NUMERICAL STUDY OF ERGODICITY FOR THE OVERDAMPED GENERALIZED LANGEVIN
EQUATION WITH FRACTIONAL NOISE

DIFANG AND LEI LI

ABSTRACT. The Generalized Langevin Equation, in history, arises as a natural fix for the rather traditional
Langevin equation when the random force is no longer memoryless. It has been proved that with fractional
Gaussian noise (fGn) mostly considered by biologists, the overdamped Generalized Langevin equation satis-
fying fluctuation dissipation theorem can be written as a fractional stochastic differential equation (FSDE).
While the ergodicity is clear for linear forces [I], it remains less transparent for nonlinear forces. In this
work, we present both a direct and a fast algorithm respectively to this FSDE model. The strong orders of
convergence are proved for both schemes, where the role of the memory effects can be clearly observed.
We verify the convergence theorems using linear forces, and then present the ergodicity study of the double
well potentials in both 1D and 2D setups.

1. INTRODUCTION

Diffusion in statistical mechanics is a class of ubiquitous phenomena that appears commonly in na-
ture and has been extensively studied from both physical and mathematical points of view. While the
normal diffusion, typically formalized by random walk, is well understood through the rather classical
Brownian Motion theory and the Langevin equation (LE), the so-called anomalous diffusion processes,
however, remain far from fully explored. Among them, subdiffusion, in which the mean square displace-
ment (Ax(£)?) scales as P with 0 < B < 1, has been found in many different physical contexts such as
cytoplasmic macromolecules in living cells [2, 3], the movement of lipids and single-molecule on mem-
branes [4} 5, /6], the solute transport in porous media [7], the translocation of polymer solutions [8}(9,10],
and the conformational dynamics and fluctuations of protein molecules [11}[12]. To better describe sub-
diffusive phenomena, the Generalized Langevin Equation (GLE) with fractional Gaussian noise (fGn) is
therefore introduced [13] from a model point of view. This particular GLE can be written as

t
(1.1) mi(t) =-VV(x)— | y(t—-s)x(s)ds+n(1),
fo

where a particle with mass m and position x(t) is considered. Besides the external force —VV (x) = b(x),
the particle is also driven by the friction (dissipation) and a random force (fluctuation), in which the
friction term depending on the history of the particle velocity — instead of the instantaneous velocity
— has a memory effect with the memory kernel y(#), and the random fluctuation force n(t) = 0By is
the fractional Gaussian noise with the Hurst index H and some fluctuation constant o. Here, By is
understood as the distributional time derivative of the fractional Brownian motion By;. See section
for the brief introduction and we refer the readers to [14}[15] for more details. This equation is sometimes
also referred to as the fractional Langevin equation in physical literature (16,17, [18,[19].
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The intuitive picture of the GLE (or LE) description, as is provided by Kubo [20], is to consider for ex-
ample the colloidal particles floating in a liquid medium. The random impacts of surrounding particles
are responsible for two effects — the random force and the systematic friction, and hence the two parts
must be related. To be specific, the energy restored by fluctuation must be balanced with the energy
loss by dissipation so that the particle achieves the equilibrium with the correct temperature. This inter-
nal relationship linking both parts of the microscopic forces is described in general as the fluctuation-
dissipation theorem (FDT) [21} 20} 22]. To be specific, n(¢) and the kernel y(¢) satisfy

(1.2) EMOn(t+1) = kTy(z]), VT ER,

where E means ‘ensemble average’ in physics or expectation in mathematics.

We point out that the GLE is, of course, by no means introduced merely for the sake of subdiffusion.
Proposed by Mori [23] and Kubo [20] in the sixties, the GLE is a well-appreciated object enjoying a long
history. From a model viewpoint, GLE appears naturally according to the fluctuation-dissipation theo-
rem as a generalization of the Langevin equation when the random force in considerations is no longer
memoryless; In terms of derivation, it can be derived from the Mori-Zwanzig formulation [24} 25] as
a powerful tool for dimension reduction in many different forms depending on applications, such as
molecular dynamics [26, 27, 28} 29] and recently uncertainty quantification [30]. For different random
forces, their corresponding memory kernels are different as a consequence of the fluctuation dissipation
theorem (L.2). In the subdiffusion model with fractional Gaussian noise, the reasonable memory kernel
turns out to behave as a power law y(f) « =% with certain constant a and the friction term becomes
the fractional derivative, as is shown both formally and rigorously that in the contexts of the absence of
external force and with quadratic potential in the overdamped regime (m < 1) [1}[13}20,31], respectively.
It worths pointing out that due to the complicated memory effects, a rigorous proof of the fluctuation
dissipation theorem is by no means an easy task, if not impossible. Fortunately in above cases, the so-
lution can be formally written down explicitly, which makes the proofs feasible. For general potentials,
however, a validation analysis of the fluctuation dissipation theorem in Equation remains unclear,
which is also proposed as an open problem in [I]. Therefore, trying to understand this problem numeri-
cally serves as one main motivation of this work.

Following the analytical work, we also restrict ourselves to the overdamped GLE (m — 0) as in [1]. The
corresponding fractional stochastic differential equation (FSDE) reads [1]

(1.3) D%x=-VV(x)+0By,

which is also known as the overdamped fractional Langevin equation with fractional noise, where

V2
VICH+D)
as a result of FDT (see section [2.2]for more details). The fractional derivative in the Caputo sense
[32,133] is given by

a=2-2H, o=

1 Lox(s)
Irl-a)Jo (t—9°
Though motivated by the understanding of overdamped GLE in this FSDE model, we point out that

(1.4) D%x(1) =

the numerical analysis of FSDE is by itself an interesting mathematical problem. Although there has
been some numerical simulations of the FLE [18}34], the numerical analysis remain untouched. The
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main difficulties of our problem are of two folds: (a) In terms of numerical analysis, different from the
usual SDE where the correlation between increments of the standard Wiener process is simply absent,
in FSDE the increments of fBm depends on the history, resulting in the analysis of strong convergence
much harder comparing to usual case. (b) From a computational viewpoint, due to the memory effect, a
straightforward discretization will be very memory-consuming, as one needs access to all history values
at each time step. This becomes particularly troublesome when computing a number of sample paths.
Providing a rigorous strong convergence analysis, our paper also features a fast algorithm that can be
used for general potentials with good efficiency. The rest of the paper is organized as follows. In this
work, we first propose a direct numerical scheme for the FSDE with general parameters

1
(1.5) ac(0,1), He(z,l), o>0,

based on the integral formulation of the FSDE and prove its convergence result in the strong sense. The
optimal strong order for the overdamped GLE in the case b(:) is linear has been obtained by careful
estimates of correlation for increments of fBm. However, due to the memory effects, the computational
cost is rather formidable. In particular, a speeding up of the solver becomes crucial in the considerations
of the ergodicity, and moreover the stochastic nature of our problem where multiple sample paths need
to be computed. To tackle the task, a fast numerical algorithm is then introduced in Section |4, The
idea is to make use of the sum-of-exponentials (SOE) approximation of the algebraic memory kernel,
which can be understood intuitively here as Markovian approximations of the non-Markovian process.
The convergence of the fast algorithm is proved by establishing a stability lemma (Lemma[4.4) based on
comparison principles. We point out that SOE approximation has been applied in various situations for
improving the computational efficiency of convolution integrals, for instance, [35} 136, 37, 38| 39} [40, [41],
42]. Finally, the algorithms are tested on a number of numerical examples, including the verification test
of FDT for quadratic and double-well potentials of both 1D and 2D cases.

2. FSDE AND FRACTIONAL BROWNIAN MOTION

2.1. Preliminaries and notations. In this paper, we will fix the probability space (Q, %,P). xg is a ran-
dom variable defined on this space, while By is a fractional Brownian motion defined on this space (see
section[2.2]for brief introduction). We will use the filtration (¢4;) with

Gy = N510(B(0,0 <1< 5,%), Ve [0,7).

The notation E represents the expectation (integral) under probability measure P.
The FSDE model (1.3) with general parameters given in (1.5) is rigorously defined through the follow-
ing integral formulation

1 ! a-1 g ! a-1
2.1 x(t)—xo+ﬁf0 (t—8)"""b(x(s)ds+ %fo (t—s)"" "dBpg,
where b(x) = —VV. In the discussion below, we will consider a general force field b(x) that is not neces-
sarily conservative. As is shown in [I, Theorem 1], if b is Lipschitz, the FSDE has a unique strong solution
x(t), which is a stochastic process adapted to the filtration {¥;}.

For the convenience of discussion, we introduce the norm of a random variable v € L2(Q;P)

(2.2) vl = VEIvI?,
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together with the associated inner product
(2.3) {(u, vy =Euv.

Occasionally, we will drop the measure P and use L?(Q) to mean the space of square integrable random
variables.
We denote by J, the fractional integral operator

(2.4) Jof T )f (t=9* ' f(s9)ds.
Moreover, we note that the solution to the fractional ODE [43]

(2.5) D¥u=Lu, u(0)=A

is given by

(2.6) u(t) = AEq (Lt%),

where E, (-) is the Mittag-Leffler function defined by

o0 Z}’l
(27) Ea (Z) = ngom

In the following subsections, we shall briefly revisit the basics of fractional Brownian motion, and then
prove some basic estimates for the FSDE that prepares us for the numerical analysis in later sections.

2.2. Fractional Brownian Motion. The fractional Brownian motion By (see [44] [45] for more detailed
discussions) with Hurst parameter H € (0,1) is a Gaussian process defined on some probability space
(Q, %, P) such that By (0) = 0, with mean zero and covariance

1
2.8) E(BFBH) = Ry(s, 1) = 5 (%7 4 20 — |t — 52H).,

By definition, By has stationary increments which are normal distributions with E((By(¢) — B u(s)?) =
(t - 5)*H. By the Kolmogorov continuity theorem, By is Holder continuous with order H — ¢ for any € €
(0, H). By has finite 1/ H-variation. Besides, it is self similar: By(f) daH By (at) where ‘2 means they
have the same distribution. It is non-Markovian except for H = 1/2 when it is reduced to the Brownian
motion (i.e., Wiener process). With this definition and the fact that (By(t + h) — By(t))/h converges in
distribution (i.e. under the topology of the dual of CZ°(0,00)) to By(t), we have

29 EGuOBy@+0)= lim E By(t+h)—Bg(t) By(t+t+h)—B(t+71)
h—0,h;—0 h h

(@ +h)* = (t+ h—h)* = 12" + (7 - W) = HeH - 1772,

= o0 2,
This explains why the fractional noise leads to power law kernel by the and why we have the FSDE
in the over-damped limit as mentioned in the introduction.

Also, for the convenience, we denote
a-1

(2.10) G(r) = @ )f (t—s)"""dBg.
The process G(t) is clearly a Gaussian process because By (¢) is a Gaussian process. In [I], it has been
shown that
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Lemma 2.1 ([1]). The increments of G satisfies

2.11) EIG(12) - G(1)|? < Cltp — 1y |PH12072,
Consequently, G(t) is H+a—1—e Hélder continuous for anye > 0. Moreover, ifa =2—-2H ando = \/%,

then

(2.12) G(8) = BuBi_n
is a fractional Brownian motion up to a factor. Here, B is a constant given by
V2
(2.13) b= —=.
vI(3-2H)

2.3. Some Estimates of the FSDE. In this section, we prove some basic estimates of the FSDE, which
helps the understanding of the equation and prepares us for the numerical analysis in the later sections.
For the FSDE (2.1I), assume that

(2.14) |b(x) = b)) < Lix—yl.

In [1], it has been shown that (2.I) has a unique continuous strong solution. Moreover, we have the
following moment control:

Lemma 2.2. If[E(IxOI2 + Ib(xo)lz) < oo, then

(2.15) sup [[x(DI* < C(D).
0<t<T

Proof. Using (2.14), the strong solution x(¢) satisfies

a

[x(£) — x| <

L ! a-1
F(a+1)|b(x0)|+mf0 (t=9)"""Ix=x0l(8)ds+|G(D).

Taking square and using the elementary inequality (a+ b+ ¢)? < 3(a® + b + ¢®), we have
2a 2
L

—xlP <3| —— 2
(2.16) lx(8) — %012 < 3 F((x+1)2|b(x0)| T

t 2
f (t—s)“_llx—xol(s)ds) +|G(t)|2].
0

For the second term, Hélder inequality yields

r 2
(2.17) ([ (t— )% x=x0l(s) ds)
0

t t Z—a r
<[ (t—s)“_ldsf (t—s)“_llx—xglz(s)ds:—[ (t—9)%x=x0/%(s) ds.
0 0 a Jo
Further, by the result in [1}, Prop. 1]
(2.18) EIG(0)]? < C(D).

Combining (2.16)-(2.18), we have

t
(2.19) Elx(8) — xo|* < Cl(T)+Cg(T)Lf (t— ) 'Elx — xo/%(s) ds.
I'(a) Jo

Using the Gronwall inequality in [46, Prop. 5], we have
(2.20) Elx(8) — xo|* < C(T),Vte€ [0, T).

The claim therefore follows. ]
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Now we are ready to estimate the increments of the solution.

Lemma 2.3. There exists a constant C(T) such that for all 6 € (0,1), we have
(2.21) lx(t+8) — x(0))? < C(T)s2H+2a-2

forallt <T,t+6<T.

Proof. By [2.I), we have
¢
x(t+6)—x(t):Lf [(t+6-9*" = (1= 9" b(x(s) ds
I'(a) Jo

1 t+0
+—f (t+8 -9 b(x(s) ds+ (G(t+8)—G(1) =: I, + I + I5.
I'(a) J¢
Using again (a+ b+ ¢)? < 3(a® + b* + ¢?), we have
lx(z+8) = x(O)I* < 3U LI+ I LII* + 11 131%).

Using the Holder inequality,

t 2
[E(f [(t+6—s)“1—(t—s)“1]b(x(s))ds)
0

t t
gf [(t—s)“_l—(t+5—s)“_1]ds[Ef [(t=9* 1= (t+6 -9 ] Ibx(s)*ds
0 0

Since ,
1 1
0</ (-9 1—(t+6-95%ds= E(t"‘+5"‘—(r+5)"‘) < 56“,
0

we have

IL 1% < C(@)8** sup E|b(x(s))*.
0<s<T

Similarly, one can apply Holder inequality for E( f t”‘s(t +8—35)%1p(x(s) ds)?. Finally, we have

(2.22) lx(t+8) - x(D)1* < C6*Y sup E|b(x()[* +EIG(t+8) — G(OI* < C(T) (§2* +§11+2a72)
0<s<T
where we used Lemma[2.1Jand Lemma[2.2] Apparently 2a > 2H + 2a — 2, and the claim follows. O

Remark 2.4. When FDT is satisfied, « = 2 — 2H, the order in the right hand side of Equation (2.22) be-
comes
lx(t+8) - x(0)|1* < Co*2H.

If H= % and By = W is the standard Wiener process, this is a well-known result for diffusion processes.

3. DIRECT DISCRETIZATION

For the fixed terminal time T, we introduce the time step

T
3.1 k=—,
B.1) N
where N is a positive integer and we define
(3.2) tj=jk.

We will use the notation ¥ to represent the complexity, or cost, of an algorithm.



NUMERICAL STUDY OF ERGODICITY FOR THE OVERDAMPED GENERALIZED LANGEVIN EQUATION WITH FRACTIONAL NOISE 7
We approximate b(x()) with a function b(¢) such that
(3.3) b(1) = b(xj-1), L€ [tj-1,1)).

This then gives a numerical scheme for the FSDE 2.1):

B4 xp=Xo+—— Z b(xj-1) - 9% lds+Gl(ty)
r( ) = z”

a

k a
= Xo + mzb“] D((n=j+1)%=(n- N9 +G(ty).

Let Ng be the complexity for sampling process G(¢). Then, a simple estimate gives the following claim
regarding the numerical scheme (3.4):

Proposition 3.1. The scheme (3.4) has time complexity € = O(N? + Ng) and it converges to the solution
of the FSDE strongly in the following sense:

(3.5) sup |lx, — x(t,)ll < C(T)kA+e1,
n<Tlk

Proof. To compute the the fractional integral, we need O(N?) operations. Hence, the complexity is

clearly
%€ = O(N? + Ng).

Using and (3.4), we have

(3.6) xp—x(ty) = Z (tn— )" (b(xj-1) — b(x(s)) ds
r( ) S
m) Z tn—$)* N (b(xj-1) — b(x(tj- 1)))ds+n )Z ) (tn— )" 1 (b(x(tj-1) — b(x(s))) ds.
t] 1 Jj-1

Denote

(3.7) Ry := m) Z o (tn— )" 1 (b(x(tj-1) — b(x(s))) ds.

It follows from and Lemma[2.3|that forall n < T/k
(3.8) IR, < CLDEH

Hence, for any n < T/k, we have

lxn, —x(E) < F( ) Z — S)a_ldSij_l —x(tj-)l + Cl(T)kH+a_1.

tjio
Applying [46} Lemma 6.1], we find that
13 = x ()| < ultn) < CDETH,

where u solves
D%u = Lu, u(0) = Cy(T)k+e1,

This then finishes the proof. U
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The rate in Proposition [3.1]is only optimal for multiplicative noise and we expect better bounds for
the strong order since we have additive noise. As is well known, the Euler-Maruyama scheme for usual
SDE has strong order O(k) for additive noise, which can be proved using the fact that W (%) — W (#) is
independent of the sigma algebra (W (s) : s < f;). Unfortunately, for the fractional Brownian motion,
B () — By (1) is not independent of the history. However, we note that the correlation decays and we
may use this fact to improve the strong order. In fact, we are able to improve the result for the case
b(x)=Bxanda=2-2H.

Theorem 3.2. Leta =2—-2H and b(x) = Bx where B is a d x d constant matrix. The scheme has time
complexity € = O(N? + Ng) and the strong error of the scheme can be controlled as

C(T, H)k33H, He (3/4,1)
(3.9 sup llx,—x(tp)ll <4 C(T, H)\/|Ink|k3'*, H=3/4,
n<Tlk
C(T, H)k3'?H, He(1/2,3/4).

We need the following to prove this theorem.

Lemma 3.3 ([47], Theorem 3.1). Suppose f € C*P((0,T1; B) for a Banach space B and 0 < f < 1. Let
a€(0,1) and

u(t)—u0+—f (t-91f(s)ds.

I'(a)
Then,
~ f(0)
(3.10) u(t)—u0+r(1+a) w(t),
where
CcOP+e((0,T;B), P+a<l,
(3.11) pel chPrel(0,T;;B), B+a>1,

Cc®b1([0, T}; B), f+a=1.
Now, we are ready to prove Theorem3.2}
Proof of Theorem|[3.2 To simplify the notation, we denote

6-6H H>
(3.12) R(n,k):=X{ |Inn|k567 H=

32 He (%, 2.

»Mw ey

As in the proof of Proposition[3.1} we only need to estimate

— a_l . f—
(3.13) Ry = F(a)z $)“ (b(x(tj-1) = b(x(s))) ds.

l'] 1
Recall

x(t) = (xo+mf (t—s)* 1l?(x(S))alS)+G(t) 200+ PyB1-u(1),

where we have identified G(¢) with 8y B;_p since they have the same distribution.
Since b(x) = Bx, we have
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(3.14) Ry = Z (tn =9 (tj—) = L(s) ds
F( ) iZ1de
B _
Bbu ¢ Z tn— ) " (Bi-p(tj-1) = Bi—u(s)) ds =: Rp,1 + Rp,2.

F(Oé) tj-1

Step 1

We first of all estimate R, ;. We denote

i .. B [V

—_ _qo-l . ) —
nl= T@ tj_l(tn s) (((t]—l) ¢(s)ds,

and
- [
m ._
(3.15) R = lenyl.
]:

Clearly, Ry,1 = Ry, . By the definition of R}";, we easily get that

nl-nl1

m—1 m
. .
IR 1% =2 Zl E(R] T+ Zl 0,
J= ]=

. 1 _ql
since Rn,l = In,l.

ti t:
(3.16) 1< f (a9 IS ~ L (i) ds < CRP2H f " (ta—9"""ds,
t

-1 lj-1
where the estimate of [|((s) — {(£;-1) | is due to that { is a-Holder continuous by Lernma (see also the
estimates of I;, I» in Lemmal2.3).

Hence, we have

n n-1 tj
j:

j=1 Y1

n-1
j=1

m=1 m=1

2-4H

n—1
Depending on the behavior of Z m , the estimates branches into three cases. Clearly, when4H-2 >

m=1
1, i.e. H > 3/4, the finite sum is bounded by a constant, while H = 3/4, it is bounded by Inn. When
H< 3/4,2’,;1_:11 m2 4H<fnx2 AH gy = 0 3aH"

Now turning to the first term in R, ; which is present for n > 2. Before starting the estimate, we point
out that x € C*'=H[0, T; 12(Q)], so is b(x(s)). Hence one could apply Lemma[3.3|to ¢ with f(s) = b(x(s))
and B = L2(Q), and get

Hence, it is easily bounded by CR(n, k).

_ b(x(0)) §2-2H |
(($)=xp+ —F(1+a) +y(s),

where y € C®373H for H > 2/3 or C1*73H for H < 2/3. It follows that ||y (s) — y (¢;)[| < CkMnU3=35) " py
2/3. For H = 2/3, there is |log k| factor but overall it is bounded by fmin@/2-H,3=3H) Ngpte that the same
bound as in (3.16) is not enough for the desired results, so we must split { as y and s>~>#. Now we are

ready for the estimation of 2 Zm 1 [E(Rn ) ”;’11

). We first apply Cauchy-Schwarz Inequality inequality.

— m— t
. . 1 ]+1
2 Zl [E(Riyl-[;{l:: )gc Z ”R] 1”[ _S)IX l(kmln(3/2 H,3— 3H)+( 2-2H t]z ZH))
= ]:
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t]+1 -1 []+1
-1, pJ
f -9)* IR 1P ds+CZ
j=1 j=1

For /1, we simply estimate it as

_ s)a—l k2mln(3/2—H,3—3H) ds

+1
1= 90" (2ZH—tjz-_ZH)zdS=:]1+]z+]3-

tm Im
cf (tn—s)“_lun(s)ds<Cf (tm— 9 tu,(s)ds
0 0
where
wn(s):= IR] |12, s€ ), tj41),
(3.17) ' 1 P
R) =0
J» is easily bounded:

For J3, we first of all note
(2~2H _ t]g—zH)z < CI2 24,
Hence,

< Ck? Z )t ds < Ckz(kz 4H 2-2H 4 Z " (tn =) 5" ds |,
tj ] =2
For the last term, we do a simple change of variables s — k — s, and obktain

n-1

Ljs
ijl(tn 5912 4Hds<z
i

In-1
j=2Jt

l'] 1
If H < 3/4, this integral is bounded by 287 If H = 3/4, it is bounded by In(n) t2~$"7. If H > 3/4, we have
it bounded by

In-1 1
f (o — 5% L2 4H s = t;lz:(lst (1- 9% 2 H gs < Crh- 6H( )3 4H ¢ yl-2H3-H,
k 1/(n-1)

Hence, we find that J3 < CR(n, k) still holds.
Overall, we have

() < Cftm(tm—s)“_lun(s)ds+ CR(n, k).
Applying [46, Lemma 6.1], we find ’
IRn1 1% = tn(t,) < C(T, H)R(n, k).
Step 2

We now estimate R, ». We similarly define

. BﬁH tj o
Igyzzm tH(rn—s) YBi-p(tj—1) - Bi_n(s)) ds.

Then, it is clear that

1Rn2 117 —(lel’ 1#+2 Y [EI‘ZI]) +2 ) [EI’ZI =K1 + K>.
i<j:j<i+3 i<jijzi+4
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Here we split the terms into two part so that the i and j in the second term are separated enough, which
helps its estimate.

Lj
11,1l < Cf —s)“‘lllBl_H(tj—l)—Bl_H(s)llds<Ckl—Hf (tn— )% Lds,
t

j-1
where the increments of the fBm are estimated as term I3 of Lemma[2.3] Then a straightforward calcula-
tion shows,

n tj n-1
j: j=1 Yt j=1

= CKRU-H) (j2a 4 2 nX_: m2-2) = Ck6-6H (1 1 nil m2—4H).

m=1 m=1

n-1

Similar as the first part of Step 1, the estimates henceforth branch according to the behavior of Z m?~4H,

m=1
Clearly, when 4H -2 > 1, i.e. H > 3/4, the finite sum is bounded by a constant, while H = 3/4, it is
bounded by Inn. When H < 3/4,

n—1 n n3—4H
Y m2H gf $2~4H gy .
0 3-4H

Hence we then have

(3.18) Y 1,17 < CR(n, k).
j=1

Clearly,
72 II,1* < CR(n, k)

by @.18).
For K3, which is present only if 7 > 8, we use (2.8) and have
L
El,, —Cf f (tn =) =D s = tj1 P2 =15 =P 2 e =i P21 =ty — 151 P ) d e ds.
-y [] 1
where

L1 <SG <t +3k <11 <TG

We first apply mean value theorem for ¢— |t — tj_1|*2H — |r — 7[272H

that

so that there exists ¢ € (¢;_1, ) such

5=t P = s =1 P2 b r = i P = oy = 1 P = @ 2H) (5= 1m0 (6 = £ | = (g - 772
Then, we apply mean value theorem again so that there exists n € (¢;-1,7) and have the bound

2-2H 2-2H +] 2-2H 2-2H

ls—tj-1l —ls—1l T—ti1l —lti-1 —tj-1l

<QR-2H)@H-1)(s— ;1)1 = t;-)IE =02 < CkP |7 — s - 2k 721

We do change of variables 7 — k — 7 and s+ k — s to find

tiv1 pti-1
ElL, Csz fj (ty+ k=% (t,— k-1 s—1/2Hdrds
t

=)
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tiv1 t] 1
f (L1 — ) Nty — 0¥ Vs —11?Hdrds.
tj-

It follows that

I
< CK? f (tn 1= Yty -0 Ys—11 2 drds
i<j- 2]<n 14t J1tj

In—2 In—1 Ip— s—k
<Ck2f f (tn_1—s)“_l(tn_l—T)“_IIS—TI_ZHdes=Ck2f f s@ 10 s — 772 g gs,
0 s+k k 0

where in the last equality, we have made the change of variables (£;,—1 — s, t;,—1 — ) — (s, 7). Since

s—k 1-k/s
f Ta—lls_ ‘[|_2Hd‘[ — 32—4Hf Ta—lll —T|_2HdT g C82_4Hk1_2H82H_1 — Ckl—ZHsl—ZHy
0 0

we thus have

K, < Ck2K-2H f o

1
82_4H ds = CkS—ZH tfl:é{Hf 32—4H ds
k 1/(n-1)

Hence, we have

Ck*3H H>3,
IRGI<{ CVIInk|k33H H=3, = R(Tk H.
3/2-H 13
Ck He (z,z)
Using (3.6), we find
ln = x(t) Il < m n— 9 'dsllxj1 — x(tj-) Il + R(T, k, H).

t]l

Applying [46, Lemma 6.1] again, we obtain the desired error bound.

By the proof, we find that proving the strong order for FSDE is much more difficult compared with
the usual SDE (Itd6 equations). The reason is that the increments of the fBm are not independent due
to the memory. The key point we use is the fact that the correlation between the increments decay if
the distance between them grows. In fact, we have an explicit representation of the fractional Brownian
motion, which is given by (see [44])

t 0
(3.19) BHm:cl(H)( (t—9T2aw(s)+ f (t— 9T 12 — (—s)T" 12 aw (9)],
0

—0o0
where C; (H) is a constant. Define the filtration /() by
(3.20) A (1) =Ng>0(W(T),T € (00, 51, X0).

It is then clear that under this representation ¢; c of;, t > 0 and x(t) € &/ ().
It is worth pointing out that we then have the following explicit formula regarding the decay of the
correlation, though it is not directly used in this paper:

Lemma3.4. Leta< b<candHEe0,1). We have

2 1
(3.21) \/ E(E(Bir(0)~ Br(b)l# (@) < CUDIH - S~ )" - (b= a)").
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Proof. Using the representation (3.19), we find
a
Z:=E(By(c) - By(b)|# (@) = C1(H) f (c—T 12 (-T2 aw (s).
—00

The result then follows from the simple calculation below:

a a c 2
\/[E(E)Z:C1(H)\/f ((c—s)H‘l/z—(b—s)H‘l/z)zds:Cl(H)IH—%I\/[ ([ (r—s)H‘3/2dr) ds
—00 —oo \Jb

Ci(H)|H -1

1 C
<cl(H)|H——|f Ir =232 oL AT = ————=~-
~N 2 b L?(—o0,a) \/m

C
f r-a)dr.
b
O

For general b(x), we expect that the strong order can also be improved compared with Proposition[3.]|
by making use of the decay of correlation. However, this seems difficult and we leave this for future.

4. A FAST SCHEME

The cost of the direct discretization will be large if we compute many sample paths. In this section, we
propose a fast scheme. The idea is to use sum-of-exponentials (SOE) approximation in [40].

4.1. The fast scheme. We first introduce the SOE approximation:

Lemma 4.1. For a € (0,1), tolerance € > 0, truncation 6 > 0,and fixed T > 0, there exist positive numbers
si,w;i, with1 < i < M such that

M
1177 =Y wie ™ <e, Ve[S, T,
i=1

where
M=0 logl(loglogl +log Z) +logl(loglog1 +log l) .
€ € ) ) € 1)
Ife = kY and 6 = k, we have
M = O((log N)?).
We then break the convolution kernel
O = Ty e <R+ 1 Ty (> k).

Then, for ¢ > k, we apply the SOE approximation (4.I). Hence, we are then led to the kernel

1 a—1
mzizlwie‘si[ t>k.

This kernel is discontinuous, integrable and nonnegative.
Then, approximation (3.3) gives the following scheme:

n

[.
4.2) Xp =X+ Zb(xj_l)f ' Y(t, —s)ds+G(t,).
j=1 Lj-1

We denote

0, n=1,
(4.3) TI’Z = 1 n-1 L —si(ty—$)
mzj':l b(xj—l)ftj_l e dS, n 2 2.
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Then, we obtain our fast scheme:

k® M
(4.4) Xn =x0+mb(xn—1)+;wi77?+(;(fn)-

To make the efficiency of the solver more transparent, we note:

Lemma 4.2. Forany1 < i< M, the sequence {n’/} satisfies

1
4.5 nrl — gmsikpn . — (75K — o725 p(x,, ).
(4.5) n; n; s,-l“(a)( )b(xp-1)
Proof. This is just a consequence of direct computation. ([l

In fact, Lemmal4.2|is a consequence of the well-known fact that dynamics with exponentially decaying
memory kernels can be made Markovian. With the fast algorithm, we only need

O(NM) = O(N(log N)?)

time to compute {}} for a sample path. To make the computational efficiency more transparent, we list
some intuitive comparisons of the size of N and log(N): for example, when N = 1000, (log N)? ~ 47; when
N = 10000, (log N)? = 85. In fact, M used here is a number even smaller than (log N)?, which is illustrated
more specifically in later numerical sections[6.1.2}

4.2. Stability and convergence of the fast algorithm. We will use the following fractional ODE as a ref-

erence:
€

1-a —
@) T %) f(v(0), v(0) = yo.

(4.6) DY%v=(1+

The solution exists on [0, T;,) where either T}, = co or lim;_, Ty v(t) = +oo by the result in [46].
We first of all investigate a Volterra type integral equation that is useful for the stability of our scheme.

Lemma 4.3. Letyy > 0 and f () is a non-negative locally Lipschitz function. Consider

t
4.7) y() =yo +f0 Y(t—=35) f(y(s) ds.

Then, there is a unique continuous solution y(t) on [0, T1 N [0, Tp) with T}, being the blowup time for (4.6).
On [0, TINI0, Ty), y(t) is a non-decreasing continuous function, and satisfies

y@) < v
where v(-) solves (4.6). If f () is globally Lipschtiz, then Ty, = oo and y(t) exists on [0, T].

The proof of this lemma is standard. For the readers’ convenience, we give one proof in Appendix[A|
The following lemma gives the stability of the fast algorithm:

Lemma 4.4. Let yy > 0. Assume f(v) is a non-negative, non-decreasing, Lipschitz function on [0,00). Let
y(t) be the solution to [@.7) on [0, T]. For a given sequence z = {z,}, define

n ti
(4.8) Tn(z, y0) = Yo+ ) f(ijl)f : y(tn—s)ds.
j=1 tji-1
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(1) Assume that a = {ay} solves the induction relation a, = T,(a, yo). Then, {a,} is non-negative, non-
decreasing and a, < y(t,). In particular, if f(v) = Lv, we have

an < YoEq (L(l + %a))tff) <C(T,H,a)yp, Ve<1,

where E,(-) is the Mittag-Leffler function defined in 2.7).
(2) If a non-negative sequence c = {cy} satisfies ¢, < Ty(c, yo), then

n < < y(ty).

Proof. For (1), the claims follow by induction.
Indeed, ag = yo = y(0) > 0. Then,

o<a1=yo+f(y°)fk(k—s)“‘1ds yo+—f (k=% f(y(s)ds=y(t)
I'(a) Jo I'la)

by the monotonicity of f and y. Assume that for m < n—-1,n > 2, we have 0 < < y(tm). By the
monotonicity of f and y, a, = T, (a, yo) = 0 is trivial. Moreover,

n l’j n l’j
= Tol@,y0) <0+ Y. flaj-1) f Ytn-9ds<yo+ Y [ yta—9F @) ds= yt).
j=1 L1 j=17tjn1

Now, we show the monotonicity of {a,}. a; > ag = )y is clear. For n > 2, we have:

tn ty In—1
4.9) flan-0) [ gam1ggs Ln=2) [0 gamtgo Slana) [0 ganr o
INa) Je, INa) Je, I'a) Je,,
Similarly,
g th—9)d ) i > 2,
(4.10) faj |yt -sds> {g( LT ds !
i1 ’ J=1L

Relations (4.9)-(4.10) then give a,, > a,-1.
If f(v) = Lv, we have by Lemma[4.3|that

an < Y(tn) < vty) = yoEq (L(1 + m)l’a)

Claim (2) is straightforward by induction. To see this, we note that if we have ¢, < a,, forallm < n-1,
then

Tn(CyJ’O) g Tl’l(ary())’

which is just ¢, < ay. ]
Now, we have the convergence of the fast algorithm:

Theorem 4.5. Consider the fast scheme (4.4).

(1) Assume the SOE approximation as in Lemmal4.1] is applied with tolerance € > 0, then the strong
error satisfies || x, — x(tp) | < C(T)(kH**1 +€). In particular, if we set the tolerance € = k7471,
then sampling a path needs time complexity € = O(N(log N)?> + Ng), and we have the following
strong error bound

(4.11) sup [lx, — x(t,) | < C(DEHH
n<Tlk
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(2) In the case & = 2—2H and b(x) = Bx, if we choose, € = k™C/2=H3=3H) then the time complexity

for sampling a path is € = O(N(log N)? + Ng) and the strong error is controlled as

C(T, H)k33H, He (3/4,1)
(4.12) sup llx, —x(ty)ll << C(T, H)\/|Ink|k3'*, H=3/4,
n<Tlk
C(T, H)k3'2H He (1/2,3/4).

Proof. The complexity part is easy and we omit. We now focus on the error estimates.
Let

t
(4.13) r(e):=x(t)— (xo +f Yt —98)b(x(s)ds+G(1)].
0

Then, we have r(¢) =0for t € [0, k] and |7 (£)]| < efot Ib(x(s))lds, t € [k, T] by SOE approximation. It follows
that

sup [[r()ll < Ci(Me
tel0,T]

It then follows from the definition of r(¢) that

n l’j

x(t))—xn=) | y(tn—$)(b(x(s) = blxj-1)) ds+r(ty)
j=1%1

t.

" Yt = ) (b(x(tj 1) = B(xj_1) ds— Ry + 11 (L),

j=1v%j-1
where Ry, is defined as in and
n ti 1
(4.14) ri(tn) =r(ty) + ) ] (Y(tn -35) - m(tn - S)‘H) (b(x(s)) — b(x(tj-1))) ds.

j=1 tj—1

By the SOE approximation, we again have

sup |1 ()l < C(Te.
n<Tlk

We define E;, = || x(t;) — x5 ||. We then have

n Lj
(4.15) E, < Z LEj Y(tpa—8)ds+ sup [Ryll+ sup lri(Dl.
j=1 tj-1 n<T/lk te[0,T]
Applying Lemmal4.4]for

Yo= sup l[IRul+ sup l[ri (Dl
n<T/k tel0,T]

and f(v) = Lv we have fore < 1,

sup E, <C(T,H,a)( sup IRl +e€).
n<T/lk n<Tlk

The result follows by the estimates of R, in the proof of Proposition3.1Jand Theorem3.2] O
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5. SAMPLING FRACTIONAL BROWNIAN MOTION AND PROCESS G

To give a complete description of the numerical scheme, we must understand how to sample frac-
tional Brownian motion and the process G(t).

Since fractional Brownian motion is a Gaussian process. Using the covariant matrices, one can trans-
form the standard Brownian motion into the desired Gaussian process.

For fractional Brownian motions, making use the time homogenuity, one has a fast algorithm to sam-
ple fractional Brownian motion. We use the circulant method (or Wood-Chan algorithm) (see [14] for
example). The idea is to sample

&n =By (ty) — Bu(tp-1).
By the self-similarity,
&n = k" By (n) - By(n-1)).
Letting {;, = By (n) — Bg(n—1), ({;,) forms a Gaussian sequence whose covariance matrix satisfies

(5.1) %ij=Covi,¢) = prlli=j

for some function p g. This structure allows us to construct a circulant matrix M of size 2(N—1) x2(N—1)
such that ¥ = M(1: N,1: N). Then, one is able to take the square root of M using fast Fourier transform
(FFT). With the square root of M, it is straightforward to transform the standard multivariable normal
variables to a Gaussian sequence with covariant matrix M. The complexity is O(NlogN). The first N
elements will be a sample for the sequence ({,,). For the details, one can refer to [14} section 6].

As stated in [I], the case @ = 2 —2 H is the physical case. As mentioned above, if a =2 -2 H,

O BuBi-n

is a fractional Brownian motion up to a factor, so G(¢) can be sampled directly using the method here.
This is a key observation for the simulation of overdamped GLE with fractional noise. Hence we conclude

Theorem 5.1. For the overdamped GLE with fractional noise (i.e. « =2 —2H, o = v2/T(2H + 1)), we can
sample G(t) with complexity

(5.2) Ng = O(NlogN).
Consequently, the total complexity of the direct scheme is
(5.3) € = O(N?),
and the total complexity of our fast algorithm is

(5.4) % = O(N(log N)?)

For general a, the FSDE model is not physical, but may be used in other situations. The covariance
matrix of G(#) has been given in [I], for which the above trick fails, so that we do not have fast algorithms
for sampling G(¢). Another option is to consider the following equivalent form of the FSDE:

1 t t
(5.5) ]1—a(x—xO)(t)=—[ (t—S)_“(X(S)—xo)ds=f b(x(s))ds+oBg(1)
I'a-a)Jo 0
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This is like integrate the differential form formally. It is known that a discretization of J;_q(x — xo) (£;) —
J1—a(x = x0)(t,—1) is the L' scheme [48,49]. Hence, a possible numerical scheme is

(5.6) (@x) = b(xtn_1) + %%

where 2 refers to the L' scheme in [48]. This numerical scheme is like a Euler scheme for the differential
form (L.3). For this scheme, though we can sample ¢,, fast, we do not have a fast algorithm for the A
scheme. Moreover, proving the convergence of this scheme is challenging. Hence, developing a fast
algorithm for the general a case is left for future.

6. NUMERICAL STUDY OF THE OVERDAMPED GLE

As we have mentioned, the overdamped GLE with fractional noise is equation (2.1I) with

V2
VICH+1)
We aim to study the ergodicity of the overdamped GLE

D?>2Hy = vV (x)+ #BH.
TRH+1)

6.1. Example 1 (harmonic potential). In this subsection, we aim to validate the order of strong conver-

a=2-2H, o=

gence and study numerically the weak convergence of the schemes. The example we use is in the 1D
case and
VVi(x) = x.

In [1], the formula of the exact solution in terms of G(¢) is given:

t
(6.1) x(t) :xoea,l(t)+G(t)+f G(t—98)éq1(5)ds.
0

Given a sample of G(?), the integral here can be evaluated numerically with small time steps:
t
fo Gt - éan () ds~ Y. Gt t7) (ean (1) — eq (1i-1))
i

as the reference solution. For strong convergence, we must use the same sample of G, hence, we obtain
¢ for the small step kyy,. Then, for k-1 = 2k,

m-1_ em m
én - 6211—1 +€2n'

(kp, should be small so that the error from numerical integral is much smaller than the error from the

scheme.)

6.1.1. The strong convergence of the direct solver. We first test the strong convergence of the direct solver.
The time step for the reference solution is chosen as k;; = 2714 and xy = 1. The strong order of conver-
gence is tested for various H = 0.5,0.55,0.6,0.65,0.7,0.73,0.75,0.8,0.84 over 20000 sample paths. Note
that H = 0.5 is the memoryless case with the normal Brownian motion. In Fig. 1} we first plot the strong
error of the solution

Elxy — x(£) [

in terms of different time steps for some values of H to get a sense of convergence. Here cases of H =
0.8,0.6 are plotted, respectively: (1) in the case of H = 0.8, the strong order reads min{% —-H,3-3H}=0.6.
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As can be seen in Fig. [1} the slope is approximately 1.1718, and hence the convergence order is 0.586.
(2) similarly in the case H = 0.6, the convergence rate numerically reads 0.945, which approximately
matches the analytical results min{% — H,3-3H} =0.9. Then Fig. |2[shows the plot of convergence rate
from our numerical results in terms of H, which matches the order proved in Theorem

Direct method, T = 1, 20000 samples, H = 0.80 R Direct method, T = 1, 20000 samples, H = 0.60
1074
10—2 4
-3
convergence order 0.586 10 convergence order 0.945
5 2 0-e
5 10—34 E 10
()] (o))
S S
5 51073
n [}
10744 10-6
1074 1073 102 1073 102 101
At At
(A) H=0.8 (B) H=0.6

FIGURE 1. Example 1 (Section : The strong convergence of the direct method for
H =0.8and H = 0.6, respectively in terms of various At in log-log scale. The convergence
orders match the theoretical result min{% — H,3-3H}, asis proved in Theorem

6.1.2. The strong convergence of the fast solver. For the strong convergence of the fast solver. Similarly
as previous section, the time step for the reference solution is chosen as k,, = 27, and xy = 1. We
first plot the strong order of convergence for H = 0.8 and H = 0.6 in Fig |3} where both cases match
the order min{% — H,3-3H]} as proved in Theorem Next, the strong convergence order for various
H =0.55,0.6,0.65,0.7,0.73,0.75,0.8,0.84 is plotted in Fig The numerical orders agree with theoretical
results.

Note that for the computational cost of the fast solver, as is shown in previous discussion is O(N M),
instead of O(N?), where M is the number of terms used in the SOE approximation. For this example with
H=0.8, At =211, T =1 and the tolerance ¢ = 1079, we only need M = 36 while N = 2048. To compute
longer time behavior as is interested here, say, T = 128, for H = 0.8 using At = 279, one only needs M = 44
while N = 65536. This drastically reduced the computational cost especially with many sample paths to
be simulated.

6.1.3. The test of ergodicity. Ashasbeen proved rigorously in [I, Theorem 2] that for the linear force case,
the process has ergodicity and converges algebraically to the Gibbs measure

(6.2) w(dx) ~exp (—%xz) dx.

Consider the initial data xy = 0, H = 0.75 and computed over 50000 sample paths with At =279, Fig.
plots the empirical distribution at different times ¢ = 0,0.25,1,2,8,32. Next, we plot the variance of x(¢)



20 DIFANGAND LEI LI

1.6
—e— numerical results

1.4+ reference: 3-3H
---- reference: 3/2-H
1.2

)
S~
~~o
~—o

strong convergence order

e

0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85
H

FIGURE 2. Example 1 (Section: The strong convergence of the direct method for
H =0.5,0.55,0.6,0.65,0.7,0.73,0.75,0.8,0.84 computed over 20000 sample paths in terms
of At =271 279 277 275 53 Agcan be seen in the figure, the convergence orders match
the reference as is proved in Theorem

Fast method, T = 1, 10000 samples, H = 0.80 Fast method, T = 1, 10000 samples, H = 0.60
10-1/ 1072
-3
convergence order 0.590 10 convergence order 0.952
S 1072 S o4
5 5 10
(<)) (o))
S S
= 51073
© 103 o
1076
10~ ‘ ‘ ‘ . - ;
1073 1072 107t 1073 1072 1071
At At
(A) H=0.8 (B) H=0.6

FIGURE 3. Example 1 (Section : The strong convergence of the direct method for
H =0.8and H = 0.6, respectively in terms of various At in log-log scale. The convergence
orders match the theoretical result min{% — H,3—-3H}, asis proved in Theorem

(also called the mean square displacement in physical literature) and its difference between its equi-
librium. As can be seen in Fig. @ the variance of x(¢) convergences to its equilibrium E(x?(c0)) = 1
algebraically.
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1.6
—e— numerical results

1.4+ reference: 3-3H
---- reference: 3/2-H
1.2

strong convergence order

0.55 0.60 0.65 0.70 0.75 0.80 0.85
H

FIGURE 4. Example 1 (Section : The strong convergence of the fast method for H =
0.55,0.6,0.65,0.7,0.73,0.75,0.8,0.84 computed over 10000 sample paths in terms of At =
2711 979 977 =5 53 The convergence orders match those proved in Theorem

6.2. Example 2 (confining potential). Here, we consider a 1D example, but with general potential V' (x)
with confining structure. To be specific,

V(x) = ax* + bx® + cx*.
is considered for its ergodicity, where b = 0 gives rise to the symmetric case whereas b # 0 corresponds
to the asymmetric case.
6.2.1. Ergodicity of symmetric confining potential. Consider the symmetric double well potential
1 1
Vi) ==-x*-=x%, Vx=x>-x.
4 2

Consider the initial data xo = 1, H = 0.6 and computed over 50000 sample paths with At = 27 till the
final time T = 512 using the fast algorithm. Fig. |[7|shows the empirical distribution at different times. It
can be seen that the empiral distribution of x concentrates at x = 1 initially, then gradually expands and
shifts to the left, and finally presents a symmetric double-well shape that matches the reference Gibbs
measure

u(dx) ~exp(—=V(x)) dx.

Note that to consider the long time behavior, the initial values of x does not matter much.
6.2.2. Ergodicity of asymmetric confining potential. Consider the asymmetric double well potential
1 1
Vi(x) = Zx4 + §x3 -x%, V'(x)=x*+x*-2x.

Consider the initial data xo = 1, H = 0.6 and computed over 50000 sample paths with Az = 27° till the
final time T = 512. Fig. [8land Fig. [8| (cont.) plot the empirical distribution at different times. Since the
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At time t = 0. Fit results: mu = 0.00, std = 0.00 At time t = 0.25. Fit results: mu = 0.01, std = 0.79
11 0.51
0.81 0.41
0.6 1 0.3
0.41 0.2
0.2 0.14
e AT R S X — 0.0°
(A) =0 (B) t=0.25
At time t = 1. Fit results: mu = 0.00, std = 0.92 At time t = 2. Fit results: mu = 0.01, std = 0.95

(€ r=1 (D) t=2

At time t = 8. Fit results: mu = 0.00, std = 0.98 At time t = 32. Fit results: mu = -0.00, std = 1.01
0.4

0.3

0.2+

0.1

0.0-

(B) t=8 (F) t=32

FIGURE 5. Example 1 (Section : the empirical distribution of x at different times
t =0,0.25,1,2,8,32. It can be seen that the distribution stays as a gaussian shape and
converges to the Gibbs measure (6.2) with mean 0 and variance 1.
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mean square displacement of x(t) Difference of the variance at time t and its equilibrium
I - .
1.01 121 4 numerical resiJ(!tss
i = = reference: « t™%
0.8 Lo
=
— N 0.8
T 0.6 =
Y | 0.6
w T
0.4 ¥ 0.4
i
0.2 0.2
0.0+
0.0
0 5 10 15 20 25 30 0 5 10 15 20 25 30
time time
(A) variance of x(t) (B) E(x%(00)) — E(x%(1))

FIGURE 6. Example 1 (Section : The mean-square displacement of x(1), i.e., the
variance of x(¢) in the case H = 0.75. The left plot shows its tendency of approaching its
equilibrium. The right figure plots its different between its equilibrium. As can be seen
the decay rate is algebraic.

initial data are all assigned as xp = 1, at first the empiral distribution of x concentrates at x = 1, then
expands according to the time evolution, gradually shifts to the left and presents an asymmetric double-
well shape in the end, which resembles the reference Gibbs measure

u(dx) ~exp(—V(x)) dx.

6.3. Example 3 (2D double well potential). For the 2D case, we should use the driven process as By :=
(B! ,B%,) where B}'{ are two independent fractional Brownian motions. To see this, using the FDT, we
find that the kernel is simply ﬁr‘“ld where I,; is the 2 x 2 identity matrix. Hence, the equation (2.1)
still holds. The fractional Brownian motion By here is different from the 2D fractional Brownian random
field (see for example [50]).

It is of interests to study double well potential in literature due to its application to describe the chem-
ical phenomena, such as vibrionic spectra [51], proton transfer [52] and etc. Here in the numerical test,

we consider the double-well potential

1
V(x,y) = Z(x2 +y%)2 —x* = x%y,

the quadratic coupling cases as is considered in, say, [53} 54, which can be visualized in Fig. [9]. In this
example, consider intial datum (x, y) = (0,0.2) and compute till T =512 with At = 273 via the fast solver.
We plot the empirical distribution at different time # = 0,0.25,1,2,32,512 in Fig. and (cont.), where
both 3D histogram and its 2D contour are plotted for the convenience of visualization. In Fig. the
mean square displacement of x(¢), namely,

(6.3) MSD(2) := Elx(£) — x(0)|?,

is plotted in terms of time. The numerics indicate that the mean square displacement approaches to an
equilibrium in an algebraic rate, instead of exponential.
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At time t = 0.00. Fit results: mu = 1.00, std = 0.00 At time t = 0.0625. Fit results: mu = 0.98, std = 0.45
1.0

0.87

0.6

0.4

0.2

0.0 T T : :
0.6 0.8 1.0 1.2 1.4

A)t=0 (B) t=0.0625

At time t = 0.2500. Fit results: mu = 0.82, std = 0.65 0 5At time t = 1.00. Fit results: mu = 0.46, std = 0.91

(€) t=0.25 M t=1

At time t = 2.00. Fit results: mu = 0.27, std = 0.98 At time t = 4.00. Fit results: mu = 0.13, std = 1.00

() =2 (F) t=4

FIGURE 7. Example 2 (Section: the empirical distribution of x at different times
t =0,0.0625,0.25,1,2,4,8,16,32,512. The solid line is the reference gibbs measure ~
exp(—V(x)). It can be seen that given the intial data concentrating at x = 0, the distri-
bution of x expands, and moves gradually to create a symmetric double-well shape.
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At time t = 8.00. Fit results: mu = 0.07, std = 1.01 At time t = 16.00. Fit results: mu = 0.03, std = 1.01
0.351 ‘ 0.351
0.30+1 ‘ 0.30+
0.251 0.25+
0.20+ 0.20+
0.151 0.15+
0.10+ 0.10+
0.051 0.05
0.00- 0.00-

(G)r=8 (H) t=16
At time t = 32.00. Fit results: mu = 0.01, std = 1.01 At time t = 512.00. Fit results: mu = 0.00, std = 1.01

0.301

0.251

0.20 1

0.151

0.10

0.057

0.00-

(1 t=32 () t=512
FIGURE 7 (cont.). Example 2 (Section : the empirical distribution of x at various

moments ¢ =0,0.0625,0.25,1,2,4,8,16,32,512.

APPENDIX A. PROOF OF LEMMA[4.3]

Proof of Lemmal4.3, Recall the SOE approximation kernel y(#) in (1), which is positive everywhere. Re-
call (£7):

t
(A.1) (@) =yo+f0 Y&=3s)f(y(s)ds.

Assume that there are two continuous solutions y; (f) and y»(#) on some interval I = [0, T] n [0, T). Let
Ty = min(T, Tp). We clearly have

t
[y1 () — y2 (D) <f0 Y& =9I f(1(8) = f(y2(08)lds.

Assume that y; (f) = y»(t) for all ¢t < ¢* for some ¢* € [0, T}). Then, we can pick § small enough and then
lyi ()] < M for some M >0 and all £ € [0, ¢ + 8]. Let L be the Lipschitz constant for f on the interval
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At time t = 0. Fit results: mu = 1.00, std = 0.00
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At time t = 0.25. Fit results: mu = 0.79, std = 0.64
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At time t = 2.00. Fit results: mu = -0.26, std = 1.32
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(B)t=2

At time t = 0.0625. Fit results: mu = 0.96, std = 0.44
1.0

0.8

0.6

0.4

0.2

0.0-

(B) t=0.0625

At time t = 1.00. Fit results: mu = 0.24, std = 1.13
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FIGURE 8. Example 2 (Section : the empirical distribution of x at different times
t = 0,0.0625,0.25,1,2,4,8,16,32,512. The solid line is the reference Gibbs measure
~ exp(—V(x)). It can be seen that provided the intial data all gathering at x = 1, the

distribution of x expands, and moves towards the left, and finally creates a double-well

shape.



NUMERICAL STUDY OF ERGODICITY FOR THE OVERDAMPED GENERALIZED LANGEVIN EQUATION WITH FRACTIONAL NOISE 27

At time t = 8.00. Fit results: mu = -1.19, std = 1.18 At time t = 16.00. Fit results: mu = -1.36, std = 1.06
0.81 0.8

0.6

0.41

0.24

(G)t=8 (H) t=16

At time t = 32.00. Fit results: mu = -1.41, std = 1.03 At time t = 512. Fit results: mu = -1.45, std = 1.01
0.81 0.8

0.6 0.6

0.4 0.4

0.2 0.2

(D t=32 (1) t=512

FIGURE 8 (cont.). Example 2 (Section : the empirical distribution of x at various
moments ¢ =0,0.0625,0.25,1,2,4,8,16,32,512.

FIGURE 9. Example 3 (Section: The mean square displacement of x(¢) versus time.
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FIGURE 10. Example 3 (Section: the empirical distribution of x in 3D histogram and
2D contour, respectively, in at various moments ¢ = 0,0.25,1,2,32,512. The solid line is
the reference Gibbs measure ~ exp(—V (x)). It can be seen that provided the intial data all
gathering at x = (0,0.2), the distribution of x expands, and moves towards a double-well

shape.
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FIGURE 10 (cont.). Example 3 (Section : the empirical distribution of x in 3D his-
togram and 2D contour, respectively, in at various moments ¢ =0,0.25,1,2,32,512.
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mean square displacement versus time Difference of the MSD at time t and its equilibrium
4 4 —— numerical results
—— reference: «t712
3
3 )
[%)
a s
) 12
s2 E
Q
1%}
1 |
0 0
0 10 20 30 40 50 0 10 20 30 40 50
t t
(A) Mean square displacement (B) MSD(c0) - MSD(¥)

FIGURE 11. Example 3 (Section: The mean square displacement is defined as (6.3).
It can be seen that the mean square displacement approaches an equilibrium alge-

braically, instead of exponentially.

[0, M]. Then, for any t € [t*, t* + 5],

t

t
Iyl(t)—yz(t)l<f Y(t—S)If(yl(s))—f(yz(s))IdS<L( sup |J/1(S)—J/2(S)|) sup Y(t—s)ds
t* *

SE(t*,t*+0) te(t*,t*+0]Jt

If 6 is sufficiently small, we have

t
v=L sup Y(t=s)ds<1,
te[t*, t*+0]Jt

then we have

(I-v) sup [y1(s)—y2(8)|<0.
SE[1*,t*+0)

This means the set of all such ¢* is open in I with the inherited topology from R. This set is clearly also
closed under the inherited topology by the continuity of y;. Hence, the set of all such ¢* is I, which means
y)=y2(r)onI.

Now, we establish the existence result and the desired properties. Consider the following standard
Picard sequence,

Yn1(t) = yo + fOtY(t— ) f(yn()ds, yo(1) = yo.
By induction, it is not hard to see
Yn+1(t) 2 yn(), t€0,00),
and for each n y,(#) > yo and is non-decreasing.
Clearly, yo < v(¢) for t € [0, T1n [0, T}). Assume this is true for n. Consider y,1. For t € [0, k] N [0, Tp),
it is easy to see

yn+1(t)\J/0+mf (1= 9% F(yn(s)) ds

<y0+r( )f (t—8)*" 1f(v(s))ds+ f(r $)* 1 f(w(s)ds

=v(t)

I'(a)
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For t € (k, T1n [0, Tp), we have

t—k
yn+1(t)\yo+mf (t—9)%" 1f(yn(s))cls+% fyn(s)ds

< f(r 5)%” 1f(yn(s))ds+ f(t ) f(yn(s)ds

+
I'(a) I'(a)

\J’0+mf(t $)4” 1f(v(s))ds+

Hence, on [0, T1 N [0, T},), we have

@ f (=9 f(w(s)ds=v(1).

Yn-1(8) S ya() <... < v(D).

This means y, () increases to a non-decreasing function y(¢) pointwise on [0, T]1 N [0, T3). By the mono-
tone convergence theorem, we have

t
y(1) =yo+fO Y-8 f(y()ds, Ytel0,TINI0, Tp).

Since y(t) < v(?), we conclude that y() must be continuous. This means that y(-) is a continuous solu-
tion with the desired properties.

If f is Lipschitz, it is well known that v(-) exists globally, or T}, = co (see [46] for example) and the claim
follows. O
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