
)

V(1) = fF(u’(z,1)). (3.1d
Note in this case one can solve (3.1) first to get v°(0,¢), and then solve (3.2).
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e Step 2. For x € [—L,0), solve

(ﬂt 4+, = 07 (3.2&)
Ty + Ty = —é(a ~ f(a), (3.2b)
u(x,0) = up(z), v(x,0) = vo(x), (3.2¢)
a(—L,t) = by (%), (3.2d)

[ 9(0,1) = v°(0,1); (3.2¢)

where v°(0,¢) is obtained from Step 1.

3.2 f(u)>0

In this case, at the interface x = 0 there is no O(1) interface layer in v and v. In other words,
u and v are in local equilibrium v = f(u), and we can just this as the interface condition.
We give the following algorithm.

e Step 1. For x € [-L,0), solve

Uy + v, =0, (3.3a)
i, =~ (7 - £(@) (3:3b)
u(z,0) = up(x), v(z,0) = vo(x), (3.3¢)
u(—L,t) = by(t), (3.3d)
\ f(ﬂ(ov t)) = E(07 t)v (3 36)
e Step 2. For x € (0, L], solve
w) + f(u°), =0, (3.4a)
u’(z,0) = up(x), (3.4b)
WO 1) = F(0(, 1)), (3.40)
u’(0,t) = u(0,t), (3.4d)

where w(0,t) is obtained from Step 1.

Remark 4. In this case there will be a boundary layer in u near x = L~, which is why in
Theorem 2 that the convergence rate is O(e).

In both cases, we define the solution to the domain decomposition system as follows:
{M%OZHWM,M%QZWLW (2,1) € [~L,0) x [0, ], (3.50)
u(a, ) = (1), v(et) = (x,8),  (x,t) € (0.L] x [0,7]. (3.5b)

The detailed numerical implementation of this domain decomposition method is given in
section 6.



4 Error estimate for the domain decomposition method
for the linear case: the Homogeneous initial data

In this and the next section, we will give a rigorous justification of the domain decomposition
system. The main results are given in Theorems 1 and 2. Here the basic idea is to represent
the exact solution by the Laplace transform, then the stiff wellposedness and asymptotic
convergence are followed by direct calculations.

Here we consider system (1.1) with zero initial data (1.3), i.e., up(z) = 0, vo(x) = 0 and
nonzero boundary data (1.5). In this case one can focus on the boundary layer effects and
avoid the interactions between the initial and boundary layers.

4.1 Solution by the Laplace transform

Let
Ue(z, &) = L(U) :/ e U (z,t)dt, Re(&) > 0.
0

Here £ = a4 43, then L(9,U¢) = €U — U¢(x,0) = £U(x,£). With the homogeneous initial
condition, system (1.1)-(1.5) becomes

0,0 — %Al(s — e()EDT = —— M(e(x)E)T", (4.1)

(=L, €) = b (€), (L, €) = bil©), (4.2)

where matrix M (&) has two eigenvalues

A A2
e (6) = +/ ;45(1 +§)7

and two corresponding eigenvectors

(%%):(%b)' (4.4)

Thus the solution of (4.1) (4.2) can be written as:
For z <0, e(z) =1,

(4.3)

Ue(x,€) = cret= O ( g:(f) ) + coett () ( gl(f) ) ; (4.5)
for x > 0, e(x) =€,
Oe(2.€) = cyeh- (9 ( ! ) PR ( : ) | (4.6)
9+(€€) 9-(€€)
where the coefficient ¢y, ¢, c3, ¢4 are determined by the boundary conditions:
016_“*(5)]4 + 626—u+(§)L — BL(Q’ (4.7)
caeh=CIE 4 et €e br($).



By continuity at the interface, one has

c1+c = c3+cy, (4.9)

c19+(&) +c29-(&) = 39+ (€€) + cag-—(€). (4.10)
From (4.7)—(4.10), one sees that ¢y, - - -, ¢4 are uniquely determined. Denote

C3 = ECl + FCQ, (411)

Cqy = GCl + HCQ, (412)

where

g9+ —g() 5 9-(0)—g-(€) _ 9+(§) —g:(€) o 9-(6) — g4(f)

g+(e€) —g-(e€) " g4(e€) — g-(e€)’ g-(e€) = 94(e6)” " g-(e€) — g (e€)’
Plugging (4.11) (4.12) into (4.7) (4.8), gives

Z;R(ﬁ)e neOL _ pp(€)(Fet~ (€)% 4 Hent(€)% )
(Ee“ + G+ ()¢ )67u+(§)L — (Fe“—( 9k + Hett(e )7)67“—(§)L
bR(ﬁ)e p—(§)L —bL(é)(Ee“ ()& +G€u+(6£ <)
(Fer=(€)¢ 4 Het+ (O )emn-(OL — (EBet~(O¢ 4 Ger+ ()¢ )e—nt (L

G =

L (413)

Cy =

(4.14)

4.2 Stiff well-posedness

Before detailed calculations, we summarize some properties of the important functions in
the expression of the solutions in the following lemma, which will be used many times later.

Lemma 5. Under the subcharacteristic condition |\ < 1, one has

(1) AI(1 4 2a) < Re /A2 +46(1 +€) < 1+ 2a, for Re (€) = a > 0; (4.15)
(2) Re py(§) >0, Re p (&) <0; (4.16)
(3)  when A <0, 2Re p_(e£) < =2|\|, 2Re py(ef) > —2elaq; (4.17)

when A >0, 2Re p_(ef) < —2eAa, 2Re py(ef) > 2. (4.18)

For the proof of the lemma, please refer to [31].

Lemma 6. Under the subcharacteristic condition |\ < 1, one has
(1) For A > 0, g_(e£) = O(1 )ef and 0 < Cy < |g4(€€)| < Cy, here Cy and Cy are two

positive constants, and g, (e£) — O(1)e;
(2) For A < 0, g4(e€) = (1)6§ and 0 < C3 < |g-(e&)| < Cy, here C3 and Cy are two
) -

positive constants, and g_ (€ O(1)eg;

(3)g+ (&) — g+ (€€), g+ (&) —g—(e 5) g+(e§) g—(&) are uniformly bounded with respect to both
€ and &, and they are bounded away from zero for Re§ = a > 0.



Proof. (1). When A > 0, from the definition (4.4), one sees

A=A def(1+€) —2¢£ B
9-(et) = 2(1 + €€) A+ /A2 def(Tref) o)L,

and

A+ /A% + 4e€(1 + €f)

2(1 4 €€) '
In order to prove that g, () is uniformly bounded with respect to €£, and the denominator
is nonzero, one just needs to check what happens when |e£| goes to 0 or co. Let €€ = re®,
one sees that when |e£| — 0, i.e., when r — 0, |g;(e£)| — A; when |e£]| — oo, i.e., when
|r| — oo, one has

g+ (€§) =

\/)\2 + 4ret?(1 + ret?)
2(1 4 rei?)

194 (e€)] — | | = (cos” 26 + sin ),

which is bounded and nonzero. Moreover,

L 2(1 — M) B
9l A = e L A1+ 20) O)et.
(2). When A < 0, similarly one has
A VA def(1+€f) —2€¢ B

and

A — A2+ 4e€(1 + €€)
2(1+¢€f) '

In the same way as in (1), one can prove g_(e€) is uniformly bounded in €.
(3). Note

g-(€€) =

M= 1)+ (14 e6) /A + 461+ &) + (1+8) /A2 + 4e€(1 + €§)
(L+ &+ €)

Let &€ = re?, then when ¢ — 0, and |r| — 0, one has |g.(£)—g_(e€)| — 2|A\|. When e — 0,
|| — oo, and €|r| — 0, one has

9+(§)—g-(€6)

A /A2 4E(L+€)
1+¢

which is bounded and nonzero. When ¢ — 0, |r| — oo, and €¢|r| — oo, one can still
prove |g, (§)—g-_(€€)| is uniformly bounded away from 0, but the detailed calculation will be
omitted. Similarly, one can prove the same result for g, (e§)—g_(§). As for g, (&) — g4 (€£),
notice

1
| — 5(0082 20 + sin* G)i,

194(&) —9-(e€)| — |

A(e— 1)+ (L4 €€/ N2+ 461+ &) — (1 4+ &) /N + 4e(1 + €€)
(L+&)(1 +¢€€) ’

9

9+(&)—g4(ef) =




then following the same procedure as above, it is not hard to check that it is uniformly
bounded as € — 0, and || — oo. Moreover, when € — 0, |{| — «,

A+ /A +4a(l+a) = (1+a)A
1+«

19+ (&) — g4+(e€)] — | .,

which is nonzero, one can arrive at the same conclusion for g_(&) — g_(€€). O

Remark 7. (1) We will fix Re £ = a > 0 from now on.

(2) From the definition (4.6), one sees that, when A > 0, by (4.18), there is a boundary layer
near x = L, and on the other hand, when A < 0, by (4.17), there is an interface layer near
x = 0. This observation will play an important role in the following proof.

Now we go back to the proof of Theorem 1. Consider the integral:
L oo 0 00
[ as[ 0wopas = [ o] P+ g o)
— 00 —L —00

L —
0 [oe)
+/ €2Reu+(§)$dx/ |02|2(1 + |g—(5)|2)d5

—L

L oo
+/ 2Ren—( [ |es|?(1 + |9 (e€)[})dp
0 o

L 00
+/ do | Jeae™ (1 + |g_(e€)]?)dB.
0 p—

[e.9]

By Lemma 4 one sees F, F, G, and H in (4.11) (4.12) are uniformly bounded away from 0.
And from (4.13) (4.14) (4.11) and (4.12) one gets

c1, €2, ¢z, ca = O(1)(bL(€) + br(E)),

and moreover, from (4.8),
. .

e+ O% ) = (bp(€) — 036“‘(65)%), (4.19)

50 M+ e, =0(1)er- O ¢h, (€) + O(1)br(€). Therefore

/ @ / |0, ©)PdB < O(1) / (B + P& P)ds. (4.20)

Then by Parseval’s identity:

oo 1 oo -
/ e 2NU(z, t)|*dt = 2—/ \Ue(z,a +if3)|*dB, (4.21)
T J o0

0

the stiff well-posedness, as stated in Theorem 1, now follows.
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4.3 Asymptotic convergence

Next we turn to the proof of the asymptotic convergence. Still we compare the analytical
solution with the help of the Laplace transform. Consider the case A < 0 first. Compare
system (1.1) with (3.2)-(3.1). The solution of (3.1) is

Wz, 1) = 0, x— L <M,
Tl b+ 5(L—2), z—L>X, 0<z <L

After the Laplace transform, it becomes

@(z,&) = bp()es™) | for z > 0. (4.22)
The solution of (3.2) is
Uz, &) = dyer-(©r < g+1(£) ) + dyet+ O < gl( ) ) : (4.23)
where d; and dy are determined by
die P=OL  doemm+OL = p; (¢), (4.24)
dhg:(§) + dag- () = Nom(€)e3". (4.25)

R
Now compare (4.5) with (4.23), (4.6) with (4.22) respectively. For x € [0, L], using (4.6) and
(4.22), one gets

/dx/ |U—u€‘ dﬁ /d:v/ ‘636” —I—C e+ (€)% bRGA(L T |2dﬁ

L [}
< /dx |03(6#—(65)f_6/l+(6€)I7L ~( )f)2 /dlL’ |[~)R(£)|2|€u+(eg)zz
0 -0 0 —00

- Il +IQ

. eg(fo) ’2d6

Here the first inequality was derived by substituting ¢, in (4.19). For [y, it is easy to see:
L

o0 L
L < 0(1)/ |C3(§)‘2dﬁ(/ ezRe“‘(eg)fdaj+62Re“—(f§)€/ .
N, 0

0

)-

Then by (4.17) one gets the estimate for I; as:

L < O / T les(©)2as

(e e}

= 0(1)6/_00(\5L|2 +|br*)ds < O(Ve(|be]Zz + lorlz2)- (4.26)

Note here in I;, the term that contains e#~(€9¢ is the result of interface layer, which drops
1

the L? convergence rate down to e2.

For I, one has

Los [ToEtE s S pas - ome [ leao)ras

e}

< O(1)é?|br|%. (4.27)
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Here we use the fact

pi+(€€)

€

£ 2¢62(1 = N?) o1
i A A2 4 2e€ — M/ A2+ 4e€(1 + €€)) = O(1)eg”, (4.28)

and also we assume that bp(t) € H?(R') and bg(t) satisfies the compatibility condition
br(0) = Vz(0) = 0. Adding [ and II yields we have

L o0
/0 d / i — @2d8 < O(W)e(lbrlZ + [brlZ) + O(1)E [brl%e (4.20)

When x € [—L,0] the difference between (4.5) and (4.23) is the difference between the
coeflicients, i.e.

0 < fe's)
d U—U¢dB3 = O(1 di — c1? + |dy — co]?)d.
/_L'”/_m' dp <>/_<|1 e 1 |y — eaf?)dB

o0

Compare (4.7)—(4.10) with (4.24)(4.25), one finds
ler — di| = O(1)e(br, + br), |ca — da = O(1)e& (b, + br),

after using Lemma 4 and some basic calculations. The details are omitted.
Therefore,

/ d/ TG0 < 00 / (€L () + 1EB(E)P)de

< OM)e(lbelin + lorl)- (4.30)

Here we used the assumption that by (t) € H'(RT), and bz (¢) satisfies bz (0) = 0. Now we
are done with the A < 0 case.
For A > 0, the proof is similar. First the solution to (3.3) is

T €)= i@z [ 1 w1 _
U(z,&) = ke (g+(§))+/{326 (g_(ﬁ))’ L<x<0, (4.31)

where ki and ks are determined by

k:le_”*(g)L + k2€—ﬂ+(§)[/ = b(¢), (4.32)
ki(A = g+(8) + k2 (A —g-(§)) = 0. (4.33)

When 0 < z < L, the solution to (3.4) is

WOz, ) = 0, M<z <L,
Il a0,t-2), 0<z<A0<z<L.

So after Laplace transform, one gets:

0z, €) = e 53007, 6) = e 5 (ky + ky). (4.34)
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Now compare (4.31) with (4.5), and (4.34) with (4.6). The difference between (4.31) and
(4.5) is again the difference between the coefficients. Thus

0 o L » o0
/ d:v/ U —U<?d3 = O(l)/ (|k1 — c1]® + kg — c2]?)dB.
—L —00 —00
Compare (4.7)—(4.10) with (4.32) (4.33), one finds
|Cl - kll = O(]_)ESBL, |02 - k’2| = O(l)efgL

Therefore,

0 << [e%)
d U — U’ O(1)e? by (€)2d
/_Lm/_w| 25 < <>e/_oo|5L<s>|g

< O)ebr [ (4.35)

The difference between (4.34) and (4.6) is estimated as follows:

L 00
/ dx/ 170 — ac2dg
0 —00
L > x x x
N / dx/ |eaet (D% + c4et DT — (ky + ky)e S3Pdg3
0 —00
L 00

_ / dof |esleh- 97 —enrO=E u(hy | joonn = (1 | gy —€3243
0 —00

< Ji+Ja+ Js.

To get the second equality, we again use (4.19). First,
oo L oL
o= [ len©Pas [ e gy
—00 0
< O(1)e|br(t)|72, (4.36)
where the inequalities (4.16), (4.17) and (4.18) were used. For J,, one has:

2

L 0o
Jo = / dx/ l[es — (ky + kg)]er— (8¢ — 03e“+(€5)mZL@H—(6€)%
0 —00

L 0o 00
< /dx/ ‘C3_k1—k2\262R6"‘(65)§d5+0(1)6/ <ol d
0 —0o0 -

[e.e]

Since ¢3 +c4 = ¢1 + 2 = ki + kg + O(1)e€by(€), cs = e P+ (bp(€) — c3er~(9)7), one has
lcs— k1 —ka|> = O(1)€®[€bL,(€)]?. Therefore,

Jy < O(D)E|bp|%: + O(1)e|br|?.. (4.37)
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Note here the convergence rate is €, which is caused by the boundary layer effect of eh+ (€)= E

in J; and J;. The remaining part J3 is

L )
Js = /dﬂ?/ |(Fy4-kep) "= €€ — (ky+ko)e ™63 2dS
0 —00

0(1)/ |en-€0< —e—5i|2dx/ \ky+ko|?d3
0

IN

—00

< O3 |bp|%e. (4.38)

The calculation here is similar to (4.27). In total, one gets

L 0
[ [ g - aPds < OebalE: + el + O Pl (4.39)
0 —o0

To this end, we have proved Theorem 2 with zero initial data.

5 Error estimate for the domain decomposition method
for the linear case: the Inhomogeneous initial data
The case with inhomogeneous initial data is much more complicated. To clarify the idea in
the proof, we consider instead the Cauchy problem here, that is, z € (—o0, 00) instead of
[—L,L]. A new idea here is to construct some related initial value problem and make use
of the existent results of them to overcome the difficulties arisen in the Laplace transform.

With these two results, the problem with both boundary and initial data is straightforward,
and details will be omitted.

5.1 Solution by the Laplace transform

Again, we solve system (1.1) by the Laplace transform. Then (1.1) (1.3) becomes:

0,0 %M(e(m)é)[jﬁ + AU (a), (5.1)

where M is the same as before. Then the general solution is:
For z < 0, e(z) = 1,

Ue(z, &) = MO (T, +/ e MEOY AL () dy); (5.2)
0
For z > 0, ¢(z) = ¢,

Ue(2,€) = MO (g + / e MDA o (y)dy), (5.3)
0

where one can denote eM©* by

MEOT — rt 2 (£) 4 7P _ (). (5.4)
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Here @ are defined by:
o) @) -1, 55

‘I’+(§) = ; ( gl( 9+
1
o ) (@D, 56

9+(§) — g-(§)
(.

§
B 1
9+(&) —9-(§)
Then (5.2) (5.3) can be rewritten as:
For z < 0, e(z) = 1,

®_(¢)

Uela§) = @0 (OO + [ e OA Titg)a)
F OB (L) + [ e Oy (5.7)
For 2 > 0, ¢(x) — €,
Ue(w,6) = e+, (e£)(Ur(€) + / O 4717 () dy)
F DT () (Un(e) + [ e OLA Th(y)ay). (5.5)

Here [7L(5) = ( gigg ) and UR(f) = ( On(E) ), to be defined later, are two vectors

independent of x. 3
First, when z — oo, U¢(x, &) — 0, one gets

nte) ) (28 )+ [T gt 0 (10 ) wan o

Uog

that is,

g1 (c€)iinlE) — (6 + / " e O () g (e€) — o (y))dy = 0. (5.9)

When z — —o0, Ue(x,f) — 0, thus

@0 (5Hg )+ [ e o0 () =

Uog

that is,

~0- O+ 1€+ [ P unl)g- (€ + uo))dy = 0. (5.10)
Then by continuity, @ (&)U, + ®_ (&)U = O (e€)Ug + P_(e£)Ug, it is easy to get:
fr = g, U1 = Ug. (5.11)
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Plugging (5.9)—(5.11) into (5.8), one ends up with a simplified version of (5.8):

008 = i (g ) [ e (o)~ v ()

/Oac eh—(e6) = (uo(y) — vo(y)g—(€€))dy

L n-(9) (g — 1 € or x
(gt )OO~ (@)} Borom0. a2
Similarly, (5.7) can be simplified to:
Fe(r. ) — ! 1 O () — v
7w = @i (o) L ol = gy
1 " pt (&) (z—y _
(e ) [ e o) = g €y
+ ( 9_15) > e“+(5)z(—?7L(f) + fLL(ﬁ)%(f))} , forxz <O. (5.13)

5.2 The Stiff well-posedness

Due to the nonzero initial data, it is hard to estimate the L? norm of the solution from the
expression (5.12) (5.13). So we take a detour to look at the initial value problem with initial
data supported in the right (or left) half plane. Then for this initial value problem, one can
solve it by the Fourier transform, thus avoid the difficulties caused by the Laplace transform.
Without loss of generality, we consider z > 0 here. The x < 0 case is the same. First we
have the following lemma.

Lemma 8. Assume Ufy,p = ( tivp ) is the solution to

Yrvp
u; + v =0, (5.14a)
vy +ug = —%(vE — Auf), (5.14b)
u(x,0) = up(z),v(z,0) = vo(x), (5.14c¢)

here ug and vy are supported in [0,00). Then the solution is

e (1) — ! 1 T e O (4 (1) o ’
i) = —ot=ll e ) | (uoly) (1) (€)dy

1 T e
<g+(e§) )/0 e~ O (ug (y) —vo(y)g- (€))dy}, (5.15)

and the following inequality holds:

| 10ete.pasas <o) [ ) pa, (5.16)
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Proof. First the solution (5.15) is obtained in the same way as (5.12), so we will omit the
details. Then if Fourier transform w.r.t x is used instead of the Laplace transform w.r.t ¢ in
this case, one gets [31]

t/|UﬁP@¢Wﬂx§OU)/ \Uo(2)Pdz, ¥t > 0. (5.17)

0

Integrating with respect to t gives

/ at / TS (2, 1) 2de < O(1) / Uo(a) .
0 —00 0

Then by Parseval’s identity (4.21), one can prove the inequality. For more details, see

[31]. O

One also needs to estimate foooe_“+(€5)%(u0(y) —vo(y)g4(€€))dy and fome*“—(f)y
(uo(y) —vo(y)g—(§))dy which appear in (5.9) and (5.10). The estimate of these two integrals
are similar by using the energy estimate. So we only estimate the first integral here.

Lemma 9. Let

tnr(e€) = [ O ) = wn(n)g e€)) (5.1)
then

| lme(Pas < o0 [ Wata)d (5.19)

Proof. The idea of the proof followes that in [31]. We construct the following initial boundary
value problem on the right half plane z > 0. Later one can see that wpgyp(ef) can be
expressed by the Laplace transform of the boundary value of the following problem, thus
can be bounded by the initial data. This is the key motivation of constructing the following
system:

u + vt = 0, (5.20a)
U;H@——ae—xwx (5.20b)
u(z,0) = up(z),v(z,0) = vo(z), (5.20¢)
B,uf(0,t) + B,v(0,t) = 0. (5.20d)

Here B, and B, are two constants that satisfy the so-called Stiff Kreiss Condition (SKC)

[31]: g—z ¢ [—1, ’\J;‘)"}. The solution to this system can be written as:

UIBVP(an) = €u+(€§)f¢+(€§)(UIBVP(Ov5)+/ B_M(gg)%A_lUO(y)dy)
0

ter =D p (€€) (UIBVP(Oa £) +/ eiﬂ_(eg)%AilUO(y)d?J)a (5.21)
0
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where Upgp(0,€) = ( wme ) satisfies

ViBvP
B (e€) (T (0, ) + / e~ € AT () dy) = 0. (5.22b)
0

From definition (5.18), the second condition (5.22b) can be written as

9+ (€§)ump(0,€) — vmp(0,§) = Wipp(ef),

thus
~ IZ}[BVP(€£> ( BU )
U (0, €) = . 5.23
wr(0,6) By + Byg(€§) \ —Bu (5:23)
Now the energy estimate can be used to get the upper bound of fOT | Uiz (0,1)|?dt. Let
H = _1>\ _1/\ ), multiply (5.20) by e ?*UT H, and integrate over [0,7] x [0, c0), one has
(here we omit the subscription for a while)
1 o0
5/ (U,HU)(z,T)e 2ade—|—oz// (U, HU)(x,t)e” **dxdt
1
// — u)?e M dxdt + - 5 / (Mu? — 2uv + A\v?)(0,t)e 2 dt
0
~ 5 [ W) @)
0

One needs to choose the boundary condition such that Au(0, )% —2u(0,t)v(0,t) + v (0, t)* >
c|U(0,t)]?, where ¢ is a bounded constant. Later we will show that this kind of boundary
condition exits and it is a subclass of SKC. Then one can get

T o)
/ U (0, )22 dt < O(1) / () [2de. (5.24)
0 0
Let T' — o0, then
/ \Usp(0,1)[Pe 2 dt < 0(1)/ \Uo(x)|*d. (5.25)
0 0

By Parseval’s identity and (5.23) (5.25), one obtains (5.19). As for the boundary condition,
there are plenty of choices. Any B, and B, that satisfy

B 1 B 1
> (1-vV1-X2) or E” < _X(l +V1—=2X\2), for A >0,

B, A
1 B 1
—X(l —V1-2%) < gu < —X(l +V1—=X\2), for A <0,
B
FZ >0, for A\=0,
will work, and it is not hard to see it is a subclass of the SKC. O
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Similarly, we have the following corollary.

Corollary 10. Let

?DIBVPQ(f) = /O_OO G_Mf(g)y(uo(y) - vo(y)g_ (f))dy, (5-26)

then
00 0
/ sy (628 < O(1) / Uo() P (5.27)

By looking back to the solution (5.12) for z > 0, one gets

/dx/ |U6xg|d5</ dx/ 0%, |23

A I O e T e o
= L +1 (5.28)

2

By (5.16) I; can be estimated as:

I < 0(1) /Ooo \Uo()|*dz. (5.29)

As for I, since is uniformly bounded, one has

lg+ (6&) g—(€8)]

L <001 /d:c/ e2Ren—(<6)¢

Then by (5.9) (5.10) (5.18) and (5.26), one obtains:

[lvr]* + O(L)[ur[*]ds

g+(e)ur —vgp = Wrpyp,

—g_(§ur —vr = Wipvp2.

Thus Uprp = O(l)ﬁ)]BVP(Ef)—FO(l)lI)]BVPQ(f), VR = O(l)w[BVP(Ef) +O(1>ﬁ]IBVP2(€)- Finally
by Lemma 7 and Corollary 9,

I < wmm /Z Uy (2)|d. (5.30)

Then by (4.17) (4.18), one sees that [ dxz[” \U¢(z,€)|?dB is uniformly bounded. In the

same way, one cal prove

/iodx/z T (, €)2d3 < O(1) /Z Uo()|2d. (5.31)

Till now we have proved the stiff well-posedness of the original system.
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5.3 The Asymptotic convergence

Next we will prove the asymptotic convergence. The first step is also using the Laplace
transform to represent the exact solution. We will consider the case A < 0 first. Consider the
domain decomposition system (3.2)-(3.1). When z > 0, the solution is u’(x, t) = ug(x — At).
After the Laplace transform, one gets:

1 [e.e]
W(z,§) = _X/ uo(y)e 3= dy, (5.32)
= (5.33)

For z < 0, the solution to (3.2) can be represented as

s (€(D(E) + [ e AU (y)dy), (5.34)
Here D(¢) = ( gzgg ) is determined by:
Co@u( B )+ e @0 (1) o (5:3)
1 N - &0 £y
PRGN [(Du(§)g+(§) = Do (§))g-(EHDo (&) = Du(§)g-(£)) 9+ ()= —/O uo(y)erdy,
where the second equation is simplified as
Dule) = - / “uo(y)e vy, (5.36)

Now one needs to compare (5.32) with (5.8), and (5.34) with (5.7). Still, in order to
avoid the difficulties caused by Laplace transform, we turn to the help of the initial value
problem (5.14) with its reduced system:

{ uf + Ml =0, (5.37a)
u’(z,0) = up(x). (5.37Db)

Here we assume wug(z) is supported on [0, 00).

Lemma 11. Let Uf,p and UY,p be the solution of (5.14) and (5.57) respectively, then
| e [ VG = Oplas < O+ O(1)elon = Aunl, (5.33)

Proof. The proof is based on the Fourier transform, and one can refer to [31] for details. [
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Go back to the difference of (5.32) and (5.12), since the solution to (5.37) is (5.32), and
part of (5.12) is (5.15), one has

/dx/ |t — U’2dﬁ</ dac/ @5y p — Uy pl*dB

/ di / (15 194 (€)Y e % (5n(e) — g (€)in(e)) P

g+(€€) — g-(€€)
= ]Il + H27

I < OM)e|Uoli + 0(1)€||U0 — M| 2(0,00) (5.39)

L < 0@) [ @ @a] jo(e)n - g-()in(©)F a3

0 —o0

< O()e| ol (5.40)
The calculation of the last inequality is the same as (5.30). Notice here that the term that
contains R4~ (€)% is due to the interface layer, as we expected here that the initial data

can induce an interface layer at the interface in this case.
Now compare (5.34) with (5.7). The difference comes from the difference in coefficients,

thus
0 oo o 5
/ de | [U —U°dg
0 o] - ~
1)/_ dx/_ [ O (1 + g () ) g4 (E)(Du — ) — (Dy — 0p)]?dB

+/_ du 00!6“‘(5)3”!2(1 + 19+ ()P [=9-() (D — ) + (D, — o)]d3.

o0 —00

By boundary conditions (5.10) and (5.35), the second term vanishes, so

0 o . 5 0 [e%) _ B
/ de| |U—UPd3 < 0(1)/ dx/ 2Rens O (| D, — g |* 4 |D, — o, *)dB

(e} —00
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Next compare (5.9)—(5.11) with (5.35) (5.36), one gets
0 o . 5 oo 5
/ da:/ \U—U*|?ds = 0(1)/ (|Dy — ag|* + | Dy — o|*)dB
= 0(1)/ |D, — 0, |%dg
g+(€€)

00 00 —Wiyp + WIBYP2
— O(l)/ _/ £ 9-(&)
—00 0

exug(y)dy —
o [ )

+o(1) /Z

+0(1) [ loute) [“utetray

= Ji+Jo+ Js.

2

dp

g (€f)
1 g-(&)

/om(““(y)—”°<y>9+<6€>>6‘“*(6“dy— / “uoly)edy

0

IN

2

dp

4. (c0) / T uoly) — voly)g_(€))e vy

2
dp

dp

We begin with the simplest part J3 first. Since when A < 0, g, (e£) = O(1)e€, thus

2

dg.

Iy < O(1)e ]5 woly)esvdy

If the compatibility condition on wuy(y) is assumed such that ug(0) = 0, fooofuo(y)egydy can

be considered as the Laplace transform to uf(y), so
B <0 [ o) < ome [P
0

Next we look at J,. Similar to Js3, one will first get

2
dg.

5 <00 ]f (uoly) — voly)g-(E))e Oy

Recall (5.26) and integration by parts, one gets

Wipyp2 = —%@/0 e =¥ (—uf + g_(&)vy)dy,

where the compatibility condition u(0) = 0 and vg(0) = 0 are used.

p1 (&) — 2\, one has
(146 = 2 = [ € i+ (O

Notice when A < 0, py(§) = —g%@, thus

o0

Einyr = 229 ()irmves + g (€) / (—uh(y) + g (€)h(y))dy.

22

(5.41)

(5.42)

Since —p_(§) =



Therefore, the following estimate holds:

o 2

/_Z|€1IJIBVP2|2CZ5 < 0(1)/

— O]

/0 e O — g (€)0h) (y)dy

dp+0(1) /_OO|IDIBVP2(§)’2d5-
(5.43)

The integral with respect to y on the right hand side is similar to w;pyp2 in (5.26), except
to change v and vy to u, and v{. So one has

/Oo|§1IJIBVp2|2dﬁ < 0(1) /OOIU(’)(x)Fdx +O(1) /ooon(x)\zda:. (5.44)
— o 0 0
Therefore,
Jo < O(1)é? /OO|U(')(x)|2dx. (5.45)
0

Now we turn to J;. First using g, (e£) ~ O(1)e€ gives

00 0 2 o0
J1 §/ € §/ voe”““(ﬁf)%dy dﬁ—l—/
— 00 0 —00

Notice in (5.18) if one exchanges uy and vy and let ug = 0, then use (5.18) (5.43), and similar
to (5.44), one will get:

/ '5/ voe PO dy
—0o0 0

On the other hand,

/ / up(e 7 EE — 30 (y)dy
—oo|J0

Since for A < 0, similar to (4.28), one has —@ - % = a(e€, \)e€?, here a(e£, \) is a O(1)
function. Denote the upper bound of a as ¢, i.e., |a| < ¢. Therefore,

/ / up(y)e X (e OERY — 1)dy
—oo|J0

- / /Uo(y)eiy(e“gy—l)dy
—o0|J0

e}

= [ | [ et St

k=1

00 2
/ uo(e D% — e80)(y)dy| dB.  (5.46)
0

dpg < 0(1) /Ooo]v[’)(a:ﬂzdx. (5.47)

2

dp

2
dB.

/ up(y)e? (e OE1Y — 1)dy
0

2
dp

2
dp

2
dp

oo 1
9 Z(H)ZM‘%E%’&:Z‘%

Tk=1

o 1 00
= 2 [ e
k=1 >

2
dp

IA

e €
/ uo(y)evy*dy
0

2
dg.

/ % yFug(y)ervdy
0
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Let € be small enough such that |ec| < 1, and observe that fooof%uo(y)e%ydy can be considered
the Laplace transform of the 2k-th derivative of uy(y), so if one further assumes ug € C,
and ug has compact support, then use the same trick as we prove (5.47), one will get:

> (— !aeP
l
k=1 k!l -

< 0(1) Y Jec™ [luo(y)* 72< OM)E [luo(y)lI72 (1 + o(e)):

k=1

') 2
/ EFyFug(y)esvdy| ds
0

Here the term o(e) will depend on the norm |[|(u)®*||;> (k > 2), but our assumption on
ug will guarantee that this term is a higher order term w.r.t e. Therefore, one arrives at the
estimate for Js:

Js < O fuo(y)[72(1 + o(€)) + O(1)e o1 (5.48)

In summary,
/ dx/ 05~ 02d8 < O(1)evo—Auol2s-+ O(D)e|U 210 a0y +O(1) | U 22 (10(e)). (5.49)

The case with A > 0 is rather similar, but there is no interface layer at x = 0, so one will
find the term that contains |Up|3, will have a convergence rate O(1)e? instead of O(1)e.

6 Domain-decomposition based numerical schemes and
numerical experiments

We use At and Az to represent the time step and mesh size respectively, u denotes the
value at time nAt and space jAz. Let M = T/At, and N = 2L/Az. We use the upwind
scheme to the Riemann invariants u + v to solve the left part and use the Godunov scheme
to solve the equilibrium equation.

6.1 The numerical scheme

Case I: f'(u) <0

e Step 1. For j =N/2+1,..N, n=0,1,...M, solve

27;14_1—6? EjJr%_F’J*%_O 61
AL T Az U (6.1)

ﬂ?: o(z;), @?:UO(%)a

uy = br(t"),
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where F]ﬁr% = f(R(0,u},u},,)), F"
solver, is defined as:

G, if f'(¢), f'(n) <0,

, if f'(¢), f'(n) =0,
R(0,¢n) =§ ¢ if f'(¢) > 0> f'(n), s >0,

n, if f/(¢) > 0> f'(n), s <0,

f71(0), otherwise

where s = %ﬁ(n) is the shock speed.

e Step 2. For j =0,1,..N/2, n = 0,1,...M, let the Riemann invariants P; =uj +

=n N’ _=n _ =n
v}, Q; =uj — v}, and solve

—n+1 -—n 5N DN
pP, —-P, P, —P; 1
j J J il — (T
At + Ax o @5 = FG), o4
—n—+1 —_—n —-—n -n
Qj+ - Qj QJ'H B Qj 1 =n ="
A Ar g @) o
—0 —0
P; = uo(x;) +vo(x5), Q; = uo(z;) — volz;),

—n+1 __ n+1 -n+1 __ ~m+1,
Uy =b (1), Uy =0
2

where ¥4 was obtained from Step 1.
2

Case II: f'(u) >0

e Step 1. For j =0,1,..N/2, n = 0,1,...M, let the Riemann invariants P! = uj +

n
v7, (Q; =uj — v}, then solve

PP PP 1
J J J =1 _ _ Zien n

A T T A - W @) (6.8)
—n+1 —n —n —n
Qj+ B Qj Qj"rl B Qj 1 —n —n

ot - = @ - @) (6.9)
P = uo(xy) + volzy), Q) = uo(x;) — volxy), (6.10)
upgtt = by ("), (6.11)
Py =an 4 fagt); (6.12)
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e Step 2. For j=N/2+1,..N,n=0,1,...M, solve

L 2 6.13

AT Ax ’ (6.13)

772 = uo(2;), @? = vo(z;), (6.14)

it =uit, (6.15)

where FJ’Zrl and Fj n  are defined as in Case I. To solve for @™, since (6.8) is an
2 2 2

explicit scheme for ﬁnﬂ, we first use it to get ﬁngl, and then use Newton iteration
for (6.12) to get u'y .
2

Finally, the numerical solution is obtained by piecing together solutions in the two do-
mains:

N

up =y, vl =0, j= ,...5,n:0,...M, (6.16a)
~. - N

uy =uy, vi = f(uy), j :§+1,...N,n:0,...M. (6.16b)

6.2 Numerical examples

The first two examples are given to validate our domain decomposition system numerically.
Therefore we focus on the behavior of L' error with a changing ¢ (we only change € for > 0,
for # < 0, let € = 1). Here we use Az = 1073, At = 2.5 x 1074, and run the algorithm to
T=0.2. We change ¢ from 0.05 to 0.0025, then calculate the error

N N
Uy = max Z [(u)} —uf|Az, Vi = max Z |(v)} — vi|Aw.
7=0 Jj=0

0<n<M 4 0<n<M 4

Here (u€)? and (v°)} are obtained by directly solving the original system (1.1)—(1.5) (hereafter
called the relaxation method).

Example 1. Let f(u¢) = 1(e7" —1) in (1.1), with initial condition u*(z,0) = sin(7z)?,
and boundary condition u(—1,¢) = u(1,¢) = 0. In this case, f'(u) < 0, so there will be an
interface layer at the interface x = 0. Figure fig:errorl gives the log(error) versus log(e) and
one can see that the convergence rate is O(e).

Example 2. Now we consider the case f’(u) > 0. Let f(u) = (" —1), initial condition
u(z,0) = sin(rx)3, and boundary condition u(—1,t) = u(1,t) = 0. Still one sees that the
convergence rate is O(e), as shown in Figure fig:error2.

Next we will compare our domain decomposition method with the relaxation method.
Thus in the following examples we will use underresolved mesh, and let ¢ = 0.002 be fixed for
x > 0. We use the relaxation method with resolved mesh to serve as the analytical solution

to (1.1)-(L.5).
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Figure 2: convergence rate for Example 2

Example 3. The set up is the same as Example 1, and here fix € to be 0.002 for x > 0.
The solutions are plotted at T=0.5. In this case, there is an interface layer in u atx = 0, as
one can see from Figures 3 and 4. In comparison, one can see that the relaxation method
with a relatively large mesh size gives poor results at the interface which results in larger
numerical errors away from the interface. The error becomes smaller if the mesh size is
reduced (yet still underresolved). On the other hand, the domain decomposition method
gives good approximation even when the mesh size is large (Az >> €).
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Figure 3: Example 3, Az = 0.04, At = 0.02. Figure 4: Example 3, Ax = 0.01, At = 0.005.

Example 4. The set up is the same as Example 2. The results at T" = 0.6 are plotted
in Figure 5 and Figure 6. Similar to Example 3, one can find that the relaxation method
behaves much better with the decreasing of the mesh size, while the domain decomposition
method gives good approximation even with the large mesh size compared to e.

data:

if —1<2<-02,

if -02<2x<1.

27

Example 5. Let f(uf) be the same as in Example 2, but consider the Riemann initial

u(z,0) = { 1_
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Figure 5: Example 4, Az = 0.04, At = 0.02. Figure 6: Example 4, Ax = 0.01, At = 0.005.

In this case a contact discontinuity formed at the left hand side will propagate across the
interface to the right. Let Ax = 0.02, At = 0.01. From Figure 7, one will see that, before
the contact discontinuity passes through the interface, there is not much difference between
the relaxation method and the domain decomposition method, but after that the domain
decomposition method has an obvious advantage in producing more accurate results. The

results are given at different times to show the dynamics of the solution.
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Figure 7: Example 5, a contact discontinuity passing through the interface.

Example 6. Let f(uf) be the same as in Example 1, and consider the following Riemann

28




initial data:
(2,0) = 1, if —1<x<0.2,
YAV =Y 21, ifo2<a< 1.

Here we use Ax = 0.02 and At = 0.01. In this case, a shock forms at the right region and
propagates to the left region. From Figure 8, one can see that, when the shock crosses the
interface, the domain decomposition method gives spurious solution at the interface. This
is because our interface layer analysis assumes that the solution is smooth, yet here the
interaction between the interface layer and shock complicates the problem, thus our domain
decomposition system may not be valid here.
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Figure 8: Example 6, a shock from the right region passing through the interface.

Example 7. Let f(uf) be the same as in Example 1, and consider the following Riemann
initial data:

w(0) = {

With this initial data, a rarefaction wave forms in the right region, and propagates across
the interface to the left. We still let Ax = 0.02 and At = 0.01, and the solutions are plotted
at different times in Figure 9. One can see that, unlike a shock, the domain decomposition
method gives a good approximation when the rarefaction wave crosses the interface.

~1, f-1<2<0.2,
1, if02<z<l.

7 Conclusion

In this paper, a domain decomposition method is presented and analyzed on a semilinear
hyperbolic system with multiple relaxation times. In the region where the relaxation time
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Figure 9: Example 7, rarefaction wave

is small, an asymptotic equilibrium equation is used for computational efficiency which is
coupled with the original relaxation system on the other part of the region through an
interface condition. A rigorous analysis established the well-posedness and error estimate in
terms of the relaxation time on this domain decomposition method, and numerical results
are presented to study the performance of this method.

This is a prototype model for the more general coupling of kinetic and hydrodynamic
equations which are competitive multiscale computational methods using multi-physics, thus
a deep mathematical understanding of this simpler model problem will shed light on the more
general physical problems.

There are still remaining problems to be studied. Among them we mention the problem of
shock passing through the interface, transonic solutions in the equilibrium domain, nonlinear
hyperbolic systems with relaxation, and the error estimate on the numerical schemes based
on such a domain decomposition method.
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