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Abstract

The stability of the Maxwellian of the Boltzmann equation with a large amplitude external potential ®
has been an important open problem. In this paper, we resolve this problem with a large C®—potential in a
periodic box T%, d > 3. We use [1] in L? — L* framework to establish the well-posedness and the L —stability

of the Maxwellian pug(z,v) = exp {—% - @(m)}
1 Introduction
In the presence of a potential ®, a density of a dilute charged gas is governed by the Boltzmann equation

OF +v -V, F =V, 0(z) -V, F=Q(F,F) , F(0,z,v) = Fy(z,v), (1)

where F(t,x,v) is a distribution function for the gas particles at a time ¢ > 0, a position x € T¢ and a velocity
v € RY for d > 3. Here, the external potential ®(z) is a given function only depends on the spatial variable z in
a periodic box T?. The collision operator @ takes the form

Q(F, Fy) = /Rd |, Bo— uw) B () Fa(of)duwdu — /Rd [ Bl - w )R (u) B (v)dedu (2)
= Qi(F1, F2) —Q_(F1, Fy) |

where v’ = u+[(v—u) - wjw, v  =v—[(v—u) -wlw and B(v —u,w) = |v — u|7qo(‘5:z‘ w), with 0 < v <1 (hard

potential) and [, ; qo(@ - w)dw < +oo (angular cutoff) for all 4 € S4~1.
Throughout the paper, we study the stability of a local Maxwellian for given potential ® :

pe(z,v) = eXP{—UQ— (JC)} = u(v)e“i’(’”), (3)

where p(v) = exp {—%} is the standard global Maxwellian in the no potential case, ® = 0 ([16]). Define a

perturbation distribution f = f(¢,x,v) by

F(t,z,v) = pp(r,v) + Vup(,0) f(t 2,v). (4)

Then the equation for the perturbation f is

Of +0-Vof = VO-Vof + " WL = 3O f) L f0,,0) = fole,v) = w NG
E

where the standard operators of the linearized Boltzmann theory ([15]) are

pokfo oL T R
L = vf — Kf =~ {QUu ViEf) + QS )} = vf / (v, o) f(v')d,

with the collision frequency v(v) = [ |v — u|"p(u)godudw ~ {1 + |v|}7 for 0 <~ <1 ; and
1

L(f1, f2) = NG

Q(Wufr,vif2) =T (f1, f2) = T-(f1, f2)-
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1.1 External Potential and Conservation of Momentum

Let F be a solution of the Boltzmann equation (1) with an external potential ®. As the no potential case (¢ = 0),
we have the (excess) conservations of mass and energy :

// {F(t,z,v) — pg}dvdx = // {Fo(z,v) — ppltdvdx = My, (6)
Td x R4 Td xR4
2 2
// P L @) (it 20) - ppdvde = // 4 o) (Ro(ev) - ppdvde = By, (7)
Td x R4 2 T xRe 2
as well as the excess entropy inequality :

H(E(t)) — H(up) < H(Fo) — H(up), (8)

where H(g) = [[ g Ing dvdz.

However, in the presence of an external potential ®, the momentum conservation law is delicate. In general,
the momentum is not conserved : multiplying the Boltzmann equation (1) by v; and integrating over T¢ x R,
we have

%//“iF(t)dxdv - //vivmfb(w) -V, F(t)dzdv = 0.

Applying the integration by part to the second term, we have

a4 / / o (£)dady + / 0,®(2)F(t)dadv = 0.

If the potential ® does not depend on z;, then the second integration of the above equation vanishes. Therefore
we have the conservation of momentum for v;. Otherwise, in general, we do not have such a conservation law of
momentum.

More precisely, define a map

A:T¢ — {Linear Subspaces of R} |, A(z) =span{V®(z)} = {v € R :v =7V®(z) ,7 € R}.

Define
AT = | A, (9)

zeTe

which is a linear subspace of R?. Further we can decompose R? = A(T?) @ A(T?)*. More precisely we define a
degenerate subspace of V® by
AT = () A, (10)

z€eTe

which is a linear subspace of R%. Let n = dim A(T?%)L. Notice that generically the degenerate subspace of V& is
a zero space {0} and n = dim A(T%)+ = 0. Upon relabeling and reorienting the coordinates axes, we may assume
that A(T?)* is spanned by {ey,...,en}, i.e.

A(Td)l = Span{ela --~,en} 5 n=dim A(Td)l (11)

If ® is differentiable then 9,,® = -+ =9, ® =0 and ® = ®(2,, 11, - ,74). Further we assume ® € C3(T¢) and
satisfies the periodic boundary condition in T¢ and 1 < ®(x) < |®|,. Then we have the (excess) conservation of
momentum for degenerate {v,...,v,} :

2,0) = ph(vr, . vn) " dvde = z,v) — p}(v1,...0,)" dode = .
//deRd{F(t, 2v) = pi( ) dvd //TdXRd{FO( ) — )T dvd JoeR (12)

Notice that generically A(T<¢)L the degenerate subspace of V®, is a zero space {0} and n = dim A(T¢)+ =0 so
that we do not have such a momentum conservation law as (12).

It is important to point out that the momentum conservation law (12) is necessary in order to get decay (15)
in Theorem 1. In particular the condition (12) is used in (65) in order to show the crucial positivity of L in (40).
Without the condition (12), we have the stability result (18) in Theorem 2 but not a decay.
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1.2 Main Result
We introduce the weight function for 8 > d/2,

w(z,v) = {2 + @(x)}w. (13)

Theorem 1 Assume that an external potential ® is a periodic C3-function on T¢ and ® = ®(xpy1,--- ,24) for
some n < d. Assume the conservations of mass (6), energy (7) and momentum for degenerate {vy1,--- ,v,} (12)
are valid for Fy = ug + /g fo with

(Mo,Eo,Jo):(O,(),O)GRXRXRn. (14)

Then there exists 6 > 0 such that if Fo(x,v) = pp + /irfo(z,v) and ||wfolle < 3, there exists a unique solution
F(t,z,v) = up + /e f(t,z,v) > 0 for the Boltzmann equation (1) such that

sup e ||wf (1)l < Cllwfollo- (15)
0<t<oo
Without the conservation of momentum for degenerate {vy,---,v,} (12), we are not able to prove the

L>*—decay (15). The reason is that such a momentum conservation law is a crucial to show the positivity
of L in Proposition 4. However we have the L —stability using the natural excess entropy inequality (8).

Theorem 2 Assume that an external potential ® is a periodic C°-function on T¢. Assume the excess conservation
of mass (6), energy (7) and the excess entropy inequality (8) are valid for Fy = pug + /g fo with

|Mo|, |Eol, |H(Fo)—H(ur)| < oc. (16)

Then there exists 6 > 0 such that if Fo(x,v) = pg + /e fo(z,v) and

llwfolloe + VH(Eo) = H(pg) + [Mo| +[Eo| < 6, (17)

then there exists a unique solution F(t,z,v) = pg + /pr f(t,x,v) > 0 for the Boltzmann equation (1) such that

sup_[[wf®)lloe < C{ llwfolloe + VHFo) — H(up) + Mol + Bl } - (18)

0<t<oo

Notice that we do not need any smallness assumption for the external potential ® in both theorems.

There are some investigations about the dynamical problems of the Boltzmann equation with an external poten-
tial. The local well-posedness was established in [8] and [3]. Near Maxwellian regime, the global well-posedness
was established in [20], [24], [10], [11], [25] and [12] with some smallness assumptions for the external potential
® using the nonlinear energy method. In [21], using the semi-group approach, the global well-posedness was
established with some smallness assumptions for the external potential ® in a periodic box. This result was later
generalized in [23] and [22] to the case of an unbounded external potential in R® with spherically symmetric
assumption. Near vacuum regime, the global well-posedness was established in [14] with a small (self-consistent)
external potential and in [9] with a large external potential ® with some special conditions. In the case of 1-
dimensional Boltzmann equation (z € R, v € R3) near Maxwellian regime, the well-posedness and stability are
established in [5] with a large amplitude external potential.

In the presence of a large amplitude external potential, the key difficulty is the collapse of Sobolev estimate
in higher order energy norms. The derivatives of the Boltzmann solution can grow in time unless the potential
is small. In order to overcome this difficulty, we use the weighted L>° formulation without any derivatives([17][18]).

With the conservation of momentum for degenerate {vy,---,v,}, we use the L? — L framework([17]) which
consists of two parts : First, establish L2-decay for the linear Boltzmann equation(Section 3) ; Second, estab-
lish the L>°-decay for the nonlinear Boltzmann solution using the Vidav’s idea and the L?-decay of the first
part(Section 4).

For proving the linear L?—decay (Section 3), the main difficulty is the absence of the momentum conservation
laws for all velocity components {vy,---,vq}. The key ingredient to prove the linear L?—decay is the positivity
of the linear Boltzmann operator L (Proposition 3). Following [15], we establish such a positivity of L by the
contradiction argument. The consequential limiting function is non-zero and only has the hydrodynamic part
which is the null space of L spanned by the basis { /i, v\/z, |v|?\/& }. The coefficients of the limiting function
satisfy the macroscopic equation (55)—(59). Using the conservation of momentum (12) for degenerate {v1,--- ,v,}
and the periodicity in T¢ crucially, we are able to show that all the coefficients are zero, which is contradiction.
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For nonlinear L>°—decay (Section 4), we use Vidav’s idea. Denote X (s;t,x,v) the backward trajectory at
time s, starting at time ¢ € [0, 00), position x € T¢ with velocity v € R%. Similarly X (s1;s, X(s;t,z,v),v') is the
backward trajectory at time s; starting at time s € [0, ], position X (s;t,z,v) € T¢ with velocity v’ € R?. The
goal is to establish the following estimate for the solution of the Boltzmann equation :

t s
/ ds/ dv’/ dsl/dv" |f(s1, X (5158, X(s5t,2,0),0"),0")] (19)
o Jr<wiy o

1 t
< (e ) s Il + [5G0l s (20)

0<s1<t

where p = 1 or p = 2. Once we have the estimate (20) for p = 2, using the established L?—decay, we are able to
show the L°°—decay. The basic idea to show the desired estimate (20) is to establish

. . !
det{dX(Sl’S’AX;Z(S/’t’x’U)?U)}#0’ (21)
v

for almost every (s1,s,v’) € (0,t) x (0,t) x R? for all X(s;t,z,v) € T?. Then we apply the change of variables
’U/ - X(SH&X(S;t,I’,’U),’UI) )

for main part of (0,t) x (0,t) x R? to bound (19) by the L?—term in (20) and to bound (19) by L>®—term in
(20) for the small remainder part. In this paper, we use Asano’s result in [1] to verify the crucial condition
(21) for smooth external potentials. In [1], using the symplectic geometric approach, the points fail to satisfy
the condition (21) is characterized by the eigenvalues of some symmetric matrix. Because of this formulation,
using the standard min-max principle, Lemma 1 was established in [1]. The condition (21) has been proved in
many other cases. In [17], the condition (21) has been shown in the case of bounded domains Q@ C R? with
several boundary conditions without an external field(V® = 0). Notice that the characteristics are determined
according to the boundary conditions. In the case of in-flow, bounce-back, diffuse reflection boundary conditions,
the condition (21) was proved for bounded domains 2 C R?® with the smooth boundary 9. For the specular
reflection boundary condition case, the condition (21) was established for analytic and strictly convex domains
Q C R3. In [6], for the specular reflection case, the condition (21) was established for analytic and non-convex,
2-dimension domains  C R2. Without boundary condition : Q = R%, in [19], the condition (21) was shown for
self-consistent electric fields if the perturbation f is small. In 1-dimensional case €2 = R, the condition is proved
for external potentials with large amplitude ([5]).

Without the conservation of momentum for degenerate {vy,- - ,v,}, we are not able to prove the linear L?-decay.
Instead, we use the natural excess entropy inequality (8) to obtain L!-stability of the Boltzmann equation([18]).
The basic idea is that

//{FlnF*,uElnuE}N//(1+1HME)(F*ME)+//M%(F*ME)2 :

Notice that the first term is controlled via the excess entropy inequality (8) and the second term is controlled
via the conservation of mass (6) and energy (7). Therefore we can control the third term and the L!—norm of
|F' — pg|. Indeed, the LP—term in (20) with p = 1 is bounded by the mass and energy and entropy. Therefore,
we obtain the L>°—boundedness(stability) of the Boltzmann solution F.

Our paper is organized as follows. In section 2, we state the Asano’s result(Lemma 1) and construct an open
covering of the points fail to satisfy (21). In section 3, we establish the linear L?-decay (Theorem 3). In section
4, we use Vidav’s idea to bootstrap the nonlinear L*>°-decay (Theorem 1) from linear L?-decay. In section 5, we
use the entropy-energy estimate([18]) to prove the L>°-stability (Theorem 2).

2 Characteristics and Transversality

In this section we study the characteristcs for the Boltzmann equation with an external field (1). The hamiltonian

of the system is given by
H(xz,v) = g + O(x).
We consider the Hamilton flow determined by the hamiltonian H ,that is, the characteristic curve satisfying the
differential equation:
AV (r;t,x,v)

=V(r;t,x,v) — = V.o (X(7;t,x,v)), (22)
T

dX(7;t,x,v)
dr
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with [X (¢;t, z,v), V(t;t,2,v)] = [x,v]. Clearly the hamiltonian is constant along the characteristics, i.e.
H(X(r;t,2,v),V(r;t,2,v)) = H(z,v) for all 7. Therefore we have an equality 1|V (s)|?+®(X(s)) = 1|v]? + @ ()
and further we have

V(s)] = Vo2 +2@(z) — 28(X(s)) < V[v? +2[P|oc < [v] + /2] -

On the other hand we have

V(s)] = Vo] +28() = 28(X(s)) = Vv = 2|®[oe > [0] = V/2/@|o -

Hence we know that

| V(mstao) -~ ol | < 2012, (23)
for all (7,t,z,v).

We will use the following geometric result of [1] crucially in this paper.

Lemma 1 ([1]) Assume that ® € C3(R?). Suppose det (W) =0 for some (s0; To, Zo,v0) € Rx R x

R? x R, Then there exist 6 > 0 and an open neighborhood Uy C R? x R of (xg,v0), and a family of Lipschitz
continuous functions on Uy, {¢; : Uy — R}?:l and 1;(0,0) = 0 so that

det (dX(‘“";dTO’:”’v)) —0, (24)
v
if and only if
s =so+Yj(z,v), (25)

in (s,z,v) € (89 — 0o, So + o) x Up.
Using Lemma 1 we construct the e-neighborhood of the set of points (s, z,v) satisfying (24).

Lemma 2 Assume that ® € C3(T9) is a periodic function. Fiz Ty > 0 and N > 0. There are disjoint open

interval partitions of the time interval [0,Tp] : D7, C [0,To] for i1 € {1,2,--- ,M'} and disjoint open box
partitions of the periodic box T? : 332 C T? for multi-index I? = (11,137 ceyid) e {1,2,- - , MY and disjoint
open box partitions of {v € R? : € [-4N,4AN] forall i = 1,2---,d} : D3 for I® = (3,43, ,i3) €

{1,2,---, M3}Y4. For each i, I? and I3 we have t; ;1 12 13 € @ill fm"j = 1,2, ..., d so that

d
dX (s;Tp,x,v € €
{5 € @}1 : det <(d1?)> = 0} - U {s € (tj71:1712713 iR tii 2,03 + 4M1) } )

j=1

for all (z,v) € @%z X @?3 and

d
dX(s;Tp, z,v) €

if (s,2,v) € Dh x D% x D3y for all i*, 1% and I3.
Proof. Choose (tg, g, v0) € [0,Tp] x T¢ x {v € R?: v; € [-4N,4N], fori=1,2,...,d}.

First Case : If
dot (dX(to;To,x07vo)) 20,

dv
then there exist positive numbers {7%;&?,--- &% n?,---n9} such that
dX (t; T,
det <(,d;),x,v)> £0, forall (t;xy, - ,xq;01, - ,vq) € (to — 70, t0 +7°) X

x{ (o)1 — &7, (wo)1 + £7) x -+ X ((w0)a — €3 (w0)a + €3) } X {((vo)1 — n{, (vo)1 +nP) x -+ ((vo)a — g, (vo)a + n3) }-

Second Case : If

X (to: T
det (d (to; 0,3307110)) —o,
dv

then by Lemma 1, there exist positive numbers {77, -+ ,£3;n7,---13} and Lipschitz functions ¢ defined on

{((@o)1 — &7, (zo)1 + &) x -+ X ((m0)a — &3> (w0)a + €3) } ¥ {((vo)1 — n, (vo)1 + 1Y) X -+ ((vo)a — 03, (vo)a + n9) }
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and 49(0,0) = 0 so that, for (¢; 21, -+, zg;v1,- - ,va) € (o —7% to+7°) X {((z0)1 — &7, (€0)1+E&0) x - - x ((x0)a—
€9, (x0)a + €9} x {((wo)1 =Y, (vo)r +1f) x -+ x ((vo)a — 13, (vo)a +n3) },

dX (t; Ty, x,v)
/) — 2
det ( T ) 0, (27)

if and only if
t:to—l—w?(ml,--- ,Td; 1, vq) for some j=1,2,--- d. (28)

Notice that from the first and second case, we obtain an open covering of [0,7p] x T4 x {v € R? : v; €
[~4N,4N]}. Since [0,7p] x T? x {v € R? : v; € [-4N,4N]} is a compact set, we can choose finite points
(ti; (@)1, -+, (xi)a; (Vi)1, - - (vi)a) and positive numbers {r%; &%, -+ &ni, - ni} for finite index i ’s. Notice
that

(ti =7 ti+7") X {((zi)l_fiv(xi)l""fi)x"'x((zi)d_g(iiv(xi)d+£cil)}
X {((Uz‘)l—?ﬁ,(Ui)1+771i)><"'><((vi)d—772,(Ui)d-i-nfl)},

forms an open covering for finite i ’s. Define a refined grid via relabeling as

{0:a1<a2<...<aM1:T0} = {tliTz for all ’L'IS}, (29)
{—1=bi<by< - <by =1} = {(@)e*& forall i's, k=12, ,d}, (30)
{ AN =& <& < - <éy,=4N} = {(v)p£n; foral i's, k=1,2,---,d}. (31)

We use the index i' =1,2,--- , M! andzi =1,2,--- ,M2 and%i =12,--- ,M?’ forall k =1,2,---,d, and multi-
index !2 = (12,43, ,i2) € {1,2,--- ,M?}? and I* = (33,43, ,i3) € {1,2,---, M3}9. Notice that for each
(j,i', 1%, I%) we have b2 s € (a;1,a;141) and a Lipschitz function /ll)jﬂ;l,fQ’fg. Using the Lipschitz continuity,
we choose a constant C' > 0 so that

| 1/1j,i1j2j3($,’l)) _wj,il,ﬁ,f?’('i'?@) | < C(z,0)—(2,0) |,

for all j,i', I, I*® which are finite indices or finite multi-indices. From the above inequality we have
o €
| "/}j7i17f27f3 (£C7 ’U) — wj,il,fz,f?’ (.T, v) | < 78M1 , (32)

for [(z,v) — (Z,0)| < gzfre- Therefore we further refine the grid of (30) and (31) as (if necessary we may put

more points to make the grid finer)

{(-1=b1<by<---<byz=1} D {~1=b<by<---<by =1},
(4N =¢i <cy<---<eys =4N}Y D {—4N =& <& < --- < &y = AN},

and denote multi-indices I? = (i%,i3,--- ,i3) € {1,2,--- ,M?}4 and I® = (33,43, - ,i3) € {1,2,--- , M3}? and
define
@%1 = (ail,ail_;’_l), (33)
D = 9%23 = (biz, biz1) X -+ X (b2, b2 41), (34)
D = Q%’,---,ig = (cizsbiag1) X - X (e3, €3 ya), (35)

so that [bzy1 — bz + -+ |bizyy — ba| + [es 1 — e+ + |eiyy — es| < gpe and (32) is valid for all
(z,v),(%,0) € D3, x DY;. From (28), for each j,i', I, I there exist t; ;1 2 s € D}, so that

9 9
( tj,i1,12,13 — m 7tj,i1,l2713 =+ m ) y fOI‘ all (.’B,’U) S @%2 X 9:;3
1

tia 2, s + Vi 2 s (x,v) €

d
Jj=

Therefore

det (dX(t;TO,x,v)) 40,
dv

holds for t € Z‘Dlﬂ\( tit, 12,08 — sagr > byt 8 + 5 ) and for (z,v) € D2, x D%, . Notice that det (W)

is continuous and non-zero on a compact set

d
- € e - -
{ @le \ U( tj,il,IQ,IS - m atj,il,lz,l?’ + m ) } X @?2 X @?3 . (36)
j=1
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Hence there exists positive number ;1 72 rs > 0 so that

X (t; T
det (d (ta 07l',’U)

d’U ) >6i1712713 5

on the set (36). Define §, = min; y2 3 §;1 y2 1 > 0 where i', I, I? are finite indices. This proves the Lemma. m

3 Linear L? Decay
In this section, we will show the L?—decay of the solution of the linear Boltzmann equation :
Of4v -Vof —=VO-Vof +e ®@Lf =0, f(0,2,0) = fo(z,v), (37)

assuming the conservation of mass (6) and energy (7) and momentum for degenerate {vy,---,v,} (12) with
(Mo, Eg,Jo) = (0,0,0) € R x R x R™. Here, the number n in the degenerate {vy,--- ,v,} is a dimension of the
degenerate subspace of V@ in (11) where, in general, the degenerate subspace of V® is a zero space {0} and
n = 0. Therefore, in this section, we are showing actually the linear L?—decay only with the conservation of mass
and energy for the generic external potential ® in the periodic box T¢.

For notational simplicity, we use (-,-) to denote the standard L?—inner product in T¢ x R?. We also define

(91, 92) = (v(v)g1, g2)-
We shall use || - || and || - ||, to denote their corresponding L? norms.

Theorem 3 Assume that the external potential ® is a periodic C3—function on T? and ® = ® (2,41, -+ ,T4).
Let f(t,x,v) € L? be the (unique) solution to the linear Boltzmann equation (37). Assume that f satisfies the
conservations of mass (6) and energy (7) and momentum for degenerate {vy,--- ,v,} (12) with (Mo, Eg,Jo) =
(0,0,0) e R x R x R™. Then there exists A > 0 and C > 0 such that

sup M| f(O)|l < ClIF0)]] -

0<t<o0o
Proof. We will show that Proposition 4 implies Theorem 3, following the proof of Theorem 5 in [17]. Assume
Proposition 4 is true. Let 0 < N <t < N+ 1, N being an integer. We split [0,¢] = [0, N] U [N,t]. First we

establish the L? energy estimate for any solution f to the linear Boltzmann equation (37) on the time interval
[N,t] as

t
@iz [ [ e [ Lpgaodeds= [P, (39)
N JTd R4
From (37), we have the equation for e* f(¢) :
{0, +v -V, =V, ® -V, +e @ LM} — AN f = 0.

For the time interval [0, N], we multiply the above equation by e* f to derive the L?—energy estimate on the
time interval [0, N] :

N N
VP +2 [ [ @ [ np pads = [P = 11O

Divide the time interval [0, N] into ,JCV;Ol [k, k+ 1) and define fr(s,z,v) = f(k+ s,z,v) for k=0,1,2,..., N — 1.
Then we can rewrite the above equation as

Td

N—-1 .1 N—-1 .1
2AN N2 22 {k+s} —P(x) L . dvdzds = 0 2 A 2X{k+s} 2d (39
PN+ 3 [0 [ [ L) fls) dudds <O +3 3 [ PE )5 39

(A) (B)

Notice that fi(k + s,x,v) satisfies the linear Boltzmann equation (37) in the time interval [0, 1]. By Proposition
4, we have a lower bound for (A) as

N—-1

1 N—-1 1 N—-1 1
(A) > 3 eIl / (Lfe(s), fuls))ds > 3 eeel2l= / 1fi(s)|12ds > vode 10l 3 (2 / fi(s)]2ds.
0 k=0 0 k=0 0

k=0
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Using the fact e2A(k+9) < 2222 for 5 € [0, 1], we have (B) < Ae2* ST ! 0 01 e || f(s)]|?ds. Thus, for sufficiently
small A > 0, we have a positive lower bound of (A) — (B) as

N-1 1
(A) = (B) > (mpMe %= — Ae2) 3 / 2K (| f(5)|2ds > 0.
k=0 70

Therefore from (39), we have
MNP < 1A

Further we can choose A > 0 small so that e**(*=N) < 2 for all t € [N, N + 1]. Hence, multiply (38) by > and
combine with the above inequality to conclude

SOOI < SXFMIP < EMNIfIP < 21fl>
|

Proposition 4 Assume that the esternal potential ® is a periodic C3-function on T? and ® = ®(z,41,...,74)-
Let f(t,z,v) be any solution to the linear Boltzmann equation (37) satisfying the conservations of mass (6) and
energy (7) and momentum for degenerate {vy,--- ,v,} (12) with (Mo, Eo9,Jo) = (0,0,0) € R x R x R™. Then
there exists M > 0 such that f satisfies

/ (Lf(s), f(s))ds > M / 1£(s)[2ds. (40)
0 0

Proof. We prove the Proposition by the contradiction argument. If the inequality of (40) is not true, then a
sequence of solutions fi(t,z,v) (not identically zero) to (37) exists so that

1
/0<Lfk(s) ds<k/ | fx(s)||2ds.

Equivalently, in terms of normalization Z(t,z,v) = %, we have
0 k(S L as

(41)

Enl

/0 L Zu(s), Zu(s))ds <

and from v(v) > v, we have vy fol || Z1(s)]|ds < fo ||Z1(s)||2ds = 1. Due to the weak compactness in L? space,
there exists Z(t, x,v) with fol [|Z(s)||,ds <1 such that

1 1
Zy, — Z weakly in / || -||2ds and / || - ||ds. (42)
0 0

On the other hand, since fi(t, z,v) solves (37), Zy (¢, x,v) satisfies the same equation
{0, +v-Vu —V®(x) - VoY Zp(t, 2, 0) + e @ LZ (¢, 2,0) = 0, (43)

and hence Zj(t,z,v) satisfies same conservation laws (6), (7), and (12) with (M, Ey,Jo) = (0,0,0) € RxR xR"
as fr(t,x,v) does. Using the weak convergence in (42), we conclude that for almost every ¢ € [0, 1], the limiting
function Z(t,z,v) also satisfies

/ /T At e )dvds = 0. (44)
//TR (@(m) |”2|2) (t,z,v)\/ g (z,v)dvdz = 0, (45)
//MRd(vl,-.- on)T Z(t, ) im(@ o) dvdz = 0 . (46)

Step 1: PZ; = PZ weakly in [y [|-[[3ds and [y [|-|Pds.
It suffices to show that

1 1
/ (P Zi, (5. 2)2(0))uds — / (PZ, (5, 2)a(v)) s, (47)

0

for any smooth functions ¢ (s, z) on [0,1] x T% and ¢3(v) on R? with compact supports.
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Temporally denote (mq,m1,: -+ ,mg,mar1) = (1,v1,-++ ,va, [v|?). Then the left-hand side of (47) is written
componentwisely as

/01 / / ( / mi(u)/n(u) Zk<svwvu>du) () /() V(0)1 (5, ) o (v)dvdads
= / ( / / Vi Zwldudxds) mi(0) /(o) (v) éa (v)dv. (48)

Notice that the underlined integrand of (48) is bounded by L! function uniformly in & ’s , i.e.

([ msorvizs as) ([ 12060 as) miom(e)onto) Vo) < Constolm(o)a(e) Vo) € 2R,

and the underlined integrand of (48) converges to (fol Jra Jpa mi/lE Zcbldudasds) mi(v)\/p(v)r(v)pa(v) for al-

most every v € R%. By the Lebesque convergence theorem, we conclude the convergence of (47).

Step 2 : K(Z;) — K(Z) in L2([0,1] x T x R9).

The proof of this step is same as Step 1 in the proof of Lemma 4.1 in [15] page 1124. Denote k(u, v) as the kernel
of the operator K and define it’s approximation &y, (u, v) = k(u,v)1 |<m}- Since kpy, € L?(RY x RY)
we can choose smooth functions with compact supports to satisfy

w,v):lu—v|>L |v

~—m

ke (u,v) = k1(u)ko(v) such that ||k, — rkc||* <e.
In order to prove this step, we only need to change (4.8) in [15] by
[at +v-Vg— VI(I)(.’E) ’ Vv] {’il(v)X(tvx)Zk(tvmﬂ))}
= [0+ v Vo = Va@(2) - Vo [{r1(0)x(t, 2)} Zi (L, 2, v), (49)

where x(t, ) is a smooth cut-off function in (0, 1) x R? such that x(¢,z) = 1in [¢,1—¢] x T%. It is strainghforward
to verify that the right hand side of (49) is uniformly bounded in L2([0, 1] x R x R%). From the velocity average
lemma([4],[13]), for some a > 0,

/ x(t, )y (u) Zp(t, z,u)du € H([0,1] x RY).
Rd
It follows that, up to a subsequence,

/ k1(u)Zg (s, z,u)du — k1(u)Z (s, z,v)du,

R4 R4

strongly in L?([e, 1 — €] x T¢) and this suffices to prove Step 2. For detail, see the proof of Lemma 4.1 in [15].
Step 3 : Z(t,x,v) = {a(t,x) +v-b(t,2) + [v]*c(t,2)}\/up(z,v) # 0.

From the definitions of L = v — K and Zj, we have

1

1—/0 <sz<s),zk(s)>ds=/o ||Zk(s)||l,ds—/0 (KZk(s),Zk(s»ds:/O (LZ(5), Z(s))ds. (50)

Combining the strong convergence in Step 2 with the weak convergence of Zj, we conclude

1

lim (KZk(s),Zk(s»:/O (KZ(s),Z(8)).

k—o0 Jq

Combining the above relation with (50) and 0 < fol (LZi(s), Zi(s))ds < &, we conclude

1
0=1 _/O (K Z(s), Z(s))ds.

Using the above equation, with the non-negativity of L and f01 [|1Z(s)||lvds < 1, we have

1
0

0< / (L2(s), Z(s))ds = / 12(5) 1, ds — / (KZ(s), Z(s))ds < 1 - / (KZ(s), Z(s))ds = 0.
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to conclude L .
/0 (LZ(s), Z(s))ds = 0 | /0 11Z(5)|[vds = 1. (51)
Now use the standard property of L :
/Rd LZ(s,2,0) - Z(s,,0)dv > C/Rd V(W) [{T = PYZ(s, 2, v)|2dv, (52)
and combine with (51) to conclude

{I-P}Z(t,z,v) =0,

for almost every (t,z,v) € [0,1] x T% x R%. Hence Z = PZ = {a(t,z) + v - b(t,z) + |v|2&(t, #)}/(v) where
[a(t, x), b(t,z),é(t, x)] is linear combinations of [ [ Z(t,z,-)\/adv, [vZ(t,z,-)/adv, [ |v|*Z(t,z,-)\/idv].
Define [a(t, ), b(t, z), c(t, z)] = [a(t, z), b(t, ), &(t, )] x ¢ then we have

Z(t,z,v) = {a(t,z) +v-b(t,2) + [v]’c(t, )} V/iE - (53)

From (51) we conclude that Z(t,x,v) is not identically zero.

Step4: Z=0
This leads to a contradiction to Step 3. Notice that from (41) and (52), we have

/0 HT-PYZu(s)Ids < 2 / (LZi(s), Zu(s))ds — 0.

to conclude {I — P}Z; — 0 strongly in fol || - |lds. From LZ; = L{I — P}Z, we have fol (L{I — P} Zy, p)ds =
fol (LZy,,0)ds — 0 for all p € C([0,1] x T? x R?). Hence letting k& — oo in (43), we have, in the sense of

distribution,
WZ+v- -V Z —VO(x) -V,Z =0.

We plug (53) into the above equation and expand as the products of a polynomial in v; :
{a— Vo - b}/iig + {b+ Voa — 2eV, @} -0\ /ip + Y (¢ + 0, bi)|vil*iE
+Z{3xibj}vivj\/u3+ch~v|v|2./uE =0. (54)
i

Since VI Vin/ Iy ViU /e and Vv, v/ are linearly independent, we deduce that in the sense of distributions, all
the coefficients on the left hand side of (54) should be zero. We therefore obtain the macroscopic equations of
a(t,x),b(t,z) and c(t, ), which was introduced in [15] :

ot
Ut

a(t,z) — Vo @(x) - b(t,z) =
b(t,z) + Vaa(t,x) — 2c(t, 1)V, ®(z) =

e N N
o
3

N AN AN IR

ot
=]

0
0 56
é(t,x) + 0,0, = 0 forall 4
Op;bi+ 0205 = 0, i#] 58
0

Vec(t,z) =

We obtain the Laplace equation of b;(¢, x)

d
Ab; = Zaﬁjbl = Zaj%* + 6161@** = Z 8j(—8ibj) + 81(—6) N

j=1 J#i i

= =0 (D 9by | —die=—(d=1)d(=¢)  —ié=(d—2)qc = 0
J#i

(60)

koK k

where we used (58) for * = ¢ and used (57) for *x = oo and used (59) for * * *. From (53) we have, for all
i=1,2,..d,

v 2 €T X U 2
/ v Z(t,z,v)dv = Z/ v;v;b;(t, x)e” et dy = bi(t,x)e” 5 / \vi|2e*%dv.
R4 T R R4
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Since Z(t,x,v) is periodic in x, we conclude that b(t, z) is also periodic in z. Using the periodicity of b, multiply
(60) by b; and integrate to yield
0= Abzbzdm = —/ |Vbi|2d$,
Td Td

and
Vbi(t,z) =0, b(t,z) =b(t) for almost all (¢,z).

Combining the above equality with (57) and (59), we conclude that
c(t,z) =c¢o for almost all (¢,x). (61)

Further integrate (56) on T¢ to have

0= / (56) do = b(t) + | Vaa(t,z)dz —2co [ V.®(x)dr = b(t),
Td Td Td

where we used the periocity in z € T¢ of a(t,r) and ®(z). Therefore we conclude b(t,z) = bg. From (55) and
(56), we have equations of a(t,z):

Vaa(t,z) = 2coV,2(z) , a(t,z) =bg- V,P(x).

From the first equation above, we have a(t, x) = 2co®(x) + ¢(t) for some . Plugging this formula into the second
equation above, we get
o(t) = alt,x) = bg - V().

Since the left hand side of the above equation is a function of ¢ only and the right hand side is a function of x
only, we conclude that both of them are constant. In order to show that the both sides are zero actually, we
utilize the periodicity of the external potential ® : take the integration over z € T¢ to yield

/ by - V@ (z)dx = / Vi - {®(z)bg}dx = 0.

Therefore we conclude that, for all t € R and = € T¢, we have p(t) = ¢, and

a(t,z) = 2c0®(x) + o , (62)
by -V, ®(z) = 0 forall z € T .

Recall A(T?), the degenerate subspace of V@ in (10). By the definition, we have
by € AT, and hence bg = ((bg)1, -, (bg)n,0,---,0). (63)
For simplicity we think by as a vector in R™. To sum, we plug (61), (62) and (63) into (53) to conclude

[v]?

Z(t,x,v) = {po+bo - (v1,--+ ,vn) + 2c0(P(z) + 7)}\/ pe(T,v). (64)
Notice that we obtain the above formula for Z only using the macroscopic equations and periodicity in = € T<.

In order to conclude Z = 0, we use the conservations of mass (44) and energy (45) and momentums for
degenerate {v1,- - ,v,} (46) crucially. From the conservation of momentum for degenerate {vy, ..., v,}, we have

02/01 //TW i Z(s, 2, 0)\/ip (@, v)dvdzds = (bo): /01 //TdXRd(vi)ZpE(a:,v)dvdmds, (65)

foralli=1,---,n, so that bg =0 € R™.
From the conservation of mass for Z in (44), we have

2
0= 900// e (x,v)dvds + 200// (CI)(;E) + |v] )ME(x,v)dvdx,
Td x R4 Td x R4 2

and from the conservation of energy for Z in (45), we have

2 2\ 2
0=y // d(x) + lol® g (z,v)dvdr 4+ 2¢ // d(x) + lvl® pe(x,v)dvde.
TdxRd 2 Td xR 2



Using the notation (,-) for L?(T¢ x R?) inner product, the above two equations are
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( <\/lTEv\//E> <(()+\v|2/2\/lTE»\/lTE> >(<Po><
(@) + [v1?/2)viE, ViE ) (2(2)+ [vP/2)yEE, (2(2)+[0]*/2)yEE ) 2¢o

Once we show that the determinant of the above matrix is not zero :

(ViE, Vs Y{(®(@) + [v2/2)vim, (@) + [v]*/2)VEs ) - (@) + [o*/2)viE, Vis ) #0, (66)

then we conclude ¢y = 0 and ¢y = 0 and hence Z = 0. From the Cauchy-Schwartz inequality

(@) + [v]*/2)VaE, ViE ) 5 (Vis, Vi (@) + o]’ /2)vis, (@) + |oP/2)viE ),
if /o and (®(z) + |[v|?/2),/kE are linearly independent which is obvious. Thus we conclude (66). m

o o

4 Nonlinear L*>* Decay

In this section, we prove Theorem 1, especially the nonlinear L —decay in (15). Recall the weight function by
2
w(z,v) = {% + ®(2)}5/2 in (13) and define a weighted perturbation by

F(t,z,v) — ,uE(;U,v).

h(t,z,v) = w(z,v) X (67)
,uE(xv U)
Notice that h(t,z,v) = w(z,v)f(t,z,v). Then h satisfies
{0, +v-V, = VB(z) - Vo }h(t,z,0) + ¢ *@vh(t,z,0) — e @K, h= e "5 wf(g, %» (68)

where L,h = v(v)h—K,h with K,,h = wK(g) ([17]). Notice that via Lemma 19 in [17], assuming supo< ;<7 €**[|h(s)]|so
is small, we only have to show that there exist A > 0 and Ty > 0 and Cp, > 0 such that

To
1h(To)lloo < € "[Ro] |00 + CTO/O 1 ()] 2ds, (69)

in order to show the nonlinear L°°—decay, i.e.

sup e*||h(t)[|oc < Cllho]loo, (70)

0<t<oo o

which is equivalent to (15). Once we establish (70), proving the existence and uniqueness, positivity of the
Boltzmann solution F were established in [17].

or any (¢,z,v), Integrating along its backward trajectory . s), = — s)) n , We
F\ i ing along its backward traj WX — y(s), M) = V(X (s)) in (22
express
Wte,) = el MMV, X (0), V(0)) (71)
t
+ / e~ XN LTI VENAT [ B(s, X (5), V(s))ds (72)
0
! ) [t gmB(X(r h h
+ / P e AR VAo | <’ ) (5,X(s),V(s))ds. (73)
0 w w
Easily we can control the first line above by
(71) < e_tuoe"‘l""o Hh(O)HL?fv (74)
Next we estimate (73). We can bound the loss term in (73) :
hoh e
WX VO (1) X VE) = [ = VO o o X s, X (61, V(9

< |[[ o= v Fumxe >dudw}x|h< B, < vVEIG) s,
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and for the gain term

2 h(s, X (), w) hls, X(),0)
w(X(s),w) w(X(s), o)

i
0[] e u= Ve dodux 1), < AVEDIME)E,

w(X(s), V) ( w) (5. X V() =X V) [ [ atentu= e

where v' = v/(u, V(s)) , u' = u'(u,V(s)) and we used |u|? + |V (s)|* = |u/|? + [v'|? so that

o)l X)) — (@xen TP 2w ren o P82 = Lorxian? + oo ((1E L [P
WX () (X (e, ) = (@) + ey + 2 = {acen + oo (ME+ 5 |

= et + apxi (ME+ KO0 }m > Lo (oece + L) }6/2 > (X (5))" (X (5). V().

Note that

e—%f: e Xy (v (r))dr < —%Voef‘(b‘x(t—s)

€

— )

2; {e*% IK e—¢<x<r>>y(v(r))d7} _ Z/(V(s))efq’(x(s))e*% JLe PXO (v (r))dr
S

Using above relations, we have an upper bound of the integrand of (73) as

2(X(s))

= IOV e 0 (v () ()

< o V(V(S))e—q>(x(s))e—%f;e"“’““”v(‘/(f))dfX{e—%zfoe*‘q"m(t—s)||h(s)‘|OO}2

_ e\cb\2°o o 2di {6_%f: 5*4’(X(’))u(v(7—))d7—} « {6_%1,06—\@\00(t_s)Hh(S)HOO}Q.
S

Therefore we have a control of the integration of (73) by

L[t o= (XM (Y (1)) dr voe— %100 (t—s
(73) < 2 Jo WOy x sup e 1o IR (s) o0 )2
< 2¢ 5= x sup {e—%we"q"‘”(t—3)||h(5)‘|oo}2. (75)

0<s<t

From now, we concentrate to estimate (72). Let k(v,v") be the corresponding kernel associated with K. Notice
that in the integrand of (72)

{Kwh}(s,X(s),V(s)) = / ko (V(s),v")h(s, X (s),v")dv". (76)
R -
Now we use the representation of the underlined h(s, X (s),v’) again to evaluate (76). We need a following crucial

inequality, Lemma 3 in [17] :

Lemma 3 (/17])

v—

11ol2 — [o/12]2
|k<v7v’>|sc{|v—v'|+|v—v’|-1}exp{— '|2—”“"“"}.

§| 8 |v—0']?

Let 0 <6 < %. Then there exists 0 < £(f) <1 and Cy > 0 such that for 0 < e < £(0),

1— 1— 2 1.,/]2]2 0|v\2 C
/ {|U—’U,|—|—’U—’U/|1}6Xp{— 8€|U_,U/|2_ E||U‘ |’U| | } ’LU(.’E,’U)@ dl)/g
R4

8 v — /|2 w(x,v')ellv'I?

Proof. We can check

L YR AN o2 I
|m2 < i+ T St ot o
+o(2) o(x) + L o) + 2B T o) + LE

< u+1+awpmvwﬂgca+w7umwi

‘wmw

w(x,v")

The remainder of the proof is exactly same as the proof of Lemma 3 in [17]. =
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In order to simplify notations, we define

Uy (t) = [y e X T2y (V(rit, 2, 0))dr

= (X (s;t,z,v)) + f: e~ PXTETVN y(V (15t 2, 0))dT > vge 1Pl (1 — 5)

0) = BO(X (51 1,2,0)) + [ e P SED (Y (53,2, 0)dr

s) = fs e~ 2(X (755, X(s), ))I/(V(T; s, X (s),v")dr > voe~ |®leg

D(X (5158, X(s),0v)) + f;l e*‘P(X(ﬂS’X(S),v'))V(V(q—; 5, X (5),0"))dr > vge1®le (s — 51)
s1,8) = (X (s135, X(s),0")) + f:l e~ X (T X ()0 (V (75 5, X (5),0)))dr

V)
[y

»
~—

Il

We can rewrite h(s, X(s),v’) in (76) as
“ R0, X7(0),V/(0) + / e Vel / ko (V! (1), 0" )h(s1, X' (s1), ") dv"ds,
0 R
° —Ul(s1,s) h h‘ 1 ’
+ e 3Lyl [ —, (s1,X"(s1),V'(s1))ds1.
0 w w

We plug the above formula into (76) and (72) to have

(72) /0 t /]R ) e~ V2 (08) e~ Vi) K (V(s), 0" )ho (X' (0), V! (0))dv'ds (77)

+

t s
/ / / / e~ V2t =V (1 (). o Yoo (VV (1), 0" V(51 X' (51), 0" )" dsr dv'ds  (78)
Rd Rd
e~ v ts Wl(s1,s) / h h / / /
+ 2( U3k, (V(s), 0wl | —, — ) (s1,X'(s1), V'(s1))ds1dv'ds. (79)
Rd

For the first line, we have

ool

Oot uoef"?
= lholle < Cem ™z

¢ - t 1l loo
(< [ e ol [ ka(Vio. s < (i) e | o] oo (80)
0 R4

and the third line (79) is bounded by

t s s ! ,
/ / / e PXE) o J IOV )y =y (X (s1)) o Sy VIO (171 )1 (V(5),0) 1) sy dod
Rd

I 11
@l [t _rolt=s) S d _1 e e X (VY (1))dr , _vot—sy) )
<2 eT/ € 2elloo / kw(V(s),v’)/ {e zJs dsidv'ds sup {e” T ||h(51)|]00}
0 R4 o dsi 0<s1<t
o 9 o= ¥leo 4 oo~ 01oo
<26 Sl e sup {7 T (sl < B sup {en T (s}, (81)
o 0<s1<t o 0<s1 <t

where we used

I < e (tmomoe*>
Hs 2 e‘ﬂ(s . X; —e(X' (1)) iy E_QP(X/(T)>V(V'(T))dfy(V'(81))
_ 23“‘2006*"0672@‘00(5781)><i e_% Sslef(NX/(T))u(V’(T))dT .
dSl

Now we concentrate on the second term, (78).

4.1 Estimate of (78)
CASE 1: |v| > N with N >> /|®|. Using (23), we have [V (s)| > & so that

C C
ko, (V(5), 0 )ky (V' (s1),0")dv"dv’ < ———— < —.
L Ve (VG52 07) T < ¥
Thus in this case, (78) is bounded by
_ pge ‘ loo VQe_l(I)‘OO
// " 31)// (5),v ko (V/(s1),0")dv" dv'dsyds x sup e” 2 T [|h(s1)||oo
]Rded 0<s1<t

2 _vpe”|®loo C 4 vge®lo
G [ — X — X sup e P (t=s1) h(s < 7762\@3@ sup e~ 2 (t=s1) h(s , (82
< <V06 <1>|oo> N Ogslpét 1A (5100 < N2 OSS}L [[h(51)||00, (82)
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where we used the fact

tops eIl
/ / ez (t=s1)ggds
0
i el Flee “IEe g J 2 _wge=I®loo T e I®loo 1d
= = — 2 2 —
voe~ ‘q>|oo / 5/ dS] o1 V0€—|<I>|oce /O {6 } °

2
— N e 2 < 2
voe~ “I’|oo vpe~ |<I"oo 1/0@*"1>|<>o - 1/06*|<I"oo ’

CASE 2 : |u| < N, |v'| > 2N, or [v'| < 2N,|v"| > 3N. Observe that

V(s)=v'| = ' —v]=[V(s)—v| = '] = o] = [V(s) — vl
[V'(s1) = 0" = " = [=[V(s1) ='| = "] = ]| = [V'(s1) — ¥,
and [V (s) — |, [V'(s1) — v'| < 2|®|%, from (23), thus we have either |V (s) —v'| > & or [V/(s;) —v”| > & and
either one of the followings are valid correspondingly for n > 0:
ku(V(s),0) < e #V ke (V(s), o)k VO,
kw(vl(81),'l}ll) < eigN2kw(V/(31)7U//)Q%‘V/(Sl)ivﬂlz.

IN

From Lemma 3, both [k, (V(s),v)e?VE=Fdy and [k, (V/(s1),0")ex!V 0= gy are still finite for suffi-
ciently small > 0. Therefore (78) is bounded by

Ve vge—|®loo
/ ds/ dsie” = (= Sl)//dv”dv’k (), )ky (V'(51),0") sup e = 75| |h(s1)]|oo

OSS1St
_npn? > (t—s1) n N2 4 2|q>‘m ,ﬂ(t,sl)
< 7_@\ e s’ sup e [[A(s1)loc < €73 sup e~ 2 [1A(s1)l]oc, (83)
pe o 0<s:<t Vo 0<s;<t

where we used the fact

[0V eV ) < B8 [ V(9,0 a1 1), 0 {3V O 4 V0 < et

CASE 3 : |v| < N,|v/| < 2N,|v"| < 3N. This is the last remaining case because if [v'| > 2N, it is included in
Case 2; while if [v”| > 3N, either |v'| < 2N or |v/| > 2N are also included in Case 2. We can bound (78) by

t s
// /e*Voe"‘“m(Hl)/ Ko (V(8),0 )k (V' (51),0") |51, X (1), v")|dv" dsrdv'ds.  (84)
0 Jv|<2N Jo [0/ | <3N 3

Since ky, (v, v") has possible integrable singularity of we can choose a smooth function with compact support

kn(v,v") such that

lv— v’l’

1
SUP/ kw(p,v") — kn(p,v')|dv" < N
pI<3N J]v'|<3N

Splitting kq, (V(s), v" )k (V' (s1),v") in () by

ky(V(s), v )kn (V'(s1),0") , (85)
{kuw(V(5), ") = kn(V(5),0) Jkw (V' (51),0") + {ko (V' (51),0") = kn (V' (51), ") Yk (V (5), ). (86)
We can bound (84), in the case of () = (86), by

C 4 o e FE ()
~ gsup e 2 SUNR(s1)]|oo- 87
e s e (s7)

In the case of () = (85), we can bound (84) by

C’N/ ds/ / dsy 7”06_‘¢‘x(t751)/ |h(s1, X (s158, X (s;t,2,v),0"),0")|dv". (88)
v [<2N 0 v’ | <3N

Recall that we need to show the decay for t = Ty from (69). Since the potential is time-independent we have

X(Sl; S,X(S; Tvaa’U)a vl) = X(sl — s+ TO;TO,X(TO; 2,-ZWO - S,LL‘,’U), vl)a
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for 0 < 57 < s < Ty. From Lemma 2, we split (88) by
M (MM gy s
CN Z Z Z A ds A dsl1{X(5175+TO;T(]7‘T,’U)€©?2}(517 S) 1@1}1 (51 — s+ TO) eroe_\éloo(TO*m)
'Ll 2 13 ®
X / dv'15s (v')/ |h(s1, X (s1 — s+ Tp; To, X (To; 2T — s, z,v),v" ), v")|dv".  (89)
[v/|<2N || <3N

13

From Lemma 2, we have

0X
s1— s+ Ty, X (Tp;2To — s,2,v),0") € Dh x D2, x D35 1 det | — | (s1 — s+ To; To, X (Tp; 2To — s, x,v),0") = 0
7 I I

o’
¢ € €
C U{(31 — 5+ To, X (Tp; 2T — 8,2,0),0") € DL x D2 x D35+ 51 —s+Tp € (tji,r2,03 — m,tj7il7]27]3 + M )}
J
For each !, I?, I3 and j, we split &) as
15‘)31 (51 -5+ To)l(tj,il,li’,ﬂ7ﬁ’t.y‘,i1,12,13+ﬁ)(51 — s+ TO) ’ (90)
Loy (81 = s+ ToH{1 =Lt 1 1o s 5r ity 0 g2+ i) (51 = 8+ T0) ) (91)
CASE 3a : In the case of & = (90), the integration (89) is bounded by
M (M2 (MY s o
CN Z Z Z / dS/ dsll{X(sl75+T0;T0,:1:,1))ECD?2}(817 S) 1@}1 (81 — s+ T())e_l/oe (To—s1)*
2 3 YO 0 ¢
Xl(tj’il’lz’ls—ﬁ,tj’il’lz’ls-i-41\5/11)(51 —s+ TO)
X /| ‘ d'()/].@?g (v") / o |h(s1, X (s1 — s+ To; To, X (Tp; 2T — s, x,v),v"),0")|dv”.
o' |[<2N 0|<
We split
~1®l00 ~12los voe~|Pleo vpe | ®leo
e Vo€ (tfsl)* — Vo€ 2(tfs)eff(sfsl) < e~ 5 (tfsl)'
and rewrite the above integration as
Ml (MQ)d (]st)d TO ry
_wge”Pleo
Y Y Y [ st cmmcon, (e ST 0
it oz 3 V70
s _rgemIFloe
X /O dsie 2 1 1©;1 (81 — s+ To)l(tj,il,lz,ls7ﬁ’t]‘,1‘,1,12,13+4;41 (81 — s+ To)
voe—|Ploo
« / ' 1gs (V) / e~ M (Mo ||y 1) | o .
[v'|<2N ” v/ |<3N
v e*“l"oo
For fixed i', I%, I, using the fact that e~ $ 5 (5=51) ig an increasing function of s; € [0, s], the second line of
the above term is bounded by
s voe—|®loo voe—|®loo =12l
_ 2 4 e~ (s L gg = L{l e Ay v )~ 2 Yoc < __&
sz, vpe~ Pl dsy voe~|®le voe~|®le 2 4MY  4M?
Therefore we can bound (89) by
To vpe Ploo Mo
-l —5
CN/O IZZ 1{X(5175+T0;To,13,v)6952}(813 S) € 2 0 ds x ilz_l m

*%

g ?leo

x/ 0'S 1ge (o) x BN sup e Toms) (s |,
wi<en 0P

0<s1<Tp
0 ge®leo e , 3 vge~I®loo
< CN/ em = (o) gs x f/ d'(BN)? sup e = TR (s))]| e
0 v'|<2N 0<s1<Tp
2 ¢ 3 3 CreT Pl o
< CNw*(QN) (BN)® sup e 2 [[h(51)]]oo
voe~ 1%l 4 0<s1<Th
Cnel®leo vge—|®loo
< eNC T qup e T T | B(sy) ||, (92)

Yo 0<s51<Tp
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where we used the fact that

(M%)
Kk Y LX(or st oo w2, (81,8) = Lix (s, o4 Tty e 0)era) (81:8) = Lioosny} (8)Liozs, <o} (51),
12
(M)
* % % Z 193 IWKQN( ) = 1|v'\§2N(U/)-

CASE 3b : In the case of @ = (91), the integration (89) is bounded by

MY (M) (MP)?

§ E E ) —vpe~ I Pleo (T —s
CN / dS/ dsl1{X($1—S+T0;TO7E,U)€®?2}(817 S) 1@}1 (81 — S+ TO)e 0 (To—s1)
il 0 K

{1 L (T S To)} (93)

13

x/ 1gs (v')/ |h(s1, X (81 — s+ Tp; To, X (To; 2T — s, 2,v),v"),v")|dv' dv"”.
v/ |<2N v/ |<3N

By Lemma 2, we can apply a change of variables :

’U/ — Y= X(Sl - S +T05T07X(T072T0 - S,LE,U),U/),

oX
Jac <8’U’) (81 - S+T0;T0,X(TO;2T0 _ S,Z',’l}),’()/) > (5*

Therefore the last line of the above term is bounded by

1
—/ / w(z,v")|f(s1,z,0")|dv" dx
O z€Td J|v”|<3N

IN

1 3
. </ <3N /er w(x,y”)dedU"> £ (s0)llz>

C(N, [®loo)If(s1)]]2-

IN

5,

Therefore, in the case of @ = (91), we have an upper bound of (89) as

To
C(MY, M2, M, 5., N, ], 1) / £ (51l z2ds1. (94)
0

To summarize, let A = @ and from (74), (75), (80), (81), (82), (83), (87), (92) and (94) we conclude

[h(To)l|e < ’ATOHhollooﬂLC( +e+e ) sup {eANPI||h(s)] oo}
0<s< Ty

To
+ O sup (e DI h(s) |} + Cr, / 1/ (s2)]|edsy.
0

0<s<Tp

Assume supg< <7, {€**||1(s)]|o} is sufficiently small. Choose sufficiently large N > 0 and small € > 0 and small
[|ho]|co. Then we conclude (69).

5 Nonlinear L> Stability

In this section, we prove Theorem 2 and establish the nonlinear L* stability in (18). The following lemma,
which has been established in [18], plays a crucial rule in the proof of the nonlinear stability (18) without the
conservation of momentum.

Lemma 4 ([18]) Let pg(x,v) = exp{— Tl O(x)}. Assume F satisfies the conservation of mass (6), energy
(7) and the entropy inequality (8). For 0 < d < 1, we have

[ 1@ = ke -uatsss < 5O = Hium) + 0] + B0 (99)
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Proof. The proof is almost same as the argument in Page 147 of [18]. The difference is the fact that Inug =

f% — ®(x) is only bounded by the energy |v‘ + ®(z). We now make use of the entropy inequality (8). Recall
from the Taylor expansion,

H(E®) —H(pe) = //{F t)In F(t MElnME}://(lnME+1){F( uE}+/ M
Fo) —H(pr) ,

where F is a number between F (t) and pp. Notice that the underlined term is bounded by the mass and energy
of F(t). Hence, from the conservation of mass (6) and energy (7), we get

IN

JIEZEEE < wm) — ey + 100+ 1B

The rest of the proof is exactly same as the argument of Page 147 of [18]. m
In order to obtain (18), we do estimate a weighted perturbation A in (67) satisfying the linearized Boltzmann
equation (68). The proof is exactly same as Section 4 except CASE 3b. Consider (93) in CASE 3b. We

introduce the indicator functions 1|p and 1)p( and split the last line of (93) into

t)—pup|<dup t)—up|>duE

/ / ].3333 |h Sl,X(Sl — S+ T0)7v/l)|1‘F(t)7,U‘E‘S5HE + 1@33 |h(81,X(81 -8 —l—T0)7v//)‘1|p(t),HE|25“E. (96)
|o'|<2N J|or|<3N T !

The first integration is bounded by

(5/ / 1os w(X (51 — 5+ Tp),v" )/ pe(X(s1 — s+ Tp), v").
lo'|<2N Jjwr|<3N 1P

Using Lemma 4, the second integration is bounded by

w
/ / 1gs, —— (X (s1—s+Tp),v")|F(s1, X (s1—5+T0),v") = pp(X (s1-5+T0),v") [ 1|r(t)—pp|>sppdv” dv’.
|v'|<2N Jvr|<3N P A/HE

(97)
By Lemma 2, we apply the change of variables
’U/ — Y= X(sl -5+ TO) TOvX(TO; 2T0 - 5,7, v)7vl)7
oX ,
Jac i (s1 — s+ To; To, X (To; 2T — s, x,v),v") > ..
to bound (97) by
CN,<I> " " /
5 Los, [F(s1,4,0") — ne(s1, 4, 0" p(t) - | 250m dydv’”. (98)
* |v/|<2N JyeTd 1

Combining these two cases, using Lemma 4, the whole integration (93) is bounded by
To ° —vge~ 1 ®loo (Ty—s4) 1 " " ’
CVN.,'<I> ds dsie™"° o {5+ 57|F(817y7v ) _NE(Slayvv )|1|F(t)—,uE|25/LE}dydv
0 0 lv/|<2N JTd *

1 _1
5 5{H(F0)—H(ME)+M0|+|EO|}} < Onobs 2V H(Fy) — Hug) + [Mo| + |Eo -

< CN<I> |:(5+

We also have optimized § such that (for sufficiently small |H(Fp) — H(ug)| + |Mo| + |Eol),

§ = = {H(Fo) — H(us) + Mol + | o]}

To summarize, from the last part of Section 4, we conclude
sup [[h(t)llo < e |ho]|o +C( +e+ e V) sup {e N7 |h(s)] oo}
0<t<Tp 0<s<Tp

+ C sup {e M7 [|n(s)||oc}? + Cn,a0s 2 V/H(Fo) — H(ug) + [Mo| + | Eol.

0<s<Tp

Assume supg< <7, |[1(5)[|c and & > 0 sufficiently small and Tp, N, sufficiently large to conclude

1
[ (To)l|oo < §||h0||oo + CryVH(FY) — Hipg) + [ Mol + |Eol. (99)
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From this finite time estimate, we use the argument in page 23 of [5] to establish a large time estimate. Apply
(99) repeatedly to get

1
[[h(nT)[le < §Hh0\|oo + CryVH(Fo) — H(pe) + [Mo + | Eo|

1 1

< Z|\h0\|oo+{1+§}CTo\/H(FO)*H(HE)+\M0|+|E0|
1 1 1

< 27Hh0||oo +{1+ 3 + 1 + 3O VH(Fo) — H(pgs) + [Mo| + |Eol
1

< 2j\|h0||oo+20To\/H(F0)—H(ME)+|M0|+|E0|-

For any ¢t > 0, we can find n such that nTy <t < {n+1}T; and form L estimate on [0, Tp], we conclude (18) by

[11(8) oo < Cr 110 Tb) oo < C { ol|oo + v/ H(Fo) = Hlpr) + [Mol + [Eol |-
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